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ABSTRACT. We consider an anisotropic double phase problem with a reac-
tion in which we have the competing effects of a parametric singular term
and a superlinear perturbation. We prove a bifurcation-type result describ-
ing the changes in the set of positive solutions as the parameter varies on
]f{+ = (0,4+00). Our approach uses variational tools together with truncation
and comparison techniques as well as several general results of independent
interest about anisotropic equations, which are proved in the Appendix.

1. Features of the paper and historical comments. In this paper, we are
concerned with the combined effects of an anisotropic differential operator, a para-
metric singular reaction, and a superlinear perturbation. The features of this paper
are the following:

(i) the presence of a nonhomogeneous differential operator with different
anisotropic growth, which generates a double phase associated energy;

(ii) the analysis developed in this paper is concerned with the combined effects
of a nonstandard operator with unbalanced variable growth and a singular reaction;

(iii) the main result gives an exhaustive bifurcation picture according with a
critical parameter;

(iv) our analysis combines the anisotropic nature of the differential operator, the
singular nonlinearity with variable growth, and the superlinear perturbation term
without satisfying the Ambrosetti-Rabinowitz condition.
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To the best of our knowledge, this is the first paper dealing with anisotropic
double phase problems with a singular reaction. We first recall some pioneering
achievements in these fields.

We start with a short description on the development of double phase problems.
To the best of our knowledge, the first contributions to this field are due to J. Ball
[7], in relationship with problems in nonlinear elasticity and composite materials.
Let Q C RY be a bounded domain with smooth boundary. If u : Q — R is the
displacement and if Du is the N x N matrix of the deformation gradient, then the
total energy can be represented by an integral of the type

/szu (1)

where the energy function f = f(z,£) : @ x RV*N s R is quasiconvex with respect

to &. A simple example considered by Ball is given by functions f of the type
f(&) = 9(&) + h(det §),

where det ¢ is the determinant of the N x N matrix £, and g, h are nonnegative
convex functions, which satisfy the growth conditions

p. 3 _
g(é) 2> c |§| ’ flgglooh(t) = +00,

where ¢y is a positive constant and 1 < p < N. The condition p < N is necessary
to study the existence of equilibrium solutions with cavities, that is, minima of the
variational integral (1) that are discontinuous at one point where a cavity forms.
In accordance with these problems arising in nonlinear elasticity, Marcellini [34, 35]
considered continuous functions f = f(z,u) with unbalanced growth that satisfy

e ulP <|f(z,u)] < e (1+ |u?) forall (z,u) € Q xR,

where c¢q, co are positive constants and 1 < p <gq.

A second feature of this paper consists in the presence of variable exponents, both
in the expression of the differential operator that governs our problem and in the
power-type nonlinear reaction. The study of differential equations and variational
problems involving p(z)-growth conditions is a consequence of their applications. In
1920, Bingham was surprised that some paints do not run, like honey. He studied
such a behaviour and described a strange phenomenon. There are fluids that flow
then stop spontaneously (Bingham fluids). Within them, the forces that create flow
reach a first threshold. As this threshold is not reached, the fluid flow without
deforms as a solid. Invented in the 17th century, the “Flemish medium” makes
painting oil thixotropic: it fluids under pressure of the brush, but freezes as soon
as you leave the rest. While the exact composition of the medium Flemish remains
unknown, it is known that the bonds form gradually between its components, which
is why the picture freezes in a few minutes. Thanks to this wonderful medium,
Rubens have painted La Kermesse in 24 hours.

Materials requiring such more advanced theory have been studied experimentally
since the middle of last century. The first major discovery on electrorheological
fluids is due to Willis Winslow, who obtained a US patent on the effect in 1947
and wrote an article published in 1949, see [57]. These fluids have the interesting
property that their viscosity depends on the electric field in the fluid. Winslow
noticed that in such fluids (for instance lithium polymetachrylate) viscosity in an
electrical field is inversely proportional to the strength of the field. The field induces
string-like formations in the fluid, which are parallel to the field. They can raise
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the viscosity by as much as five orders of magnitude. This phenomenon is known
as the Winslow effect. For a general account of the underlying physics, we refer to
Halsey [28].

Combining these features, the present paper considers a nonlinear problem whose
associated functional contains the anisotropic double phase energy

urs [ (DUl +a(z)|Du(z) 1)z,
Q
where the modulating coefficient a(z) dictates the geometry of the composite made
by two differential materials, with hardening exponents p(-) and ¢(-), respectively.
The isotropic case where p and ¢ are constant functions was introduced by Zhikov
[63] in the context of the Lavrentiev phenomenon.

Finally, we recall that singular problems have been intensively studied in the
last decades. Such problems arise in the study of non-Newtonian fluids, boundary
layer phenomena for viscous fluids, chemical heterogenous catalysts, or in the theory
of heat conduction in electrically conducting materials. For instance, problems of
this type characterize some reaction-diffusion processes where the solution u > 0 is
viewed as the density of a reactant and the region where u = 0 is called the dead core,
where no reaction takes place. Nonlinear singular equations are also encountered
in glacial advance, in transport of coal slurries down conveyor belts, and in several
other geophysical and industrial contents (see, e.g., the case of the incompressible
flow of a uniform stream past a semi-infinite flat plate at zero incidence). Here we
refer to the seminal paper by Crandall, Rabinowitz and Tartar [13] and to several
subsequent works.

2. Introduction. Let Q& C RY be a bounded domain with C?-boundary 0. In
this paper we study the following anisotropic singular double phase problem

—Apyu(z) — Agyu(z) = Au(z) 7= 4 f(zu(z) inQ, ulag =0, u>0. (P)
In this problem, p, q : © +— (1, +00) are Lipschitz continuous functions satisfying
1 <g¢- =ming < ¢4 =maxqg <p_ =minp < p; =maxp.
Q Q 0 Q
In general, given a function r € C(Q) with 1 < 7_ = minr, we denote by A, ;)
Q
the anisotropic r(z)-Laplacian defined by
Ay zyu = div (\Du\r(z)_QDu),
for all u € Wol’r(z)(ﬂ).
In the case of constant exponents (isotropic case), the double-phase problem (P, )

is motivated by numerous models arising in mathematical physics. For instance, we
can refer to the following Born-Infeld equation [9] that appears in electromagnetism:

: Du .
—div <(1—2|’W|2)1/2) = h(u) in Q.

Indeed, by the Taylor formula, we have

_ 3 I (2n — 3)1!
VR : s, (n-3)n
(1-2) Tyt Tyt T G Ty

2"t for x| < 1.

Taking = = 2|Du|? and adopting the first order approximation, we obtain problem
(Py) for p = 4 and ¢ = 2. Furthermore, the n-th order approximation problem is
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driven by the multi-phase differential operator

— 3\
—Au — Agu — gAGu — = mAgnu.

In problem (P, ) the differential operator is the sum of two such variable exponent
differential operators (anisotropic double phase problem). In the reaction (source) of
problem (P, ) (that is, in the right-hand side of problem (Py)) we have the combined
effects of a parametric singular term Au~"(%) (A > 0 being the parameter) and of
a perturbation f(z,z) which is a Carathéodory function (that is, for all z € R,
the mapping z — f(z,z) is measurable and for a.a. z € Q, the function z —
f(z, ) is continuous). We assume that f(z,-) exhibits (p+ — 1)-superlinear growth
but without satisfying the Ambrosetti-Rabinowitz condition (the AR-condition for
short), which is common in the literature when dealing with superlinear elliptic
problems. In the singular term Au~"*) as we have already mentioned, A > 0 is a
parameter and 7 : Q ~ R is a Lipschitz continuous function satisfying 0 < n(z) < 1
for all z € Q. We are looking for positive solutions of problem (Py) and our goal is
to describe the changes in the set of positive solutions as the parameter A moves on
If%+ = (0,400). Finally, we prove the following bifurcation-type result. For the set
of hypotheses Hy, H; mentioned in the theorem as well as the other notation used
in the theorem, we refer to Section 3.

Theorem 2.1. If hypotheses Hy, Hy1 hold, then there exists a critical parameter
value A\* > 0 such that

(a) for every A € (0,\*), problem (Py) has at least two positive solutions ug,
u € int Cy;

(b) for A= X\*, problem (Py) has at least one positive solution u* € int Cy ;

(¢c) for every A > X*, problem (Py) has no positive solution.

Our method of proof uses variational tools based on the critical point theory
together with truncation and comparison techniques. For these techniques to work,
we also prove some general results about anisotropic elliptic problems which are of
independent interest. We have gathered all these results in the Appendix at the end
of the paper. We believe that the results proved there will be useful to everyone
working an anisotropic double phase problems.

The starting point of our work is the recent paper of Byun and Ko [11], which
deals with anisotropic equations driven by the p(z)-Laplacian and with a reaction
of the form Au="(*) 4+ y9(*)=1 where ¢ € C*(Q) and p; < q(2) for all z € Q. The
hypothesis on the exponent p(-) is stronger and it is required that p € C1(Q2) and it
satisfies a kind of directional monotonicity condition (see hypothesis (pas) in [11]);
this condition is motivated by the work of Fan, Zhang and Zhao [15]. To the best of
our knowledge, the work of Byun and Ko [11] is the first one on anisotropic singular
problems.

For isotropic equations, such problems were investigated by Ghergu and
R&dulescu [23, 24], Haitao [27], Sun, Wu and Long [55] (semilinear equations
driven by the Laplacian) and by Giacomoni, Schindler and Taka¢ [25], Papageor-
giou, Radulescu and Repovs [40], Papageorgiou, Vetro and Vetro [45], Papageorgiou
and Winkert [49]. Very recently, Papageorgiou, Radulescu and Repovs [41] studied
isotropic singular problems driven by a more general not necessary homogeneous,
differential operator. Finally, we mention the work of Papageorgiou, Radulescu and
Repovs [43] on anisotropic equations driven by the p(z)-Laplacian plus an indefinite
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potential and with a reaction in which we have the competition of “convex” and
“concave” nonlinearities (anisotropic “concave-convex problem”).

We mention that double phase problems arise in a variety of models of physical
processes. We mention the works of Bahrouni, Ridulescu and Repovs [5, 6], Pa-
pageorgiou and Zhang [51], Ragusa and Tachikawa [53], Zhang and Radulescu [60],
Zhikov [63]. Singular problems arise in the study of cellular automata and inter-
acting particle systems. Finally, we mention that in the last years isotropic double
phase problems with unbalanced growth were studied systematically primarily by
Mingione and co-workers, see [1, 8, 38]. We also mention the very recent work
of Papageorgiou, Vetro and Vetro [47] on multiple solutions with sign information
for parametric double phase problems with unbalanced growth. For related recent
contributions to the study of anisotropic and singular problems in connection with
models from the real world we refer to [2, 4, 12, 46, 44, 50, 58, 61, 62].

One of the main difficulties we face in dealing with problem (Py), is that the
presence of the singular term Au~"(*), leads to an energy (Euler) functional which
is not C'. So, we cannot apply to this variational integral the usual tools and
results of critical point theory. We need to find ways to bypass the singular term
and neutralize its effect.

3. Mathematical background and hypotheses. The study of problem (Py)
requires the use of spaces with variable exponent (Lebesgue and Sobolev spaces).
A comprehensive treatment of such spaces can be found in the book of Diening,
Harjulehto, Hasté and Ruzicka [14].
Let Fy = {reC(Q):1<minr}. For any r € Ey, we define
Q
r— =minr and ry = maxr.
Q Q

Also, let M(Q) = {u : Q — R measurable}. As usual, we identify two such
functions which differ only on a Lebesgue-null set.
Given r € F1, we define the variable exponent Lebesgue space as follows:

L"(Q) = {u eM(Q): [ |u"Pdz < +oo} .

Q

We equip L™*)(Q) with the so-called “Luxemburg norm” defined by

r(2)
||u|7«(z>—mf{t>o:/ ) dzgl}.
Q

Then L"(*)(Q) becomes a separable, reflexive (in fact, uniformly convex) Banach

space. The dual of L"*)(Q) is the space L™ (*)(Q) with 1’ € E satisfying % +
1

oty = Lforall z € Q. We have the following Holder-type inequality

/ uhdz
Q

Moreover, if 1, o € El satisfy r(z) < ro(2) for z € Q, then

1 1
< (4 o )l

L) (Q) < L") (Q) continuously.
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Using the variable exponent Lebesgue spaces, we can define the corresponding
variable exponent Sobolev spaces. So, given r € F; we define

WL Q) = {u e L"(Q) : |Du| € LT(Z)(Q)}
(as usual, the gradient Du is understood in the weak sense).
We equip W "*)(Q) with the following norm
lully, ) = Nl + 1Dz,

for all u € WHT(2)(Q).
Suppose that r € F; is Lipschitz continuous. Then we can define

Wol,r(z)(Q) _ WH'HLT(@.

The spaces W1 () () and VVO1 r(z) () are separable, reflexive (in fact, uniformly

convex).
The critical Sobolev exponent is defined by
Nr(z) .
— if N
r*(z) = ¢ N —r(z) ifr(z) <N,
+o0 if N <r(z).

Suppose that r, p € C(Q), 1 < r—,p+ <N and 1 <p(z) <r*(z) for all z € Q
(resp., 1 < p(z) < r*(z) for all z € Q). Then we have

W@ (Q) — LPE)(Q) continuouly
(resp. W@ (Q) — LPE)(Q) compactly).

Similarly for VVO1 ’q(z)(Q), provided that ¢(-) is Lipschitz continuous, that is, ¢ €
Cco Q).

For r € C%1(Q), the Poincaré inequality holds, namely, there exists ¢* > 0 such
that

[ullrzy < ([ Dullrz,

for all u € Wol’r(z)(Q).

Therefore on VVO1 P(2) (Q) we can use the equivalent norm

[ull1,r(z) = [[Dullrcz)

for all u € Wy ") ().
The following modular function plays a central role in the study of these spaces.
So, for r € Eq, we define

pr() = / " dz,
Q

for all u € L"*)(Q).
Also, we define
pr(Du) = pr(|Dul),
for all w € WHr()(Q) or Wy "F(Q).
Sometimes when we want to emphasize the domain in R" on which these modular
functions are defined, we write

() and  pf(Du).
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Similarly for the norms. We write

”u”r(z),fl and ||u||1,r(z),ﬂ~

The next proposition reveals the close relation between p,(-) and the norm [|-||,.(.).

Proposition 1. Ifr € E\ and {u,un}n>1 C L"®)(Q), then

(a) for allt >0 we have |u|l..) =t if and only if p.(}) = 1;
(b) llullrzy <1 (resp. =1,>1) & pp(u) <1 (resp. =1,>1);
(©) ey < 1= [l < prtu) < ol

[ullrz) > 1= llully) < pr(w) < lullifys
(d) llunllrzy = 0 pr(un) — 0 as n — oo;
(e) ”unHT(z) — +00 & pr(un) — 400 as n — o0.

Let r € E; N C%1(Q). Then we have
1,r(z * —1,7'(z
whrE Q) = wLr @ Q).
We define the operator A,..) : Wol’T(z)(Q) — WL G)(Q) by

<Ar(z) (U),h> = |Du|T(Z)_2(DU'a Dh)]RNdzv
Q

for all u, h € Wol’r(z)(Q).
From Réadulescu and Repovs [52, p. 40] (see also Gasiriski and Papageorgiou [20,
Proposition 2.5]), we have the following properties.

Proposition 2. If r € E; N C%1(Q), then the operator A,(,) : Wol’r(z)(Q) —
WL ()(Q) is bounded (that is, it maps bounded sets to bounded sets), continuous,
strictly monotone (hence mazimal monotone, too) and of type (S)4, that is,

Up ~> u in Wol’r(z)(ﬂ) and limsup(A,.)(un), un —u) <0

n—oo

U — win Wy (Q).

Now let us introduce some basic notation which will be used in the rest of this
paper.

For every = € R, we set ¥ = max{ + ,0}. Then given u € WOI’T(Z)(Q) we
define u*(2) = u(z)* for all z € Q. We have

uwF e W Q) u=ut —u, Jul=ut +u.
If u, v e Wol’r(z)(ﬂ) and u < v, then we define
[u,v] = {h e W™ P(Q) 1 u(z) < h(z) < v(2) for a.a. z € Q},
[u) = {h € Wol’r(z)(Q) cu(z) < h(z) for a.a. z € Q}
Let C3(Q) = {u € CH(Q) : ulpq = 0}. We set

it g [u,v] = interior in C3(Q) of [u,v].
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The space Cy () is an ordered Banach space, with positive (order) cone C; =
{ue C'(Q):u(z) >0 for all z € Q}. This cone has a nonempty interior given by

ou
ity = dueCy: 0forallze@ 22| <o,
int Cy {ue +iu(z) >0 forall z € o 8Q<}

with n(-) being the outward unit normal on 9.
In C1(Q2) we will also consider the following open cone

B ou
+ {UEC() u(z) >0 for all z € anaﬂnu1(0)<0}

Suppose that X is a Banach space and ¢ € C*(X). We define
K, = {u eX:¢(u)= O} (the critical set of ¢).
We say that o(-) satisfies the “C-condition”, if the following property holds:

“Every sequence {un}n>1 C X which satisfies
{g@(un)}n>1 C R is bounded,

and (14 [lun|x)¢’ (un) — 0in X* as n — oo,

admits a strongly convergent subsequence”.

This is a compactness-type of condition on . Since the space X is not locally
compact (being in general infinite dimensional), the burden of compactness is passed
on . Using the C-condition, one can prove a deformation theorem from which fol-
low the minimax theorems for the critical values of ¢ (see Papageorgiou, Radulescu
and Repovs [42, Chapter 5])

Now we will introduce our hypotheses on the data of problem (P)).

Hy :p,q,n€C®H(Q)and 0 < n(z) < 1< q(2) < gy <p- <p(z) for all z € Q;
Hy : f:Q xR~ Risa Carathéodory function such that f(z,0) = 0 for a.a.

z € 2 and

(i) 0< f(z2) <a(z) [L+2"®) 7 foraa. z € Q allz > 0, witha € L=(Q),
TEC(Q) p(z) < ()<p < p*(z) for all z € Q;

(i) if F(z,2) = [ f(z,s)ds, then zgl}rloo Fgfif) = +oo uniformly for a.a.
z €€

(iii) there exists 7 € C(2) such that

7(2) € <(r+ p_)max{N, 1} ,pj_) for all z € Q
p_

and 0 < By < hmlnf 1(z2)r —pF(z2)

uniformly for a.a. z € Q;
T——400 xT(Z)

f(z,)

(iv) lim —+ = 0 uniformly for a.a. z €

z—0+ I
(v) for every p > 0, there exists £, > 0 such that for a.a. z € , the function
T f(z,7) + gpx’Fl

is nondecreasing on [0, p].
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Remark 1. Since we are looking for positive solutions and all the above hypotheses
concern the positive semiaxis Ry = [0,4+00), without any loss of generality, we
assume that

f(z,x) =0 for a.a. z€ ), all z <0. (2)

Hypotheses H (ii), (iii) imply that

moi1 T +o00 uniformly for a.a. z € (2.
rz—+oo I

So, the perturbation f(z,-) is (p4 — 1)-superlinear. Usually in the literature,
superlinear problems are treated using the AR-condition (see Ambrosetti and Rabi-
nowitz [3]). Here, we employ a less restrictive condition, namely hypothesis H; (iii),
which incorporates in our framework superlinear perturbations with “slower” growth
near 4+o00. For example, the function

f(z,x) =P+ inz + 2P forall z > 0

with p € C%1(Q) such that 0 < 1% — i < %, satisfies hypotheses H; but fails to
satisfy the AR-condition.
For notational simplicity, in the sequel we denote by || - || the norm of the Sobolev

space WO1 P (z)(Q). Recall that by the Poincaré inequality, we have
[ull = [[Dully(),

for all u € WP (Q).
Also, for every p € Eq, we write

pp(Du) = pp(|Dul),

for all u € Wol’p(z)(ﬂ).

Given r € (1,00), we denote by @(r) the positive, L"-normalized (that is,
||a1(r)]]» = 1) eigenfunction corresponding to the principal eigenvalue Xl(r) > 0 of
(=A,, Wy "(€)). Recall that A1(r) > 0 is simple and isolated, and @1 (r) € int C
(see Gasiniski and Papageorgiou [19, Section 6.2]).

Finally, we denote by | - |; the Lebesgue measure on RY and Qy CC €, means
that Oy C Q.

4. Auxiliary results. As we already pointed out in the Introduction, we need to
find ways to bypass the singular term and deal with C'-functions. In this section
we prove an auxiliary result which will be helpful in this direction.

So, we consider the following anisotropic purely singular Dirichlet problem

—Ap(z)u(z) — Aq(z)u(z) = )\u(z)_"(z) in Q, u|aQ =0, u>0. (Q,\)
Proposition 3. If hypotheses Hy hold and XA > 0, then problem (Q)) has a unique
positive solution uy € int Cy.

Proof. Let h € LP®*)(Q) and € € (0, 1]. We consider the following auxiliary Dirichlet
problem
A

[1h(2)] +€]"®
The operator V : Wi &) (Q) - w1 () (Q) = WP (Q)" defined by
V(u) = Apzy (w) + Ageay (u) for all uw € Wy P (Q)

—Apyu(z) = Agyu(z) = in , ulpq = 0. (3)
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is continuous, strictly monotone (hence maximal monotone, too) and coercive (see
Propositions 2 and 1). Therefore V'(+) is surjective (see Corollary 2.8.7 of Papageor-
giou, Ridulescu and Repovs [42, p. 135]). Note that
A A
0<g:(z) = — = <o (recall that € € (0,1]),
[h(2)] +€]"" ™
= g. € L>(Q).

So, we can find u. € Wol’p(z)(Q), ue # 0 such that

V(us) = Ge- (4)

On account of the strict monotonicity of V'(-), this solution is unique. Testing
(4) with —u_ € Wol’p(z)(Q), we obtain
1 _ _
—[pp(Du) + po(Duc)] <0,
P+
= u. >0, u. #0 (see Proposition 1).
From Theorem 4.1 of Fan and Zhao [16], we have that u. € L°°(€). Then using
Lemma 3.3 of Fukagai and Narukawa [17] (see also Lieberman [33] for isotropic
problems), we obtain that u. € C\ {0}. Invoking Proposition A2 of the Appendix
we infer that u. € int C,.
We can define the solution map K. : LP*)(Q) — LP()(Q) by setting
K.(h) = . for every h € LP)(Q).
This map is well-defined. Let {hn}n>1 C LP#)(Q) and assume that h,, — h in
LP)(Q) as n — co. Let u, = K.(hy) for all n € N and u = IA(E(h). We have

<A;D(z) (un)’g> + <Aq(z) (un)vg> = / ! n(z)gdzv (5)

Q [|hn] + €]

for all g € Wy P ().
Choosing g = u,, € Wol’p(z) (©) in (5), we see that

{un}, -, € Wy'"?(9) is bounded.
So, we may assume that
Up ~> T in Wol’p(z)(ﬂ) and u, — ¥ in LP®)(Q). (6)

In (5) we choose g = u,, —u € Wol’p(z)(ﬂ), pass to the limit as n — oo and use
(6). We obtain

Jim [(Ap(e) (un)s un =) + (Agz) (n), tn = B)] =0,
= limsup [(Ap) (Un), un — W) + (Ag() (@), uy — )] <0
n—oo
(since Ay(;)(-) is monotone),

= limsup(A,)(un), un —u) <0,
n—oo

= U, — U in Wol’p(z)(Q) (see Proposition 2). (7)
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If in (5) we pass to the limit as n — oo and use (7), then

(Apz) (@), 9) + (Ag(2)(w), 9) = /Q Wdz

for all g € Wol’p(z)(Q),
= u=u,

= K.(-) is continuous.

From the above argument we see that I/(\'g(Lp(z)(Q)) is a bounded set in
T/VO1 p(z)(Q). But VV1 p(z)(Q) < LP()(Q) compactly. So, by the Schauder fixed
point theorem (see Theorem 3.2.20 of Papageorglou Radulescu and Repovs [42, p.

197]) we can find u* € W’ p(z )(Q) such that u* = K.(u?). As above, the anisotropic

regularity theory and Propos1tion A2, imply that u? € int Cy. Moreover, from the
1

(o + 6)"(Z) ®

monotonicity of A,.(-), Agz)(-) and the fact that the mapping x ~

decreasing on Ry we infer that this solution v} € int C'; is unique.

Claim. 0 <¢' <e=ul <ul.

Note that
—Apui(2) — Agyus(z) = A
Pl el 1T T, (2) + €]
A
> ————  inQ (recall that &’ <¢).  (8)
[uz(2) + €]

We consider the Carathéodory function . : Q2 x R +— R defined by

A , .
e if x <uk(z),

e A o (9)
g e

We set L ( = [y l=(z, s)ds and consider the C'-functional . : W&’p(z)(Q) —
R defined by

1
-(u) = Dup(z)dz—i—/ Du q(z)dz—/la z,u)dz,
w)/gp(ﬂ | 51D [z

for all u € VV1 -P(2) Q).

From (9) it is clear that ~.(-) is coercive. Also, it is sequentially weakly lower
semicontinuous.  So, by the Weierstrass-Tonelli theorem, we can find u. €
Wol’p(z)(Q) such that

Ye(@:) = min {7o(u) 1w € Wy PO @) }. (10)

Let w € intCy. Since u}, € intCy, we can find ¢ € (0,1) small such that
tu < min {u;,,s} (see Proposition 4.1.22 of Papageorgiou, Radulescu and Repovs
[42, p. 274]). We have

t9- At

eltu) <~ [0p(Du) + py(Du)] - a9y (see (9).
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Since 1 < g, choosing t € (0, 1) even smaller if necessary, we have

Ye(tu) < 0,
= v (u:) < 0=1.(0) (see (10))7
= u: # 0.
From (10) we have
'Yé(as) =0,
= (Ap(2) (), 9) + (Ag(z) (Ue), 9) = /Qle(z,ﬂg)gdz

for all g € W, ") (0).
In relation (11), we first choose g = —u_ € Wol’p(z)(Q). We obtain
@.>0, @ 0.
Also, if in (11) we choose g = (. — u®,)+t € Wy 'P*)(€), then we have
(Ap(a) (@e), (Tie = uZ) ™) + (Ag(a) (Te), (e — ul) )

= # U —u')Tdz  (see
B /Q(U:/ +5)n(z)( e TR (e ()

< (Ao (W), (e — u2) ) + (Agioy (), (B — ) ) (see (8)).
= U < ul.

So, we have proved that

Ue € [0,ul], e # 0,
= U =ul (see (9)),
= ul <ul.

This proves the Claim.

Now let £, = 1 and u}, = u? € intC; for all n € N. We have

—Ap)un(2) = Agzyun(2) = S S in 2 for all n € N.

q(z) [U:L(Z) n l] n(z)

Testing this equation with u* € Wy **)(Q), we obtain

pp(Duy,) + pg(Duy,) :/ PRI O]
@ (uy + 7)

= {ufl}n>1 C Wol’p(z)(Q) is bounded (see Proposition 1).

So, we may assume that

uf 2y in Wol’p(z)(Q) and u;, — Wy in L”(z)(Q) as n — oo.

(11)

dz < )\/ w9 dy for all n € N,
Q



ANISOTROPIC SINGULAR DOUBLE PHASE DIRICHLET PROBLEMS 4477

For every n € N, we have

(Apo) (uy,)s g — n) + (Ag(z) (uy,), Uy — W)
— / 7)\(%‘ — u?i) dz
@ (up+ )"

< /Mdz (see the Claim).
Q u’{”(z)

On account of Lemma 14.16 of Gilbarg and Trudinger [26, p. 335], we see that
d(-) =d(-,00) € Cy. So, we can find ¢; > 0 such that d < cyuj. Then we have

Auy, —Wy)

* 1—71(Z)£
e S AW
1

*

1

*

< )\02% for some c5 > 0, alln € N.

On account of the anisotropic Hardy inequality of Harjulehto, H&sté and

Koskenoja [29] and of [15], we infer that {ug } . is uniformly integrable.
ne
Therefore by Vitali’s theorem, we have
ANul —u
/Mdz—)Oasn%oo,
o (up)n)

= limsup [(Ap(z)(u;), Uy, —Tx) + (Agez)(up), uy, — UQ} <0,
n— oo

= uy — Uy in W&’p(z)(Q) asn — oo (as before, see (7)). (12)

For every n € N, we have

Ay (02 9) + (g 7)) = [ —2

— 4z, (13)
o (u; 4 3)"

for all g € Wy P ().
Passing to the limit as n — oo in (13) and using (12), we obtain

<Ap(z)(ﬂ)\)ag> + <Aq(z)(ﬂ)\)ag> = / —

for all g € Wy P (Q).

It is easy to check that (uf)~"(*) € L5(Q) for s > N. We know that u} < u
for all n € N (see the Claim), hence u} < @y, which implies that "3 e L3(Q
s > N. Then from (14) we obtain that @, is a positive solution of problem (@,
By Proposition Al of the Appendix we have that u), € L% () and then from
Lemma 3.3 of Fukagai and Narukawa [17] we deduce that wy € C1\ {0} Moreover,
Proposition A2 of the Appendix implies that uy € int C'y.

Finally, we show that this solution is unique. So, suppose that vy is another
positive solution of problem (Q,). Again we have Uy € int Cy. Exploiting the
strictly monotonicity of A,.)(-) and of Ag.y(-), we have

0 < (Ap) (@) — Apzy(Tn), U — Ua) + (Age) (Tr) — Agz) (Tn), U — )

1 1 3 -
:/QA[W_W} (Wy —Ta)dz <0,

= U) = V).

dz, (14)

),
)
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The proof is now complete. O
We introduce the following two sets
£= {)\ > 0 : problem (P)) has a positive solution}

(that is, £ is the set of admissible parameters),

Sy = set of positive solutions of problem (Py).
In the next section we establish the structural and regularity properties of these
two sets.
5. Properties of the sets £ and S). We start by showing the nonemptiness of
set £, that is, there exist admissible parameters.

Proposition 4. If hypotheses Hy, Hy hold, then £ # ().

Proof. Let A > 0 and let wy € int C'y be the unique positive solution of problem
(Q») produced in Proposition 3. We consider the Carathéodory function ky(z,x)
defined by

2w ()" g fzat) it x <an(2),
ha(z@) = {)\x"(z) + f(z,x) if ua(z) < z.

(notice ﬂ;”(') € L'(Q), see Lazer and McKenna [32]).

(15)

We set Kx(z,2) = [; kx(z,s)ds and introduce the C*-functional v, : WOLP(Z)(Q)
— R defined by

1 1
u) = —Du”(z)dz—l—/ ——|Du ’I(Z)dz—/K z,u)dz,
a0 = | 57710 ek o e

for all u € Wol’p(z)(ﬂ).
On account of hypotheses Hj (i), (iv), we see that given € > 0, we can find ¢, > 0
such that

F(z,z) < £y cex’t foraa. z€Q, all x > 0. (16)
4+

Let u € W ") (Q) with |Jul| < 1. We have

1
Ya(u) > —pg(Du) —/ [/\EA_"(Z)u + F(z,u"')} dz
9+ {0<u<u,}

A / {ulfmz) _%Hz(z)] &
1T—mny {u>Tx}

_/{ [P0 - Fem)ds (see (15))

1 A
>l - [ @) [ Pt
q+ 1—=ny Ja Q

(since |lul| <1, F >0 and see (2))

1 -
> (L= ees)|ul™ = efjul™ — Acrul| '~
+

for some ¢5 > 0,c6 = cg(e) > 0 and ¢7 > 0 (see (16)).
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Choosing ¢ € (0, Ci), we obtain
a(u) > esllul| ™ — eollull ™ — Aeqllul '

for some cg > 0.
Recall that ¢ < r4. So, we can find p € (0, 1) small such that

cgp™ —cep’™ > 7o > 0.
Then let A\g > 0 be small so that
1
Aerpl ™ < 57’7\0 for all A € (0, Aol
Using (18) and (19) in (17) we obtain
1.
Ya(u) > 5770 >0
for all u € Wo P (Q) with |Ju]| = p, all 0 < A < Ao.
Moreover, on account of hypothesis H; (ii), if @ € int Cy, then
Ya(ta) — —oo as t — +oo.
Claim. For every A > 0, the functional ¥(-) satisfies the C-condition.
Let {un}, o, C Wol’p(z)(Q) be a sequence such that
[x(un)| < eg for some cg > 0, all n € N,
(1 + JJun )94 (un) — 0 in WHPE(Q) as n — oco.

From (23) we have

enllgll
A 2)(Un),9) + A 2)\Un ), g _/k 2, Un gdz Sia

for all g € Wol’p(z)(Q), with €, — 0T.
In (24) we choose g = —u,, € Wol’p(z)(ﬂ). We obtain
po(Duy) + pg(Duy,) < crolluy, ||
for some c19 > 0, all n € N (see (15) and (2)),
= {u, tn>1 C Wol’p(z)(ﬂ) is bounded (see Proposition 1).
Next, we choose g = u;} € Wol’p(z)(Q) in (24). We obtain

D) = D) + [ Il Jufds <
Q

for all n € N.
From (22) and (25), we have

1 1
/—\Dm”(z)dz—l—/ —|Drf|q(z)dz—/KA(z,qu)dzgcu,
Q Q

q(z)

1
= D) + ) [ pes(eu)az] < e,
+ Q

o p(2)

= pp(Du) + pa(Du) - /Q peKa(z,ul)dz < pacar,

for some c¢17 > 0, all n € N.

4479

(18)

(19)

(25)

(26)
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We add (26) and (27) and obtain

/ [kx(z,wh )t — py Ka(z,ub)] dz < era,
Q

= [ [Feubul - paF(zu)] dz < e [1+ / (uw—"@czz}, (28)
Q Q

for some ci2, ¢33 > 0, all n € N.
On account of hypotheses Hj (i), (iii), we can find 5 € (0,59) and ¢14 > 0 such
that

B1a™) — 1y < f(z,2)x — pLF(z,2) for aa. z € Q, all z > 0. (29)
We use (29) in (28) and obtain
pr(ul) <15 [T+ |u)|l-(»)] for some ¢15 >0, all n € N,
= {ut} ., CL7®(Q) = L™ (Q) is bounded. (30)
It is clear from hypothesis H; (iii) that without any loss of generality, we may
assume that
7(2) <r(z) <p*(2),
= 7_ <ry <p" (see hypothesis Hy(i)).
Hence we can find ¢ € (0,1) such that
1 1—t t
T4 T_ p*
Invoking the interpolation inequality (see Proposition 2.3.17 of Papageorgiou and
Winkert [48, p. 116]), we obtain

[2ns PO a7

(31)

;i for all n € N,
= ||u;[||:jr < ci6]|un | for some 16 > 0, alln € N (see (30)). (32)
From (24) with h = ut € Wo ) (Q), we have

Pp(Dusy) + pg(Duyy) < ey + ] ke (2, upp Juyy d,
2

= D) (D) < err 1+ [ fGeuas]
Q

< cis (1 + ||u:{||21) (see hypothesis H (i)
< ci19 (1 + ||un||”+) (see (32))7 (33)

for some c17, ¢18, c19 > 0, all n € N.
First suppose that p* # N. We have

Np_
p’i:Np if p_ <N and pf =+4oc0if p_ > N.
From (31) we have
tr+:w ifp_.<Nandtry =ry —7_ if N <p_.
pr—T_

Using hypothesis H; (iii), we see that
try <p_. (34)
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From (34), (33) and Proposition 1 it follows that
{uf},5, € Wor?'?(Q) is bounded. (35)
Next, suppose that p_ = N. Then p* = +o0o and we know that Wol,p(z)(Q) <

LO () for all 1 < 6 < co. Then for the above argument to work, we need to consider
0 > ry > 7_. As before, let t € (0,1) such that

11—t t
re T 6’
O(ry —7_

itr+:%%r+fr_<p_ as 0 — 400
—T_

(see hypothesis H (iii)).
So, we choose 6 > r; big such that
tro <p-_.

Then from this and (33) again we obtain (35).
From (25) and (35), we see that {un}n>1 C Wol’p(z)(Q) is bounded and so we

may assume that

Up —> u in Wol’p(z)(Q) and u, — u in L"*) (). (36)

In (24) we use g = u,, —u € Wol’p(z)(Q), pass to the limit as n — oo and use
(36). Then as in the proof of Proposition 3, we obtain

Uy — u in Wol’p(z)(ﬂ) (see (7)),
= () satisfies the C-condition.

This proves the Claim.
From (20), (21) and the Claim, we see that we can apply the mountain pass

theorem. So, for every A € (0, Ao, we can find uy € Wol’p(z)(Q) such that
1.
ux € Ky, and ,(0) =0 < 5770 < a(un)  (see (20)). (37)
From (37) we have uy # 0 and

(Ao (1).9) + (Agr (). = [ e, (3%)
for all g € Wy P (Q).
In (38) we choose g = (uy —uy)" € Wol’p(z)(Q) and have
(Apeoy(un), (@x —ur)*) + (Agee)(un), (@ —ur)™)

_ /Q{Am—mmrf(z,u;)} (@ —ur)Tdz  (see (15))

> / )\EA_"(Z)(EA —uy)tdz (see hypothesis H; (1))
Q

= <Ap(z)(ﬂ)\), (ﬂ)\ - U)\)+> + <Aq(z)(ﬂk)7 (ﬂA — ’LL)\)+> (see Proposition 3),
= Ux < Uy,
= uy € Sy (see (24) and (15)) and so (0, Ag) C £ # 0.

The proof is now complete.
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Next, we determine the regularity properties of the elements of Sy. This will also
lead to important structural properties of £.
We start by obtaining a lower bound for the elements of S).

Proposition 5. If hypotheses Hy, H1 hold, then uy < u for all u € Sy.

Proof. Let u € Sy and consider the following function defined on Q x R = Q x
(0, +00)

—n(z) if <
ek(z,x){/\x if 0 <z <u(z), (39)

Au(z) ") if u(z) < .

This is a Carathéodory function on 2 x I@Jr. We consider the following anisotropic,
singular double phase problem

—Apyu(z) = Agyu(z) — ex (z,u(z)) in Q, ulpo =0, u>0. (T»)
As in the proof of Proposition 3, via a fixed point argument, we show that for

every A > 0, problem (7)) admits a positive solution wy € int C.
We have

AP(Z) ) (u>\ - U’)+> + <Aq(z) (17,/\)’ (ﬂ)\ - U)+>

w3 (U — u)tdz (see (39))

>/
@\

IN
n
<

A {)\u_”(z) + f(z, )} (ux —u)tdz (see hypothesis Hi (i)
Ap( (u), (uy —u)*) + (Aq(z)(u), (uy —u)t) (since u € Sy ),
A L u,
= Uy = Ux (see (39) and Proposition 3),
= uy <u forall u € Sy.
The proof is now complete. O

If in the above proof we replace A > 0 by u € (0,\) and w by uwy € int Cy, then
we derive the following monotonicity property of the solution map A — uy (A > 0)
of problem (Q)) (see Proposition 3).

Proposition 6. If hypotheses Hy hold and 0 < p < X, then w, < uy.

As a consequence of Proposition 5 and Theorem B.1 of Saoudi and Ghanmi [54]
we have the following regularity result for Sy.

Proposition 7. If hypotheses Hy, Hy hold and A € £, then Sy C [uy) Nint Cy..
Proof. Let u € Sy. From Proposition 5, we have
0<uy <u,
=0<u"® <u, "3 e L5(Q), s> N (40)
(see the proof of Proposition 3).
Also, from Proposition A1l of the Appendix, we have
u € L™(Q). (41)
We know that
—Apyu(z) = Dgyu(z) = Au(z) 1 4 f(z,u(z)) inQ. (42)
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Let g(-) = Au(-) " € L3(Q), s > N (see (40)) and consider the following linear
Dirichlet problem

—Av(z) = g(2) in Q, v]|pa =0. (43)

Theorem 9.15 of Gilbarg and Trudinger [26, p. 241] implies that problem (43)
has a unique solution v € W2 %(Q). The Sobolev embedding theorem implies that
W25(Q) = CH*(Q) with o = 1 — & € (0,1) (recall that s > N). Let £ = Dv €
C%(Q,RM). By (41) and hypothesis H; (i) we obtain that

0() = f (- u() € L=(9).
We rewrite (42) as follows
—div (|Du|p<z)*2Du + |Du|q(z)*2Du — {) =60 inQ, ulpg =0.
Then Lemma 3.3 of Fukagai and Narukawa [17] implies that
ue Cy (@) =Ch* (@) N C3(Q),
= u € [ux) Nint Cy  (see Proposition 5).

The proof is now complete. O

Now we can prove a structural property for the set £. Namely, we show that £
is an interval.

Proposition 8. If hypotheses Hy, Hy hold, A € £ and p € (0, ), then u € £.

Proof. Since A € £, we can find uy € Sy C int C; (see Proposition 7). By Proposi-
tion 6 we have u, <%y. Therefore @, < uy and so we can define the Carathéodory
function j,(z,z) by
i, (2) ") ¢ f(z,1,(2)) if © < @,(2),
Ju(z,2) = pa="3) 4 f(z,x) if w,(2) <z <un(z), (44)
pux(z) ") 4+ f(zuA(2)) if uy(z) < .

We set J,,(z,x) = [ ju(z,s)ds and introduce the C*-functional o, : Wo P (Q)
— R defined by

1 1
o,(u) = —Dup(z)dz—&—/ —Duq(z)dz—/J z,u)dz,
o) = [ o [ 51 [ (0

for all u € Wol’p(z)(Q).

By (44) and Proposition 1, it is clear that o,(-) is coercive. Also it is sequentially
weakly lower semicontinuous. So, by the Weierstrass-Tonelli theorem we can find
Uy, € Wol’p(z)(ﬂ) such that

o,.(u,,) = min {au(u) ue Whre) (Q)},
= 0}, (u,) =0,
= (Ao (),9) + (Ao (w)s9) = [ Guevu)gds (45)
Q

for all g € Wol’p(z)(ﬂ).
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We test (45) with h = (u, —u,)" € Wol’p(z)(Q). We have
(Ap() (un), @u = wa) ™) + (Agee) (un), @u — wa)™)

_ / (17,77 £z, 00) | (B — ) T (see (40))
Q

> /uﬂlf”(z)dz (see hypothesis H (i))
Q

= <AP(Z)(EH)7 (ﬂu - uu)+> + <Aq(Z)(ﬂu)7 (ﬂu - Uu)+>a
= Uy < uy.

Next, we choose h = (u, —ux)" € Wy P (Q) in (45). Then
<Ap(z) (Uu), (’U/H - U)\)+> + <Aq(z) (uu)7 (U'M - UA)+>
= / [uux_"(z) —l—f(z,u)\)} (up —ur)Tdz  (see (44))
Q

IN

/Q [/\u,\_"(z) + f(z,u,\)} (u, —ux)tdz (since p < \)
= (Ap) (un), (wy —ur)™) 4+ (Agey (ur), (uy —un)™)  (since uy € Sy),
= Uy < U
So, we have proved that
Uy € [Wy, vyl (46)
From (46), (44) and (45) it follows that
uy, € S, C [u,) Nint Cy (see Proposition 7), hence p € £.
The proof is now complete. O

A byproduct of the above proof, is the following weak monotonicity property of
the solution multifunction A\ — S).

Proposition 9. If hypotheses Hy, Hy hold, A € £, uy € Sy and p € (0,\), then
w € £ and we can find u, € S, such that u, < uy.

In fact, using Proposition A4 of the Appendix (the anisotropic strong comparison
principle), we can have a stronger version of Proposition 9.

Proposition 10. If hypotheses Hy, Hy hold, A € £, uy € Sy and p € (0, ), then
€ £ and there exists u, € S, such that

ux — Uy € intCh.

Proof. From Proposition 9, we already know that 4 € £ and we can find u, € S, C
int C'; such that

0 <u, <uy. (47)

Let p = |Jualloo (recall that uy € Sy C int C) and let Ep > 0 be as postulated
by hypothesis H; (v). We have

= Dpayup — Dgzyup + Ep“pp(z)i1 — Ay, 1)

= f(z,uu) + g,)uﬂp(z)_l -\ = ,u)uu_"(z) (since u, € Sy,)
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< f(up) + Eu”O 7 = (= ) |2
(see (47), hypothesis H;(v) and recall that < \)
< = Apyun — Agyua + Epu;”(z) in Q.
Then Proposition A4 of the Appendix implies that
uy —u, € intCh.
The proof is now complete. O
Let \* =sup £.
Proposition 11. If hypotheses Hy, H1 hold, then \* € £.
Proof. Hypotheses H; imply that we can find X > 0 such that

~

A
§x*”(z) + f(z,2) > 2P~ for a.a. z € Q, all 2 > 0. (48)

Let A > A and suppose that A € £. Then we can find uy € Sy C intC;. Let
Qo CC Q with C?-boundary 9€y. We set
0<ml =minuy <1
Qo
(recall that uy € int C' and choose Qg such that d(£, 0€2) is small).

For § € (0,m%), we set (m3)° = mQ + 6. For p = [Juy]loo, let pr > 0 be as

postulated by hypothesis H;(v). We have

0467~ 1(2) A
A [(m)\) ] = W
> (m)"(:)w (since 0 < n(z) < 1 for all z € Q)
> ;\(1)() (recall that 0 < & < m3). (49)
We have
= By (m3)° = Agie) (m)® + & [(mR)7]7 7 = A [(m)7) "
< £,(mQ)PP1 1 (6) — ;( gl)w) with x(8) = 07 as 6 — 07 (see (49))
< (& +1) (PO~ 4 x(0) - ; (mglm |

IN

FlzymQ) + &, (mQ)P&~ 17,( X) mg o ) (see (48))

< f(z, )+§( )Pt - ( )( 01 x(6) (since md <1, A <))

< flz,m¥) + Ep( QOPE-1 for 5 e (O,mg) small
= — Ap(z) Aq(z)u,\ —|—§ uy? p(z)-1 —Auy " n(2) in Q.
Invoking Proposition A4 of the Appendix, we have
(m%)° < u(z) for all z € Qq, all X € (0,mY) small,

a contradiction to the definition of m%. Therefore A ¢ £ and so A\* < \ < o0.



4486 N. S. PAPAGEORGIOU, V. D. RADULESCU AND Y. ZHANG

The proof is now complete. O

So far we have that
(0,A™) C £ C(0,X7].

6. Multiple positive solutions and the critical parameter \*. In this section
we show that for A € (0, A*) we have multiplicity of the positive solutions and finally
we show that the critical parameter value is admissible. In this way we complete
the proof of Theorem 2.1.

Proposition 12. If hypotheses Hy, Hy hold and A € (0,\*), then problem (P))
has at least two positive solutions

ug, U €1int Cy, ug # u.

Proof. Let 0 < p < A < 6 < X*. We know that u, 8 € £ (see Proposition 8). Also,
on account of Proposition 10, we can find uyg € Sy C int Cy, ug € S\ C int Cy and
u, € S, Cint C such that

ug — Uy, € int Cy and ug — up € int C,

= up € intey g, [wp, ug). (50)
We consider the Carathéodory function iy (z,z) defined by
ix(z,z) = /\uf(z)_nm (@) ?f 7S e, (51)
A=) 4 f(z,x) if u,(2) < 2.

Also, we consider the following truncation of i) (z, -)

R . o <
B(zma) = {50 o= ), (52)
ix(z, uo(z)) if ug(z) < .
This is also a Carathéodory function. We set
I(z,2) :/ ia(z, s)ds and f)\(zm) :/ ia(z,s)ds
0 0
and consider the C'-functionals dy, dy : Wy '?*)(€) -+ R defined by
1 1
dy(u) = / —— | DulPPdz +/ ——|Du|?®dz — / I(z,u)dz,
o p(2) a q(z) Q
~ 1 1 ~
dy(u) = / —— | DulP#dz +/ ——|Du|?®dz — / I\(z,u)dz,
a p(?) aq(z) Q
for all u € W ") (Q).
Using (51) and (52), we can show that
Kgq, C[u,)NintCy and K; < [, ug] Nint Cy. (53)

From (53) we see that without any loss of generality, we may assume that
Kq, is finite and Kz = {uo}. (54)

Otherwise, on account of (53), (51) and (52), problem (P)) already has two
positive solutions and so we are done.
Note that

~

and d}, = d;][uwue]. (55)

d/\|[u,“u9] = d)“[uwug] ’[uu,ug}
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It is clear that JA() is coercive and sequentially weakly lower semicontinuous.
So, we can find wg € Wg’p(z)(Q) such that

dx (i) = min {JA(U) ‘u€ W(}’W)(Q)},
=up € Kz = {uo} (see (54)),
= Up = ug € int Cy.
But then from (50) and (55), it follows that
up € int Cy is a local G} (€2)-minimizer of d(-),

= up € int C4 is a local W&’p(z)(Q)—minimizer of dx() (56)
(see Proposition A3 of the Appendix).

From (54), (56) and Proposition 5.7.6 of Papageorgiou, Radulescu and Repovs
[42, p. 449], we know that we can find p € (0,1) small such that

dx(uo) < inf {dr(w) : llu = woll = p} = ma. (57)
Given u € int Cy, on account of hypothesis Hj (ii), we have
dy(tu) - —o0 as t — +o0. (58)
Also, reasoning as in the “Claim” in the proof of Proposition 4, we show that
dx () satisfies the C-condition. (59)

Then (57), (58), (59) permit the use of the mountain pass theorem. So, we can
find @ € Wy ") (Q) such that

u€ Ky, Clu,)NintCy  (see (53)) and my < dx(w) (see (57)). (60)
From (60), (57) and (51) it follows that
ue S, CintCy, U +# up.
The proof is now complete. O

To complete the proof of Theorem 2.1, it remains to show that the critical param-
eter value \* is admissible (that is, \* € £). This is done in the next proposition.

Proposition 13. If hypotheses Hy, Hi hold, then \* € £.
Proof. Let {)‘”}n>1 C £ such that A\, T A*. Also let p € (0,A1). We know that

p € £ and so we can find u, € S, C int Cy. Using u,(z), we can define iy, (z, z) (see
(51)) and then introduce dy, () € C* (Wol’p(z)(ﬂ)) (see the proof of Proposition

12) for every n € N. From the proof of Proposition 12, we know that for every
n € N, we can find u,, € Sy, Cint C; such that

dx, (un) < dy, (uu) (see (55) and recall that uy, is a minimizer of EA)

< qi_ [pp(Duy) + pg(Duy)]

_/Q {)\nu#—ﬁ(z) + f(z,uu)} u,dz (see (51)). (61)
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‘We have
/ {)\nuu_"(’z) + f(z,uu)} uydz
Q

> /2 [,uu,f”(z) + f(z,uu)} uudz  (see p < A\ < A, for all n € N)
¢

= pp(Duy) + pg(Duy)  (since uy € S,). (62)
We return to (61) and use (62) to obtain
1 1
dy, (up) < ( - 1> pp(Du,) + (q — 1> pq(Duy) <0, (63)
for all n € N.
Moreover, for every n € N, we have
(Ao (). 9) + (A 1:).8) = [ i, (20 o (64)

for all g € Wy P ().
From (63) and (64) and reasoning as in the “Claim” in the proof of Proposition
4, we show that

Up, — U™ in Wol’p(z)(Q) as n — oo. (65)
Recall that u, < u, for all that n € N (see (53)). Therefore
uy, < ut (66)

Passing to the limit as n — oo in (64) and using (65) and (66), we conclude that
u* € Sy, hence \* € £. The proof of Proposition 13 is now complete. O

So, we have proved that £ = (0, A*] and this completes the proof of Theorem 2.1.

7. Appendix. In this appendix we prove some results about general anisotropic
boundary value problems, which are of independent interest. Our results developed
here will be useful to everyone working on anisotropic double phase problems. The
results established in this Appendix complement and improve several related results
in the literature.

7.1. A boundedness property in the anisotropic singular case. We establish
in what follows a boundedness result for the weak solutions of anisotropic singular
Dirichlet problems. We know that such a result is the essential first step to have
global C'-regularity of the solutions (see Fukagai and Narukawa [17, Lemma 3.3]
and Lieberman [33] for isotropic problems ) Next, we establish a strong maximum
principle for problems driven by the anisotropic (p, ¢)-Laplacian (double phase prob-
lems). In the previous sections we have remarked how important is to know that
the positive solutions belong in int C;. A remarkable outgrowth of the previous
two results is Proposition A3, which relates local Holder and Sobolev minimizers
of a C'-functional. This proposition led to the multiplicity property established in
Proposition 12. Finally, we state in Proposition A4 a strong comparison principle
for anisotropic problems.

We start by showing that every weak solution of a general anisotropic singular
problem is essentially bounded. This property extends to the anisotropic singular
framework results obtained by Fan and Zhao [16], Giacomoni, Schindler and Taka¢
[25], Byun and Ko [11].
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So, we consider the following anisotropic Dirichlet problem
—Apyu(z) = Agmyu(z) = f(z,u(z)) in Q, ulsgg =0, u>0. (a1)
The hypotheses on the exponents remain the same (see hypotheses Hy), while

the hypotheses on the reaction f(z,z) are the following:
H{: f:Q xR~ Ris a Carathéodory function such that

|f(z,2)| <& [|x‘—n(2) Faf®-t 4 1}

with r € C(Q), 1 < r(2) < p*(z) for all 2z € Q and some ¢; > 0.

As before, by a “(weak) solution” of problem (a;), we mean a function u €
Wol’p(z)(ﬂ) such that u(z) > 0 for a.a. z € Q, f(-,u("))g(-) € L'(Q) for all g €
Wol’p(z)(ﬂ) and

(Ap(ey (1), 9) + (Agey (), g) = /Q f(z w)gdz,

for all g € Wol"p(z)(Q).

Our approach is based on the Moser iteration technique. In fact, we present
two proofs based on this technique. This technique was used in the past in the
context of isotropic problems; see Winkert [56], Hu and Papageorgiou [30], Marino
and Winkert [36, 37]. An alternative approach, can be based on estimates of the
Ladyzhenskaya-Uraltseva type (see [31]). This method was used by Papageorgiou
and Rédulescu [39] (for problems driven by a general isotropic nonhomogeneous
differential operator) and by Byun and Ko [11] (anisotropic problems driven by the
p(z)-Laplacian with singular terms). We mention also the work of Acerbi and Min-
gione [1], who obtained local estimates for the gradient Du(-) (Calderon-Zygmund
type estimates).

Proposition Al. If hypotheses Hy, H{* hold and u € Wol’p(z)(ﬂ) is a weak solution
of problem (ay), then u € L>=(RQ).

Proof. Let € : R+ [0,1] be a C'-cutoff function which satisfies
suppé C Ry, 5}[1 ooy = Land &(t) >1forall t € [0,1]. (az)

et -¢(=). (a)

€

For every € > 0, we set

From the chain rule for Sobolev functions (see Proposition 1.4.2 of Papageorgiou,

R&dulescu and Repovs [42, p. 22]) and since Wol’p(z)(ﬂ) — Wol’p’ (Q) continuously,
we have

o(u) € Wy "7(Q), D (u) = €L(u) Du (see (a3)).
Let y € Wol’p(z)(ﬂ), y > 0 and use as a test function g = & (u)y. We have

(Ao (), g) = /Q |DuP®) 2 (Du, DE (u)y)) . 2
- / DU e (u)ydz + / |DuP®)"2(Du, Dy)gwé. (u)d=
Q Q

> [ IDuP 2 (Du, Dy)anée(u)ds (see (az). (as)
Q
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Similarly, we show that
(Autow).9) = [ IDuf" (D, DI (1)) g
> /Q DU 2(Du, Dy)anéa(u)dz  (see (as)).  (as)
Since u € Wol’p(z)(Q) is a weak solution of problem (a), we have
[ 1Dl (D, Dy )z + [ 1Dl (D, Dy ()
< (Apo)(u),9) + (Ag(zy(w),9)  (see (aa), (as))
= [ re gz

< / 1 [u*"(z) + a1 4 1} & (u)ydz, (ag)
Q

for all € € (0,1].

Let Q} = {2z € Q:u(z) >1}. Welet e » 0" in (as) and obtain
/ | Du|P*)=2(Du, Dy)g~dz —|—/ | Du|?®) =2 (Du, Dy)g~dz
Ql QL

< / G [ur(z*l + 1] ydz, (a7)
o
for some ¢, > 0.

For 6 > 1, let up = min{u,0} € Wol’p(z)(Q). Also let A > 0 and use as test
function y = uugP+. We obtain

/ | Du|P()—2 (Du, D(uug’\’”))RN dz
Q

1
T
/Q

1
e~ / | DuPPug P+ dz + (Ap, + 1)/ | DulP P up P+ dz
2 QL n{u>0} QL N{u<h)

e F1
2(A + 1)P+

(using Bernoulli’s inequality)

A 1
P+ + / |Du|p(z)u9>\p+dz
oy

|Du|p(z)u0>‘p+dz + )\p+/ |Du|p(z)u9’\p+dz

il Q% n{u<o}

/ | DulP P ug P+ dz + Ap++1 / | DulP@up P+ dz
Qf N{u>0} 2 Q1 N{u<6}

2(A + 1)P+

)\p++l

_— A p(2) ;
=30+ D /Q; D (uug™) ["/dz - (since 6 > 1).

Similarly we have

/ |Du|q<z)_2(Du,D(uug’\p+))RNdz
i1
)\er + 1

Dul?® 2P+ dz > 0.
2(/\+1)p+/91+ ul T g™ dz 2 0
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So, we can write

1
/\p+7+/ D (uug?) PP dz
o4

2(A + 1)p+
< & / uug’\p+dz+/ u" Py P dz (see (ar))
Qb QL
< 53/ Ut upP+dz, (ag)
QL

for some ¢3 > 0.
Without any loss of generality we may assume that ||uug?| > 1. Then we have

A 1
_Apy L / \D(uue)‘) () dz
aL

2(A+ 1)p+
- s (D)
> s 1D o
> & e e 5 (00)

for some ¢4 > 0 (using the anisotropic Sobolev embedding theorem).
We return to (ag) and use (ag). We obtain

WM@mmSQL“%WW% (a10)
+

for some ¢5 > 0 (recall that v < p% ).
We choose A; > 0 so that (A; + 1)p1 = p%. Then

/e
‘|uu9)\1HL"+(SZﬂr) < Cgllu i{ " (see (a10)),

for some ¢g = (A1, u) > 0.
We let § — +o00 and use Fatou’s lemma to obtain

p}/p-
je :

||u||L(A1+1)p+ (Ql+) < EG||U

Now we perform a typical bootstrap procedure. We repeat the above steps with
A >0, k€ N, k> 2 such that

(A + Dpy = (Ag—1 + 1)p.
Then for every A > 0, we have
||U||L(A+1)p+ (Q}*_) < 87 for some /6\7 = E7(>\, U) >0,

= u € L*(Q}) for every p € [1,+00).

From (ag) we have

Lt MIE c Pt Apy
WHD(UUG )||LP+(£Z}F) S C3 Q#u +ug dz.
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Using Holder’s inequality, Fatou’s lemma (as § — +00) and the classical Moser
iteration process (see, for example, Gasiriski and Papageorgiou [20, pp. 333-334]
and Marino and Winkert [36, pp. 164-165]), we obtain

l[ull ey < G,
for some cg > 0, all k € N, with A\ — +o0.
Then from Problem 3.104 of Gasiriski and Papageorgiou [22, p. 477] we infer
that
ue L=(QL),
= u € L>(Q).
The proof is now complete. 0

Remark 2. The result can be easily extended also to anisotropic Neumann and
Robin problems. Also, we can go beyond the anisotropic two-phase equations.
Namely, we can replace the differential operator u — —A,yu — Ayyu with a
more general operator of the form u +— —diva(z, Du). Indeed, a careful inspection
of the proof of Proposition Al, reveals that the result remains true if we have
the differential operator u — —diva(z, Du), with a : @ x RY — RY being a
Carathéodory function satisfying

o Ja(z,y)| << [1 + |y|p(z)*1} for a.a. z € Q, all y € RY, for some ¢ > 0;
. (a(z,y),y)RN > Cro|y|P® for a.a. z € Q, all y € RY, for some ¢19 > 0.
These hypotheses cover the case of the anisotropic (p, ¢)-Laplacian.

For the benefit of the reader, we outline an alternative proof of Proposition Al.
The argument in this proof can be used in other situations, too. We employ again
the Moser iteration process, but now this is done in a different fashion, convenient
for the anisotropic (p, ¢)-Laplacian.

7.1.1. Alternative proof of Proposition Al. The domain Q C RY is relatively com-
pact, thus totally bounded. So, given any p > 0, we can find a finite number of
p-balls { By, (p)}:;l with centres in  such that Q C |, Bx(p). In what follows,
we write for simplicity B = By (p). We set

p" = min p(-), p¥ = max p(-), r¥ = max r(-).
By QNBy QN By

Consider a smooth partition of unity {@bk};n:l subordinated to the open cover
{Bk}:zl. So, we have

supp ¥ C Bg, 0 < g <1, Z?/Jk(Z) =1forall z€ Q. (a11)
k=1

As before for every 6 > 1, let ug = min {u,0} € Wy P (Q). Let A > 0 and in
the definition of weak solution use as test function g = ug*T!. We have

(A +1) U |Du9|”(z)u9)‘dz+/ |Du9|”"(z)ue)‘dz}
Q Q

= /Qf(z,u)ua’\ﬂdz. (a12)
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We have
(A+1) [ |Dug|PPugrdz
Q

m

=(\+1) A |Du9|p(z)ua’\(zwk)dz (see (a11))

k=1

(A+1) Z/ |Dug|P" ug*ppdz — (A + 1) Z/ up MPdz
Q k=1 Q
2 ( )\+1p+z/’Du )\/p +1‘ wkdz

p—

v

Pk X

(A +1)en i[/ (o2 +1) d}(HPE)Ti
A1

ZﬁZ/’D“ W[ gy
(7+1)

— (A +1)cie [i HU(A/p'iH)’ P

o +1
P L'+(Q)

b

for some ¢i1, ¢12 > 0.
Also we have

(A + 1)/ | Dug|?® ugrdz > 0.
Q
Moreover, using hypothesis H{* we have
/ f(z,u)up*dz
Q

<3 [u{”(z) g1 4 1} w1 dz

< ¢i3 1 + ur(ZH)‘} (Z ¢k> dz (see hypotheses Hp)
< Cu Z/ (VPE )t =t g 1

w41
L% (@)

IN

m k
-~ /\ +1
15 [ 3 [ul= 0|7
Lk=1

for some ¢13, ¢4, C15 > 0.
We return to (a12) and use (a13), (a14), (a15). We obtain

/\4’1 - A/pk 41 P]i

)\1p+Z£:./2’1)“9( v )‘ Vrdz
(Zf"i‘) k=1

<cg(A+1) +1

b

ZH (A/p" +1)’

LH @)

for some ¢ > 0.

(use Holder’s inequality),

4493

(a13)

(a14)

(a15)
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We let 8 — +o00 and use Fatou’s lemma. It follows that

m

Z/ ’Du()‘/pliﬂ) ’p’i Yrdz < g (1 + 1)p+ [zm: Hu()\/piﬂ)
k=179 p- k=1

From this relation, via the anisotropic Sobolev embedding theorem, we obtain

p*
ok +
L + (Q)

I e ) < 0 [l s o+
for some ¢17 > 0 and with Q; = {wk = 1}.
Using this estimate, as in the previous proof, the Moser iteration process can be

performed and leads to the conclusion that u € L>®(9). O

()

7.2. Strong maximum principle for anisotropic singular double phase
problems. The main result of this subsection here extends Theorem 1.1 of Zhang
[59], which does not cover the case of the anisotropic (p, q)-Laplacian (see condi-
tions (5), (6) in [59]). A maximum principle for isotropic double phase problems
was proved recently by Papageorgiou, Vetro and Vetro [47]. We point out that in
both the aforementioned works, no singular term is involved. So, our result here
generalizes their works in that direction, too.
Given u € Wy ?*)(Q), we write that

—Apyu = Agyu— A" >0 in Q
if and only if for all g € Wolm(z)(ﬂ) with g(z) > 0 for a.a. z € Q we have

/|Du|p(z)_2(Du,Dg)]RNdz+/ |Du|?"®~2(Du, Dg)gndz > X [ v " gdz.
Q Q Q

Proposition A2. If hypotheses Hy hold and v € Cy \ {O} satisfies

—Apyu—Agyu — M) >0 in Q,

p(z
then u € int C..

Proof. First we show that u(z) > 0 for all z € Q. Arguing by contradiction,
suppose that we could find z;, 22 €  and an open ball Bs,(22) CC € such that
z1 € 0B3p(22), u(z1) = 0 and U|sz(z2) > 0. So, 2p = |z1 — 22| and p > 0 can be
chosen small by fixing z; and letting z5 to vary.

Let m = min {u(z) tz— 2| = p} > (0. We see that
m — 07 and % — 0" as p — 07 (L’'Hopital’s rule).
Also note that since u € Cy\ {0} and u(z) = 0 with z; € Q, we have Du(z) = 0.
We consider the following annulus
D:{ZGQ:p<|z—zg|<2p}.

We see that u|p > 0. By hypotheses Hp, the exponents p, ¢ are Lipschitz
continuous and so by Rademacher’s theorem, they are differentiable for almost all
z € Q (see, for example, Theorem 5.8.12 of Papageorgiou and Winkert [48, p. 476])
So, we can define

0= sup{max{|Dp(z)|, |Dq(z)|} 1z € D} < 00.
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‘We know that

m p(z)—1
— = 0" and ————
p(z1) -1

So, we can choose p € (0,1) small such that

— 1 uniformly on D as p — 0F.

plz) -1 _ 1
d =" —— > forall z¢€ D.
p(z1)—1 7~ 2

In what follows, p; = p(21). Also we set

T——Wm<m>+%ND,k>2
p p

@<1an
p

and consider the function

o(t) = m (eﬁ — 1)

Tt

ernn-1 —1

for all t € [0, p].
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(a16)

Evidently, v € C?[0,p] and v/, v” > 0 on [0, p], hence they are both strictly

increasing. In fact, we have

M < w/(t) < 1forall t €0, p).
P

(a17)

For notational simplicity and without any loss of generality, we may assume that

29 = 0. We denote

s=|z— 2| =|z|] and t = 2p — s.

and introduce the function w(s) defined by

w(s) =v(2p —s) =v(t) for all s € [p, 2p].

We have w € C?[p,2p] and w'(s) = —v'(t), w”(t) = v"(t). For every z € D,

|z| = s, we write w(z) = w(s). Then w € C%(D) and we have
div [\Dw|p(z)_2Dw + |Dw\q(z)_2Dw}

= [p(z) - 1] Ul(t)p(z)_lv”(t) _ Evl(t)p(z)—l

Note that

Using this equality in (a;s), we obtain

div [|Dw|p<z>_2Dw + \Dw|q<z)_2Dw]

7+20In (m)2 - M_l)l ,

S o (t p(z)—1
v'(t) 5 "

(a1s)
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see (a17) and note that

8p 2K 8q 2K

Then on account of (a 16), we have
div [|Dw|p(z)_2Dw + |Dw|q<z)_2Dw} >0in Q,
= —Apyu—Ayyu — A1) > —Apyw — Agyw — Aw ™) in D. (a19)
Note that v(0) = 0, v(p) = m. It follows that
wlop < ulop. (az0)
From (a19), (a20) and the weak comparison principle, we obtain
w(z) < u(z) for all z € D.

So, we have

ou ow
%(zl) < %(zl) = —v/(0) <0 (recall that u(z;) = 0). (az1)

But from (as;) we infer that Du(z;) # 0, a contradiction. Therefore we have
proved that

u(z) > 0 for all z € Q.

Finally, let z; € 99, Bs,(2z2) C Q. From the previous part of the proof, we know
that we can find a function w € C?(D) N C*(D) such that

0
w(z1) =0, —w(zl) < 0 and w|y < ulp.
on
ou ]
It follows that a—(zl) < 0, hence u € int C. O
n

7.3. Anisotropic principle for local minimizers. In what follows, we present
an anisotropic version of a well-known result of Brezis and Nirenberg [10], re-
lating C* and Sobolev local minimizers of C!'-functionals. Since then the result
has been extended in many different directions. We mention the works of Garcia
Azorero, Manfredi and Peral Alonso [18] (Dirichlet problems driven by the isotropic
p-Laplacian), Gasiniski and Papageorgiou [21] (nonlinear Dirichlet problems with a
nonsmooth potential), Gasiriski and Papageorgiou [20] (Neumann problems driven
by the anisotropic p-Laplacian) and Papageorgiou and Ridulescu [39] (Robin prob-
lems driven by an isotropic nonhomogeneous differential operator).
We consider a function g : Q x R — R of the form

9(z,x) = f(2) + go(2, x)
with f € L*(Q) for s > N and go : 2 X R — R a Carathéodory function satisfying
lg0(z,z)| < a(2) [1 + |:E|T(z)*1} for a.a. z € Q, all x € R,

with a € L>®(Q ) rEC(i)and1<r( ) < p*(2) for all z € Q.

We set G(z,x) = [ g(x, s)ds and consider the C'-functional k : W1 p(z)(Q) — R
defined by

1
e(u :/ 7Dup(z)dz+/ ——|Du|"@dz — | G(z,u)dz,
w QP()‘ | QCI(Z)l | Q (zu)
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for all u € Wol’p(z)(Q).
As before, we assume that the exponent p(-) and ¢(-) involved in the definition
of k(-) satisfy the conditions in hypotheses H.

Proposition A3. If ug € Wol’p(z)(ﬂ) is a local C&(Q)-minimizer of k(-), that is,
there exists p1 > 0 such that

k(uo) < k(ug + h) for all h € Cj(S), [hllcr) < p1s

then ug € CL(Q) and it is a local W&’p(z)(ﬂ)—mz’m’mizer of k(-), that is, there exists
p2 > 0 such that

k(uo) < k(ug + h) for all h € Wy PP (Q), ||h]| < po.

Proof. Since, by hypothesis, ug is a local C&(Q)-minimizer of k(-), for every h €
C} () and for t € (0,1) small, we have

1
0<=2 [k(uo + th) — k(uo)],
= 0 < (kK'(ug), h) for all h € C}(Q),
= (k'(uo),h) = 0 for all h € C3 ().
The density of C}(Q2) in Wol’p(z)(ﬂ) implies that
K (o) = 0 in WHPE (@) = Wi (@),
= <Ap(z)(uo), h) + <Aq(z) (up), h) = / g(z,ug)hdz for all h € Wolvp(z)(Q),
Q
= = Apyu— Agyu = f(2) + go(2,u0) in Q, uolaq = 0.
Since f € L*(f2), s > N, reasoning as in the proof of Proposition 7, we infer that
_ _ _ N
up € Cy “(Q) = CH*(Q) N CLHQ) with =1 — ~ €01,
Let B, = {u e WhPD(Q) : u| < 5} (¢ > 0). We set
e = o : < .

mg = inf {k(uo +h):he Es}. (a22)
Arguing by contradiction, suppose that the second assertion of the proposition
is not true. Then we can find ¢y > 0 such that

mg < k(ug) for all 0 < e < g. (az3)

Let € € (0,¢0] and consider a sequence {vn}n>1 C B. such that
k(ug + vyn) I m§ as n — oo. (a24)

We may assume that

Up 5 v in Wol’p(z)(Q) and v, — v. in L"?)(Q) as n — co. (azs)

The functional k() is sequentially weakly lower semicontinuous. So, from (a2s)
and (as4), we have

k(up +v.) <m§ and v, € B,
= k(up +v:) = mg < k(up) (see (a22), ((123)),
= v # 0.
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By the Lagrange multiplier rule (see Theorem 5.5.9 of Papageorgiou, Réddulescu
and Repovs [42, p. 422]), we can find 6. < 0 such that
K (uo 4+ ve) = 0-Ap () (ve),
= = Apey(uo +ve) — Ageay(uo +ve) = g(2,up +ve) + 0.|Dv.[P*) 2Dy, in Q.

(asz6)
If 6. = 0, then from (as) we infer as above that
N N N
ve € CY*(Q) with o =1 — € (0,1) and ||U€||Cé,a(ﬁ) < Cs, (az27)
for some ¢15 > 0, all € € (0,¢&¢].
Next, suppose that —1 < 6. < 0. We know that
—0:Apyuo — 0-Agzyuo = 0:-9(2,u) in Q. (ass)

We add (ass) and (as2s) and obtain
— Apiay(uo +ve) — Agez)(uog +ve) — 0:Apyuo — 0-Ag(z)uo — 0.| Dv.[P*) =2 Dy,
= g(z,up + ve) + 0:9(z,up) in Q. (a29)
We consider the map a. : Q x RN = R defined by
ac(z.y) = [yI" P2y + 1y *E 72y + 6]y — Duo(2)|"9 72 (y — Duo(2))
+ 0. [ly = Due(2)P 2 (y = Due(2) + ly — Doo(2)/ 12 (y = Due(2))]
Using a.(z,y) we rewrite (aq9) as follows
—diva. (z, D(up + UE)) = g(z,up + ve) + 0eg(z,up) in Q.

From Proposition A1 (see also Theorem 4.1 of Fan and Zhao [16]) we have ug +
ve € L®(Q) and then by Lemma 3.3 of Fukagai and Narukawa [17], we have that
((ZQ?) holds.

Finally, suppose that 6. < —1. In this case we have

— Ap(z)(u(J + 1)5) — Aq(z)(uO + ’Us) + AP(Z)UO + Aq(z)uo — €5|l)’l)5|p(z)72D’UE

= g(z,u0 +ve) — g(z,up) in Q. (aso)
We introduce the map @, :  x RY — RY defined by

RS
o]
~ [ Dug ()P Dug(2) — | Duo(2) |22 Dug(2)] + [y 2y,

8:(2,) = oIy + Duo(2) P2 (y + Dug(2)) + ly + Duo ()" 2 (y + Duo(2))

Then using a.(z,y), we rewrite (aso) as follows

—diva,(z, Dug + Dv.) [9(2z,up + ve) — g(z,up)]

1
|6c |
As before, we infer that (as7) remains true.

So, in all cases, we have the validity of (a27). Let &, | 0 and let v, = v.,,. From

(a27) and the compact embedding of Cy**(Q) into CA(Q), we see that by passing

to a subsequence if necessary, we may assume that

v, — v* in CF(Q),
= ||[v*|| < e, foralln € N (recall that v, € B.,),
= v =0.
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Hence we have

v, — 0 in C3 (),
= ||vnHool(ﬁ) < p; for all n > ny,
= k(uo) < k(up + vn) = m§" < k(uy) for all n > ng  (see (19)),

a contradiction. This proves that wug is also a local Wol’p(z)(Q)—minimizer of k(-).
The proof is now complete. O

Remark 3. In fact, the proposition remains true for the more general functional
E(u) = / F(Du)dz — / G(z,u)dz for all u € Wol’p(z)(Q)
Q Q

with F(y) a function such that

F(y) = Fo(ly|) for all y € RY

with Fo(t fo fo(s)ds, where fo € C*(0,400) and there exists a function 6 €
CH(0,+ ) such that
o' ()t
0<ec< 9((2) <@ and Cot"PTT <O(t) < Ty [tp(ZFl + =)

for some €19, ¢a9 > 0. For f(y) = fg(|y|)y, we have

R
Vel

(VF(y)E, Epn > (‘yD €[ for all y € RN\ {0}, all ¢ € RY

viw)| <@

for some ¢p; > 0, all y € RN

(see Fukagai and Narukawa [17] and Lieberman [33]).

Also, we mention that Proposition A3 is also true for the energy functionals of
Neumann and Robin problems.

Finally, we state a strong comparison principle. The proof at this result can be
obtained by combining the proofs of Proposition 2.5 of Papageorgiou, Radulescu
and Repovs [43] and Proposition 6 of Papageorgiou, Radulescu and Repovs [41].
We can state the following comparison result.

Proposition A4. Ifu, v € C1(Q), g, g1, g2 € L>(Q), £€>0,0< By < 92(2)—g1(2)
fora.a. 2€Q, 0<u<wvinQ and

— Dy — Dgyu+ E(2)uPE ™ =MD =g i Q,
— Ayt = Dyapv + £ = =g, in Q,
then v —u € Dy.

The results of this Appendix provide all the basic tools for one to conduct an
in-depth study of various anisotropic boundary value problems, singular and non-
singular alike.
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