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Abstract. We establish the existence and multiplicity of solutions for
a class of quasilinear elliptic equations involving the anisotropic p{(-)-
Laplace operator, on a bounded domain with smooth boundary. We work
on the weighted anisotropic variable exponent Sobolev space and our main
tools are Sobolev embeddings and the mountain pass theorem.
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1. Introduction

In this paper, we are interested in the existence and multiplicity of weak solu-
tions for the nonhomogeneous anisotropic eigenvalue problem

= 300 O, (100, uPH D20, ) = Afu|?™) 2w — h(@)|ul" 2w in Q,
u=20 on 01},
(1)

where Q C RY (N > 3) is a bounded domain with smooth boundary, A > 0 is
a real number, p;, ¢, are continuous functions on 2 such that 2 < p;(z) < N,

2 < q(z) < r(x) forany 2 € Qand i € {1,...,N}, and h : Q@ — Ris a
continuous positive function satisfying the conditions

r(x 1
/ AT G —————drx < (2)
Q h(z)

r(z)—q()

r(z)
A r(z)—q(@)
Q h(x) r(z)—2

® Birkhduser

and
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We first establish the non-existence of nontrivial weak solutions for prob-
lem (1) if A\ is small enough and then we get the existence of at least two
nontrivial weak solutions for problem (1) if A is sufficiently large.

We start with preliminary basic notations and terminology on the theory
of Lebesgue—Sobolev spaces with variable exponent.

Set

Ci(Q)=1{g; g€ C(Q), g(x) >1 forall x € Q}.
For any g € C4(Q) we define

gt =supg(r) and ¢~ = inf g(x).
€N TEQ

For any p € C (Q) we define the variable exponent Lebesgue space
LPO(Q)= {u; u is a measurable real-valued function and / P @ da < oo},
Q

endowed with the so-called Luzemburg norm

p(x)
() :inf{,u>0; / dx < 1},
Q

which is a separable and reflexive Banach space. If 0 < || < oo and py, ps are
variable exponents in Cy (Q) such that p;(x) < pa(z) almost everywhere in (2,
then the embedding LP2()(Q) < LP*()(Q) is continuous.

We denote by Lpl(')(ﬂ) the conjugate space of LP()(Q), where

u(z)

1
P T

ﬁ = 1. For any u € LPO)(Q) and v € LP )(Q) the following Hélder type
inequality
1
‘/uvdm < <+)|up )|v|p (4)
holds true.

An important role in handling the generalized Lebesgue spaces is played
by the p(-)-modular of the LP()(Q) space, which is the mapping Pp(-)
LP)(Q) — R defined by

() = [l

If (un),u € LPC) (), then the following relations hold true:

[ulpy <1 (=1; > 1) & ppy(u) <1 (=1; > 1), (5)
+

|U|p() >1= |u|p() < pp(-)(u) < |u|g(,), (6)

ulpey <1= |U|p(.) < pp(y(u) < |U|§( ) (7)

|un - u\p(.) —-0& pp(.)(un - U) — 0. (8)

For proofs and further related properties of variable exponent Lebesgue
spaces we refer to [13].
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By LZ(')(Q), where 7 : Q — (1,00) (with 7T < +00) and h : Q — [0, 00)
are continuous functions, we denote the weighted Lebesgue space

LZ(')(Q) = {u; u is a measurable real-valued function

and /h(m)|u|r(x)dx < oo}7
Q

equipped with the norm
u(z)

()
[up,p() = inf {u > 0; / h(x) dr < 1}.
Q K
We notice that, if h(z) =1 on €, the resulting norm is even |- |,(.
We denote by Wol’p(')(Q) the variable exponent Sobolev space defined by
WoP () = {u; wpq =0, ue LPO(Q) and [Vu| € LPO(Q)},

endowed with the equivalent norms

ullpy = lulpey + [Vauly

Jull =t > 0 /Q(’ijx) p(m))dx <1},

where, in the definition of [lu||,.), [Vul|,(. is the Luxemburg norm of |Vu|. We

and
p(z)

4|
"

remember that WO1 P (')(Q) is a separable and reflexive Banach space. Also, we

note that if s € C;(Q) and s(x) < p*(z) for all z € Q, then the embedding
Np(z)

Np() and

W&’p(')(Q) < L*0)(Q) is compact and continuous, where p*(z) =
p(z) < N.

We refer to [10-13] for more properties, details, extensions and further
references.

Finally, we present the anisotropic wvariable exponent Sobolev space
Wol’ﬁ(')(Q), where p': Q — R¥ is the vectorial function p(-) = (p1(-),...,pn ("))
and the components p; € C;(Q), i € {1,..., N}, are logarithmic Holder con-
tinuous, that is, there exists M > 0 such that |p;(z) —p;(y)| < —M/log(|x—yl|)
for any z,y € Q with |[z—y| <1/2andie€ {1,...,N}. Wol’ﬁ(')(Q) is the closure
of C§°(§2) under the norm

N

lullpey = 10,1

i=1

pi()

and is a reflexive Banach space. This space is a natural generalization of the
variable exponent Sobolev space WO1 P (')(Q).
Now, we introduce P, P_ € RY as
P+:(pii_a"'ap-]\_/')7 P—:(p1_77p&)7
and P, PT P~ € R as

Pl =max{pf,....p%}, PT =max{p;,...,px}, P- =min{p;,...,px}
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We also always assume that

and define P*, P_ o, € RT by

N
Pf=———— P =max{P" P}

N =
dim /py =1

2. Main results

In this paper we seek weak solutions for problem (1) in a subspace of

Wol’ﬁ(')(Q). Let E be the weighted anisotropic variable exponent Sobolev space
defined by

o {u e WO (q); / h(@) @ d < oo} ,
Q

equipped with the norm
lulle = llullze) + [wlnre)-

By a weak solution for problem (1) we understand a function u € E with
u(z) = 0 almost everywhere on 02 so that

/{Zk’) P @729, ud, v — Mu|1® 20 4 h(z)|u|"®)~ uv}dx:O
Q

(9)

for all u,v € E.
Let @ : E — R be the energy functional defined by

‘/{§ e T g e

By standard arguments we have ® € C*(E,R) and the derivative is given by

(@' (u),v) /Q{Za U

for all w,v € E. Thus, the weak solutions of problem (1) coincide with the
critical points of ®.

Pi@=29  ud, v—Nu|1®)~ uv—|—h(x)|u|r($)2uv}da:

Theorem 2.1. Assume that the function q € C(Q) verifies the hypothesis

max q(z) < P-
zeN

Then there exists \* > 0 such that for any X € (0, \*] problem (1) does not
have a nontrivial weak solution.
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Theorem 2.2. Assume that ¢ € C(Q) and r € C(Q) satisfy the inequalities

maxq(z) < P o, maxr(z)<P_. and Pl <q .

€N €
Then there exists A\g > 0 such that for X > Ao problem(1) possesses at least
two nontrivial weak solutions.

Remark 2.3. Similar results as those presented above were obtained in the
linear case, for Laplace equations, in [1,8,18]. Also, for p-Laplace equations,
for a general case these can be found in [20], and for a particular case we refer
to [14] and [15].

The arguments in our proofs are inspired by the methods developed in
the paper by Pucci and Radulescu [14]. However, in the present paper there
are several technical difficulties that are mainly due to the presence of several
variable exponents. For instance, the standard energy estimates follow by more
delicate computation as well as the standard LP-estimates; in our case, due to
variable exponents, it is often more efficient to use the p(-)-modular instead
of the standard LP norm.

We conclude this section by mentioning the pioneering paper by
Ambrosetti, Brezis and Cerami [2] on concave—convex nonlinearities in the
semilinear case. This result was extended by Autuori and Pucci [4] to the qua-
silinear case and by Autuori and Pucci [5] and Bréndle, Colorado, de Pablo,
and Sénchez [6] to elliptic equations involving the fractional Laplacian.

3. Proof of Theorem 2.1

We assume by contradiction that u € E is a weak solution of problem (1).
Taking v = u in (9) we get

N
/E]@ﬂwwm+/ﬁ@mmmmzx/mwmm (10)
0 Q )

Let us recall now the Young’s inequality

a B
<Y vabso
a B
where a, 8 > 1 fulfill i + % =1.
a(x) r(x r(x
Put a = K@) uf'®, b = A, @ = {8 and § = s o that

r(z)
- Ar@—q(@)

r(x) r(z) h(z) i@
Taking into account that % < 1 and % < 1 and integrating over €2

we obtain

r(x 1
A/MWMK/MMW@Mﬁ/W#ﬁ——ﬁywm
Q 0 Q h(z) 7@ e
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Considering the last inequality and (10) we get

1
/Zk’) u|p’(x)dx</ AT are @@ ——— ——dz. (11)

h(z) T@=ate

Clearly / h(z)|u|"® dz > 0, which together with (10) yield that
Q

N
/ Z |0, [Pt da < )\/ |7 dg., (12)
Qi Q

On the other hand, the embedding Wol’ﬁ(') (Q) — LI)(Q) is continuous. Thus,
there exists a constant C' > 1 such that

1,p(-
lulg(y < Cllullpy,  Vu € WoyP(Q). (13)
Let u € Wol’ﬁ(')(Q) be such that [Jul|z.) < &. Then (13) implies
(- 1
[ulqy < 1 for all u € Wol’p( )(Q) with [|ul|5.) < rok
Hence, by property (7) we have

/Q|u|q@>dm < lul?.. (14)
Combining (12), (13) and (14) it follows that

/Zw AP de < ACT Jull% . (15)

Also, [Jullz.) <1 ylelds |0z,ulp, ) < 1 and thus, by (7), we infer that

ho < /Z|3 u

If we apply the Jensen mequahty to the convex function a : RT™ — RT, a(t) =
tPI, Pj_r > 2, we get

pt Pt
l[ull 5 N o0l T +
() - N Zz71|N1 pi() SZW&MS{) <
i=1 i=1

pile (16)

Zq

NP-?—-*l T (17)
Taking in consideration (16) and (17) we deduce that
Pf pt N
gty < N7 [ S o O (1)
=1

By a simple computation, using (15) and (18), one has
1
/ Z |0, u|Pi @ d.

o (PE-nN
</\C'1N Py )
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This last inequality together with (11) lead us to

pPr—q—

L S +p+
A > <CN P ) /A%%db@ ’
Q h(z) @ =a@

for any u € E with |lul|5.) < . Denoting the term in the right-hand side of
the previous inequality by A* , we conclude that Theorem 2.1 holds true.

4. Proof of Theorem 2.2
First, we will establish some auxiliary results.
Lemma 4.1. The energy functional ® is coercive on E.

Proof. The proof of this Lemma relies on the inequality:
For any kq,ke > 0 and 0 < ¢ < r, a straightforward computation shows
that
_q
r ki) e
k1|t|q - k2|t| < Ckl kf ) vt € R7 (19)
2
where C' > 0 is a constant depending on ¢ and r.
If we choose in (19) ¢ = q(z), r = r(x), k1 = T);v) and ky =
obtain

h(z)
2r(x) we

q(z)
Ao - 2D ey ¢ 0 A ( A 27"(35)) e
q(x) 2r(x) () \q(z) h(z)
|\ @@ HOEr o O
= C() (2r(z)) A —
e Py
@&
HORIC q(e)
But the terms ﬁ , (2r(x))™@®=«@ are bounded (since 2 < q(z) <
r(z) < P_ ), so the above inequality becomes
A h e 1
7‘u|q(m) _ ﬂwr(r) <O\ @ —a(@) —
q(z) 2r () h(z) 7@ - @

Integrating the previous inequality over 2 and taking into account the hypoth-
esis (2) we deduce that there exists a constant Co > 0 so that

A h(x)
A @ _ @) ), o
/Q(q(x)m 5ol )dm_Cg.
Thus

N
q)u:/ 22l dr— A | — |+ [ =L |u"® e
=) 2w o @) o (@)

N pi()
:/ZMW*/ (A|uq<z>h(fc)|u|r(w>)dx
o= pi) o \q(z) 2r(z)
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_1 h() r(x) h(.’lﬁ) r(x)
e [ S e

[ U’”(I) L[ h(@)) @) gy
2/Z ot g [,y = s

1 1
— [ D lowulr e+ — [ h r@dy — Cy. 20
Pi/ﬂi—ll ul L= & (@)[u" dz — Cy (20)

To proceed further, let v € L™)(Q), r € C(Q), provided that [v]) > 1. By
relation (6) we get

iy < [ e < ol

1

Taking v(z) = h(z) @ u(z) we see that

r r(x r+
fulf ) < / W@l @ de < fulf - (21)

Also, let u € E be such that |8xiu\pi(,) > 1 for all ¢ € {1,..., N}, whence
|lull5.) > 1. By (6) we have

N
au

p’ / Z|8 P @ d. (22)

= ¢P-

Applying Jensen’s inequality to the convex function b : RT — R*, b(t)
P~ > 2, we find that

P- Pz
Hu”ﬁ(-) Zivzl |0, ulp, ) | - - N
JRrr il e B ; ot Z Oty 9

Consequently, (20), (21), (22) and (23) yield to

P
||“Hmf) 1 —
W) 2 ——To + gor il — G
+

> Cs([lullzey + |ulnr()) — C2 = Csllullg — Ca,

where C5 = min{Pﬂle_l, 2T+} We infer that ®(u) — oo as |ju||p — oo.
This means that ® is coercive on E. O

Lemma 4.2. Assume that (u,) is a sequence in E such that ®(u,,) is bounded.
Then there exists a subsequence of (uy,), still denoted by (u,,), which converges
weakly in E to some ug € E and

D (ug) < liminf ¢(uy,).

n—oo

Proof. Since ®(u,) is bounded, the inequality (20) implies that vazl Jo
|0, [P d and [, h(2)|u,|" (”“)dx are bounded.
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Let (un) be such that |0y, up|p,) > 1 for all i € {1,..., N}, wherefrom
|wn |5y > 1. By (6) we get

N N N
1< |0t lpu() < D |0sttnlpu(y < D |0nunll ) < Z/Q 10, un PO,
=1 i=1 i=1

hence [|uy ||y is bounded.
Also, let v,, € L™)(Q), r € C4(Q), prov1ded that |vy,[.(.y > 1. Therefore,
by inequality (6) and taking v, (z) = h(x )r<1> un(x) we obtam

1<<\unuwc)<|un&;+)s;j£fwxnunr*@dx,

whence |uy|p .y is bounded. Hence ||u,| g is bounded. Consequently, there
exists a subsequence of (u,), labeled again (u,), which converges weakly to
some ug € E. In fact, there exists ug € E so that

Up — Ug N Wol’ﬁ(')(ﬂ),

Uy, — Up  In LZ(‘)(Q).
We define

A

A h(z)
q(z)

F(z,u) = ()

|u|q(x) — |u|r(x)

and
Fz,u) = Fu(z,u) = Mu| 7@ =2y — h(z)|u|"®) 2y,
We notice that
fulm,u) = Ma(x) — D[u| @2 — h(z)(r(z) — 1)|ul"®~2
Using again (19) for ky = A(g(x) — 1), ko = h(z)(r(z) — 1), ¢ = q(x) — 2 and

r =r(xz)— 2 it follows that

s
fU<$,U)§C)\(q(x)_1)(h()\x()Q(($(L)_l)l)> (@)—a(a)

_a(z)—2 r(z)—2
) — 1)\ @ —a@ M@ —a(z)
—o(85=1)" -y S
) h(x) =@

(@) —a(@)
Since 2 < ¢(z) < r(z) < P o we can see that (ggﬁ;_i) (qlz)—1) is

a bounded expression. It follows that

AT 2Tt
fu(x»u) < 017( I (24)
h(z) T -at
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According to the definitions of ® and F' we obtain the following estimate

Bu) ~ () = | 3 Z S

pi

Q54 pi(7)

+/ [F(z,u,) — F(z,ug)]dx. (25)
Q
Clearly the following
/Os fulzyuo + t(uy — up))dt = " in [f (z,ug + s(un —uo)) — fx,up)]
= . i o [Fu(z,up + s(un — ug)) — Fu(z,up)]

hold true. Integrating the previous relation over [0, 1] we find that

1 rs
/ / Julw, uo + t(uy, — uo))dt ds
0 0

1
= Uy, i U /O [Fu(ﬂfyuo + S(un — uo)) _ Fu(x,UO)]dS
— ﬁ[F(%u”) — F(z,u0)] — f(:c;uo).
Un, Uug w, o

Hence

Fla,un) — F(z,u0) = (un — uo)z/o /0 Ful@s 1o + H(un — uo))dt ds
+ (un — uo) f(x, uo). (26)

Combining the relations (25) and (26), then applying (24) we infer that

a U p1(1‘) a U/n pz(x)
B(ug) — D(uy) /Z| 0| /Z| |

+/Q(un —u0)2/0 /0 Ful@, 10 + Hun — u0))dt ds d
+/Q(un —uo) f(, uo)dx

N
|awvuO|pi( / |a un|pq(ﬂc)

< k2

_/Q; pi(z) Z

) Air(z)—)qm
+Cz/(un—U0) — o dw+/(un — o) f(z, uo)dz,
Q h(z) ™ @ Q

(27)

where Cy > 0 is a constant. Now, we need to demonstrate that the last two
integrals converge to 0 as n — oo.
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We define J : E — R by
J(v) = / fz,up)vde.
Q

Evidently, J is linear. We want to prove that .J is also continuous. We have
@I < [ 1 uolds = [ a2 ~ ho)fuol 2] -l
Q Q

< AJ/|uoﬁ“ﬂ_lh4dx<+t/wh(xﬂuovﬁw_lhddx. (28)
Q Q

Applying the Holder type inequality (4) we find that

1 1
w1 yldx < + — o2 =Y Ly |vlae.
[ ol 110 <(q)_ ol | I PR

q—1

On the other hand, the embedding Wol’ﬁ(')(ﬂ) < LI0)(Q) is continuous and,
thus, there exists a positive constant Cy such that

1,5(-
040y < Collvllzy, Yo € WP (Q).
We have also
[ollgc) < llvlle-
The last three inequalities imply that
[ 1ol e < ol (29)
Q

where C' > 0 is a constant. Using again Holder’s inequality (4) we have

/ ()o@ o dx
Q

r(z)—1

= [ () 5 o) ) ol o

1 1 r(z)—
< ( =+ ) 'h<z> T uol @7 (@) o]
T T ()
(1) 52 ()
= Clvlpry < Ol &, (30)

where C' is a positive constant.

So, from (28), (29) and (30) we can see that there exists a constant C' > 0
so that

[7()| < Cllvlls, Wv e E,

that is J is continuous. Now, considering that u,, — ug in E and J is linear
and continuous we conclude that

This shows that

lim [ f(x,uo)(u, —ug)dz = 0. (31)

n—oo Q
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Next, we prove that
r(x)—2
lim [ (u, — )2 —————dx = 0, (32)
n—ee o h(x) 7@ =a@
We know that w,, — wug in Wol’ﬁ(')(Q). Since the embedding Wol’ﬁ(')(ﬂ) —
L") (Q) is compact, it follows that w, — ug in L") (Q), that is,

/ |t — uo|"®dz — 0.
Q
Therefore

/ (Jun — uo|2)¥d;z: < o0
Q

or equivalently
(un — up)? € L%(Q)

We notice that the condition (3) may be equivalently reformulated as
r(z)—2

T —=a(z) ()
% € L™O=2(Q)). Hence, we get

h(z) @ —a(@)

A —atay
/(un - Uo)Q%dI
Q h(z) ™

1 1 AT 2t )
: ((g) . <T12>> o B | o )
via Holder type inequality (4). We notice that also
pro) ((un — ug)? / |(wn, — uo) Té)dw = /Q |t — uo|" ™ dz — 0.
The above relation together with (8) implies
’(un — u0)2 0 — 0.

Therefore, it turns out that (32) holds true.
Now, to conclude Lemma 4.2 we prove that the functional A
WOLP(')(Q)_,]K

i ()

is convex. Indeed, taking in consideration that the function
[0,00) 3t =7
is convex for each v > 1 it follows that for any x € Q fixed it the inequality

a+p la| + 18]
2 2

pi() pi()

<§Mmm+5mmq

Va,feR, i€{l,...,N} (33)
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holds. Using (33) we obtain

Oz, u + Og,v pi(e)

1 1
< |0, uPi® 4 219, p[Pi®)
2 — 2| zu| + 2| zv‘ ’

VuoeW,P(Q), zeQ, ief{l,.... N}

Multiplying by
that

m), summing from 1 to N and integrating over €2 we deduce

1 1 5(-
A(u ;— v) < §A(u) + 5/\(1}), YVu,v e Wol’p( )(Q)
Therefore A is convex on VVO1 P (')(Q). A way to prove that the functional A
is weakly lower semicontinuous on Wl’p (')(Q) is to show that this is lower
semicontinuous on Wl’p(')(ﬂ) via Corollary II1.8 in [7]. To this aim, we fix

u € Wol’ﬁ(')(Q) and ¢ > 0. Let v € W, i )(Q) be arbitrary. The fact that A is
convex and inequality (4) holds lead us to

A(v) = A(w) + (A (u), v — u)

N
Oy,
+/ﬂ§ U
N
_ 0,

Pi®=29 ud,. (v — u)dx

Pl =19, (v — u)|de

v

Au

S _ri) [Or, (v —u)

pi(*)

i=1
= Au) — 62||v —ull)
> Au) -

for any v € W 120 )( Q) with [[v — ul|z.) < &/c2, where ¢, ¢y are two positive
constants. Thus A is lower semicontinuous on VVO1 P (')(Q) and so weakly lower
semicontinuous. This means that

liminf A(u,) > A(uo),

n—oo

that is

pi(z
lim inf Z|8xu?|) 2/2'8 u0|
i=1

Qi pilT

Passing to the limit in (27) and using (31), (32) and the above inequality it
follows that

liminf ®(u,,) > P(ugp).

n—oo

We conclude that Lemma 4.2 holds true. O
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PROOF OF THEOREM 2.2. By Lemmas 4.1, 4.2 and Theorem 1.2 in [17]
we deduce that there exists a global minimizer of ®, that is
®(u) = inf ®(v).
(u) = inf &(v)
Tt is obvious that u is weak solution of problem (1). Our goal is to show that
u # 0 in E. For this purpose, we will prove that infgz ® < 0 providing that A

is large enough.
Set

N
- . |0, u|Pi(®) h(z)
A=inf q+/ g ’7dx—|—q+/ ur(m)da:;ueE,/ u|i@dr=1+%.
{ < pi() Q 7"(90)| | sz‘ |

Yi=1

We want to point out that A > 0. For all u € E with [, |u|9®) dz = 1,
Holder type inequality (4) yields

A
a(x)
h(z) @ |5

h(w) % [u] )

) ?«Eﬁ)

A e
A= / — A h(e) O i@z < c‘
Q h(x

r()
)

(34)

Q

where C' = ﬁ—i—(%#

Next, we focus our attention on the case when u € F such that

i@ > 1
';'%

h(z)

’ a(

Thus, by (6), (7) and (34) it follows that

_r _\* _
o Sm Y e
A< C /7qmdaz (/ h(m)|ur(”)dw> .
Q h(x)m Q

Hence, we get

@)

/h(x)\ur(r)dx >
Q

r)i'

AT () /(25
/ —dz
__q(@)
Q h(z) @@
Therefore

h(x) + /&) )\ﬁ —(5)7 /G
o s () (2 ) T
o r(z) rt \C o h(z) T am

Let A > A. Then there exists a function u; € E with [, lup|?®) dx = 1 so that

N
|8, 11 pi(z) h(z)
)x/ ur |1 dz = \ > q+/ E T de4qt | == |u|" P da.
Q ' Q54 pi(7) o r(z) '
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Thus, we deduce that

1 A |8 u1
)\/ — g [7®) g > —/ up |7 dg; >/
Q(J(x)l ! q* Q| . ZZ

Mu (@) gy
*/Qrw:)'l' -

Di (:z:

Finally, we obtain

N )
= / dx — )\/ |y |1®) daz +/ hiz) lup |"®dz < 0,
Q55 o (@) r(z)

so we infer that inf,cx ®(u) < 0. In conclusion, there exists \g = \ so that the
problem (1) has a nontrivial weak solution, namely u; € F, for every A > )g,
satisfying ®(uy) < 0. Since ®(u1) = ®(Juq|) we may assume that u; > 0 almost
everywhere in €. O

Next, we will try to find a second nontrivial weak solution for problem
(1). To this aim, we fix A > A\g and set

0, for t <0
g(x,t) = ¢ MI@=1 _p(g)gr@=1 for 0 <t < wuy(x)
My (2) @)=Y — h(z)uy (2)"@ 7L for ¢ > uy(z)

and

G(x,t):/o g(x, s)ds.

We define the functional ¥ : E— R by

p’b(x)
/Zla ul /G:I:u

By standard arguments, ¥ € C'(E,R) and the derivative is given by

N
- 0,

for all u,v € E. It is obvious that if u is a critical point of ¥ then u > 0 almost
everywhere in €.
Let us prove now the following lemma.

pi(x)fzamiuﬁmivd:cf/g(x,u)vdac
Q

Lemma 4.3. If u is a critical point of ¥ then u < u;.

Proof. Denote by v (z) = max{v(z),0} the positive part of v. Using Theorem
7.6 in [9] it follows that if v € E then v € E. Next, we will apply the following
inequality (see formula 2.2 in [16])

(€15 728 — |il* ~2) (& — i) > 275|& — il*', ¥ &b €R



406 V. D. Radulescu and I.-L. Stancut NoDEA

valid for each s; > 2. We have

0= (¥'(w), (u—u1)") = (' (wr), (u—u)")

N
= / Z (|8wiu\pi(m)_28wiu - |8Mu1|p"(”’)_28wiu1)8m (u—uy)tdx
=1

—/ [g(z,u) — )\ug(x%l + h(x)uq(x)fl] (u—uy)Tdx
Q

N

= /[u Z(l&,;u

>u1] i=1

pi(m)”&“u — |0y, w1 pi(‘”)ﬂamiul) (Op,u — Oy, uy)dx

N
> / ZQ‘pi($)|8Iiu—amiu1|pi(l)dm > 0.
[u>u1] ;5

This holds if and only if (0y,u — 0z,u1)(x) =0 for all z € w := {y € Q; u(y) >
u1(y)}, i€ {1,...,N}. Therefore |0, u — Oy, u1lp,(.y < 1 in w. Thus, by (7)

+ -
|0, w0 — 8xiu1|zz:(‘) < / 0,1 — B, ur [P da < 0,,u — 8xiu1|gj(_).

w
Since Oy, u — 0z, uy = 0 in w we obtain that [0;,u — 0z, u1|p, () <0 and this is a
contradiction with [0z, u — 0z, u1|,, .y > 0. We conclude that u < u; in Q. This
completes the proof. O

In what follows our goal is to determine a critical point uy € F of ¥ such
that ¥(us) > 0 via mountain pass theorem. By the previous lemma we deduce
that 0 < us <y in €. Hence

x)— r(z)— )‘ x
g(x,uz) = )\ug( =1 h(x)uz( )71 and G(z,ug) = ug( ) Us
x r

and we find that
U(ug) = ®(uz) and W' (uz) = & (us).
So, we have the following
D(ug) = Plug) > 0=(0) > ®(uy)
and
0=""(uz) = 9 (ug),

that is ug is a weak solution of problem (1) such that 0 < ug < ug, us # 0 and

u 7& Uuq.
Now, we focus our attention to get us described above.

Lemma 4.4. There exists p € (0, [|u1]/p.)) and a > 0 so that ¥(u) > a, for
every u € E with |lulz.) = p.
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Proof. For every u € E we have

pi(z )
/Z [0, —/ G(m,u)dw—/ G(z,u)dz
[u>uq] [u<u1]

pi(z
= / Zdef)\/ ud)= 1udz+/ h(z)u) ™ de
o pi(x) [u>uq] [u>u1]

1 h
— )\/ ——u?®) g+ / (z) u" P da:
[ [

u<u,] AT u<uy] ’I“(l‘)
A
= Z/ |0, u|Pi ) da — )\/ wl@ e — 2 I ICop
PJF i=1 [u>u) 4 Ju<u)
p+§Z/me“ AT (35)
+ =1

We know that Wol’ﬁ(‘)(fl) is continuously embedded in L90)(Q), thus there
exists a constant L > 1 so that

1,p(-
[ulgey < L+ [lullgey, Yue WP (). (36)
We fix p € (0,1) such that p < 1. Then the previous relation implies
lulg(y < 1 for all we Wy P (Q) with [Jullz) = p.

Evidently, [0,,ul,,y < 1. In this case we have shown already in the proof of
Theorem 2.1 that

pz(I)d > || ||p(
NP+ 1’

N
=179
On the other hand, (7) and (36) imply

3 [ e < Ll
9 ()

where L1 = ALY . So, considering (35) and the last two inequalities we have

P+
||U||*(+) - pt 1 - _pt
U(u) > ———2— — Lillullf,, = llully)) | ——— — Lallully, "
_ P(") p(") T p(") ’
]ji-]\]"l:’Jr 1 P_t]\]PJr 1

for all u € E with [Jul|z.) = p.
We notice that the function g : [0,1] — R defined by

g(t) = !

-_pt
—_— — IqtY —Py
+ P -1
PIN"+

is positive in a neighborhood of the origin, so that the choice of p € (0,1) is
so small that a = ppig(p) > 0. We conclude that lemma holds true. O

Lemma 4.5. The functional ¥ is coercive in E.
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Proof. For every u € E we have

\I/( ) /XN: |aru|pl(z)d /\/ q(z)—1 d / h( ) r(z)—1 d
u) = ———dx — u udr + T)u udr
Q5 pl(x) [u>wq] ! [u>uq) !
1 h
—)\/ —— 1@ d:L'Jr/ (x)ur(z)dx
[u<uq] Q(:E) [u<uq] r(ac)
1 al A
> —Jr/ Z |0, [P da — )\/ u‘{(m)daz - —_/ u({(x)da:
P JeiS [u>u] 4 g
1 N
> — |0, 10
X
1 N
= — |0, u
el X

where Ly > 0 is a constant. Taking u € E such that ||ul|z.) > 1 we obtain

i) g — /\/ u(ll(m)da:
Q

Pi®) g — Ly,

PZ
||“H5(.)

\I/(u) > T
PENP-—1

— L.
We conclude that W(u) — oo as |lul|z.) — oo. In other words, ¥ is coercive in
E, completing the proof. O

PROOF OF THEOREM 2.2 COMPLETED. By Lemma 4.4 and the mountain
pass theorem (see [3] with the variant given by Theorem 1.15 in [19]) we derive
that there exists a sequence (u,) C E so that

U(u,) —c¢>0 and ¥ (u,)—0 (37)
where
= inf W(~(t
¢= inf max (v(t))
and

I'={y e (0,1, E); v(0) =0, v(1) = u1}.

Keeping in mind (37) and relying on Lemma 4.5 we infer that (u,) is bounded
and, thus, passing eventually to a subsequence, labeled again (u,), we may
assume that there exists us € E so that u, — us. Standard arguments, based
on the Sobolev embeddings, help us to see that

i (W (), 0) = (¥ (u2), v),

for every v € C§°(€2). The above piece of information together with the fact
that E C Wol’ﬁ(')(ﬂ) and C§° () is dense in Wol’ﬁ(')(Q) yield to the fact that
ug is a weak solution of problem (1). Thus, our conclusion is that problem (1)
has at least two nontrivial weak solutions and the proof of Theorem 2.2 is now
complete. O
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