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Abstract

In this paper, using variational methods, we study multiplicity of multi-bump solutions for the following
nonlinear magnetic Choquard equation

— (VHiAC)) U+ AV + Du = (# *uP)ulP2u xeRV,

ue HH®RY, ),

where N > 2, A > 0 is a real parameter, 0 < u < 2, i is the imaginary unit, p € (2, 2*(#;”))), where
2% = 2 if N > 3, 2% = 400, if N = 2. The magnetic potential A € L? (RN, RV) and vV : RN — R
is a nonnegative continuous function. We show that if the zero set of V has several isolated connected
components 1, - - -, £ such that the interior of £2; is non-empty and 92 is smooth, then for A > 0 large
enough, the above equation has at least 2k 1 multi-bump solutions.
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1. Introduction and main results

In this paper, we consider the existence and multiplicity of multi-bump solutions for the fol-
lowing nonlinear magnetic Choquard equation with deepening potential well

—(V4+iA@)u+AVE) + Du= (i wulP)ulP2u xeRY,
|x|# (1.1)

ue H'RY, ),

where N > 2,0 < u < 2,1 is the imaginary unit, A > 0 is a real parameter, the magnetic potential
Ae leoc (RY,R¥) and V : RN — R is a nonnegative continuous function, p € (2, 2*(%)),

where 2* = 2 if N > 2, 2% = +o0,if N =2.
The existence and multiplicity of solutions for the nonlinear Schrodinger with deepening po-

tential well and without magnetic field (that is, if A =0)

—Au+ AV @)+ Z(x)u= f(u) in RN, 1.2)

has been intensively studied. Here, A > 0, V(x) and Z(x) satisfies some assumptions. In [18], if
f=tP,pe, %—f%) if N>3and p € (1,00) if N = 1, 2, Ding and Tanaka showed problem
(1.2) has at least 2F — 1 positive multi-bump solutions for A large enough. After that, for the
critical growth case, Alves et al. [2] studied the existence of positive multi-bump solutions for
problem (1.2) and N > 3. For the case N =2, when f has exponential critical growth, Alves and
Souto [10] obtained the same results. Moreover, these solutions found in [2] and [10] have the
same asymptotic characteristics of those found in [18]. For the nonlocal problems with deepening
potential well, Alves and Figueiredo [3] considered the following Kirchhoff problem

M(/ |Vu|2dx+/(ka(x)+ 1)u2dx)(—Au+(Aa(x)+ Du) = f(u) inR>,
R3 R3
ue H' (RY).

Assuming that the nonnegative function a(x) has a potential well with int(a~1(0)) consisting of
k disjoint components 21, 3, - - - , x and the nonlinearity f(¢) has a subcritical growth, they
established the existence and multiplicity of positive multi-bump solutions by using variational
methods. In [11], Alves and Yang studied the existence of positive multi-bump solutions for
the Schrodinger-Poisson system in R? with deepening potential well. Recently, Alves et al. [9]
studied the existence of multi-bump solutions for the Choquard equation as follows

1
—Au+ AV + Du= (W * [u|?)|u)?2u  in R3,
X

where u € (0, 3), p € (2,6 — ), the nonnegative continuous function V (x) has a potential well.
In previous researches, by using penalization method developed by del Pino and Felmer [16],
the researchers were able to overcome the loss of compactness. In [9], the authors avoided the
penalization method in [16], because by using this method they are led to assume more restric-
tions on the constants @ and p. For this reason, by imposing one more condition (see condition
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(V) below) on the potential V(x), the authors followed the approach explored by Alves and
Nobrega in [8] which showed the existence of multi-bump solution for problem (1.2) driven by
the biharmonic operator. For further research about the nonlinear Schrodinger equations with the
deepening potential well, we refer to [1], [6], [7], [12], [17], [23], [34] and the references therein.

This paper is motivated by several recent works that appeared in recent years concerning
Schrodinger-type equations with magnetic field. For instance, in the local framework, this equa-
tion is

—(V4+iA’u+V@u= f(u>u, (1.3)
where the magnetic Schrodinger operator is defined as
—(V4+iA)?u=—Au—2iA-Vu—iudivA + |A|*u.

As stated in [39], up to correcting the operator by the factor (1 — s), it follows that (—A)f‘\u
converges to —(Vu — iA)2u in the limit s 4 1, where (—A)%, is the fractional magnetic operator
whose definition can refer to [39]. Thus, up to normalization, we may think the nonlocal case
as an approximation of the local case. If A =0, then (1.3) becomes the fractional Schrédinger
equation, which was proposed by Laskin [30,31] as a result of expanding the Feynman path
integral, from the Brownian-like to the Lévy-like quantum mechanical paths. If the interaction
between the particles is considered, that is, if f(u) = (IKCq * |u|P)|u|P~2u, this kind of problems
is usually named Choquard equations.

The nonlinear magnetic Schrodinger equations have been extensively investigated by many
authors applying suitable variational and topological methods (see [4,13-15,19,20,24,28,29,37,
40] and references therein). It is well known that the first result involving the magnetic field was
obtained by Esteban and Lions [20]. They used the concentration-compactness principle and
minimization arguments to obtain solutions for a local equation for N =2, 3 and € > 0 small. In
particular, due to our scope, we would like to mention [4] where the authors use the penalization
method and Ljusternik-Schnirelmann category theory to prove the multiplicity and concentration
results of solutions for the nonlinear Schrodinger equation with magnetic field

@v—Auﬂz+vum=mem in RV,
ue H'@RN, ),

where f € C! has the subcritical growth. We point out that if f is only continuous, then the ar-
guments developed in [4] fail. In [25], Ji and Radulescu used the method of the Nehari manifold,
the penalization technique and Ljusternik-Schnirelmann category theory to study the multiplic-
ity and concentration results for the above nonlinear magnetic Schrodinger equation in which
the subcritical nonlinearity f is only continuous. After that, Ji and Radulescu [26] continued
to study multiplicity and concentration of the solutions for the magnetic Schrédinger equation
with critical growth. Tang [37] considered multi-bump solutions of the following problem with
critical frequency in which Z(x) =0 and f satisfies subcritical growth

—(V+iA@)) u+ V) + Z)u = f(u>u  in RV,
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Then, Liang and Shi [33] considered multi-bump solutions to the above problem with critical
nonlinearity for the case N > 3. Ji and Réddulescu [27] studied multi-bump solutions for the
nonlinear magnetic Schrodinger equation with exponential critical growth in R2. Ma and Ji [35]
considered multi-bump solutions for the Magnetic Schrédinger-Poisson System in R3. Recently,
Alves et al. [5] considered multiple solutions for a nonlinear magnetic Choquard equation by
using the penalization method and Ljusternik-Schnirelmann category theory. It is quite natural to
consider the multi-bump solutions for the nonlinear Choquard equation with magnetic field and
deepening potential well. To the best of our knowledge, this problem has not been studied up to
now.

Motivated by [9,18], in the present paper our goal is to prove the existence and multiplicity of
multi-bump solutions for problem (1.1). Compared with [9], on one hand, we do not assume the
potential V (x) satisfied the following condition:

(V) there exists Mg > 0 such that
l{x e R?:a(x) < Mo}| < +oo,

which is very important for overcoming the lack of compactness. We shall improve the idea
explored by del Pino and Felmer [16] (see also Ding and Tanaka [18]). Since our problem is
nonlocal, some estimates are more difficult and complicated. Although our problem has more
restrictions on p and p, we can obtain results completely similar to [18] without the assumption
(V), which is better than the results obtained in [9]. On the other hand, as we will see later, due
to the appearance of magnetic potential A(x), problem (1.1) cannot be changed into a pure real-
valued problem, hence we shall deal with a complex-valued directly, which causes more new
difficulties in employing the methods for our problem.
Now we present the general assumptions on the potential V.

(V1) Ve C@®RN,R)and V(x)>0;

(V2) The potential well = int V~!(0) is a non-empty bounded open set with smooth boundary
02 and €2 can be decomposed in k connected components Q, - - - , € with dist(€2;, ;) >
0,i #j,Q=V"Y0).

The main result in this paper is stated below.

Theorem 1.1. Assume that (V1) and (V2) hold. Then, for any non-empty subset T" of
{1,2,---,k}, there exists A* > 0 such that for all > > A*, problem (1.1) has a nontrivial solution
uy. Moreover, the family {u;},>x+ has the following properties: for any sequence A, — 00, we
can extract a subsequence A, such that u »n; CONVErges strongly in H}‘ (RN, C) to a function

u which satisfies u(x) = 0 for x ¢ Qr and the restriction u|q € Hg’l(Qr) is a least energy
solution of

. 2 [ul? p—2 .
—(VHIA@) = ( mdy)hd u, inQr, (P)oor
Qr

where Qr = | Q;.
jer
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Corollary 1.2. Retain the setting of Theorem 1.1, there exists hy > 0 such that for all & > X,
problem (1.1) has at least 2* — 1 nontrivial solutions.

The paper is organized as follows. In Section 2 we introduce the functional setting and we
give some preliminary results. In Section 3, we study the existence of least energy solution for
a nonlocal problem on the bounded domain. In Section 4, we consider an auxiliary problem.
The behavior of (P S). sequence is studied in Section 5. In Sections 6 and 7, we shall build a
special minimax value for the energy functional associated to the auxiliary problem and prove
Theorem 1.1.

Notation.

e C,(Cq,(C,, ... denote positive constants whose exact values are inessential and can change
from line to line;

e Forany A C RY, A€ denotes the complement of A in RN

e ||-1l,|-lg,and || - | L>(a) denote the usual norms of the spaces H!(RY, R), LY(RY,R), and
L (A, R), respectively, where A C RY;

e 0, (1) denotes a real sequence with 0,(1) — 0 as n — +o00.

2. Abstract setting and preliminary results
In this section, we outline the variational framework for problem (1.1) and give some prelim-

inary lemmas.
For u : RN — C, let us denote by

Vau:=(V+iAu,

and

HYRY,C):={uec L*RY,C): |Vaul € L>RY,R)}.

The space H }‘ (RN, C) is a Hilbert space endowed with the scalar product

(u,v) :=Re / (VAMVAU + ui)dx, for any u, v € H}‘(RN, C),
RN
where Re and the bar denote the real part of a complex number and the complex conjugation,

respectively. Moreover, we denote by |[u|| 4 the norm induced by this inner product.

Since A € LIZU . (RN, RN), on H /}A (RN, C) we have the following diamagnetic inequality (see

e.g. [32, Theorem 7.21]):

[Vau(x)| = [V]u(x)ll. 2.1)
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Let

Ej = ueHA(RN,(C):/AV(x)|u|2dx<oo ,
RN

with the norm

lull} = /(|VAu|2+<W<x>+1)|u|2)dx.
RN

For any A > 0, it is easy to see that (E}, || - ||,) is a Hilbert space and E; C H}‘ (RN, C).
Let K ¢ RN be an open set, we define

HY(K):={ueL*(K,C):|Vaul € L>(K,R)},
1

el g1y = (/(|vAu|2 + |u|2)dx)2,
K

Ev(K,C) = {u e HU(K,C): /AV(x)|u|2dx < oo},
lullf =f<|vAu|2+(w(x)+ Dlul®)dx.

Let HX’I(K , C) be the Hilbert space defined by the closure of C3°(K,C) under the norm
[lee| HY(K)

The diamagnetic inequality (2.1) implies that if u € H}(RY,C), then |u| € H'(RV,R).
Therefore, the embedding E; — L” (]RN C) is continuous for 2 < r < 2* and the embedding
E, — loc(]RN C) is compact for 1 <r < 2*.

In order to use the variational methods to study our problem, the following Hardy-Littlewood-
Sobolev inequality is very important.

Lemma 2.1. (Hardy-Littlewood-Sobolev inequality [32]) Let s,r > 1 and 0 < u < N with
1/s +u/N+1/r=21If f € LSRN, R) and h € L" (RN, R), then there exists a sharp con-
stant C(s, N, u,r), independent of f, h, such that

h
f TCID 4 ay < (s, N DI Lol

lx — y|*
RN RV

The above inequality guarantees that the following holds

‘/ W*Mp |u|pdx‘<+oo Vu ek, 2.2)
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By the Hardy-Littlewood-Sobolev inequality, the integral
1
(— " |u|p) u|Pdx
|
RN

is finite if |u|? € L'(RY,R) for r > 1 and

thatis, t =2N /2N — . Moreover, once p € (2, 2*(21\2[1;“)) and p € (0, 2), the Sobolev embed-
ding implies that

/ |u|P’'dx < oo, YuekE,
RN
which showing (2.2) holds.

From the above commentaries, the energy functional J, : E; — R associated with problem
(1.1) given by

1 5 5 1 1
Ly =5 [ (Vaul+ 6.V + DluPrdx = = [ (o lul” )l dx
2 2p x|~
RN RN

is well defined. Furthermore, it is standard to prove that J; € C'(E,, R) with

J){(u)qﬁ:Re(/(VAMW—F(AV(x)—i—I)u@dx—/ (i*|u|")|u|"—2u$dx), Vi, $ € E;.

|x[#
RV RV

Hence, the weak solutions of problem (1.1) are the critical points of J;.
In view of (V 1), for any open set K C R¥ | it is easy to see that

3 ¢ 5/(|vAu|2+(/\V(x)+1)|u|2)dx forallu € E;(K,C)and A > 0
K

where ||u ||% k= f % lu|®dx. The following property is an immediate consequence of the above
consideration.

Lemma 2.2. There exist 8y, vo > 0 with 8o ~ 1 and vg ~ 0 such that for any open set K C RN

Sollully x < llullf x —volul g, forallue Ex(K,C)and A > 0.
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3. The problem (P)s,r

To prove Theorem 1.1, we need to study the existence of least energy solution for problem
(P)oo,r- The main idea is to prove that the energy functional associated with nonlocal problem
(P)oc,r given by

lx — y[*

1 2 2 ! |u] P
e =5 [QVanl +Pyds = - [ ([ Eay)wrras
Qr Qr Qr

assumes a minimum value on the set
Mr={ueNr:Itw)lu;1=0 and u; #0,Vj €T}
where uj = ulg; and NT is the corresponding Nehari manifold defined by
Nr = {u € Hy ' (Qr)\{0} : I}-()[u] =0},

More precisely, we will prove that there is w € M such that
Ir(w) = inf Ir(u).
r(w) o r(u)

Then, we use a deformation lemma to prove that w is a critical point of I, and so, w is a least
energy solution for (P)so -

In what follows, in order to show the details of the existence of least energy solution for
problem (P)oo 1, We will only consider I' = {1, 2} for simplicity. Thus,

Qr=Q U Qy,
Nr = {u € Hg ' (@o\(0) : [ @)[u] =0,
and
Mr={ueNr:Ipw)lu;]=0 and uy, us # 0}
where u =M|Qj, j=1,2.
In order to show that the set Mt is not empty, we need the following lemma, whose proof is

similar to that of Lemma 2.1 in [9].

Lemma 3.1. Letu € Hg’l(Qr) withu; # 0 for j =1, 2, then there exists (s, t) € (0, +00)? such
that suy + tuy € Mr which means Mr # 0 and cr = inf,e pmp Ir(u) > 0.

Now we give a useful lemma below.

Lemma 3.2. Let {w,} be a bounded sequence in Mr with w, — w in Hg’l (2r). Iffﬂ,- (IVawn,j |2

+ |a)n,j|2)dx —+ 0, then wj #0, where wy j = wylq; and wj = wlg; for j =1,2.
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The proof of this lemma is similar to that of Lemma 2.2 in [9], here we also omit it.

Now, our main goal is to present the following result, for its proof, we may refer to Theo-
rem 1.1 in [9].

Theorem 3.1. (P)oo 1 possesses a least energy solution u which is nonzero on each component
Qj Of Qr, ] erl.

4. An auxiliary problem

In this section, we shall work with an auxiliary problem adapting the idea explored by del
Pino and Felmer in [16] (see also [18]).
For ¢ > 0, if we set f () =¢?~2/2 then problem (1.1) may be rewritten as

_ i 2 _pr, 2 2 N
(V+hﬂm)u+QV@)+Du—2(MW*Fﬂm)NUM)M x e RY,
where F(t) = fé f(s)ds = %IP/Z. Let vg > 0 be a constant given in Lemma 2.2, and a > 0

verifying a?~2/2 = ). Moreover, we set f, F:Rt >R given by

- (p—2)/2
t , 0<t=<a,
fo= { V0, t>a,
and
t
F(t) = f F(s)ds.

0

Note that
Fo)y<t®P™22 1 >o.
From now on, fix a non-empty subset I' C {1, --- , k} and for each j € I', we fix a bounded

open subset Q’J with smooth boundary such that

QCQ;,  QNQ;=p forall i#],

or=Jo,, =2,

jer jer

) = 1 for xeQr,
=10 for x ¢ QL

the function
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g, 1) = xr)t P2 4 (1 = xr(x) £ (1) 4.1)
t 5 K i
G(x,t) =/g(x,S)ds = Xr(x);t” + (1= xr(x)F(1), (4.2)
0

where xr is the characteristic function on I" and F (t)= fot f (s)dx.
From (4.1) and (4.2), it is easy to prove that g is a Carathéodory function satisfying the
following properties:

(g,) g(x,t)=0foreacht <O0;
(g,) lim g(x,#) =0 uniformly in x € RY;
t—0t

(g;) g(x,t) <tP=2/2 forallt >0;

(8,) 0=<G(x,t) <g(x,nt, foreachx € Qp, 1> 0;

(85) 0=G(x,1) <g(x,t)t <vpt, foreach x € (SZ/F)C, t>0;

(g,) foreach x € Q' the function  — g(x, t) is strictly increasing in ¢ € (0, +00) and for each
X € (Q})C, the function # — g(x, ¢t) is strictly increasing in (0, a).

Now we consider the auxiliary problem

(L*G(x,|u|2))g(x,|u|2)u xRN, (4.3)

C(VHiA@) U+ V@) + Du="L
2 |x|H

Note that, if u is a solution of problem (4.3) with

lu(x)> <a forall x € (),

then u is a solution of (1.1).
The functional associated to problem (4.3) is

| 1
q))\(u)zi/(lVAu|2+()»V(x)+1)|u|2)dx—%f (W*G(x,|u|2))G(x,|u|2)dx

RV RY

defined in E). It is standard to prove that ®; € C 1 (E»,R) and its critical points are the weak
solutions of the auxiliary problem (4.3).

Lemma 4.1. For all u € E;\{0}, there holds

[ (i + G st Pl = [ (1 Gox ) )G, o

|x[# ||
RV RN

Proof. From (g,) and (g;), we may obtain the conclusion of the lemma directly. O
Now we show that the functional @, satisfies the Mountain Pass Geometry [38].
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Lemma 4.2. For any fixed ). > 0, the functional ®,_ satisfies the following properties:
(i) there exist B, r > 0 such that ®, (u) > B if |ull, =r;
(ii) there exists e € E with |\e||, > r such that ®, (e) < 0.

Proof. Let us prove (i).
By (g1) — (g3) and the Hardy-Littlewood-Sobolev inequality, we have that

1 2
®; () > Enuni — Cllull;?.

Thus, there exist 8, r > 0 such that ®; (1) > B if |lul, =r.
To prove (ii), let us fix ¢ € C°(RY, C) \ {0} with supp(¢) C Qr. Observe that

2
G(x,lpl*) = F(lpl*) = =lgl”.
p
Let

g(1) —g(w) >0, fort>0,

where

5 =5 [ (o * FQP)) FauPyas.

|x[#
RN

By a direct computation, one has then

t
e « ) for all t > 0.
(t)
Integrating this over [1, s||¢||,] with s > M we find

F(sp) > S(W)Ilwllz" s2P.

Therefore,

@, (s¢) < Cis*> — Cas?? fors > ——
lell.”

and (ii) holds for e = s¢ for s > 0 large enough. O

Since supp(¢) C Qr, it is easy to obtain the existence of constant d > 0, independent of A and
a such that max;-o @, (s¢) < d.

Lemma 4.3. If (u,,) is a (PS). sequence to ®, with ¢ € [0, d], then (u,) is bounded and there
exists ng € N such that ||\uy, ||i <4(d + 1) for all n > ny.
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Proof. Since @, (u,,) — ¢ and <I>; (uy) — 0, from Lemma 4.1, we have

1
c+on(Dluplln = ®x(uy) — q)A(un)[Mn]

1 2
= Z)Ilunllk-

From this, we know that (u,) is bounded in Ej. Moreover, from c € [0, d], there exists ng € N
such that [|u,||? <4(d + 1) foralln > no. O

Before proving the next lemma, we give some notations. In what follows,
B= {u € Ey: ul? <4(d+ 1)}
and

1
K (u)(x) = 0 *G(x, [ul).

Using the above notations, we can show the following estimates.

Lemma 4.4. There exists ko > 0 large such that

sup, e | K (1) (x)] oo mN) - 1
ko

\S]

Proof. Notice that
2 /2 +
|IG(x, )| < |F()|=—t""*, VseRT,
p

thus,
K@) < ]f =] [ el [
u)(x)| < — =— — ——dy
lx — y[# Jx — y[* p lx — y|#
lx—yl=1 lx—y|>1
From the Sobolev’s embedding, there exists C; > 0 such that

|u|P

2
Kwewi=-| [
p X —y

[x—yl=<1

dY‘-i-C]

2(N—p)
N

Since u € (0,2) and p € (2, =j=5~), we fix s € (N%ﬂ = 2)p) Then, by the Holder inequality,
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/ 7|x|i|;|udyi( / Iul”’dy>l/s< / L dy)(x_l)/x

— y|iT
—y|<1 r—yl<1 izt TP
e \G=D)s
oo [ irtHay)
[rl<1
AsN—1-— % > —1, there exists C3 > 0 such that

ul?

Ldny% x eRVN.
lx — y|*

lx—yl=<1

Thus, there exists a constant ko > 0 such that

sup,ep | K () (x)] oo mVy -

! O
ko 2"

Lemma 4.5. Let (u,) be a (PS). sequence to @, with ¢ € [0,d]. Then, for any & > 0, there
exists R(§) > 0, if R > R(&) there holds

lim sup /(Ww#+@W@+MwﬁMSs

n
(Br(0))¢
Proof. From Lemma 4.3, we have
lunll? <4(d +1), forn large.
Thus, we can assume that there exists # € E; suchthatu,, — u in E; and u,, — u in LI’OC(]R{N, C)
foralll <r <2*asn — 400.

Now, we take R > 0 such that Q} CB R (0). Let ¢ € C® (RN R) be a cut-off function such
that

¢pr=0 x€Bg(0), ¢r=1 x€B0), O<¢r=1, and [V¢r|=C/R,

where C > 0 is a constant independent of R. Once the sequence (¢ru;,) is bounded in Ej, one
has

cbgh(un)[un(PR] =o0,(1),

and
Va(undr) =unVor + drVau,.
Therefore,
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0n (1) = O (un)[unprl = / (IVaun?dr + WV (x) + Dluy|*dr)dx
]RN

— 1
e | [ mVauVrdr | =2 [ (o G0 ) s s P,
N RN

If vo > 0 small enough, the above inequalities, (gs) and Lemma 4.4 imply that

1
[ (19aPor+ G+ DlunPor)a =2 [ (G ) )i Pl P

2 |x|#
RV RV

—Re /WVAM,ZV@de +0,(1)

N

)4
<L / Sup | K (1) ()| e ey Vol 2
2 " ueBB

C
+E||un||%+on(1>

<kovop
= 4

C
/ lun|*prdx + <l I 4 0, (1)
]RN

1 2 Cl
=3 AV (x) + Dlun| ¢Rdx+7+0n(1)~
RN

So, for any £ > 0, we can choose R > 0 large enough such that Q}. C B§ (0) and

lim sup / (IVaunl* + AV () + Dlun|P)dx <&.

n
(Br(0))©

This completes the proof. O
Lemma 4.6. The functional ®, satisfies the (PS). condition for any c € [0, d].

Proof. Let (#,) C E) be a (PS), sequence for @, at the level ¢ € [0, d]. From Lemma 4.3,
we have that there exists ng € N such that ||u,,||i <4(d + 1) for all n > ng. Thus, up to a
subsequence, u, — u in E;, u, — u in LerC(RN,CC), for all 1 <r < 2%, |u,| — |u| for a.e.
x € RN, Moreover, it is easy to show that CDQ»(u) =0.

From Lemma 4.4, we know that there exists C > O such that

|K(un)|LOO(RN) <C, VneN.
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Thus, for any fixed R > 0, the Sobolev’s compact embedding, the subcritical growth of g and a
variant of the Lebesgue Dominated Convergence Theorem imply that

lim /K(un)g(x,|un|2)|un|2dx—> /K(u)g(x,|u|2)|u|2dx. 4.4)
n—oo
Br Bpr

Moreover, from Lemma 4.5, we know that for any & > 0, there exists Rg > 0 such that for all
R > R¢

lim sup / (IVaun)? + OV (x) + Dlup|P)dx <&.

n
(Br(0))°

Consequently, by the Sobolev’s embedding and the subcritical growth of g, we obtain

timsup| [ K)gte Py < Cat, 45
! (Br(0))¢
Since
2 2

| [ kg wParax| <c.

RN
we have

[ K P <, *6)

(Br(0))°

for R > 0 large enough.
From (4.4), (4.5) and (4.6), one has

lim / K (un)g(x, |un|*)|un*dx — / K (u)g(x, lul®)|ul*dx.
n—oo
RN RN

Finally, since @/ (1) =0, we have
)4

on(1) = @ (un)[un] = llunll3 — > / K (un) g (x, [un ) |un 1*dx = llun 17 = llull3 + 0n(1).

]RN
Thus, the sequence (u,,) strongly converges to # in E,. O
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5. The (P S)s condition

Now we study the behavior of a (PS)~, sequence, that is, a sequence (u,) C H)‘ RN, C)
satisfying

u, € E;, and A, — oo,
@5, (n) = c,

195, @n)llgz, — 0, asn — oo.

Proposition 5.1. Let (uy,) be a (PS)oo,c Sequence with ¢ € [0, d]. Then, for some subsequence,
still denoted by (u,), there exists u € Hli (RN, C) such that

up, —u in HY(RY, C).
Moreover,

@) llun —ulls, — 0, and so |lup — ulja — 0;
(ii) u=0in RN\QF and ulgqy. is a solution of

P
— (ViAW) U+ u= /| ] T )|u|P*2u, in Qr,
-y
ueHA’ (2r);
(iii) up also satisfies
An/V(x)|un|2dx—>0,
RN
lunll3, gvygr = O
;. (1n) = > /(|VAu|2+(AV(x)+1>|u| )dx——/ /|x dy)lul"ds.

Qr  Qr

The proof of this proposition is similar to that of Proposition 4.1 in [9], here we omit it.

Proposition 5.2. Let (u,) be a family of nontrivial solutions of problem (4.3) with 0 < ®, (u;) <
d Then, there exists A* > 0 such that

2 *
|||u)‘|||L°°(]RN\SZi-) <a, VA>A"

In particular, u,, solves the original problem (1.1) for any A > A*.
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Proof. We use the notation B, (x) = {y € RV : |x — y| < r}. Since uy, € E}, is a critical point of
®, (u), that is, u, satisfies the following equation

—(V+iA®))2us + AV () + Duy, = %ﬁ * GOx, g x, s Puy,  x eRY.

By Kato’s inequality

T a2
Aus| ZRe( 1 (7 +iA@) w0 (0)).
Uy

there holds

1
Aluz (x)] — AV (x) 4+ D uz (x)| + §<W % G(x, [un |*)g(x, [z |))|ua(x)| >0, xeRV.

From 0 < &, (u;) <d and Lemma 4.4, we know that there exists C > 0 such that
|K ()| oogyy < C, YA €L,
We also have that there exists C; > 0 such that
e, ) <t’, ¥x,1) eRY x RT.
Since |u;| > 0and (AV (x) + 1) > 1, from the above inequalities, we have
Al (0] = |ux ()] + Clup (D)1 Jup(x)| =0, x RV,

Using the subsolution estimate (see [22] Theorem 8.17), there exists a constant C(r) > 0 such
that for 1 <g <2

172
sup i)l =€ [ fuilray)

YEB(x) By (o)
By Proposition 5.1, for any sequence A, — 00, we can extract a subsequence A,; such that

us, —ueHy'(Qr.C) in HyR",C).
In particular,

u, — 0 in L*RM\Qr, €).
Since A, — oo is arbitrary, we have
u, — 0 in LZ(RN\Q_F, C) as A — o0.

Thus, choosing r € (0, dist(Q2r, RN\Q})), we have uniformly in x € RN\Q} that
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lur D < C() lluallLa (o x))

2—q
< CONBo | T 3 2 @)

— 0.
This finishes the proof. O
6. A special minimax value for ®;

In this section, without loss generality, we consider I' = {1, - - - , [} with / < k. Now, we intro-
duce the functional in HA (2, C)

&, 1) =~ [ (Vaul + OV + DiuPrdx — — ( _ )|u|pdx
R 2p ) \J ey e
Qr Qr Qr

We denote by ¢, r given by

cir= inf @, r(u)
ueMp.

where
r={ueNp:®, p([uj]=0and u; #0, j €T}
where u ; = u|Q/j and
Ni={ue HA(Q})\{O} : @ p(u)[u] =0}.
Using the same arguments in Section 3, we know that there exists w; r € H/i (2, C) verifying
@, r(wir)=c.r and @) p(wyr)=0.
Moreover, we have the following assertions.
Lemma 6.1. The following assertions hold:

(i) 0<cur <cr, forany . > 0;
(i) cur— crask— oo.

For the proof of this lemma, we refer to that of Lemma 5.1 in [9].

In what follows, we denote by w € Hg‘l(Qr) the least energy solution obtained in Section 3,
that is

weMrp, Ir(w)=cr and I} (w)=0.
Considering the function
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1 1 1

G(s1,82,--,81) = Ir(s{ w +S21_’w2 +-- +wal). (6.1)

It is obvious that

1

1 1 1

Ir(sl w] +s2 wy + - —l—sl wy) =Z
]:

a5 (B (S

Qr  Qr

N|\ o

/<|vAw,-|2 o Pdx

Arguing as in [21], one has

([ Z2 ) (S os= [ [ (Soon)[ e

Qr Qr = Qr

As s > s¥P is concave and s > s2 is strictly convex, we conclude the function (6.1) is
strictly concave with VG(1,1,---,1) = (0,0, ---,0). Hence, (1, 1, ---, 1) is the unique global
maximum point of G on [0, +oo)l with G(1,1,---,1) = cr. In the sequel, we denote by
w€E Hg’l(Qr) the least energy solution for (P)o,r, that is

weMr, Ir(wr)=cr and I{(wr)=0
Since p > 2, there are r > 0 small enough and R > 0 large enough such that

l

I( Y tjwj+ Ro)[Rwi] <0, fori €T, Vt; €[r, Rl and j #i, (6.2)
j=1j#i
1
I Y tjwj+ro)lre] >0, fori €T, Vij €[r, Rl and j #i, (6.3)
j=1j#i

and

1
Ir(Y_tjwj) <cr, Y, b, 1) €d(r, RT,
j=1

where wj = wlq;, j € I'. Using the above inequalities, we can define the maps

1
Yot ta, 1)) = Y tjwj(x) € Hy'(r) V(. n,-.m)eln R, (64)
j=1

A={yec(in Rl B0y =y on (i, R},
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and

by,r = inf max D, (y(t,---, 1)),
V€A« (1), 1)€lr, RY

where R > 1 > r > 0 are the positive constants obtained in (6.2) and (6.3). We remark that
Y0 € Ax, 50 Ay # ¥ and by, r is well defined.

Lemma 6.2. For any y € A, there exists (t1,t, -+ ,1;) € [r, RY such that
(D;,F(V(tl, t27 ) tl))[‘y](tla t2, T, tl)] = 05
where yi(ti, t2, -+, ) =y (t1, 12, -+~ ,t1)|Q}, jerl.

Proof. Since p >2and y = yy on d([r, R1"), using (6.2), (6.3) and Miranda’s Theorem [36], we
obtain the conclusion of the lemma. O

Proposition 6.1. The following facts hold

(@) O<car<byr =<crforal x>0;
(i) ®(y (1,12, 1)) <crforall >0,y € Ay and (11,13, 1) € 3([r, R]).

Proof. Since yy defined in (6.4) belongs to A, we have

byr < max D) (Yo(s1, 82, -+, 81)
(51,82, ,51)€lr, R

!
= (sl,sz,?esll))(e[r,R]’ It (]Z; tjwj)=cr.
Fixing (11,1, --- , ;) € [r, R]' given in Lemma 6.2 and recalling that
cr = ueil/]\ft’r D). r(u)
where
r={ueN{:®, r@)luj]=0and u; #0, j €T}

It follows that

&, r(yti,to, -+, ) =car.
On the other hand, let d > cr and vy small, using Lemma 4.3 and Lemma 4.4, we have that
@, riv\ (W) 20 forallu € Hy(RM\Qp)
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which leads to

O (y(t1, 2, 1) = Pur(y(ti,ta, - 1), Yt t2, -+ 1) €[r, RY.

Thus

max D, (Y (51,82, ,8)) =Py r(y(t1,t2,--+ , 1)) = car.
(51,52, ,51)€lr,RY

From the definition of b, -, we can obtain

by.r = cur.
This completes the proof of (i).
Since )/(t17 t27 Y tl) = VO(tl, t25 Tt tl) on a([r7 R]l)’ we haVe
l
Dy (yoltr, 12, -+, 1) =IF(thwj)~
j=1
From (6.2) and (6.3), we derive
@, (yo(t1, 12, -+, 1)) <cr — ¢,
for some € > 0. This completes the proof of (ii). O

Corollary 6.1. The following claims hold:

(i) byr — cras k. — oo;
(ii) by r is a critical value of ®, for large A.

Proof. (i)ForallA > 0,cyr <byr <cr.FromLemma6.1, cy r — cr as A — oo, thus, by r —
cT as A — o0.

(i1) By choosing d > cr, for A > 0 large enough b, r € [0, d], using the fact that @, verifies
that (P S). condition with ¢ € [0, d], we can use well known arguments involving deformation
lemma [38] to conclude that b _r is a critical level to @, for large A. O

7. Proof of the main theorem
To prove Theorem 1.1, we need to find nontrivial solutions u; for A > 0 large enough, which
converges to a least energy solution of (P)so, as A — 00. To this end, we will show two propo-

sitions which together with Propositions 5.1 and 5.2 will imply that Theorem 1.1 holds.
Hereafter, we denote by

rt
O={ucE:ul, o > 5. Vier).
N
where r was fixed in (6.2) and t is the positive constant such that
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/(|VAuj|2 +|uj|dx > T, Yu € Yr = {u € Mr: Ir(u) =cr} and Vj € T.
Q2

Furthermore, we denote the set

CDKF ={uekE,:d,(u)<cr}.

Fixing x = %, and for small ¢ > 0, we define
A7 ={u € Onct ull} gu g <L 192.() —cr| <),

Notice that w € A’; N ®5" which shows that A? N @5 % (. We have the following uniform
estimate of ||®} ()| in the set (A%C\A?) NS,

Proposition 7.1. For each ¢ > 0, there exist \* > 0 large enough and oy > 0 independent of A
such that

1D3@)l| = 00 for k= 2* and u € (A5, \A}) N D5

Proof. Arguing by contradiction, we assume that there exist A, — oo and u,, € (Aég \Az‘”) N CDKE
such that

10}, ua)l = 0.

Since u,, € Aég, we know that (||u,|,) and (P, (u,)) are both bounded. Then, passing to a sub-

sequence if necessary, we can assume that (®;, (u,)) converges. Thus, choosing appropriately
d > 0 large, from Proposition 5.1, there exists u € Hg’l (2r) such that u is a solution for

. 2 |ul? p=2 .
—(V +iA()) u+u:( Wdy)w u, inQr,
Qr

and
uy — win HyRY.C). N}, guygr = 0. P2, (ttn) = Ir(w).

Since (u,) C ®y,, we derive that

rt
[ (Va4 Gy @)+ Dlusrdx = . vjer
2
Let n — 400, we have the inequality
5 5 rt .
(Vaul” + u|)dx > T >0, Vjerl,
Q;
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which yields M|Qj #0,j=1,---,1 and Ili(u) = 0. Consequently, Ir(u#) > cr. However, from
the fact that &, (u,) <cr and ®;,(4,) — Ir(u) as n — 400, we derive that Ir(u) = cr, and
so, u € Yt Thus, for n large enough

rt
/hwa+WMMx>7,

Qj

|®;, (up) —cr| <¢, forany j el

So, u, € A;" for large n, which is a contradiction to u, € (A’Z\Q’E\A?”). Thus, we complete the
proof. O

In the sequel, 1, ¢* denote the following numbers

min [Ir(yo(t1, -+, ) —crl=¢61>0
(11, ,)€d(r,R1")

and
¢* =min{¢1/2,k, p/2},
where k = ¢ was given before and
p=4R’cr,
where R > 0 was fixed in (6.2). Moreover, for each s > 0, B‘f,‘ denotes the set
B*={uckE;: |u| <s)}, fors >0.

Proposition 7.2. Let ¢ € (0,¢*) and A* > 0 large enough given in the previous proposition.
Then, for ). > A*, there is a solution u;, of problem (4.3) satisfying u;, € A’; N @Kr N Bé‘p_H.
Proof. For A > A*, assume that there are no critical points in A? N @KF N B%‘ JuRE

verifies the (P S). condition with 0 < ¢ < d, there exists a constant d, > 0 such that

Since ©,

19, Gl = dy forall ueA;N®T MBS,
By Proposition 7.1, we have
19}, )l = o0 forall u € (A5, \A}) N O,

where og > 0 is independent of A. In what follows, ¥ : E; — R be a continuous functional
verifying

W) =1 foru e A5, N Y N B3,
W(u) =0 foru ¢ A5, N Yo N B, 1,
0<Wu)<1 forVucekE;,
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and H : ®;" — E, verifies

_ Y (u) Py A
H(u) = { Y@ rar. 4 €A N By,

0, u¢A§CmB§p+l,

where Y is a pseudo-gradient vector field for @, on K = {u € Ej : @ (u) # 0}. Observe that H
is well defined, since @’ () # 0, for u € A%{ N @' The following inequality

|H@)|| <1, YA>2*and u € 3",

guarantees the deformation flow 7 : [0, 00) x 5" — ;" defined by

dﬂ c
—=H(®») and n(0,u)=uc di",
dt
verifies
d
— @, (n(t,u)) < =W, u) P, u)| <0, (7.1

dt
120 = Gl <1
= mih =1,
n(t,u)=u forallt>0andu e ®"\(A5, N B, . )). (7.2)
We now study two paths, which are relevant for what follows:

(1) The path (t1,--- , ;) = n(¢, yo(t1, -+, 17)), where (¢1,--- , 1) € [, RY.
Since ¢ € (0, £*), we have that

yo(tr, -+ . 11) & Aj., V(1. --- 1) € 3([r, RT),
and
;. (yoltr, -+, 1)) <er Y, -, 1) €d(r, RT).
From (7.2), it follows that
n(t, yo®) = yoltr, -, 1) Y(t,--- 1) €d(r, R).
So, n(t, yo(t1, - ,t) € Ty forall £ > 0.
(2) The path (#1,--- , ;) = yo(t1,--- , 11), where (¢, --- , ;) € [r, R]l.

Since supp(yo(t1, -+ , 1)) C Qr forall (t1,--- , 1) € [r, R, then ®; (yo(t1, - - - , 1)) does not
depend on A > 0. On the other hand,

@ (yolts,---,0) <cr Y (t,---,1) €lr, R,
and
@, (vo(t1,---,4))=cr ifandonlyif ¢;=1, VjeTl.
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Thus, we have that
mo = sup{®; (u) : u € yo([r, RI)\A}}
is independent of A > 0 and m( < cr. Now, observing that there exists K, > 0 such that
| @5 (u) — D2 ()| < Killu —vll5,  Yu,ve B,

we claim that if 7 > 0 is large enough, the estimate below holds

1
max P, (n(T, yo(t1,--- . 1)) <max{mog, cr —

doiL). (1.3)
(1. ) Elr.RY 2k, M

In fact, writing u = yo(t1,--- , 1), (t1,--- , 1) € [r, R]l, if u ¢ A* . then by (7.1), we have
Oy, u)) < Py(n(0,u)) =Dy (u) <mp, Vt=0.

On the other hand, if u € A}, by setting 7j(1) = n(t, u), d, :=min{d,, 00} and T = S > ().
LN
Now we distinguish two cases:

(1) (1) € A3, N O N By, for V1 € [0, T1.

(2) n(to) ¢ A§§/2 NO, N Bé‘p for some # € [0, T].

If case (1) holds, we have W(7(r)) = 1 and || @’ (77(1))[| = dy forall 7 € [0, T]. Thus, by (7.1),
we have

T
;. (7(T)) =03 (u) + f Lo Gitonds
0
T
<cr —/Jm’s
0
=cr — c?;LT
ool
=TTk,

If the case (2) holds. In this case we have the following situations:
(i) There exists t; € [0, T'] such that 77(t2) ¢ ©,, and thus, for #{ = 0 it yields that

I7(t2) = 7@ =k > ¢,

because 7j(t]) = u € ©.
(ii) There exists #; € [0, T'] such that 7(#,) ¢ B)‘p, so that for t; = 0, we obtain

17(t2) — @)l =p > ¢,
because 7(11) = u € B}
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(iii) 7(t) € ®, N B2}

20 and there are 0 < t; <, < T such that 7(¢) € A%g/z\A? for all r €
[t1, t2] with

3
[@Gi(1) — er=¢ and (@) — er| =

From the definition of K., we have
- - 1 - -
In(E2) —n@lx = a D, (n(12)) — P (1(11))
*

=

2K*§'

By the mean value theorem and 7, — #; > %;, we have
*

T
d
;. (7(T)) =; (1) + / S ®()ds
0
T
<P () — / W) 1D, G (5)) s
0

5]

<cr —foods

51
=cr — ootz — 11)

o00¢
2K’

=cr —

and so (7.3) is proved.
Fixing 7)(t1, -~ . 1) = n(T, yo(t1, - - -, 17)), we have that 7(t1, - - - , ;) € O, and so 7(t1, - - ,
)| #0forall j €. Thus, 7 € I’y and
J

00¢

byr < max D, (1, 1) <cr—
(11, .1)elr, R 2K,

, VA > A%,

which contradicts Corollary 6.1(i) by,r — cr as A — oo.
Thus, we can conclude that @, has a critical point u, € A? for A large enough. O

Proof of Theorem 1.1. By choosing d > 0 appropriately, from Proposition 7.2, there exists a
family of nontrivial solutions (u; ) to problem (4.3) verifying the following properties:

@;n (u,) =0 VneN,

||MA,1 ||)L,1,RN\Q} — 0,

®,,(y,) = b<cr=d.
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Thus, from Proposition 5.1, we have
up, —u in HYRY) withu e Hy'(Qr),

andulo, #0,VjeT.
From Proposition 5.2, u;_ is a solution for problem (1.1) and A > 0 large. Moreover, by Propo-
sition 5.1, we know that u =0 on (2r)¢ and u|q € Hg’l (R2r) is a nontrivial solution of

p
Ld lu|”~2u, in Qr,
ey

(ViAW) U+ u = (/
Qr

where Qr = (J ;. Thus, Ir(u) > cr.
jer
On the other hand, we also know that

D, (uy,) = Ir(w)
implying that
Ir(u)=>b and b > cr.

Since b < cr, we deduce that

Ir(u) =cr

which showing that u is a least energy solution of (P)s . We complete the proof of Theo-
rem 1.1. O

Remark 7.1. Since Q2 = U?‘:] 2, where k is a finite positive integer, we may choose d > 0
large appropriately in Lemma 4.3, so that the conclusion of Corollary 1.2 holds.
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