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Abstract

This paper is concerned with concentration and multiplicity properties of solutions to the following frac-
tional problem with unbalanced growth and critical or supercritical reaction:

(=AY + (=AY + V(ex)(ulP2u+ |ul72u) = h(o) +Ju""2u in RV,

ue WSPR¥ynws4@RN), u>0, inRVN,

where ¢ is a positive parameter, 0 <5 < 1,2 < p <g < N/s, (—A)] (t € {p, ¢}) is the fractional 7-Laplace
operator, while V : RV > R and & : R — R are continuous functions. The analysis developed in this pa-
per covers both critical and supercritical cases, that is, we assume that either r = ¢ := Ng/(N — sq) or
r > g¥. The main results establish the existence of multiple positive solutions as well as related concen-
tration properties. In the first case, due to the strong influence of the critical term, the result holds true for
“high perturbations” of the subcritical nonlinearity. In the second framework, the result holds true for “low
perturbations” of the supercritical nonlinearity. The concentration properties are achieved by combining
topological and variational methods, provided that ¢ is small enough and in close relationship with the set
where the potential V attains its minimum.
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1. Features of the paper and historical comments

In this paper, we are concerned with the study of concentration and multiplicity properties of
solutions for a class of fractional double phase problems with critical or supercritical nonlinearity.
The features of this paper are the following:

(i) the presence of several nonlocal operators with different growth, which generates a double
phase associated energys;

(ii) the reaction combines the multiple effects generated by a subcritical term and a critical/su-
percritical nonlinearity;

(iii) the potential describing the absorption term satisfies a local condition and no information
on the behavior of the potential at infinity is available;

(iv) the main concentration properties create a bridge between the global maximum point of
the solution and the global minimum of the potential;

(v) our analysis combines the nonlocal nature of the fractional (p, g)-operator with the local
perturbation in the absorption term.

Since the content of the paper is closely concerned with double phase problems, we start
with a short description on the development this research. To the best of our knowledge, the
first contributions to this field are due to J. Ball [10], in relationship with problems in nonlinear
elasticity and composite materials. Let 2 C R" be a bounded domain with smooth boundary.
If u: @ — RY is the displacement and if Du is the N x N matrix of the deformation gradient,
then the total energy can be represented by an integral of the type

1<u>=ff<x,Du<x>)dx, )
Q

where the energy function f = f(x, &) : @ x RV*¥ — R is quasiconvex with respect to £, see
Morrey [26]. A simple example considered by Ball is given by functions f of the type

f (&) =g(§) + h(det§),

where det£ is the determinant of the N x N matrix &, and g, h are nonnegative convex functions,
which satisfy the growth conditions

g&) =ci[€17;  lim h(1) = +oo,
t—>—+00

where c] is a positive constant and 1 < p < N. The condition p < N is necessary to study the
existence of equilibrium solutions with cavities, that is, minima of the variational integral (1) that
are discontinuous at one point where a cavity forms; in fact, every u with finite energy belongs
to the Sobolev space wlr (2, RN ), and thus it is a continuous function if p > N. In accordance
with these problems arising in nonlinear elasticity, Marcellini [22,23] considered continuous
functions f = f(x, u) with unbalanced growth that satisfy
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crlul? <|f,u) <co(1+ul?) forall (x,u) € 2 xR,

where ¢y, ¢ are positive constants and 1 < p < ¢. Pioneering contributions to the study of
various classes of problems with nonstandard growth are due to Mingione et al., see [1,11,18].
We also refer to Mingione and Rédulescu [24] for an overview of recent results concerning
elliptic variational problems with nonstandard growth conditions and related to different kinds
of nonuniformly elliptic operators.

2. Statement of the problem and the main results

In this paper we are first concerned with multiplicity and concentration properties of positive
solutions to the following nonlinear fractional (p, g)-Laplacian problem with critical growth:

(=D)Su+ (=N u+ V(ex)(ulP72u + [ul77%u) = ©f (u) + |u|% ~2u  in RV, P
ueWwsP@®RNyNWS4@RN), u >0, in RN, *
where ¢ and A are two positive parameters, 0 <s <1,2< p <q < N/s, g =Nq/(N — 5q)
is the critical Sobolev exponent, (—A); (with ¢ € {p, ¢}) is the fractional ¢-Laplace operator,

V:RM > R and f: R~ R are continuous functions.

The double-phase problem (P,) is motivated by numerous local and nonlocal models arising
in mathematical physics. For instance, we can refer to the following Born-Infeld equation [12,
13,16] that appears in electromagnetism, electrostatics and electrodynamics as a model based on
a modification of Maxwell’s Lagrangian density:

: Vu :
—div W = ]’l(M) in .

Indeed, by the Taylor formula, we have

NV x 3, 51 2n —3)!
(1—x) —1+2+—2.22x +—3!.23x + +—(n—1)!2"*1x

=14 ... for x| < L.

Taking x = 2|Vu|? and adopting the first order approximation, we obtain a particular case of the
fractional problem (P,) for p =2 and ¢ = 4. Furthermore, the n-th order approximation problem
is driven by the multi-phase differential operator

I @n =31
—Au — Aqu — —Aeut — -+ — ————— Ag,u.
4 ) 6 n—1)! 2n

Now, we introduce the following hypotheses on the potential V and the nonlinearity f.
Let V : RV = R be a continuous function satisfying the following hypotheses:

(V1) we have Vp :=inf, gy V(x) > 0;
(V») there exists an open bounded set A C R¥ such that

V0<ndlli\nV and M:={xeA:Vx)=W}#0.
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We point out that we do not assume any hypotheses about the upper boundedness or unbound-
edness of the potential V.
Meanwhile, f € C(R, R) is supposed to verify the following assumptions:

|t|”—l
(f2) there exists v € (g, g7) such that

o1,

m 1
[t|—+oo |tV

)

(f3) thereis a constant 6 € (¢, g;) such that 0 <0 F(t) :=6 fot f(@)dtr < f(t)t forall t > O;
(fa) the map t — tf%l) is increasing for all # € (0, +00).

Since we are interested in finding positive solutions of problem (P;), we can assume that
f(@)=0forall t <O0.

Recall that if A is a closed subset of a topological space Y, then we use caty (A) to denote
the Ljusternik-Schnirelmann category of A in Y, that is, the smallest number of closed and con-
tractible sets in Y which cover A; see Willem [29] for more details.

The first major achievement of this work is reflected in the following “multiplicity and con-
centration” phenomena. This result corresponds to the critical case described in problem (7). In
this abstract setting, due to the strong influence of the critical term, the result holds true for “high
perturbations” of the subcritical nonlinearity, that is, for large values of the positive parameter A.

Theorem 1. Assume that the nonlinearity f fulfills hypotheses (f1)—(fa) and the potential V
verifies hypotheses (V1)—(V,). Then, there exists A* > 0 such that, for all A € [\*, +00) and
for every § > 0 with Ms := {x e RV : dist (x, M) < 5} C A, there exists es; > 0 with the
property that for any € € (0, €5,3.), problem (Py) has at least caty;(M) positive solutions. More-
over, if ug denotes one of these solutions and x, € RN is global maximum point of ug, then
limg_0 V(ex.) = V.

In the second part of this paper, we consider the supercritical case. In this case, we deal with
the sum of two homogeneous nonlinearities and add a new positive parameter.

(=AYpu + (=AY + V(ex)(ulP2u + ul9™2u) = [ulu +nluu inRY,

ue WsP@RYY N Ws4@RN), u >0, inRV, (5n)
wheree, n>0,0<s<1l,sq <Nand2<p<qg<0<gqg<r.

By combining the “modular-uniform” and the “L°-uniform” estimates of positive solutions
with new truncation techniques, we can obtain the “multiplicity and concentration” of positive
solutions to the supercritical problem (S),). In this case, due to the strong influence of the super-
critical term, the result holds true for “low perturbations”, that is, for small values of the positive
parameter 7.

Theorem 2. Assume that the potential V satisfies hypotheses (V1)—(V,). Then there exists ny >
0 such that, for all n € (0, n.] and for every § > 0 with Mg := {x e RN :dist (x, M) < 8} C
A, there exists g5, > 0 with the property that for any ¢ € (0, &5 ), problem (S;) has at least

142



Y. Zhang, X. Tang and V.D. Rddulescu Journal of Differential Equations 302 (2021) 139-184

caty; (M) positive solutions. Moreover, if ug denotes one of these solutions and x. € RN s
global maximum point of ug, then lim,_,o V (ex;) = V.

For related concentration and multiplicity properties of solutions, we refer to the recent paper
by Alves, Ambrosio & Isernia [2], Alves & de Morais Filho [3], Ambrosio [6], Ambrosio, Isernia
& Rédulescu [8], Ambrosio & Réadulescu [9], Gao, Tang & Chen [19], and Gu & Tang [20].

For the sake of simplicity, C, Cy, C3,... in this paper denote positive constants whose exact
values are unimportant and can be changed line by line, and the same C, Cy, C3,... may represent
different constants; B, (y) denotes the open ball centered at y € R with radius p > 0 and By (y)

denotes the complement of B,(y) in R¥. In particular, B, and B; denote B,(0) and B; 0),
respectively.

3. Auxiliary results

Letu:RY > R.For0<s < 1and p > 1, let us define D*?(RN) = C?O(RN)[']W, where

[l = /’ @ =uW” |

oy |x — y|NHsp

By W*?(R") we denote the following fractional Sobolev space
WP RYNY == {u: |ul, < 400, [uly,p < +oo}

equipped with the natural norm

S|

el ws.prNY = ([M]f,p + |M|§) )

where |ul) = [pu lu|Pdx.
Forall u, v e WS"’(]RN), let us define

v(y))dxdy'

0 v) e i (x) — u ()72 (u(x) — u(y) (v(x) —
U, Vis,p -= |x — y|N+sp
RN RN

Now, let us recall the following embedding property; see the monograph by Molica Bisci,
Ridulescu & Servadei [25] for more details.

Theorem 3. Let s € (0, 1) and p € (1, +00) satisfy N > sp. Then, there exists a constant Sy ‘=
S«(N,s, p) > 0 such that

lulh. < S, w1l for all u € D>P(RY).

Moreover, WP (RN) is continuously embedded in L" (RN) for any r € [p, p¥] and compactly
embedded in L} (RN) for any r € [1, p¥).

loc
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In this work we need to introduce the following Banach space
X =WPRY) n w4 RY)

equipped with the norm

lullx == lullws.rwyy + lullysa @y

Notice that W*"(RV) is a separable reflexive Banach space for all € (1, +00), and so X is a
separable reflexive Banach space.
For any fixed ¢ > 0, we also introduce the following Banach space

X, = ueX:/V(8X)(|“|p+|”|q)dx<+oo
RN

equipped with the norm

lullx, == lullv.,p + llullv,.q
where ”””tvp,z = [ul} , + Jgn V(ex)|ul'dx forall £ > 1.
4. The modified problem

In order to study problem (P;), we will modify the nonlinear term appropriately. When & >
0 is small enough, we can use the variational method to obtain the solutions of the modified
problem, which are indeed the solutions of the original problem. To be more precise, we shall
adopt the penalization method proposed by del Pino & Felmer [15] to deal with problem (7).
Without loss of generality, we may assume that

0OeA and V() =W.

Let us choose K > Ag/p > 0 and take a unique number a > 0 such that

qs—1
ats Vo ,_
= g4

fla)+ . X

Then, we can define the following modified functions

+yq5 -1 .
~ foO+E2— 0 ifr<a,
f)=

Vo .qg—1 :
%! , ift >a
and
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XA (x) [f(t) + f"i’l] +[1 = xa@]1f@), ift>0,

ift <O,

glx, 1) =

’

where xgq is the characteristic function on 2 C RV, It is easy to check that the penalized nonlin-
earity g is a Carathéodory function and fulfills the following properties:

{EN))
Pl .
(g2) foreach A >0, g(x,1) < f(t) + ’q‘;\_] forall x e RN and ¢ > 0;

(g3)i foreach A >0,0<0G(x,t) := 9f(;g(x, 7)dt < g(x,t)t forallx € A and ¢t > 0;

(g3)ii foreachA >0,0<qgG(x,t) < g(x, 1)t < %tq forall x € A and r > 0;

g(x.1)
14-1

(g1) foreach A > 0, lim,_, g+ = 0 uniformly for all x € RV;

(ga) foreach A >0and x € R the map t — is increasing in (0, 4+-00).

Remark 1. Let us introduce the following modified problem:

(=A)u 4 (=A)ju + V() (ulP~2u + |u]97%u) = rg(ex, u), } ®)

ueWwsP@RN)NWSIRN), u>0
in RN If u, is a solution of problem (2) satisfying
ug(x) <aforall x € AL, where A, :={x € R :exe A] ,
then it is worth to pointing out that u, is also a solution of problem (7).

Now, we define the functional J; : X, — R associated to problem (2), that is,

1 1
Je(u) := ;||u||€6,p + g||u||‘{,s’q — A / G(ex,u)dx forall u € X,.

RV
Obviously, J; € C 1 (Xg, R) and its derivative can be expressed as follows
(JL(u), v) := (u, V)5, p + (U, V)5 g + / V(ex) (|u|”_2u + |u|q_2u) vdx
RN
—A / g(ex,u)vdx forall u, v € X,.
RN
By N, we mean the Nehari manifold related to the functional J,, which is defined by

Ne = {u € X\ {0} : (JL(u), u) =0}.
We set ¢, :=inf,cpr, Je(u). Let X j denote the following open set

XS :={ueX:|supp@®)N Al >0}
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and set S := S, N X}, where S, := {u € X, : |ullx, = 1}.
We observe that S is an incomplete C!*!-manifold of codimension one. So, for all u € S;"
we have X, = T, S;” @ Ru, where

Tqu =1V € Xe: (U, V), p + (U, V)5 g + / V(ex) <|u|p_2u+|u|q_2u) vdx =0
RN

Now, we show that the functional J; has a Mountain Pass Geometry (see Willem [29]).
Lemma 4. For each fixed A > 0, the following properties are fulfilled for the functional J,:

() there exist o, p > 0 such that J.(u) = o with |lullx, = p;
(i) there exists e € X satisfying |e||x, > p and Js(e) <O.

Proof. By (g2), (f1) and (f2), we see that for all o > 0, there exists C, > 0 such that

lg(x, )| < olt|P~ " + Colt|% ! forall (x,1) e RV x R.

Note that . > 0 and ¢ > p > 1. Thus, taking o = W, choosing |lullx, = p € (0, 1) and
using Theorem 3, we have

1o > © (Il + ) -
e = q VE,p Vg,q

ACqy a *
: q q!
% > ———ully, — Cullull
s

1
q 24=1q

for some constant C1 > 0. Since 1 < ¢ < g7, it is easy check that (i) is fulfilled.
(ii) According to (f3), we infer that there exist two positive constants C,, C3 such that

F(x,t) > Cat? — Csforallt > 0.

The above inequality combined with A > 0 and 1 < p < g < 6 implies that J,(fu) — —o0 as
t — +oo forall u € X;. So, property (ii) also holds true. O

Since f is only assumed continuous, we need to establish some useful results in order to
overcome the non-differentiability of AV, and the incompleteness of S

Lemma 5. Fix A > 0 and assume that hypotheses ( f1)—(fa) and (V1)—(V>) are fulfilled. Then,
we have the following properties.

(a) For any fixed u € X, let the mapping £, : R™ + R be defined by €,(t) := J(tu). Then,
there exists a unique t, > 0 such that

2,(t)>0forallt € (0,1,),
2,(t) <0 forallt € (ty, +00).
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(b) There exists T > 0 independent of u such that t, > t for all u € S}. Moreover, for each
compact set W C S;‘, there is a constant Cyy > 0 such that t, < Cyy for all u e W.

(c) The mapping i : X + N introduced by it (u) := t,u is continuous and m = i, s+ isa
homeomorphism between S} and N, and the inverse of m is given by m;] W) :=u/lullx,.

(d) If there exists a sequence {un},eNn C Sj such that dist (u,,, BSj) — 0 as n — oo, then
lme(up)llx, = 400 and Jo(me(uy,)) — 400 as n — oo.

Proof. (a) Similar to the proof of Lemma 4, we obtain ¢,(0) =0, £,(t) > 0 for ¢ sufficiently
small and £, (t) < O for ¢ large enough. Thus, max, > £, (?) is achieved at some #, > 0 satisfying
2, (t,) =0 and t,u € N.

Next, we assert the uniqueness of 7, > 0. Otherwise, we may assume that there exist positive
numbers # and #; such that £/, (t;) = £,,(f2) = 0, that is,

_ 1 .
tf ||”||1\Z,p + 1! ||u||(‘],£yq =X / glex, tiwyudx, i =1, 2,
RN

hence

1 1 glex,tiu™)  g(ex, tu™)

TR ||u||’;,,=kf = ) dx.

7P 7P e (ut)4 (rut)d
1 2 RN

This equality, together with (g4), ¢ > p > 1 and A > 0, implies that #; = £,.
(b) For all u € S, we deduce from (a) that there exists 7, > 0 such that

p—1 P -1
W Nl + ||u||qve,q=A/g<ex,ruu>udx.
RN

Using (g2), (f1), (f2) and Theorem 3, for all o > 0 we can take C, > 0 such that

-1 -1 -1 a; =1, af
T P A P AE / glex. tuudx <ot)ullf, +ACoti " ulf .
RN
Choosing 0 = 1/(2A) > 0 and recalling that || x, = 1, we have

1, 1 g |
St Ml el < €y, <o

where C := C(A) is a positive constant.

Assume that ¢, < 1. Then we have

g-1 _ 1 g1 q q
crf ™t <™ (I, , + 1wl )

for some constant C > 0

L o1 1
L p q q
< ztu ”u”\/g’p'i'tu ||u||vqu
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(sinceg > p, ty <land 1 =|lullx, = llullv,,p)
k1
g (jl‘l,{A ’
= t, > 7 for some constant T > 0 (since q;" > q),

where 7 is dependent of u.

Assume that ¢, > 1. Then we obtain

1
p—1 p—1 q q
cif <l (et + )

for some constant C > 0

L o1 1
Ly p q q
< ztu ||u||vg’p+tu ”u”\/gﬂ

(since g > p, 1, > 1and 1 = |lullx, = llullv,,p)
1
<Cn’ o,
= 1, > 7 for some constant T > 0 (since g; > ¢ > p),

where t does not depend on u.

So, there exists T > 0 independent of u such thatz, > t forallu S;‘ .

Suppose that W C S is a compact set. Arguing by contradiction, we may assume that there
exists a sequence {u,},ecN C VW suchthat1 <t,:=1, — 4+00asn — oo. Since W is a compact
set, there exists u € YV such that

U, — uin X, asn — oo.

Using the above facts and proceeding as in the proof of Lemma 4-(ii), we infer that

Je(thuy,) > —o00 as n — oo. 3

Moreover, for each ¢ € NV, we have (J.(¢), ¢) = 0. From the above relation and (g3);—(g3)ii,
it follows that

1
Je(p) = Je () — 5<J£(<p), )

O —-q)g—p) q
> =g (e, el )

= C (||go||’&€,p + Ilwllqvg,q) ’

since > g > pand K > Aq/p > 0.
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In the above inequality we choose ¢, = t,,u, € N, and then we obtain

Jeltwitn) > € (s Nuanll, , 4+ 18 lual, )

> C (i ualll, , + i lally, )
(since g > p and 1 = [lunllx, = llunllv,,p)
> Ct} for some constant C > 0 (since ¢ > p, t, > 1 and lunllx, =1),
= — 00 2= +00 (see (3) and use the assumption t,, — 400 as n — 00),
which is a contradiction.
(c) Clearly, the mappings 7, m, and m_ ! are well defined. In fact, using (a), for any fixed
u € X7 it follows that there exists a unique 7 (u) € Ne. In addition, if u € N, then u € X/.

Otherwise, we obtain |supp (u*) N A,| = 0. The above equality, hypothesis (V1), the definition
of g and (g3);; yield that

b, = [ g(ex.uud

RN
Z)\/g(E%M-F)M-‘_dX+k/g(8x,u+)u+dx
A A

<2 [VEeouea
<% ex)|u|?dx
A

A
<? / V(ex)|ul9dx <since k=29 0)
q p

Ag

Ve.q’

p
N (1 - ;) (., + et ) <.

= u=0(sinceg > p>1),

p
< = lullf
q

which contradicts the fact that u # 0. Hence, m;l (u) =u/|lullx, € S, is well defined and con-
tinuous. For any u € S, it follows that

tyu u

ltaullx,  llulx,

my me () =m; (tu) =

So, we conclude that m, is a bijection.

Next, we show that m. is continuous. To this end, let {u,, u},en C Xj be such that u,, — u
in X, as n — 00. On account of the fact that m,(tu) = m,(u) for all > 0, we can assume that
lunllx. = llullx, =1 for all n € N. Using (b), we see that there exists #, :=t,, — fH > 0 (as
n — o0o) such that #,u, € Ny, hence
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tr{]”un ”[\Z’p + tfll ”un”%/g’q =X / glex, thup)tyupdx.
RN

In the above equality we pass to the limit as n — co. Then we have

l(f”“”%,p + tg||u||[",61q =A / g(ex, tou)toudx.
RN
This implies that fou € N,. From (a) it follows that f, = ty. Therefore, this leads to iz (u,) —
mg(u) in X;r as n — 00. In conclusion, 7, and m, are continuous mappings.
(d) Assume that {u,},cn C Sj is a sequence such that dist (u,,, asj) — 0 as n — o0. For

any ¢ € 3S; and n € N, then we obtain |u,"| < |u, — ¢| a.e. in A,. Hence, from (V}) and the
Sobolev embedding theorem, for any r € [p, ¢i] and n € N it follows that

) | Lrap) < inf Jup — @lrra < Cr inf+ lun — @lx,.
s

0ed ST 9EIS;

Note that ¢ > p. Then, for all # > 0 we can deduce from (V1), (g2), (f1)-(f2) and (g3);; that

/G(sx,tun)dxsz(ex,tun)dx—i—/G(sx,tun)dx

RN Ag Ag
V() 1 *
< K—q/tq|un|qu+/ [F(tu,f)—l—@(tui)%}dx
A§ Ag

14 X «
< < / V(ex)|u,|9dx —I—Cﬂ”/(u;ﬁ')‘"dx + Cots /(uf{)qx dx
pRN Ae Ae
11 A A ¥ ¥
< = / V(ex)|un|?dx 4+ CptPdist (un, 0S1)P + Cyrth dist (uy, 05,)%
P
RN

where Cy, C, C), and Cq;f are some positive constants. So, we have

At
A / G(ex, tuy)dx < e f V(ex)|uy|9dx + 0,(1) as n — o0, “4)
RN pRN

since A > 0. Moreover, for any ¢ > 1 we infer that

p q q

t t At
;Ilunllﬁsﬁp + ;””n IV, .4 — Xp / V(ex)|up|?dx

RN

zl’” [ +tq[ 18 +(1 « >fq/V( Nunl?d
=—||Upn Ve,p —\Uuy $,q _— — EX) Uy X
g K
p q q p "
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. Aq
>C1tp||un||"2’p + Cthnunnqvgﬂ <smce K > " > 0)

>CutP lunlly, , + Cot?llun |y, , (dueto g > p and 1= uallx, = llunllv,,p)

>C3tP (duetog > p, t > land ||lu,|lx, = 1), (5)

where C1, Cp and C3 are some positive constants. Recalling the definition of m, and invoking
relations (4) and (5), for all # > 1 we can deduce that

11m meg (mg(uy)) > 11m meg (tuy) > C3t?.

The above inequality combined with the definition of J; and the arbitrariness of # > 1 means that

| 1 o
llmlnf[— llme @a)lly, , + = lIme @), q} Z liminf Jg (m (up)) = +00,
p € q Ey n—>oo

n—oo
and so [|mg(uy,)| x, — +00 as n — oo. This proof is now complete. O

Now, we introduce the following functionals
Ve:XF—R and y.:SF—R

defined by Ve (u) := J (71 (u)) for u € X} and , := ¢8|s+
Using Lemma 5 and invoking Corollary 2.3 in Szulkin & Weth [28], we have the following
result.

Lemma 6. Fix A > 0 and assume that hypotheses ( f1)—(fa) and (V1)—(V2) are fulfilled. Then,

@) Ve € CHXF, R) and (! (u), v) = L2eWxe (1 (), v) for all u € X7, all v € Xe;

ullx,
b) Y. € CI(SS JR) and (Yl (u), v) = [Ime )| x, (JL(me(W)), v) forallu € Sf, allv € T, SS;
(©) if {fun}neN is a Palais-Smale sequence for \r, then {m¢(un)},cN is a Palais-Smale sequence
for Je. If {un}neN C N is a bounded Palais-Smale sequence for J;, then {m;] (Un)}neN C
S is a Palais-Smale sequence for e,
(d) u € S is a critical point of V. if and only if m¢(u) € N is a critical point of Js. Moreover,
the corresponding critical values coincide and

inf Y (u) = mf Jg(u) = C;.

l,tESF

Remark 2. Using the same ideas as in Szulkin & Weth [28], for each A > 0 the following varia-
tional characterization of the infimum of the functional J, over N, is satisfied:

0<c,= inf J.(u) = inf max Je(tu) = 1nf mang(tu)
ueN; ueXs t ueS;

Furthermore, if
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Ce := inf max Je(y(r)), where ', :={y € C([0, 1], X¢) : ¥(0) =0 and J:(y (1)) <0},
yels t€[0,1]

then arguing as in Willem [29], we can check that ¢, = C¢.

The main characteristic of the modified functional is that it satisfies a compactness condition.
We start by proving the boundedness of Palais-Smale sequences.

Lemma 7. For each A > 0. Assume that {u,},cN C X¢ is a (PS). sequence for the functional
Je at the level ¢ € R. Then, the sequence {u,},cN C X¢ is bounded.

Proof. By a simple computation, for n € N large enough we observe that

l
Ci(1+ ”un“Xp) = Je(uy) — 5("3(“”)7 Up)

11 ) 11 .
= >0 lunlly, ,+ 7 0 lunlly, 4

A
+ 5f[g(8x,un)un —0G(ex,uy)]dx
Ae

A
+ gf[g(sx,un)un —0G(ex,uy)]dx
A§

1 1
p q
> (5 - 5) (haalf, , + el , )

(L) et i

Ag

(using A >0, 6 > g > p and (g3);, (g3)ii)

S Y <||u,,||€ + lluen 5, )
q 0 K &P e:q
1 1 P p q

> (7= 3) (- 2) (it )

A
(since K > 4 > O) .
p

Using this inequality, we deduce that the sequence {u,},ecn C X, is bounded, and we omit the
details here. Thus, we complete the proof of the lemma. O

Now, we show that the modified functional J, satisfies the Palais-Smale condition.

Lemma 8. For each A > 0. Let {up},eN C Xe be a (PS). sequence for the modified functional

Je at the level c € R. Then u,, — u € X, as n — oo for all c € (0, %Siv/(sq)).
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Proof. From Lemma 7 it follows that {u, },cN C X, is bounded. Thus, up to a subsequence (still

denoted by itself), we can assume that u,, = uin Xe, up(x) = u(x) ae. in RY and u,, — u in
Li,. (RN) for all r € [1, qy) as n — oo. A simple calculation can show that the weak limit u is
actually the critical point of the modified functional J;. Therefore, (J/(u), u) =0.

In order to prove that the Palais-Smale sequence satisfies the Palais-Smale condition, we need

to establish the following asymptotic behavior with respect to large balls:

. i () = NP | it (6) = 1 ()14 b
imoup [ 4[|+ PR Ja Ve (nat ¢ )
B
— 0as R — +o0. (6)
For some fixed R > 0, let ng € C®°(R") be such that
O<nr<1, ng=0inBg, ng =1in By
and
IVarl < C/R

for some constant C > 0 (which is independent of R).

From the boundedness of {ngu,},eN C X, it follows that (J/(uy), nru,) — 0 as n — oo.
So, for n € N large enough we have

[ty (x) — un (V)P nR(x) p (x) — up ()9nR(x)
/ oy / oy
RN RN RN RN
+ / V(ex) (lunl? + |un|?) nrdx
]RN
litn (%) =ty (WP 2 () — un (¥)) (R (X) = NR())ttn (y)
=o,(1) — dxdy
|x — y|NH+sp
RN RN
it (%) — 1 (01972 (0 (X) — ()R (X) — NR(Y)) U ()
- dxdy
|x — y|N+sa
RN RV
+ A / glex, up)upnpdx.
]RN
Let R > 0 large enough such that
Ag C BE .
2

Recalling the definitions of nr and K, together with (g3);;, we get
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// Iun(X)—u,z(y)l"ﬂR(X)dxdy+/ / Iun(X)—un(y)l"nR(X)dxdy

|x_y|N+sp |x_y|N+sq
RN RN RN RN

+ (1-5) / V(ex) (|unl? + |un|?) nrdx
RN

<On(l)_//Iun(X)—un(y)I” 2(un(X)—un(y))(me(X)—me(y))un(y)

|x _ |N+3p
RN RN
f f it (X) — un (D772 () — 1 () (MR (X) = NROY)) U (¥)
_ dxdy, (7)
|x — y|NHsa
RN RN
as n — oQ.

Invoking the Holder inequality and using the boundedness of {u,},cny C X,, we infer that
there exists some constant C > 0 such that

() = n P () = 10 () R () = MR ODtn ()
|x_ |N+3p y
NRN
RGO — 1RO liun (1)1 '
// P dxdy | . ®)
RN RN

On the other hand, by the definition of ng, polar coordinates and the boundedness of
{un}en C Xe, we have

MR (x) — nrWIP lup (x)]P
dxdy
|x — y|Ntsp
RN RN
_ P 14
</ / MR(x) — nR(MIP |uy(x)] dxdy
|x — y|N+sp
RV [x—y|>R
R (x) — nrWIP luy (x)]P
+/ / |x — y|N+sp dxdy
RV [x—y|<R
1y (x) [P Iun(X)Ip
f / PR +RP/ f FLET e
RV |z[>R RV [zI<R

C
R‘I’ / |u,,|pdx+—R °P+P/|u |Pdx

€))
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Using relations (8) and (9), we deduce that

/ / it (X) =ty (D) P72 (U (x) — n () (MR (X) — NROY))ttn () dnd

C
e <& (10)

N RN

In a similar fashion, we also have

i () = 10 (D192 (un (X) = un (1) (MR (X) = NR(Y))Un () c
/ |x — y|N+sq dxdy <F (11)

N RN

So, from (7), (10) and (11), we see that the claim (6) is fulfilled.

The claim (6), together with the locally compact embedding X, — LIIZ) . (RY), implies that
u, — u in L?(RY) as n — oo. Then, we deduce from the interpolation inequality that u,, — u
in L"(RV) as n — oo for all r € [p, ¢}).

Because of the emergence of the critical nonlinear term, we need a more accurate analysis.

Similar to the obtained relation (9), we also have

//InR(x)—nR(y)Iunn(y)lqudy< (12)

|x_y|N+sp = RsqC
RN RN

Recalling the definition of nr and the Sobolev inequality, and using relations (7), (10), (11), (12),
we see that

q

it | | < luntirlgs < Clunnrliq

L4 (B,
un (x) — un ()InR (x)
<Cf / |x — y|N+sa ddy
RN RN
lunMN IR (x) —nr(M)|?
+C/ = y |V dxdy
RN RN
C C
gon(1)+ﬁ+ 77 as n — oo.
Thus, we obtain
lim 1i 4. =0. 13
RSP lenl g e (13)
Moreover, it is easy to see that
RETOOH,{ZS;MM"'VU(B%) =0foranyr €[p,q)). (14)
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Taking into account of the growth of g and using relations (13), (14), for any o > 0 we can
find some R := R(o) > 0 such that

limsup/g(ex, up)uydx < Co. (15)

n—oo
¢
BR

Choosing R > 0 sufficiently large, we also have
/g(sx, wudx < o. (16)
B

By relations (15) and (16), for any o > 0 it follows that

lim sup /g(ex,un)undx—/g(sx,u)udx < Co.

n— o0
c c
R BR

This estimate combined with the arbitrariness of o > 0 means that

lim g(ex,un)undx=/g(8x,u)udx. (17)

n— oo
c c
BR BR

The definition of g yields that

N V/
@ (ex, )ity < f(un)itn + aT + ?Omm forall x € RV \ A,.

The above inequality, together with hypotheses ( f1)—(f2), Theorem 3 and the Dominated Con-
vergence Theorem, implies that

lim / glex, up)updx = / g(ex, uw)udx. (18)

n—00
BRNRN\A,) BRNRM\A,)

Next, we prove that

lim glex, up)updx = / g(ex,u)udx. (19)

n—oo
BrNAg BrNAg

To this end, it is sufficient to prove that the following limit holds true:

lim (u+)4v dx = f whHs dx. (20)

n—00
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In the sequel, we will use the following notations:

[ (x) — u(y)|? [t (x) — up ()9
1D ulf (x) _/#fsqd and | D*u, |7 (x) _/”y—w”ﬂyqdyforauneN.

Since the sequences {| D*u,|?},cn and {|un |95 } N are bounded in L' (RV), we deduce from

ne
Prokhorov’s Theorem (up to a subsequence) that there exist two nonnegative bounded measures
u and v such that

w * oW
|IDu,|? = and |uu|% — vasn— oo 21
in the sense of measures. Invoking the concentration-compactness principle in Ambrosio [7], we

know that there exist an at most countable index set I, sequences {x;};c; C RV, { Witicl> Witier
in (0, +00) such that

4*@

U=l Y s, w > DU+ Y wiby, Siu)t

iel iel

< foralli el 22)

Now, we show that {x;};c; N A, = @. Otherwise, by contradiction, we assume that there exists
some i €I such that x; € A,. Let us define

X — X
& (x) =& < ) for any p > 0,
where £ € C;’O(RN) issuch that 0 <& <1,§ =11in By, £ =0in B; and |V&| 0 gr) < 2. We
always assume that p is chosen so that the support of £, is contamed in Ag.

We first deduce from the Holder inequality, the boundedness of {u,},cNn C X and Lemma
2.2 in Ambrosio [7] that

hm lim sup

/ / [un (x) — un()’)v_z(”n(x) - ”n(y))(gp(x) - Ep()’))un(y)dxd

=0 n—ooo |x - yIN“’
NRN
1
t
_ t
< C lim lim sup f f 5o ) ép(y;' 1w gy | =0 23)
p—>0 n—soco |x - | st
RN RN
fort € {p, q}.
Clearly, we have
lim lim sup / V(ex)|un|l$pdx =0forte{p,q}. 24)
=0 n—oo "
R

Taking into account the fact that f has a subcritical growth and recalling the definition of &,,
we obtain
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lim hmsup/ funupépdx = 25)

=0 n—soo

Since we have (J/(u,), &pu,) — 0 as n — oo, for n € N large enough we deduce that

/ Iun(X)—un(y)l”%'p(X)dxder/ |un (x) —un(y)l"é‘p(X)dxdy

|x_y|N+sp |x_y|N+sq
RN RN RN RN

+ f V(ex) (ltn? + lun|?) Epdx

Yy (1)_//Iun(X)—un(y)|p 2(Mn(X)—Mn(y))(ép(X)—ép(y))un(y)

|x — y|NHsp
RN RN
B / it () = un ()14 (1 (6) = ttn () Ep () = Ep(Nutn ()
lx — y|Ntsd
RN RN
+ 2 f fp)un€pdx + f | |9 & pdx. (26)
N

Putting together (21), (23), (24), (25) and (26), we deduce that v; > u;.
Note that (J/(un),u, ) = o,(1) as n — oo, where u, := min{u,,0}, and g(x,?) =0 for
t < 0. So, we can deduce that

-P -4
g 19, + Nl 1, , < on(1) as n— oo,

which implies that u,, — 0 in X, as n — oo. Consequently, from (g3);—(g3);; and p < ¢, it
follows that

c=Je(up) — é(-]g/(un)» up) +op(1)

1 1 1
= (; - ;) lunlly, , +2 _/ [5(?(8)6, up)tn — G(ex, un)} dx

RM\A,

+k/ I:lf(u,,)un - F(u,,)i| dx + <1 — é) / ;P19 dx + 0,(1)
q 9 4/

&

2 %/ (|Mn|q‘;k - |u;|‘1§k)dx + 0,(1) (using u,, — 0in X, as n — oo and Theorem 3)

A

S *
> / 0| dx + 0 (1)

A
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S q*
Z — | lual¥épdx +0,(1),
N
Ag

asn — oo.
In the above inequality, we pass to the limit as p — 0. Then, we deduce from relation (22)
and v; > u; that

s s s X
c>— ‘ Z Ep(xi)vi>ﬁvi>ﬁs*q,
{iel:xjeA¢}

N
which contradicts ¢ < % S.”. So, relation (20) holds true.
By combining relation (20) with (g2), (f1), (f2), Theorem 3 and the Dominated Convergence

Theorem, we deduce that relation (19) holds true. Thus, by (17), (18) and (19) it follows that

n—oo

RN RN

lim g(sx,un)undx=/g(ex,u)udx. 27

On the other hand, we can use (J/(u), u) =0 and (J/(up), un) = 0, (1) (as n — 00) to infer
that

lunlly, ., + lunlly, , = 2 / g(ex, up)undx + 0, (1) asn — oo
RN

and

ll, 4+l =2 / ¢(ex. wudx.
RN

Consequently, by above two relations, together with (27), we obtain
lunl), , + Nenl, , = Nl , + luld, , +o0n(1) asn — oo,
Therefore, we can deduce from the above relation and the Brezis-Lieb lemma [14] that
llun — u”[‘;gm + llun — u”(\I/S,q =0,(1) asn — oo,
which means that u, — u in X, as n — oo. This proof is now complete. O

Corollary 9. The modified functional J, fulfills the (PS). condition on S at any level ¢ €
9 N .

Proof. Suppose that {u,},en C So is a Palais-Samle sequence for the functional v, at the level
¢, that is,

Ve(y) — cinR  and ¢/ (u,) — Oin (T, SS) asn — oo.
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From Lemma 6-(c), it follows that {m.(u,)},en C X¢ is also a Palais-Samle sequence for the
functional J, at the level c¢. Thus, we can derive from Lemma 8 that the functional J, satisfies
the (PS). condition. Hence, we pass to a subsequence and we can find some u € Sj such that
me(uy) — mg(u) in X, as n — o0o. This fact combined with Lemma 5-(c) implies that u, — u
in S as n — oo. The proof of the corollary is now complete. O

5. The limit problem

In what follows, we need to consider the limit problem associated with problem (P,), that is,

(=AY + (=AY + Vo(lul?~2u + [u)9=2u) = Af u) + [u|% 2 in RV, (03)
wewsP@®N)NWHIRY), u>0,4>0 inR". '

The energy functional Iy, : Xo — R related to problem (0, ) is defined by
1, 1, Lo, 1 4 1 gt
Ty, (u) :z_[u]s,p*‘_[u]s,q'i‘vo _|M|p+_|u|q —A F(u)dx__* (u™)%dx
p q p q . qs BV

for all u € Xo. By standard arguments, we know that the functional Iy, is well-defined and
belongs to C ! and it holds

(]{,0(u),v)=(u,v)syp—i—(u,v)s,q—i—/VO <|u|1’—2u+|u|‘1—2u) vdx

RN
—A/f(u)vdx—/(u+)qj_lvdx,
RN RN

for all u, v € Xp.
Let us consider the Nehari manifold associated with the functional Iy, that is,

No = {u € Xo \ {0} : (Iy, (u), u) =0}

Moreover, we set cy, := inf, g Ty, ().
Next, we define the following sets

Xa' = {ueX0:|supp(u+)| >0} and S(')":SOHXJ“,

where Sy is the unit sphere of Xj.
As in section 4, Sar is also an incomplete C L1_manifold of codimension one and contained in

XaL. Hence, X = TL,SJ P Ru foreach u € Sar, where

T,SF = veXo: (. v)sp+ (1, v)s.q + f Vo (|u|l’—2u n |u|q_2u> vdx =0
RN

Arguing as in the proof of Lemma 5, we can show that the following results are fulfilled.
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Lemma 10. For any fixed ) > 0, assume that (f1)—(f1) and (V1)—(V3) are fulfilled. Then, we
have the following properties:

(a) for any fixed u € X(')’_, let the mapping £, : RT > R be defined by €,(t) := Iy, (tu). Then,
there is a unique t,, > 0 such that

2,(t)>O0forallt € (0,1,),
2,(t) <0 forallt € (1, +00);

(b) there exists T > 0 independent of u such that t, > t for all u € Sar . Moreover, for each
compact set W C ST, there is a constant Cyy > 0 such that t, < Cyy for all u € W;

(¢c) the mapping my : X; — N introduced by (1) := t,u is continuous and mg := r?zolsar isa
homeomorphism between SF)L and Ny, and the inverse of my is given by mgl W) :=u/llullx,

(d) if there exists a sequence {unp},eN C S(')" such that dist (u,,, BS(')") — 0 as n — oo, then
lmo@un)llx, — +o00 and Iy, (mo(u,)) — +00 as n — oo.

Consider the mappings
Vv Xy >R and Yy, SE R
defined by @[Afvo(u) == Iy, (o(u)) for all u € Xar and yy, = I&VO|S0+.

Lemma 11. For any fixed ) > 0, assume that ( f1)—(f1) and (V1)—(V3) are fulfilled. Then,

- - oo .
@ Vv, € CH(XF,R) and (Y} (u), v) = %X()X(’(I(,O(mo(u)), V) forallu € XF, all v € Xo;

(b) ¥y, € Cl(Sa“,R) and (1/f{,0(u), v) = ||mo(u)||x0(l{,0(mo(u)), v) for all u € SJ, all v €
TSy

(©) if {unlneN is a Palais-Smale sequence for Yy, then {mo(u,)},eN is a Palais-Smale
sequence for Iy,. If {unlpen C No is bounded Palais-Smale sequence for ly,, then
{ma1 (Un)}neN C Sg' is a Palais-Smale sequence for \y,;

d) ue SS_ is a critical point of Yy, if and only if mo(u) € Ny is a critical point of Iy,. Moreover,
the corresponding critical values coincide and

inf Yy, () = inf Iy, (u) = cy,.
ueSy 0 ueNy 0

Arguing as in Lemma 4, we can show that the functional Iy, has a Mountain Pass Geometry
(see Willem [29]).

Lemma 12. For each fixed ) > 0, the following properties are fulfilled for the functional Iv,:

(i) there exist 0, p > 0 such that Iv,(u) > 0 with ||lu| x, = p;
(ii) there exists ¢ € Xar satisfying €]l x, > 0 and Iy,(é) <O.
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Remark 3. Arguing as in Section 4, for each A > 0 we have the following variational character-
ization for cy;:

0<cy, = 1nf Ivo(u)_ inf maxlvo(tu)_ inf max[vo(tu)
X ueS

Moreover, if

Cy, := inf max Iy, (y(r)), where I'g:= {y € C([0, 1], X) : ¥(0) =0 and Iy, (y (1)) < 0},
yelgtel0,1]

proceeding as in Willem [29], we can check that ¢y, = Cy,.

The next result shows that we can compare cy,, with a suitable constant which involves S..

Lemma 13. There exists Ay > 0 such that cy, € (0, § Sk /(Yq))for each A > Ay.

Proof. Clearly, there exists £, > 0 such that Iy, (f,é) = max,>q Iy,(té), where ¢é is given by
Lemma 12. As a consequence of (I(,O (t8), te) =0, it holds

el , + ey, , = / fwéynedx + |é|Z}. (28)

The above relation combined with ( f3) implies that

A~y
t)L ||e||V0p+tA||e||V0q Sl | 5

Since p < q < g, we conclude that {f,},.¢o C R is bounded, and so there exists a sequence
{Antpen CR (A, — +00 as n — o0) such that 1, — 9 as n — 00. Arguing by contradiction
and using (28), we can infer that #p = 0.

Next, we define y (r) = te with ¢ € [0, 1]. So, y € I'g and we have

0<cy, < HEg’h Iyy(te) = Iy,(ne) <t ||6’||VO » + 1 ||€||V0 . (29)

Then we can take A > 0 large enough to ensure that

N

5q
t)L ||e||V0p+tA”e”Voq NS* s

N
which means that 0 < cy, < 5 S,* for A > 0 sufficiently large. In particular, the fact that 7, — 0

as A — +o00, together with (29), implies that cy, - 0as A — +o00. O

Lemma 14. For each X > Ay, where Ay is given in Lemma 13. Assume that {u,},cn C Xo is
a (PS)CV0 sequence of the functional Iy, at the level cy,. Then {u,},cN C Xo is bounded and

there exist a sequence {y,},cny C RY and some constants R, a > 0 such that
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liminf/ lu,|9dx > a.

n— o0
Br(yn)

Proof. Similar to the argument of Lemma 7, we are able to deduce that {u,},.ny C Xo is
bounded. Proceeding by contradiction, we may suppose that for all R > 0 the following limit

is fulfilled:

lim sup /|un|qu=0.

n—00 N
Br(y)

By Lemma 2.2 in Alves, Ambrosio & Isernia [2], it follows that

un—>OinLr(]RN)f0rallre(p,q:) as n — oo.

In particular, we deduce from ( f1)—(f2) and (30) that

n—oo

lim F(uy)dx = lim / fup)updx =0.
n—>oo
RN RN

According to the fact that (I",0 (uy), uy) = o0,(1) as n — oo, we obtain

lunllyy, , + lenll, , = 2 f fWn)tndx + |uyy |9 + 0a(1) as n — oo

RN

Then, we can pass to a subsequence and we assume that

\
lunlly, , + lunllyy , — =0 and a2 — b >0asn — oco.

Vo.p Vo.q

Next, for each A > A, we show that b = 0. Otherwise, b > 0. Clearly, we observe that

S
vy 2 Nb

On the other hand, from Theorem 3 it follows that

p q q q
”u"”VO,p + llun ”Vqu 2 [unls,qg 2 S*|u;£—|q;,
N

= b>S87.

So, we have

But, for each A > A, from Lemma 13 we know that
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N

S sa
CV0<NS* .

Now, we get a contradiction for each A > .. Thus, for each A > A, we have b = 0. But, this
leads to |u,llx, — 0 as n — oo, and then we infer that Iy, (u,) — 0 as n — oo. This is also a
contradiction since Iy, (#,) — cy, > 0 as n — oo. The proof of the lemma is now complete. O

Remark 4. Fix arbitrarily A > A,, where X, is given in Lemma 13. If u is the weak limit of a
(P S)L‘vo sequence for the functional Iy, then we can assume that u # 0. Indeed, u, = 0, and
if u,, - 0 in X( as n — oo, then we can use Lemma 14 to conclude that there exist a sequence
{yn}neny € RY and some positive constants R, & such that

liminf/ lun|?dx > a.

n—>00
Br(yn)

Let us define v, (x) := u, (x + y,). According to the invariance of R" by translation, we infer
that {v,},en C Xo is a bounded (PS)CVO sequence for the functional Iy,. Thus, there exists

O#veXosuchthatvngvasnaoo.

Theorem 15. For each ) > Ay, where Ay is given in Lemma 13, problem (Q,) has a positive
ground state solution.

Proof. By a variant of the Mountain Pass Theorem without the Palais-Smale condition (see
Willem [29]) and applying Lemma 12, we know that there is a Palais-Smale sequence {u,},cn C
X of the functional Iy, at the level cy,. As in the proof of Lemma 7, we can infer that {u, },c.n C
X0 is bounded. Now, we can pass to a subsequence (still denoted by {u,},cn) and suppose that
there exists u € Xo such that u, 2 uin Xo and u,;, — u in LI’OC(RN) for all r € [1,¢]) as
n— oQ.

With the same ideas as in the proof of Lemma 8, we can show that / "/0 (u) =0. By Remark 4
we can directly assume that u # 0. In addition, (f3) combined with Fatou’s Lemma yields

1 L. 1
vy < Ty @) = 1) = - (1 @), ) < Timnf [lvo(u,» = 1 ), m} = ¢y

So, we get Iy, (u) = cy,.
Eventually, we show that # > 0 in R". Since min {u, 0} =: u~ € X, and recalling that f(¢) =
0 for < 0 and using (I{,O (1), u~) =0, we can obtain

lu= Ny, , + eI, , <O,
0,P 0.9

which means that u~ =0, and so u > 0 in RY . Consequently, u > 0 and u = 0. Arguing as in the
proof of Lemma 24, we deduce that u € L®@RM). By Corollary 2.1 in Ambrosio & Rédulescu
[9], we see that u € C° (RY) for some o € (0, 1). Proceeding as the proof of Theorem 1.1-(ii) in
Jarohs [21], we infer that u is positive in R . This proof is now complete. O

164



Y. Zhang, X. Tang and V.D. Rddulescu Journal of Differential Equations 302 (2021) 139-184

Firstly, we introduce a compactness result for the autonomous problem, which will be very
useful in the sequel.

Lemma 16. Fix A > L., where Ay is given in Lemma 13. Assume that {u,},cny C No is a se-
quence such that Iy,(u,) — cy, in R as n — oo, then {u,},en C Xo admits a convergent

subsequence.

Proof. Note that {u,},cny C No and Iy, (u,) — cy, in R as n — oco. Then we deduce from
Lemma 10-(c), Lemma 11-(d) and the definition of cy,, that

Wy :=my ' (uy) € S foralln e N
and

Yy, (W) = Ty, (un) = cy, = inSf+ Yy, (w) inR as n — oo.
WED,

Consider the mapping

Vv, ) ifueSy,

Ew) = | N
+00 ifueds,.

Now, we are able to present the following properties:

6)) (SJ, 8v,), where 8y, (4, v) = |lu — v||x,, is a complete metric space;

(ii) €€ C(S;, R U{+00}), by Lemma 10-(d);
(iii) & is bounded below, by Lemma 11-(d).

So, we can apply the Ekeland variational principle (see Ekeland [17]) to the functional £, and
then we find a sequence {i, } _y C Sq such that {n}, 152 (PS)cy, for the functional ¥y,
and ||W, — wyllx, = 0n(1) as n — co. This means that ¥y, (w,) — cy, in R and W{,O (Wy,) =
0 in (Ty, SJ ) as n — o0o. Using Lemma 11, Theorem 15 and proceeding as in the proof of
Corollary 9, the proof of the remainder of the lemma can be completed. O

Next, we establish the following useful relationship between the minimax levels ¢, and cy,.

Lemma 17. Fix A > X\, where A, is given in Lemma 13. Then

N

li = — 8.7

lime: = e, < S+
Proof. For each A > A,, we assume that  is a positive ground state solution of problem (Q}).
Let ¢ € CE’O(RN) satisfy 0 < ¢ <1, ¢(x) =1 in B, and supp (¢) C By C A for some r > 0.
Now, we define w; (x) := ¢ (x)w(x), where . (x) = {(ex) for ¢ > 0. Applying the Dominated
Convergence Theorem and arguing as in the proof of Lemma 2.2 in Ambrosio [5], we can deduce
that
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we — win Xg and Ty, (ws) — Iy, (w) =cy, as € — 0. (€19
Next, for each ¢ > 0 we take a unique number 7, > 0 satisfying
Je(tewe) = max Je (twy).
t>0

From supp (¢) C A and the definition of g, for € > 0 small enough, it follows that

ts”llwellég,p + 14 ||w€||‘{/pq = / [/\f(tswg)tgwg + (tsws)%*] dx,
RN
Af (towe) + (tswe)® 1
(tews)q_]

:t{ﬂmﬂaw+mu&ﬂ=/’ ldx. (32)

RN

If t. - 400 as ¢ — 0, relations (31)—(32), together with g > p and (f3) yield that 400 >
||a)||?/0’q = +4-o00. This is impossible.

Up to a subsequence, we can now suppose that z, — #y € [0, +00) as ¢ — 0. Indeed, #y > 0.
Otherwise, we are able to infer that ||w||y,,, = 0, which implies that w = 0. Since @ > 0 in RV,
we reach a contradiction. Then we pass to the limit as ¢ — 0 in the relation (32), and using
relation (31) we have

oldx.

- A (tow) + (tow)ds !
7 Nllh, A+ Nl —/

Vo.p Vo.g — (toa))qfl
RN

Then, we can use the above equality, (f4) and @ € A to get the fact that 7) = 1. Eventually, we
deduce from the Dominated Convergence Theorem, fo = 1 and w € N that

glg% Je(tewe) = Iy, (@) = cy,.

The above relation, together with the definition of 7, implies that cy;, > limsup,_,ce. On the
other hand, from (V) we see that liminf,_,¢ c; > cy,. By Lemma 13, we have

N
. S s
lim ¢, = cy, < —Si* foreach A > A,.
e—0 N

This proof is now complete. O

We complete this section with the following existence property.
Theorem 18. Fix A > A, where A, is given in Lemma 13. Assume that hypotheses ( f1)—(fa)
and (V1)—(Va) are fulfilled. Then, for ¢ > 0 sufficiently small, problem (2) admits a nontrivial

nonnegative solution.
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Proof. According to Lemma 4, Remark 2, Lemma 17 and Lemma 8, we can use the Mountain
Pass Theorem of Ambrosetti & Rabinowitz [4] to conclude that, for each A > A, and if ¢ > 0 is
small enough, there exists a critical point u, € X, \ {0} for the functional J;. It is easy to check
that u, >0 in RY and u, = 0. This proof is now complete. O

6. The barycenter map

In this section, we provide some technical results, which will be used to prove the multiplicity
of solutions for the modified problem (2).
Let § > 0 be such that

M; = {xeRN:dist(x,M)<8}CA 33)

and n € C*°([0, +00), [0, 1]) be a non-increasing cut-off function verifying n(z) = 1 for ¢ €
(0,8/2), n(t) =0 for ¢ € [8, +00) and |5 (¢)| < C for some constant C > 0. For each A > A,
where A, is given in Lemma 13, we may assume that w is a positive ground state solution to the
limit problem (Q;). For any y € M, we introduce the following function

ex —y
ey (x) :=n(lex — yDo ( . )
with the unique number #, > 0 satisfying
max Je (1We y) = Je (1. W y),
=20
and we consider the mapping ®, : M +— N defined by

D (y) = ts\ys,y-

Lemma 19. For each A > )\, where A, is given in Lemma 13, the mapping ®. has the following
property:

lirrz) Je (@ (y)) =cvy, uniformlyiny e M.
E—>

Proof. Arguing by contradiction, we may assume that there exist o > 0, {y,},c5y C M and
&, — 01in R as n — oo such that

| e, (@, (¥n)) = cvy| = S0. (34)

We first note that for each n € N and for all z € Bs , €,7 € Bs, hence €,z7 + y, € Bs(yn) C
Ms C A. "

Applying the change of variable z = (¢,x — y,)/&, and recalling that G(x,t) = F(x,t) +
%t‘ﬁ in A x [0,400) and n(¢) =0 for r > §, we get
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P q
Jgn<<1>en<yn>>——||ws,, wl?, %n%,,,ynuqvgn,q

—A / G(Enx’ tsn\ysnay’l)dx

]RN

74 |
=?" [n(l8n~|)w]s”,p+/V(Snz+yn)(n(|8nz|)w(z))”dz

P I
+ = [n(lsn-l)w]?,q+/V(enz+yn)(77(|8nzl)w(z))qdz

q I o

1 %

—/[AF(ts,ln(lsnzl)w(z))wLq—*(tg,ln(lsnzl)w(z))‘“]dz- (35

RV *

Next, we prove that the sequence {ls,, }n <n C R verifies z;, — 1 in R as n — oco. Using the
definition of 7,,, we see that z,, ¥, ,, € N,,, that is,

P q
Wy, I, + 1, 19,

— / )‘.f(tsn \Ijsn»yn)\ysn Yn + Z‘gg_l(‘Ilsmyn)q;< d
= t;] i X
RV "
(since g = f on A x [0, +00))
Af (te,n(lenz)) 0 (2) + (te,n(lEnzD e (2))% ! q
= 1 u n dz. 36
R{ (teyn(€nzD(2))7] Ordlenzhe@)7dz 30

Clearly, n(|x]) =1 forx € Ba and Ba C B for n e N sufficiently large. Then, we conclude
from (36) that !

g5 -1
> / A (te,0(2)) + (te, ®(2)) (w(2))dz.

pP—q P q
oy " MWewullv,, p T 1¥eryllv,, 4 (te, (2))47!

B
2

In addition, w is a continuous and positive function in R, so there exists 7 € RY such that

®(z) = min w(z) > 0.

Z€B
2
Consequently, we infer from ( f4) that
- Af (te, 0 (2)) g, gt
1 M Iy, p+ e, 19, [W( @7 + 15, "(w(z))qs}\Bg €Y
&
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Arguing as in the proof of Lemma 2.2 in Ambrosio [5], we can obtain

We, v, Vet = Nl@llvg,r € (0, +00) inR asn — oo fort € {p, q}. (38)

Hence, if #;, — +00, we see that

Tim (27, 1, W1, ) =Tl (39)
since ¢ > p. Additionally, from ( f3) it follows that

f(ts,l?)(Z)) _ (40)
100 (£, (2))4~!
Since g7 > g, from (37), (39) and (40), we get a contradiction. Therefore, we pass to a subse-
quence and assume that there exists fo such that ;, — 79 > 0 as n — oo. Applying (36), (38) and
using (f1)—(f2), we obtain that 79 > 0.
In (36) we pass to the limit as n — oo, then we can use (38) and the Dominated Convergence
Theorem to conclude that

- M (10w) + (fgw)® !
0l , + ol = [ OO o, 1)
]RN
Since w € N, we see that
||a)||€0’p+||w||“],0’q=/[)»f(w)w—i—a)q;]dx. 42)
RN

Consequently, from (41), (42) and ( f4), it follows that 7y = 1.
In (35) we pass to the limit as n — 0o and we have

lim Jg, (@, (yn)) = Iy, (@) = cv,.
n—oo
This contradicts relation (34). The proof is now complete. O

For each A > X, where A, is given in Lemma 13, let us define the function e : Rt — Rt such
that e(e) := sup,c i |J8(<I>g ) — cv0| for all € > 0. Then, we introduce the following subset of

I
A

Nei={ueN;: Je(w) <cy,y +e(e)}.

From Lemma 19 it follows that e(e) - 0 as & — 0. Additionally, we deduce from the definition
of the function e that ®.(y) € NV for any y € M and & > 0, and so N, # @.
For any 6 > 0 given by (33), let us choose p := p(§) > 0 such that Ms C B,. Consider the

map ¢ : RY > RY defined by
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o X if |x]| < p,
¢ (x) :={

o if x| = p.

x|

Now, we introduce the following barycenter map S : N — R defined by

g E(ex) (ulP + ul?) dx
peli):= T (ul? + [u]9) dx

for all u € N.

Lemma 20. For each A > Ay, where L, is given in Lemma 13, the map B, has the following
property:

lin%)ﬁg(cbg(y)) =y uniformlyiny € M.
E—>

Proof. Arguing by contradiction, there exist 8o > 0, {y,},eny € M and &, — 0 as n — oo such
that

|Ben (e, (Vn)) — Y| = 0. (43)

By the definitions of ®;,, B, . Z’ and using the change of variable z = (¢,x — y,)/&,, We can
conclude that

S [z + 30 = yu | [InlenzDeo @17 + n(lenzDeo ()1] dz

I cba n = n"f‘
Per (Do, () = Ten In(enzD@ @1 + [1(enzho@141dz

Thanks to {y,},cny € M C Ms, by the Dominated Convergence Theorem, we can derive that

lim |:35,, (q)s,l ) —yul =0,
n— o0
which contradicts relation (43). This proof is now complete. O

Lemma 21. Fix A > A, where L, is given in Lemma 13. Assume that the sequences {e,},cNn C R
and {up},eNn C /\/’8,, satisfy e, — 0 in R and Jg, (u,) — cvy, in R as n — oo, then there is a se-
quence {)7,, }neN C RY such that the sequence {ﬁn x) :=upy(x + ) }neN admits a subsequence
which converges in Xo. Furthermore, the sequence { Yn i=¢&p ﬁn}n N C RN has a subsequence
{¥n},en (still denoted by itself) such that y, — yo € M as n — oo.

Proof. It is worth to pointing out that A > A,. In the fashion of the proof of Lemma 7, we see
that {u,},cny C Xo is bounded. Then, arguing as in the proof of Lemma 14 and Remark 4, we
know that there are a sequence {3, } _ C R" and two positive constants R, & > 0 such that

n— o0
Br ()A/n)

liminf/ lun|?dx > a.
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Set
U (x) := Up (X + Jn).
Thus, {ﬁn }neN C X is bounded. So, passing to a subsequence, there exists 0 #£ it € X such that
fin — fi in Xo as n — oo.
Let #,, > 0 be such that
ﬁn = tnﬁn € No
and set
Yn i=EnIn-

Therefore, we conclude that

cv, < Iy, (0,) (from the definition of cy,)

AP | 1, » 1, q
< [Un]s,p‘f';[vn]s,q"' V(enx + yn) ;lvn| +5|vn| dx

RN

1
p

. |
- [)LF(vn) + q—*(v;)% ] dx
N

RN

hoop i g W g
< —lunls,p + —lunls,g + Vienx) | —lunl? + —lun|? ) dx
p q p q
RN
[ Gex.tudx oy (22
RN
= Ja,, (tyupn) < Ja,, (un) (since u, € -/V;,,)

=cy, +0,(1) asn — oo.
This implies that
Iy, (0p) = cy, in R as n — oo and 0, € Np.

Clearly, the sequence {f)n }n <n C Xo is bounded. Thus, up to a subsequence if necessary, still

denoted by itself, we may assume that there is an element ? € X such that 9, —  in X as
n — oo. It is easy to see that the sequence {#,},cn C R is bounded and it holds that ¢, — 79 > 0
as n — 0o.

We claim that #y > 0. Otherwise, ty = 0, so, we infer from the boundedness of {f),, }n N C Xo
that [|9, |l x, = talléinllx, — 0 in R as n — oo, and so Iy, (9,) — 0 in R as n — oo, but this is
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impossible, since cy, > 0. Thus, #p > 0. We deduce from the uniqueness of the weak limit that
v = tou and # # 0. Then, from Lemma 16 it follows that

9, — 0in X as n — 00, (44)

and so i, — i in X as n — oo. Moreover, Iy, (D) = cy, and (I(,0 (0),0) =0.

Next, we shall prove that the sequence {y,},cy C RY has a subsequence, still denoted by
itself, such that y, — yp € M as n — oo. We first show the boundedness of {y,},cny C RV.
Otherwise, the sequence {y,},cny C R is not bounded. So, we may assume that there exists a
subsequence, still denoted by itself, such that |y,| — +o00 in R as n — oco. Then, we choose
R > 0 large enough such that A C Bg and we may suppose that |y,| > 2R for n € N sufficiently
large, and so for all x € Bg/,, we have

lenx + yul 2 |ynl — lenx| > R.

Therefore, recalling that the definition of g, for n € N sufficiently large we have

”u””V() p + ”’/‘n”v0 g S / g(enXx + yn, ) lindx

RN
BR/g" Bﬁ/fn

Vi R R A N *
<r [ iy [ [a i+ @ dx

BR/en B;e/sn
1 TN VO q|P 0. 19
(since f(un)uy < X (|“n| + ity ) on Bgye,)

<2 [ vl i [ 1+ @]

BR/S” B;%/Sn

(since K > Aq/p > 0)
< p A (L) i | a
X q ||”n||v0p+ ”un”\/oq S (Un)uy +(“n) X
B;}/sn
Since 41, — i in X as n — oo and using the Dominated Convergence Theorem, we obtain

_/ I:)"f(un)un + @, )q?] x =o0p,(1) as n — oo.

B;‘e/ﬁl

So, we have

4
(1 - 3> (il + il ) < on(1) as n — oo,
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Using g > p and 41, — u # 0 in X as n — oo again, we achieve a contradiction.

Now, we get the boundedness of {y,},cny C RY. Passing to a subsequence (still denoted by
{¥n},en), we may assume that there exists yo € R such that y, — yg € A as n — oo. In fact,
if yo ¢ A, we can find a positive number r > 0 such that y, € B,/2(y0) C A Arguing as before,
we can reach a contradiction. Hence, yp € A.

It remains to show that V(yg) = Vp. Arguing by contradiction again we may assume that
V(y0) > Vo. From (44), together with Fatou’s Lemma and the invariance by translations of RY
it follows that

CVy = IVo(ﬁ)

.. 1, P L. q P q
< liminf { —[v,]5,p + —[Unls,g + V(enx + yn) _|Un| + _|Un|
p q p q

n— o0
RN

/ |:)\F(Un) + q_(v+)qV ] dx}

RN
hmmeg (thuy) < hmlang (un) =cy,.

This leads to a contradiction. Therefore, by hypothesis (V2), we know that yo € M. This proof is
now complete. O

Lemma 22. Fix A > Ly, where Ay is given in Lemma 13. Then, for any § > 0, we have

11m sup dist (Be(u), Ms) =
-0
uel,

Proof. Let e, — 0in R as n — oo, then we can find a sequence {u,},cn C ./\A/‘gn such that

supinf B, () = y1 = inf By, () = ¥1+ 0y(1) asn — oo,
u€./\/:c”y M;

Taking into account the fact that {u,},n C ./\A[gn C N,,, we infer that

cyy < Js,,(“n) CVy +e(en),
and so

lim Jg, (u,) =cy,.
n—0o0

Then, we deduce from Lemma 21 that for n € N large enough there exists {ﬁ,, }n N C RY such
that y, = &,y, € Ms. So, we have

fRN I:E(Snz +yn) — }’n] [|“n(Z + IIP + lun(z + )A’n)|q] dz
fRN [|un(Z + I)IP + un(z + )A’n)|q] dz

,35,, (Un) =yn +
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On account of the facts that {ﬁ,,(- + f’n)},, eNn C Xo admits a convergent subsequence and

enZ+ Yn = Yo € M as n — oo, we can infer that 8¢, (u,) = y, +0,(1) in RY as n — oo. Thus,
there is a sequence {y,},cn C M; such that

lim |Be, (un) — yal =0.
n— o0

Now, we complete the proof of the lemma. O
7. Multiple solutions for problem (2)

In this section we will focus on establishing a relationship between the topology of M and
the number of solutions to problem (2). Since N is not a C! submanifold of X, and Sj isnot a
complete metric space, we cannot use directly the standard Ljusternik-Schnirelmann theory, but
we can circumvent this difficulty by applying the abstract results in Szulkin & Weth [28].
Theorem 23. Fix A > Ly, where ©, is given in Lemma 13. Assume that ( f1)—(f4) and (V1)—(V2)
are valid, then for any 8 > 0 satisfying Ms C A, there exists &s > O such that, for any ¢ €
(0, €5.1), problem (2) admits at least catp; (M) positive solutions.

Proof. For any fixed ¢ > 0 we consider the mapping o : M +> S defined by
e (y) :i=m; (e (y)) forall y € M.
Then, we infer from Lemma 19 that
lirr%) Vel (y)) = lir% Je(Pe(y)) = cy, uniformly in y € M. 45)
£e— £e—

Define the function

e(e) == sup [P (e (¥) — el
yeM

So, relation (45) implies that e(¢) — 0 in R as ¢ — 0. Also, we introduce the following set:
ST i={we Sty () <cy, +ée)} .
Clearly, forall y € M and € > 0, ¥ (2 (y)) € 3‘;’, that is, 3‘;‘ £ (.
Using the above information and invoking Lemma 19, Lemma 10-(c), Lemma 20 and

Lemma 22, we derive that there exists &€ = &5, > 0 such that, for all ¢ € (0, &5,), the follow-
ing diagram is well-defined:

[o8 m;l mg Be
M— (M) — a,(M) —> O, (M) —> Ms.

By Lemma 20 and decreasing ¢ if necessary, then, for all y € M we obtain B.(®.(y)) =
vy + (g, y), where |I(g, y)| < §/2 uniformly in y € M and for all ¢ € (0, £). Hence, H(z, y) :=
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y+ ({1 —1)l(e,y) for (¢, y) € [0, 1] x M is homotopy between B; o P, = (B, om;) o (ms_l o <I>5)
and the inclusion map id : M — M. This fact means that

caty, (myots (M) = caty,(M). 46)

Note that A > A,. From Corollary 9, Lemma 17 and Theorem 27 in Szulkin & Weth [28],
with ¢ =¢; < cy, +e(e) =d and K =« (M), it follows that v/, admits at least caty, (pmyots (M)
critical points on S‘j . Finally, applying Lemma 6-(d) and (46), we see that the functional J; has
at least caty; (M) critical points in N,. This proof is now complete. O

8. Proof of Theorem 1

This section is devoted to the proof of Theorem 1. The most important thing is to show that
the solutions obtained in Theorem 23 satisfy the following estimate:

for & > 0 sufficiently small, u.(x) < a for all x € Aj.

Then we can exploit this fact and recall the definitions of g, G, and deduce that these solutions are
indeed solutions of the original problem (7;). For this purpose, we shall consider the regularity
of nonnegative solutions of problem (2). Inspired by Moser [27] and Ambrosio & Radulescu [9],
we start with the following lemma which plays an important role in the study of behavior of the
maximum points of solutions to problem (P;).

Lemma 24. Fix A > Ay, where Ay is given in Lemma 13. Let &, — 0 in R as n — oo and
Uy € ./\A/;n be a solution to problem (2). Then, Jg, (uy) — cy, in R as n — oo, and there is some
sequence {)7,, }neN C RN such that i1, (-) := u, (- + $,) € L2(RN) and ltin] poomiy < C for all
n € N, for some constant C > 0. Furthermore,

i, (x) = 0as |x| - +o00 uniformlyinn € N. “7n
Proof. Note that A > A, and u, € ./\A/En. Proceeding as in the proof of Lemma 22, we know that
Je, (un) = cy, in R as n — oo. Then, we can use Lemma 21 to deduce that there is a sequence

{5’"}neN C R¥ such that i1, () := un (- + 9») — 4(-) € Xp and y, := &, 9, — Yo € M asn — oo.
For any L > 0 and 8 > 1 we introduce the function

. ~ Ag(B—1 . (a
V(i) = unquLﬂ ) e X, . where i, 1 :=min {i,, L}.

Choosing v (i1,,) as test function, we have

/ / it (x) =l (DIP ™2 (lin () = i (1) (W (il (x)) — w(ﬁ"(y)))dxdy

|x — y|Ntsp
RN RN
|l (X) = Gy D972l (x) — 0y () (W ({1 (X)) — Y (@ ()))
* / / |x — y|N+sa dxdy
RN RN
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A p—2 A N A g—2 A N
+ / V(enx + yu)litn| Pl (y)dx + / V(enx + yu)lin Ty ¥ (i) dx
RN RN

=A / g(enx + yn, W)V (ln)dx.
RN

According to the growth of g, we see that for any o > 0 there exists C, > 0 such that
lg(x, )| <olt|P~ + Cylt]% ! forall (x,1) e RV x R.

Using (V1) and taking o € (0, Vp/A), together with the above relations, we can conclude that

/ it (x) — i (9)|P ™2 @l (X) = i1 () (Y (f (x)) — w(ﬁ"(y)))dxd
=YV ’
RN RN
/ / it (x) = i (D)9 72 (Wl (%) = i (D) (Y (Gl (%)) = P (@80 (1))
+ dxdy
lx — y|N+sd
RN RN
RN

for some constant C > 0.
Let us introduce the following functions

t
(p(t)::% and T(t)::f(xp/(r))ﬁdr.
0

We first observe that i is an increasing function, thus it holds

(a—b)(W(a)—y(®) =20 foralla, beR. (49)
Then we can use (49) and the Jensen inequality to obtain that
¢'(a—b)(W(a) — (b)) = |Y(a) — Y(b)|? foralla, b eR. (50)
Obviously, we have

1. .4
Y(in) > initl ;. (51)

B

Thus, by (48), (49), (50) and (51) and using Theorem 3, we can find some constant C > 0 such
that

.\ Ap—l ~qF ~q(B—1
lini? 9, gc,sqfuz- al 7 Vax. (52)

n,
RN
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Choose 8 = % and let R > 0 large enough. Combining %, — # in X¢ as n — oo with the
Holder inequality, we can infer that there exists some constant C > 0 such that

4 4
x ES
s s

* *
af-q\ I b . N af—q \ ¥ !
/ dnil, 7 dx | <cpd / RE=43% dx + Ce / dnil, 7 dx | .

RN RN RN
Then, we choose a fixed € € (0, 1/C) and infer that

4
E3
s

* q,
af—q\ 9 . @
/ ﬁnﬁni dx < C,Bq/RqS 94, dx < 400.

RN

llsz

In the above inequality we pass to the limit as L — +oc0 and we have ii,, € L RM).

Due to 0 < iy, 1 < iy, then in (52) we pass to the limit as L — +o00 and we get

o ~qs+q(B—1
g, <cpt [ a1 ax.

RN
This fact means that
/ ﬁqudx < (Cl/qﬁ)ﬁ / ﬁZ§+q(ﬂ_1)dx
N RN

Now, we consider the sequence {},,>1 C R (m € N) which satisfies the following recursive
relation:

*

gy +qBms1 — 1) =Png; and B = qj
It follows that

Bm+1=B1"(B1 — 1) + 1,

and so

lim B, = +o0.
m—0oQ0

Let us define

1
aF (Bm—1)

e it

N
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So, we have

1
Tm+1 < (Cl/q,Bm-i-l)"3’”"'171 Ty.

Clearly, using a standard iteration argument we have

m

1 — _
T+l < H(Cl/qﬁk+1)"k+l‘1 T\ < CTy, where C is independent of m.
k=1

In the above inequality we pass to the limit as m — oo and then we conclude that |y |0 gy) <
C uniformly in n € N.
Next, let us define

Ap—1 | ~g—1 N
Kn ==V (€nX + yn) (ur': + 7 ) + g (enX + Yu, fln).
We observe that i,, fulfills the following equation:
(= A + (=A) ity =1, inRY.

By the growth hypotheses on g, Corollary 2.1 in Ambrosio & Rédulescu [9], &, — & in Xy
as n — oo and the uniformly boundedness of {ii,},_y in L®@RY) N Xy, we can infer that
ity (x) = 0in R as |x| — +oo uniformly with respect to n € N. The proof of this lemma is now
finished. O

Proof of Theorem 1 completed. Let us take § > 0 small enough such that M5 C A. We claim
that there exists &5 5 > 0 such that for any ¢ € (0, &;_,) and any solution u, € A; of problem (2),
we have

[uelLoo(Ac) < a. (53)

Otherwise, we may assume that there is a subsequence {&,},cn C R such thate,, — 0asn — oo,
ug, € N, such that J; (ug,) =0 and

lus, |Looag,) = a. (54)

Clearly, we know that Jg, (4s,) — cy, in R as n — oo, and then we can use Lemma 21 to
deduce that there is a sequence {J,,}, _y € R such that i, () := ug, (- + $») = it(-) in Xo and
EnYn —> Yo € M as n — oo.

Let r be a positive real number such that B, (yo) C Bar(yo) C A, and so B (

€n

g—o) C Ag,.

n

Additionally, for n large enough we can conclude that A C B (3,). Using (47), we see that
iy (x) = 0 as |x| = 400 uniformly in n € N. Therefore, we can find R > 0 such that in(x) <a
for any |x| > R, n € N. Consequently, u,, (x) < a for any x € B§ (Jn), n € N. Moreover, for all
n € N large enough, we obtain that

Agn C BiL (n) C B]%()A’n)
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Hence, we derive that ue, (x) < a for any x € Ag and for all n € N large enough, which contra-
dicts relation (54).

Fix ¢ € (0, &5,,), where &5, := min{és », &s,,}. It follows from Theorem 23 that problem
(2) has at least catpy, (M) nontrivial solutions for each A > A,. If u, represents one of these
solutions, we have that u, € A7'8, and then we can apply relation (53) and review the definitions
of the modified nonlinearity g to infer that u, is also a solution to problem (P; ) for each A > A,.
Thus, problem (P;) admits at least catyg; (M) nontrivial solutions for each A > A,.

Eventually, we show the behavior of the maximum points of solutions of problem (P;) for
each A > A,. Let us choose ¢, — 0 (as n — 00) and consider a sequence {u,},cN C X¢, of
solutions for problem (P;) as before. From (g;) it follows that there exists a positive constant
L < a such that

Vi
glex, 0t < ?O(tp+tq) for any x eRY, 1 €10, (55)
Proceeding as before, there exists R > 0 such that

lun] Lo (B (5,)) < t- (56)

In addition, we can extract a subsequence {u,},cny C X, (still denoted by itself) and assume
that it has

[unl oo (BR () = L- (57)

Otherwise, if relation (57) does not hold, we deduce from (56) that |uy [~ @wy < ¢. Taking into
account u, € Ny, again, (55) and recalling that K > Ag/p > 0, we get

il Wil <2 [ et und
RN

Vi
< B2 (nl? + lua1?) dix.
q BN

This fact means that ||u, | x,, =0, which is absurd. Thus, relation (57) is fulfilled. Using relations
(56) and (57), we see that if p,, is a global maximum point of u, and p, = 3, + ¢, for some g, €
Bg. Therefore, e, p, — yo € M as n — oo. This fact combined the continuity of the potential V
yields that V (¢, p,) = V(y0) = Vo in R as n — oo. This proof is now complete. O

9. The supercritical case

In the last section we study problem (S,). Since problem (S),) has a supercritical nonlinear
term, we first truncate the nonlinearity f,(u) := |u|°~2u 4 n|u|"~2u in an appropriate way. Let
b > 0 be a real number, and its value will be fixed later. Now, we introduce the following trunca-
tion function:
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0 ift <0,
fo@) =107 4! ifO<t <b,
(14 nb )71 ift >b.

It is easy to see that f}, is a continuous function and verifies the following properties:

(ff) Timy o 255 =0;

[Pl
(f3) there exists v € (¢, g7) such that

Ju ()

lt|—>+oo |tV ]

— Y

(f)) 0<OF,)(t):=6 [y fy(t)dt < f(1)t forall t > 0

(fy) the map ¢ — f”( ) is increasing for all ¢t € (0, 4+-00),

(fn) fn(t)<(l+nb’ 9y¢¢=1 for all ¢ > 0.

Next, we consider the following truncation problem:

(=AY u+ (=A)5u+ V(ex)(ulPu+ |ul??u) = fw) inRY,

T,
ueWwsPRMHNWSIRN), u>0,n>0 inRY. (T2)

The functional J; ;; : X, — R associated to problem (7)) is defined by
1 P 1 q
Jep(u) := ;||u||vg’p + 5”“”\/8,(1 — | Fy(u)dxforallu € X,.

RN

Also, we introduce the functional of the limit problem of problem (7)) as follows
|- |- Loy 1o g
Jo.n(u) := ;[u]s,p + g[u]s,q + WV ;|u|p + glulq — F,(u)dx for all u € Xg.
N

Arguing as in the proof of Theorem 1 (see also Ambrosio & Radulescu [9, Theorem 1.1]), we
infer that for each n > 0 and § > 0, there exists £(8, n) > 0 such that, for any ¢ € (0, £€(8, n)),
problem (7)) has at least caty; (M) positive solutions. If u, ;, denotes one of these solutions,
we can show that the W¥4-norm of u, , can be uniformly estimated with respect to 1 > 0. This
statement can be expressed as follows:

Lemma 25. Fix n > 0. Then there is a constant C > 0 such that, for any & > 0 small enough,

”ue,n”Vg,q <C,
where C is independent of n and e.
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Proof. By a simple examination of the proof of Theorem 1, we know that for each solution u, ;
of problem (7)) fulfills the following relation:

Je,n(”s,n) < con + en(s),

where ¢y, is the mountain pass level with respect to the functional Jo ; and e (¢) — 0 as ¢ — 0.
Decreasing £ (8, n) if necessary, we may assume that for any ¢ € (0, £(8, 1)),

Js,n(us,n) < con + 1.

On account of the fact that co 0 > co,, for all n > 0, for any € € (0, £(8, n)) we infer that

Je,n(us,n) < co,0 + 1. (58)

In addition, we have

1
-]5,7](”5,17) = Js,n(”s,n) - 5(-]5/,;7(“8,7;)7 Ms,r])

1 1 p 1 1 q
= ;_5 ”Ma,r;”‘/hp"' 5_5 ””s,n”vg’q

1
+ / [gfn(us,n)us,n - Fn(“s,n)i| dx

1 1

> <5 - 5) luenly, , (using (f3)). (59)

Combining (58) and (59), we derive that there exists some constant C > 0, independent of &
and 7, such that

luepllv,.q <C,
for any ¢ € (0, £(8, n)). The proof is now complete. O

Finally, our aim is to prove that u, , is the solution of the original problem (S,) if 1 is small
enough. For this goal, we shall develop a suitable Moser iteration technique. For simplicity, let
u =ugy and set uy :=min{u, L}. Choosing ¥ (u) := uu%(ﬂ_l) (B > 1 will be chosen later) as
the test function in problem (7)), we obtain

/f IM(X)—u(y)ll’_z(u(X)—u(y))(W(u(x))—W(u(y)))dxdy

lx — y|N+sp
RN RN
+//‘Iu(X)—u(y)lq_z(u(X)—u(y))(lﬁ(u(X))—W(u(y)))dxdy
|x — y|Ntsd

RN RN
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+ /V(ex)|u|P*2u¢(u)dx+/V(ex)|u|‘1*2u¢(u)dx
RN RN

= / Jo) g (u)dx.
RN

Then, we can argue as in the proof of relation (52) and use (f;) to conclude that

e 18, < CLBT (14 nb") / uudPVax,
RN
-1 — 0— -1
= ML < CLBT (1 b ) el a2 (60)
(using the Holder inequality, where «* = gq¥ /(g — 0 + q),

where C; is a positive constant and independent of ¢ and 7.
Now, we can deduce from Lemma 25, Theorem 3 and relation (60) that there exist C, > 0,
independent of ¢ and 7, such that

T < CopT (14 b ) ) (61)

e,
If u € L"*(]R{N) then, from the fact that u; < u and relation (61), it follows that

-1
|

) 1. < Copt (14 nb"7) Jul ... < +00 (using the assumption u” € L (RY)).  (62)

In relation (62) we pass to the limit as L — +o00 and use the Fatou’s Lemma to deduce that

1 1
lulgrp < (Co+ nCab" )0 BF |u|g,er (63)

for uf<* e LI(RM).
Set 8 = Z—i > 1. Due to u € L% (RV), relation (63) holds true for this choice of B. Via a
standard iterative step, for each 1 < m € N, we deduce that

m —1 p—k m —k
lulgs pm < (Cy + nCab’ Y Xi=147 B g2 kP gz,

= [l ooy < (Co+nCab ) Lima B gLk (64)

(letting m — oo and using Theorem 3, Lemma 25),

where C3 is a positive constant and independent of ¢ and 7.
Take

00 —1p- S B 1
bie 2C22k=1q 18 kﬂZk:ﬂcﬂ kC3 and 7= <22§§°1<1“/3"‘ _ %) por

Then, from (64) it follows that
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Jul o) < b for any n € [0, 1],

which implies that u = u, ; is a solution of problem (S,). This proof of Theorem 2 is now
complete. O
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