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Abstract: We study the following Kirchhoff equation:
- <1+bJ , |Vu|2dx)Au+ Vix)u=f(x,u), xeR.
R

A feature of this paper is that the nonlinearity f and the
potential V are indefinite, hence sign-changing. Under
some appropriate assumptions on V and f, we prove
the existence of two different solutions of the equation
via the Ekeland variational principle and the mountain
pass theorem.

Keywords: mountain pass, Ekeland variational principle,
nonlocal Kirchhoff equation

MSC® (2010). Primary: 35J60. Secondary: 35J20, 3550,
58E05

1 Introduction
In this paper we consider the following Kirchhoff equation
- (1+bJ i |Vu|2dx)Au+ Vixu=f(x,u), x cR?,  (K)
R

where b is a positive constant, the potential V' and the
nonlinearity f are allowed to be sign-changing.

Equation (K) is a modified version of the classical
Kirchhoff equation, which has a strong physical meaning.
Problem (K) is related to the stationary analogue of the
Kirchhoff equation

U — (1+bJ |qu\2dx>Axu=g(x, u) 1)
Q
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which was proposed by Kirchhoff [1]. The early classical
studies of the Kirchhoff equation were made by Bernstein
[2] and Pohozaev [3]. However, eq. (1) received great
attention only after Lions [4] proposed an abstract frame-
work for the problem.

The Kirchhoff equation is a generalization of the
d’Alembert wave equation

- &+£ ' 2dx @— X, u
h ZLJO axfg(’)

for free vibrations of the elastic string. Kirchhoff’s model
takes into account the changes in the length of the string
produced by transverse vibrations. Here, L is the length
of the string, h is the area of its cross section, E is the
Young modulus of the material, p is the mass density and
P, is the initial tension. It was pointed out in ref. [5] that
eq. (1) models various physical phenomena, where u
describes a process that depends on the average of itself.
Nonlocal effects also arise in the description of biological
systems. A parabolic version of problem (1) can be used
to describe the growth and movement of some species. In
this case, the integral term models the movement, which
is assumed to be dependent on the energy of the entire
system with the unknown u being its population density.

We focus on the Euclidean space 3-space with lack of
compactness, since the Sobolev embedding is not compact
for the whole space. A natural idea is study this equation on
the radial space. Interested reader can consult the refs
[6-11]. Recently, Wu [12] has studied this type of equations
with positive coercive potential V. Four new existence
results for nontrivial solutions and a sequence of high
energy solutions for problem (K) were obtained by using a
symmetric mountain pass theorem. Actually, coercive
potential V was introduced by Rabinowitz [13] (see also
[14]) to overcome the lack of compact Sobolev embedding.
Later, many authors [15-26] used this type of potential. Very
recently, the case when the potential V vanishes at some
points has also been considered [27-31]. We also refer to the
related papers [32-36] and the monograph [37], which deals
with variational methods for nonlocal fractional equations.

In some of the aforementioned references, the poten-
tial V is always assumed to be positive or vanishing at
infinity. The following technical Ambrosetti-Rabinowitz
condition ((AR) for short) is usually required.
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(AR) There exists p >4 such that

O<puF(x,u)suf(x,u), u=0.

The role of (AR) is to ensure the boundedness of the
Palais—Smale (PS) sequences of the energy functional,
which is crucial in applying the critical point theory.

Motivated by the works [38, 39], we consider in this
paper another case, namely that of f being superlinear,
that is, f(x,u)/u — +o0 as u — oo. Furthermore, the
potential V and the primitive of f are also allowed to be
sign-changing, which is quite different from the previous
results. Before stating our main results, we list the follow-
ing assumption on V(x).

(V1) V € C(R’,R) and inf, g V(x)> - co. Moreover,
there exists a constant do >0 such that for any M >0,

b}lim meas(x € R’ :[x-y|<do, V(x)<M) =0,

where meas (-) denotes the Lebesgue measure in R>.

Inspired by Zhang and Xu [40], we can find a con-
stant V>0 such that V(x):=V(x)+Vy>1 for all x € R?
and let f(x,u) : = f(x,u) + Vou, V(x,u) € R>xR. Then it is
easy to verify the following lemma.

Lemma 1.1: Equation (K) is equivalent to the following
problem

- (1+bJ \Vu\zdx)Au+I7(x)u=f(x, u), xeR’. (K)
R3

In what follows, we let y>4 and impose some
assumptions on f and its primitive F as follows:

(SY fe C(R*xR,R), and there exist constants cj,
¢;>0 and g € (4, 6) such that

f o, w)| <ciful® +colul? ™.

(S2) limyy e IF (z‘)")' —oo a.e. x € R? and there exist
constants ¢320, 1o 20 and 7 € (0, 2) such that

inf F(x,u)>csul"20, V(x,u) e R®xR, [u|=ro,
xeR?
where (and in the sequel) F(x,u) = [; f(x,s)ds.

(S3) F(x,u):= tuf(x,u) - F(x,u) =0, and there exist
¢, >0 and x>1 such that
IFO, u)|* <culu® F(x,u),  V(x,u) € RZxR, |u|=1,.

Now we state our main result as follows.
Theorem 1.2: Suppose that conditions (V1), (S1), (S2) and

(S3) are satisfied. Then problem (K) has at least two
different solutions.
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Remark 1.3: There are some functions not satisfying the
condition (AR). For example, the superlinear function
f(x,u)=sinxIn(1+|u|)u*> does not satisfy condition
(AR). In our theorems, F (x,u) is allowed to be sign-
changing. Even if F(x,u)>0, the assumptions (S2) and
(S3) seem to be weaker than the superlinear conditions
obtained in the aforementioned references. By straight-
forward computation we check that the following non-
linearity f satisfies (S2) and (S3):

f(x,u) = a(x)(4u* + 2u? sin u - 4u cos u)

where a € (R, R) and 0< infys a(x) < supgs a(x) <oo.

Remark 1.4: To the best of our knowledge, the condition
(V1) was first stated in ref. [41], but inf, s V(x)>0 was
required. From (V1), one can see that the potential V(x) is
allowed to be sign-changing. Therefore, the condition
(V1) is weaker than those in [15-31, 42].

Remark 1.5: It is not difficult to find the functions V
satisfying the above conditions. For example, let V(x)
be a zigzag function with respect to |x| defined by

n-1z<|x|<(2n-1)/2,

2n|x|-2n(n-1) + ao,
B (2n-1)/2<|x| <n,

-2n|x| +2n* + ao,

where n € N and aq € R.

Remark 1.6: Zhang etal. [26] studied eq. (K) with sign-
changing potential V. They obtained multiple solutions
in the case of odd nonlinearity. Here we do not need that
the nonlinearity is odd and we also get two solutions for
problem (K). Bahrouni [43] obtained infinitely many solu-
tions for eq. (K) with the potential and nonlinearity both
sign-changing. However, he studied the sublinear case
and with odd nonlinearity. Here our results can be
regarded as an extension of the results of [43, 26].

2 Preliminaries and variational
setting
Hereafter, we use the following notation:

H'(R’) denotes the usual Sobolev spaces endowed
with the standard scalar product and norm

() - |

R

ull =(uu)

3(Vu - Vv+uv)dx,
—~  D'“?(R’) denotes the completion of Cy(R?) with
respect to the norm
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I oy = |, 19

- H-= {ueHl (R3): [ (|Vul + V()] )dx<oo} is the

Sobolev space endowed with the norm
[l (R”) = JRS(IWIHV(X)IM\Z)dX

- H’ denotes the dual space of H.

—-  I5(R%), 1<5< + oo denotes a Lebesgue space with the
usual norm || ul[s = (fgs ul dx)l/s.

~  For any p>0 and for any z € R, B, (z) denotes the
ball of radius p centered at z.

— C and C; denote various positive constants, which
may vary from line to line.

- §; denote the Sobolev constant for the embedding.

- — denotes the strong convergence and — denotes
the weak convergence.

Throughout this section, we make the following assump-
tion instead of (V1):

(V2) Ve CR,R) and inf, g V(x)>0. Moreover,
there exists a constant do >0 such that for any M >0,

lim meas{x eR*:[x-y|<do, V

Jin (x)<M}=0.

Remark 2.1: Under assumptions (V2), we know by
Lemma 3.1 in [41] that the embedding HL*(R?) is compact
for s € [2,6).

Let I:H — R denote the energy functional defined by

10=3 | (19 Vou)ax

\ o @
*a <JR3 V| dx> - JRS F(x,u)dx,
for all u € H. By condition (S1), we have
|F(x,u)]| < |u| + E|u\q V(x,u) € R*xR. 3)

Consequently, similar to the discussion in [12], under
assumptions (V2) and eq. (3), the functional I is of class
C'(H,R). Moreover,

(I'(w),vy= (1+bJ]R3 |Vu|2dx> L@ Vu - Vvdx

+ J V(x)uvdx - J f(x, u)vdx.
R? R?

Hence, if u € H is a critical point of I, then u is a solution
of eq. (K’).

L. Li et al.:
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We now recall the mountain pass theorem of
Ambrosetti and Rabinowitz [44] without the Palais—Smale
condition (see also [45]). We also refer to Brezis and
Nirenberg [46] for a simple proof of this result which
uses the Ekeland variational principle in combination
with a pseudo-gradient argument.

Lemma 2.2: Let E be a real Banach space with its dual
space E*, and suppose that I € C'(E, R) satisfies

(e)} <u<n= inf I(w),

max{I(0).1 luli=p

for some yu, n, p>0 and e € E with || e || >p. Let c=n be
characterized by

- inf gua 1)
where T={y € C(|0,1],E): y(0)=0, y(1)=e} is the set of
all continuous paths joining O and e. Then there exists a
sequence {un} C E such that

I(uy) — c2nand (1+ || w, ||) || I'(un)|lpx — O, as n — oo.

This kind of sequence is usually called a Cerami
sequence. Recall that a C! functional I satisfies the Cerami
compactness condition at level ¢ ((C), condition for short)
if any sequence {u,} C H such that I(u,) — c and
(1+ || un )| I'(un)|lex — O has a convergent subsequence.

Here, we give the sketch of how to look for two
distinct critical points of the functional I. First, we con-
sider a minimization of I constrained to a neighborhood
of zero via the Ekeland variational principle (see [47, 48])
and we can find a critical point of I which achieves the
local minimum of I and the level of this local minimum is
negative (see Step 1 of the proof of Theorem 1.2). Next,
around the “zero” point, by using mountain pass theorem
(see [44]), we obtain a second critical point of I with its
positive level (see Step 2 of the proof of Theorem 1.2).
Obviously, these two critical points do not coincide since
they have different energy levels.

To prove Theorem 1.2, we cite the following auxiliary
result, see [39].

Lemma 2.3: Assume that p;, p,>1,1,g>1and Q C R>. Let
g(x, t) be a Carathéodory function on QxR satisfying

lg(x, )] <ay|t|P " 4 ay|t| PV v(x, t) € QxR,
where a;, a;=0. If u, — u in L7 (Q) nLP2(Q), and u, — u

a.e. x € Q, then for any v € L"9(Q) n LP1(Q),

lim J 180, ) g%, 1) |v|dx — 0. (5)

n—oo
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3 Proof of the main result

Lemma 3.1: Assume that the conditions (V2) and (S1)
hold. Then there exist p, n>0 such that inf{I(u):u e H

with || ullg =p} >n.

Proof: By eq. (3) and the Sobolev inequality, we have

~ C1 4 C
Fix,u)dx|< | |= Zu|?|d
J}R? (xu)x<JR34|u|+q|u\ X
_a 4, @ q 6
4Hu||4+q||u\|q (6)

C1 4 (6]
SS4Z I ullg +SqE i

for any u € H. Combining eq. (2) with eq. (6), we obtain

2
I(u) = %JR3(|Vu|2 + V) (JR |Vu|2dx>
_ 1 ~
- J Foowde > [l - J I (x, u)dx
R3 R’ (7)
>l -8y -5, 2w
2 H H q q H
-G luly -Cllullf.

2
=—|lu
Sl

Since g € (4, 6), we deduce that there exists n > 0 such that
this lemma holds if we let || u||y =p >0 be small enough.

Lemma 3.2: Assume that the conditions (V2) and (S2)
hold. Then there exists v € H with || v|g=p such that
I(v) <0, where p is given in Lemma 3.1.

Proof: By eq. (2), we have

2, b d T 1 F(x,tu)d
u|\H+Z R3|Vu| X t_4R3 (x, tu)dx.

Then, by (S2) and Fatou’s lemma we can deduce that

I(tw) [ 1 , b 5\’
fim == Jim Lt Ity + g (], Ivuax
2
_t F(x, tu)d }—hmsup{ J |Vu|2dx)
t—o0 3
2
x}<— \Vu\zdx>

— lim inf J Flx, u“dx
t—oo R3 t4u4

I(tw) 1
Tl

t4 R3

F(x, tu
<G llull - LRS lim inf (t4u4 ) o

=—-oc0ast— oo,

Thus the lemma is proved by taking v=t,u with large
enough t,. O

DE GRUYTER

Based on Lemmata 3.1 and 3.2, Lemma 2.2 implies
that there is a sequence {u,} C H such that
I(up) — c>0and(1+ || uqllg) || I'(un)||g= — 0,asn — oo.
(8)
Lemma 3.3: Assume that the conditions (V2), (S1), (52)

and (S3) hold. Then the sequence {uy} defined in eq. (8) is
bounded in H.

Proof: Arguing by contradiction, we can assume || un||g
— oo, Define v, := Clearly, || vallz=1 and || valls<

Un
[unls*
Ss || Vnllg =Ss, for 2<s<6. Observe that for large enough n,
we can get from eq. (8) and (S3) that

c+121(uy) - %(1'(14,,), )
1 1- -
-, I un ||§ + J (—f(x, Un)un — F(x, u,,))dx (9)
r\4
> J F(x, uy)dx.
]R3

In view of egs (2) and (8), we have

1 I(uy) 1 J -
=+~ | F(x,up)dx
2 T I Tt I Jo 000
b 5 )2
- vul“dx
WTun (JRJ |
I(uy) 1 J ~
s———— +——| [|F(x,uy)ldx 10
Tn 1B T T S 0 )] (10)
< lim sup[ I(n) +%J |1:"(x,un)|dx]
P T [ Tt 1 S

n—oo

i F(x,u
< lim supJ 3%&.
R n g

For O<a<b, let Qu(a,b): ={x € R :a<|u,(x)|<b}. Going
if necessary to a subsequence, we may assume that
vy — v in H. Then by Remark 2.1, we have v, — v in
L5(R%) for 2<s<6, and v, — v a.e. on R°,

We now consider the following two possible cases
concerning v.

Case 1: If v=0, then v, — 0 in L5(R%) for 2<s<6, and
Vs — 0 a.e. on R’. Hence it follows from eq. (3) and
Vpi= Huu# that

F(x,u qu
J ) J Foat)l ), o
Qu(0,70) || Un HH (0,70)

|“n|

C1 Cr 4-
2+ 2 2> J |va|?dx
4 q (0, 10)

< J [Val?dx — 0,asn — oo,
R

(1)
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By(S3), we know that x>1. Thus, if we set ¥’'=x/(x-1), . 9 . (c1 \r a- 4) lim supJ v, |4dx
4 ’ Qn(0,19) "

then 2x’ € (2,6). Hence it follows from (S3) and eq. (9) 4 s
™ [F (%, up)|
|F(x, un)| |F(x, uy)| - lirnllglf UQ . # |Vn|4dxj|
JQ (ro,o0) || Un 7 dx= JQ (ro, o0) |un| | n| dx " " B
sg+Cg—limian M‘Vn‘4dx=é+6‘8
4 n—oo Qu(ro, o0) |un|4 4

P K 1/x 1/x
< J | (X’ l;n)l dX J |vn‘2x’dx
Qn(ro, o0) |t Qu(ro, o)

lim inf[ Foounly vl

1/x 1/x n—oo 3 ‘ |
<c) U F(x, u,.)dx} “ V] dx} B, )|
0o, ) 0 (r:2) ~Co- j lim inf =S g (0] [val dx —
1x R3 N—ee ‘ |
<c)/*(c+ 1) U |vn2”’dx} —ocoasn — oo,
Qp oo
(r0,°°) (13)
1/x
<G J Va[*dx| — 0,asn — oo. which is a contradiction. Thus {uy,} is bounded in H. The
Qu(ro, o) proof is completed. O
(12)
Combini (1) with 1) h Lemma 3.4: Assume that the conditions (V2) and (S1)
old. Then any bounded sequence {u,} satisfying eq.
ombining eq. with eq. (12), we have hold. Th bounded L g ()
IF(x, uy)| i has a convergent subsequence in H.
———dx
J]R3 | un [I7
P Proof: Going if necessary to a subsequence, we may
= J de assume that u, — u in H. Then by Remark 2.1, we have
auo.r) [ Un [ Vo — v in [5(R?), for 2<s<6. Let us take r=1 in Lemma
|F(x, un)| 2.3 and combine with u, — u in L(R?) for 2<5<6, to get
+J —————dx — 0asn — oo,
Onlroee) || Un [IF

lim [f(x, un) - f(x, u)|[un —uldx — 0,asn — co.  (14)
which contradicts eq. (10). A
We observe that

Case 2: If v#0, we set A:={x¢€ R3 :2v(x)#0}. Then (I (uy) - I (w),
meas(A)>0. For a.e. x € A, we have lim,, .., [uy(X)| =oo.
Hence A C Qy(ro, o) for large enough n € N. It follows and we have
from eqs (2), 3), (8) and Fatou’s lemma that I

(uy

Up—u) — 0,asn — oo, (15)

-I'(u),up—u)= L@ f/(x)|u,,—u|2dx

)
c+o(1 I(u 1
0= tim &0y (”)4=1m72 1
we |y I o llun I e |20 un I Ut

F(x, uy)
|Vul*dx > —J dx
e |H< | w Tt }

o) )= |- [y + (140 [ |vuax
Fx ) .
vu 2dx) —J ———v,|'dx
Ln ot (7 . Ml

"(u
b[ |Vun|2dx) J Vup - V(uy —u)dx
R3 R3

b |va|2dx)j Vit V- wdc- [ o)
RrR? R’ R?

n J 19t - )~ (J |Vufdx - J 3 |Vun\2dx>

— J |F(X un)‘ |V |4dX . “ *

il [ v == | £ -]ty
b li C1 C q-4 4d S 2 b 2d Zd
Z+ Hrrll sup - Z+E|un| va|"dx 2 [fup-ully - R3|Vu| X = R3|Vun| X

— 00 n ,To
Jim inf U Foou)l, |"dx} -, v v wac [ o) - -wax
n
oo | Jo, (0,00 [Un]* (16)
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Then eq. (16) implies that
[ tn = [[7 < (T (un) =T (), un — 1)

+b<JR3 [vul'ee- JR3 \Vun|2dx) J]Ra Vu - V(up —u)dx
" Jﬂ@ [F 06 un) = (¢, )] (un — w)dx.

(17)
Define the functional h,: H — R by

hy(v)= J Vu- Vvdx, Vv € H.
R3
Obviously, h, is a linear functional on H. Furthermore,
|hu(v)| < J JIvu-vvidxs [l ullg || via,
R

which implies that h, is bounded on H. Hence h, € H".
Since u, — u in H, we have lim,,_,.. hy,(un) = hy(u), that is,

J Vu-V(u,-u)dx -0 asn — oo.
R3

Consequently, by v, — v in L5(R?), for 2<s<6 and the
boundedness of {u,}, we obtain

b(J \Vu\zdx—j \Vu,,|2dx)
RrR? R?

(18)
[ Vu-V(u,-u)dx — 0, n— +oo.
Jr?
Consequently, eqs (14), (15), (17), (18) imply that
U, — uinHasn — oo,
This completes the proof. O

Proof of Theorem 1.2: To complete the proof of the main
result, we need to consider the following two steps.

Step 1: We first show that there exists a function uy € H
such that I’(up) =0 and I(up) < 0. Let ro = 1. For any |u| =1,
from (S2), we have

F(x,uy) 2 c3|ul” > 0. (19)

By (S1), for a.e. x € R*> and O<|u|<1, there exists M >0
such that

f(x,u)u

u2

(calu® +coful” ™) u|
|2

<

<M,

lu
which implies that
Flx, u)uz - Mlul”.

Using the equality

DE GRUYTER

F(x,u) = jéf(x, tu)dt, for a.e. x € R’ and O<|u|<1, we
obtain

F(x,u)> - %M|u\2. (20)

In view of egs (19) and (20), we have for a.e. x € R and

all u € R that

~ 1
F(x,u)2 - iM|u|2 +cslul’.

Therefore we have

~ 1
F(x,t) = - EMfz\'lJIZH"CsIl/JI”- (21)
Combing eq. (2) with eq. (21), we get
2 2 B
1o =S u g + 22 (J |Vu|2dx) - J Fx, tu)dx
2 4 R R?

o bt 2 e2M
<3 |l + W <JR3 \vu\zdx> + TJR3 lu2dx

Since o € (0, 2), for small enough t we infer that I(tu) <0.
Thus we obtain

o= inf{I(u):u € B,} <0,

where p>0 is given by Lemma 3.1 and B,={uc H:
|| ullm <p}. By the Ekeland variational principle, there
exists a sequence {u,} C B, such that

1
cosI(uy)sco+ =,
n
and
1
I(w) 21(uy) - " | W= ttn]|m,

for all w € B,. Then, following the idea of [48], we can
show that {u,} is a bounded Cerami sequence of I.
Therefore, Lemma 3.4 implies that there exists a function
Up € H such that I’(up) =0 and I(ug) = ¢ <O.

Step 2: We now show that there exists a function uy € H
such that I’(uip) =0 and I(t1p) = Co > 0. By Lemmata 3.1, 3.2
and 2.2, there is a sequence {u,} € H satisfying eq. (8).
Moreover, Lemma 3.3 and 3.4 shows that this sequence
has a convergent subsequence and is bounded in H. So,
we complete the Step 2.

Therefore, combining the above two steps and
Lemma 1.1, we complete the proof of Theorem 1.2. O
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