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ABSTRACT. In this paper, we study the following coupled nonlocal system
a—2 at2
{(A)Su)\lu:u1|uau+,8u| 2 uly| 2 in RV,

42 —2
(=A)*v — Agv = palv|®v + Blu| "2 |v|"Z v in RN,

satisfying the additional conditions

/ u?dz = b? and / vidz = b3,
RN RN

where (—A)?® is the fractional Laplacian, 0 < s < 1, p1, p2 > 0, N > 2s, and
% <a< N2f25 . We are concerned with the attractive case, which corresponds
to 8 > 0. In the case of low perturbations of the coupling parameter, by using
two-dimensional linking arguments, we show that there exists 81 > 0 such that
when 0 < 8 < (1, then the system has a positive radial solution. Next, in the
case of high perturbations of the coupling parameter, we prove that there exists
B2 > 0 such that the system has a mountain-pass type solution for all 5 > (2.
These results correspond to low and high perturbations with respect to the
values of the coupling parameter 3. This paper extends and complements the
main results established in [2] for the particular case N =3, s =1, a = 2.
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1. Introduction and main results. In recent years, the normalized solutions for
various classes of Schriodinger equations or systems have been widely investigated
and there are many results, both for their particular interest from a physical point of
view and for their relevance in models arising in nonlinear optics and Bose-Einstein
condensation.

Consider the following system of coupled cubic Schrodinger equations:

—Au— \u = pu’ + puv? in R3,
—Av — \v = v + Bu?v  in R3,

satisfying the additional condition

/ u?dr = a? and / vidr = a3. (2)
R3 R?

This problem was studied by Bartsch, Jeanjean and Soave in [2, 3, 4]. In [2], they
considered the attractive case 5 > 0 and proved that for arbitrary masses a; and
parameter u;, there exists 82 > 1 > 0 such that for both 0 < 8 < 81 and 8 > (o
system (1)—(2) has a positive radial solution. In the case 0 < 8 < 1 the solution is
obtained based on a two-dimensional linking, while for the case § > (5 this solution
is of mountain pass type. For the repulsive case 5 < 0, by introducing a natural
constraint, Bartsch and Soave [3] proved the existence of positive radial symmetric
solutions of system (1)—(2). In [4], they considered the symmetric problem of system
(1)=(2) with g1 = po and a3 = ag and proved the existence of infinitely many
solutions.

Since A; and Ay are parts of the unknown, the Nehari manifold method is not
available in the framework of normalized solutions. At the same time, the classi-
cal method used to prove the boundedness of any Palais-Smale sequence for the
unconstrained problem does not work. Thus, the main difficulty in dealing with
the normalized solutions is that the existence of bounded Palais-Smale sequence
requires new arguments. However, if we find a bounded Palais-Smale sequence, ac-
cording to the compactness of the embedding H? ,(RY) < LoT2(RY), we just get
a strongly convergent subsequence in L**2(RY), but we cannot deduce the strong
convergence in L%(RY). Hence we require new arguments to overcome the lack of
compactness of the embedding H?_;(RY) — L%(RY).

Compared to the semilinear case that corresponds to the Laplace operator, the
fractional Laplacian problem is nonlocal and more challenging. This type of frac-
tional Schrédinger equations or systems is of particular interest in fractional quan-
tum mechanics for the study of particles on stochastic fields modelled by Lévy
processes. Recently, a great attention has been focused on the study of equations
or systems driven by the fractional Laplacian and with nonlinear reaction, both for
their interesting theoretical structure and their concrete applications; see [1, 7, 15]
and the references therein. This integro-differential operator arises in a quite natural
way in many different contexts, such as, the thin obstacle problem, finance, phase
transitions, anomalous diffusion, flame propagation and many others, see[18, 22]
and references therein.

For fractional Laplacian equations or systems with fixed \;, the existence and
non-degeneracy of solutions has been studied by many researchers; see, e.g., [1, 8,
11, 12, 26, 27, 28]. However, very few papers deal with the normalized solutions for
fractional Laplacian systems or equations. To the best of our knowledge, this paper



NORMALIZED SOLUTIONS FOR NONLINEAR COUPLED FRACTIONAL SYSTEMS 2655

is the first to consider the existence of normalized solutions for fractional Laplacian
systems.

The present paper is concerned with the existence of normalized solutions to the
following class of critical systems driven by the fractional Laplace operator:

(A u— Ay = gy |ul*u + Blul T ulp] T in RV, )
(—A)0 — Av = pio|v|®v + Blu|“F v *T°v  in RV,

satisfying the additional condition

/ u? = b3 and v? = b3, (4)
RN RN

2N .
~ 3 is the

where (—A)?® is the fractional Laplacian, 0 < s < 1, p1, pe >0, 2% =
fractional critical Sobolev exponent, N > 2s, 2 < a+ 2 < 2.

One refers to this type of solutions as to normalized solutions, since conditions
(4) impose a normalization on the L?-masses of u and v. This fact implies that \;
and Ay cannot be determined a priori, but are part of the unknown.

Our purpose is to establish the existence of normalized solutions of problem
(3)—(4) under suitable conditions on the coupling parameter S.

The fractional Laplacian (—A)® is defined by

(—A)’u(x) = C(N,s)P.V. / Mdy, reRY

with a suitable positive normalizing constant C'(NV, s).

From the mathematical point of view, problem (3)-(4) is nonlocal since the
appearance of the operator (—A)*® indicates that equations describing (3) are not
pointwise identities. This kind of problem has been paid much attention after the
pioneering work of Lions [17], in which an abstract functional analysis framework
was introduced. Nowadays, since physicists are interested in normalized solutions,
mathematical researchers began to focus on solutions having a prescribed L?-norm,
that is, solutions which satisfy ||u||3 = ¢ for a priori given c. To the best of our
knowledge, the study of solutions with prescribed norm was initiated by Jeanjean
[16] in the framework of semilinear elliptic equations. We also refer to Bartsch,
Zhong and Zou [5], Bellazzini, Jeanjean and Luo [6] and Cingolani and Jeanjean [10]
(for normalized solutions of the Schrédinger-Poisson system), and Chen, Riadulescu
and Tang [9] (for normalized solutions of nonautonomous Kirchhoff problems).

Let D,(R™) be Hilbert space obtained as the completion of C2°(RY) equipped

with the norm
N s u(y)[?
2 _
”uHDS(RN = /]RN /]RN |y_$|N+23 T Nias drdy.

The energy functional associated with problem (3)—(4) is given by

1 1 o o a2 at2
Tuw) = 0l = g [ Gnlol™*? + alol™*2 + 28008 0] 5o

a+2

on the constraint Ty, X T,, where for b € R we define

Ty := {uEDS(RN):/RNquz}.

We set D := Dy(RY) x Dy(RY), which is endowed with the norm ||(u,v)||2, =
Jull2, v, + 013, o
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Our first result is concerned with the case of low perturbations of the coupling
parameter.

Theorem 1.1. Let by, b, 1, o > 0 be fized and define 51 > 0 by

2Na—4s(a+2) _ _ 4s 2Na—4s(a+2) _ _ 4s
Na—4s Na—4s Na—4s Na—4s
max § by Hq by Hao (5)
2Na—4s(a+2) 2Na—4s(a+2)

___4s e ___4s
:bl Na—4s (u1+51) Nﬂ*45+bz Na—4 (M2+61) Na—14s |

If 0 < B < B1, then system (3)—(4) has a solution (Xl,XQ, w,v) such that Xth <0
and u and v are both positive and radial.

In order to state our next main result, we define
V i={(u,v) € Ty, x Ty, : G(u,,v) = 0}, (6)

where
Na

G(u,v) = [(u,0)|p - 2s(a+ 2)

at2 at2
/ (u1|u|“+2+uz|v|"+2+25IUI > ol 2 )dx'
RN

By Pohozaev’s identity, we know that V' contains all solutions of system (3)—(4).
To obtain ground state solutions of system (3)—(4), we define

Ro(u1,0) 0
e
_aN —4s <25(a + 2)) AN (|IUH2D3(RN) + [[v] 2D§(]RN)>
- 2N N a2 a N
. “ (fRN (Mluo‘+2 + vt 4+ QBU%U%) dm) e

(8)

Our second main result of this paper deals with high perturbations of the coupling
parameter.

Theorem 1.2. Let by, b, 1, to > 0 be fized and B > 0 be fized by
(b3 +b3) ¥

4s
at? at2\ Na-ds
42 42
(b2 + ot ™2 + 250, % b, )
2Na—4s(a+2) 4s 2Na—4s(a+2) As
_ : Na—4s Na—4s Na—4s Na—4s
=min{ b; 1y , by 5 .

If B > P2, then system (3)—(4) has a solution (Xl,XQ,a, v) such that Xl,XQ <0
and  and U are both positive and radial. Moreover, (A1, A2, u,V) is a ground state
solution in the sense that

J(w,v) = inf{J(u,v) : (u,v) € V} =

Ry (u,v)

inf
(u,v)€(u,v)ETh; XThy

= inf{J(u,v) : (u,v) is a solution of (3) — (4) for some A1, A2}.

Remark 1. For the special case N = 3, s = 1, a = 2, the results in this paper are
the same as those in [2]. In fact, we use in this paper some ideas introduced by
Bartsch et al. in [2], where they considered the coupled cubic semilinear Schrodinger
system on R3. Here, we would like to point out that the assumption 4—1\? <a< NQfZS
is an essential condition in the present paper.
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Finally, let us sketch the proof of Theorems 1.1-1.2. The solution in Theorem
1.1 is obtained by two-dimensional linking arguments. It is well known that the
Sobolev embedding H*(RY) < LP(R¥) is not compact for 2 < p < 2*. Hence, the
associated functional of problem (3)—(4) does not satisfy the Palais-Smale condition.
In order to overcome the lack of compactness, we first set our working space in
H:(RN) x H(RY), where

HE(RN) = {p € H*(RY) : ¢ is radial }

and H?(RY) is endowed with the H*(R") topology, that is, el s @mny = 1ol s @ny-
Then we search for solutions of (3)—(4) as critical points of .J constrained on S, X Sp,,

where S; is defined by
Sy := {w € H:(RN): / w? = bQ}.
RN

Eventually, by Palais’ principle of symmetric criticality [23, Theorem 1.28], we know
that the solutions for of (3)—(4) for J on Sy, X Sp, are also the critical points of
J on Ty, x Tp,. To this end, we first define a minimax class and show that the
energy functional has a minimax structure, then we apply the minimax principle
(see Theorem 2.2) to J on I' and hence we are able to obtain a Palais-Smale sequence
for J on Sy, x Sp,. However, the boundedness of the Palais-Smale sequence will
be still unknown. Furthermore, in order to overcome the lack of compactness for
H: (RY) — L%(RY), we need a Liouville-type result, which can be found in [13].
The solution in Theorem 1.2 is a mountain pass solution of J constrained to Tp, x T4,
and the main novelty is to introduce a suitable minimax class so that we can use
the mountain pass lemma.

The paper is organized as follows. In Section 2, we introduce some preliminaries
that will be used to prove theorems. In Section 3, we prove Theorem 1.1. Finally,
Theorem 1.2 will be proved in Section 4.

2. Preliminaries. We first list some well-known results, which will be used to
prove Theorem 1.1. To this end, we first give the following definition.

Definition 2.1. (see [14, Definition 3.1]) Let B be a closed subset of X. We shall say
that a class F of compact subsets of X is a homotopy-stable family with boundary
B provided

(a) every set in F contains B.

(b) for any set A in F and any n € ([0,1] x X; X) satisfying 7(t,x) = = for all

(t,z) € (0 x X)U([0,1] x B), we have n(1 x A) € F.

Theorem 2.2. (see [14, Theorem 3.2]) Let ¢ be a C' function on a complete
connected C*-Finsler manifold X (without boundary) and consider a homotopy-

stable family F of compact subsets of X with a closed boundary B. Set ¢ = ¢(p, F) =

inf d that
nf max o(z) and suppose tha

sup ¢(B) < c.
Then, for any sequence of sets (An)n tn F such that limsup ¢ = ¢, there exists a
sequence (xn)n in X such that (i) ime(z,) = ¢ (#)lim Hdgp(xn)H =0
(1i)lim dist(zy, 4, ) = 0.

Moreover, if dy is uniformly continuous, then x,, can be chosen to be in A,, for
each n.
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In order to apply Theorem 2.2, we consider the following auxiliary problem
(—AYw 4w = |w|*w in RV,
w>0 in RV, (10)
w(0) = maxw and w € Ds(RY).
This problem has a unique positive ground state solution, denoted by wq, which is

radial; see [11] for the one-dimensional case and [12] for N > 2.
Set

Co ::/ widz and O ::/ w§ 2 da. (11)
RN RN

1

We observe that wy , = (=A) = p~ s wo((—=A) 2= ), with A < 0, is a solution of the
problem

(—A)Yw — Aw = plw|*w in RV,
w>0 in RV, (12)
w(0) = maxw and [ w? = b7

When A appears as a Lagrange multiplier, the solution of (12) can be found as a

critical point of the following energy functional associated with (12):

1 2 a
Iﬂ(w) = §Hw\|2DS(RN) - m /IZQN |w| +2d.T.

Define the set

Nap
i . 2 _ a+2
P(b,p) := {w €Ty : |[w|[p, mry) = 25(a+2) /RN |wl dx} . (13)

The following auxiliary result shows the role of P(b, u).

Lemma 2.3. If w is a solution of (12), then w € P(b,u) and the positive solution
w of problem (12) minimizes I, on P(b, ).

Proof. From [12], we find that the Pohozaev identity for (12) is

N —2s 2 N 2, N a+2
5 lwl[p, @y — )\5 /]RN widr = a1 2 Jon plw|“TEd. (14)
Since w is a solution of (12), we have
[ )\/ wld = / lw|*2da. (15)
RN RN

Combining (14) with (15), we obtain

aNpu a
lollb, e = g agy . ol

(a+2)
Thus w € P(b, i). By similar arguments as in Lemma 2.10 in [16], we can deduce
the last assertion, so we omit the details. O

Lemma 2.4. The unique positive solution of problem (12) is (Ap 4, wp,p), where

) <<CO>31>M
="\ |l73) =
b2 i
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B CO 2s 1 Na—4s C() 5 1 Na—4s
Wb7u(.r) = biz /,LiN wWo biz ; X

and the function wy ,(x) satisfies

and

2s(a+2)—Na

2 _ alN Oo Na-—ds Y
ws,pul D, mvy = 2512 ( po Ne—is O (16)

2
o 2s(a+2)—Na
at2 B 0 Na—4s _%
/RN wy e = (b2> p Na=1s O, (17)
N 4 C 2s(a+2)—Na
alN —4s 0 Na—ds ___4s
6(b, ) o= Ty (wy ) = Is(at2) <b2) po Vet O (18)

Proof. Tt is easy to check that (Ap,, ws ) is the unique positive solution of (12),
where wy is a solution of (10). By the explicit expression of wy , and change of
variables, we have

2s(a+2)—Na

Na—ds
/ wl’;‘+2dx = <Cb> wo Nols Ci.

I b2
Note that [on [(=A)3wpu|*de = [|wpull}, gy Similarly, we can get (16) and
(18). O
When p = (%) %, then w, (% )% is the unique positive solution of the problem
16~3
(=A)'w+w= (%)% |w]*w in RV,
w >0 in RV,

w(0) = maxw and [5y w? = b7,

(=3
2

).

By Lemma 2.3, we know that w, (%) is a minimizer of Ib (%)% on P(b, (%)

0 ) 2 0
B2 b2
Define

alN
4 aN—15
_ N ||l 3
Ry(w) = aN —4s <25(a+2)> N-1% ( ( DS(]RN)>
(

200N N a T
° 6)7 o wri2ds)
Our next result establishes that this level can also be characterized as an infimum
of Rb (w)
Lemma 2.5. We have

inf Ib o
’P(b,(%)i) ’(b

=)

)% (w) = 1%1bf Rp(w).

|

N3}

Proof. Since w € P(b, (£2)

2 ___aN @ : a+2
[lwllp, @~y = 2s(a+2) /RN (b2) W dr.

), it follows that
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This shows that

ol e, o
)t I o 0= (5 - 2 ) el v
alN Co\2 ,,« b,($9)2 9 N J(RN)
WIRN (58)7 wot2de (%) a
Therefore

4s
aN—4s

Loy el %, vy
(o g (w) = ( — ) ||w||DS(]RN) o Co\2 .0
(5%) 2 aN wtarey Jov (§8) 7 wot?de

Thus, the above equality implies that

inf I .
ro(g)h

=)

)%<w) > inf Ry (w).

[N}
o
)

Next, we need to show that ~ inf I (%)% (w) < inf Ry (w). For this purpose,
Po.(5) %) T o
we define
(t*w)(z) = e P wle'z) and Uy (t) = L, (t *w), (19)
hence
W (1) = Ly(t %) = ool oy — e 8 / pwt2dr. (20)
v 2 SBY) o 42 RN

It is easy to check
Rp(t xw) = Rp(w) for all t € R, w € Ty.

By (20), we know that ¥,,(¢) has a unique ¢}, € R such that ¢} xw € P(b, (%) %)
and ¢ satisfies
2s(a+ Q)HU’H%S(RN)
Na ()7 fow w2
Moreover, t% is the unique critical point of ¥, (t), which is a strict maximum.
Consequently,

Rp(w) = Rp(t;, xw) = I

(= ey e
hence
P(b,(h%—zi)%)lb’(%)% (w) < 1%15731)(10)
The proof is now complete. O

Consider the following fractional Gagliardo-Nirenberg-Sobolev inequality (see[12])

/RN |w|°‘+2dgc < Copt (/RN |(—A)§w|2dx> ’ (/RN w|2dx) ’ , (21)

for all w € H*(RY), where « is a positive number and Copt > 0 denotes the optimal
constant depending only on o, N and s. In particular, the optimal constant Cop¢
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is defined as follows

) 2s(a+2)—Na )
1 . (fRN |w dm) No—4s (||’U}HDS(]RN)>

— = in -
(Copt)iaz?%s weD, (RN )\ {0} (Jour |w]o+2dr) ey

alN
aN—4s
b2 2s(a+2)—Na (| |w| |2Dg (]RN))

alN
aN—4s

= lnf( Na—4s =
Ty (f]RN |w|‘¥+2dx) Na—4s
4s
2N alN aN—4s _4s _  45(at1)—2Na
= CaN—4is. fR )
aN —4s <2s(a + 2)) 0 ™, ()

3. Proof of Theorem 1.1. In this section, we prove Theorem 1.1, which is based
on a two-dimensional linking argument. As mentioned earlier, we will only work
in the radial function space. We search for solutions of problem (3)—(4) as critical
points of J constrained on Sy, X Sp,, where Sy is defined by

Sp = {w € H:(RV) :/ w? = bQ}.
RN

Nt
2

Let us recall that (txw)(z) = e
property.

w(e'z) in (19). We have the following auxiliary

Lemma 3.1. For every >0 and w € Ds(RY), there holds

I,(txw) = ﬁ”w\ﬁ Ny — — ™ w2 dz
r 2 Ds(®Y) o 42 RN ’
0 9 9 Napg  Nat 9
Elu(t*'lU) = Se StHwHDS(RN) — me 2 /RN wa+ d.’l;
In particular, if w = wq,,, then
5 >0 if t<O0,
alu(t*wa,#) =0 if t=0,
<0 if t>0.

Proof. By the definition of ¢ x w and a change of variables, it is easy to obtain the
two identities. Since

N (Na—4s)t
a*w>=e%tﬂum%mW)—a”)e”24ﬂ4Nwa“¢4,

—1
ot 2(a+2

we have

>0 i t<tr,
9 .
alﬁt(t*wa:ld«) isd =0 if t:t*v

<0 if t>t,
where t* satisfies
tacin _ 250+ Dol g,
Nog fRN wet2de

By Lemma 2.3, when w = w, ,, we have e(NQ;“)t* =1, thus t* = 0. O
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Lemma 3.2. Let 81 = B1(b1,ba, p1, p2) is defined by (5). Then for all 0 < 8 < 5
is defined by (5), we have
inf{J(u,v) : (u,v) € P(by,p1 + B) x P(ba, u2 + 8)} > max{l(b1, p1), (b2, pu2)},
where (b;, p;) is defined by (18).
Proof. By Young’s inequality, for (u,v) € P(by, u1 + 5) x P(be, p2 + 8), we have
1

1 at2 at?2
Iw0) =gl ol - = [ (mful™*2 + ool 2 4+ 28Ju] *F 0] "5 ) o

1 at2 at2
= T (W) + 1 (0) = g [ 280 S ol

B o o
> Iy () + 1, (v) — at2 Jox (Ju]**? + [0|**?) da

= +1 > inf 1 u) + inf 1 v
N1+5(u) #2+ﬁ(v) 7u€73(ll)11,1,u1+6) #1+f3( ) wEP (baspia+B) #2+ﬁ( )

= L(b1, p1 + B) + £(ba, p2 + B).
Thus, we need to show that

max{l(by, pu1), (b2, p2)} < L(b1, p1 + B) + £(b2, p2 + B).

By Lemma 2.4, we have
2Na—4s(a+2) _ 4s 2Na—4s(a+2) _ 4s
max {bl Na—4s ’ul Na—4s , b2 Na—4s M2 Na—4s }
2Na—4s(a+2) is 2Na—4s(a+2) ue
< b1 Na—4s (M] +ﬁ)—m + b2 Na—4s (MQ +ﬂ)—m’
since 0 < 8 < (1. It follows that
inf{J(u,v) : (u,v) € P(b1, 1 + B) x P(ba, po + B)} > max{€(b, j11), (b2, p12) }-

The proof is now complete. O

dxr

Now we fix 0 < § < 81 = B1(b1, b2, 11, p2) and choose € > 0 such that
inf{J(u,v) : (u,v) € P(by, 1 + B) x P(ba, po + B)} > max{l(by, 1), €(ba, u2)} + €.

(22)
Define
W1 = Woy,pn+85 W2 = Why,us+4 (23)
and
0i(t) =1, (txw;), ¥i(t) = %Iuﬁg(t*wi) for i =1,2. (24)

By Lemma 3.1, it is easy to get the following property.

Lemma 3.3. Fori = 1,2 there exists p; < 0 and R; > 0 such that
(1) 0 < wi(pi) <e and p;(R;) < 0.
(13) i(t) > 0 for any t <0 and ;(t) <0 for any t > 0. In particular, ¥;(p;) >0
and ¥;(R;) > 0.

Let Q = [p1, R1] x [p2, R»] and let
")/0(]{31,]{52) = (kl * Wi, kz *wg) S Sb1 X Sb2 A4 (kl,kg) S @
Define the minimax class

I':={y€C(Q,Sp x Sp,):7 =10 on dQ}.
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From Lemma 3.2 it follows that if we want to apply Theorem 2.2, we need to prove
the following technical lemmas.

Lemma 3.4. There holds

s(;g) J(v0) < max{l(by, pu1),£(ba, pi2)} + €.

Proof. Since 8 > 0, for every (u,v) € Sp, X Sp,, we have

1 a+2 a+2

2Bul = o[ 2 dw < 1y (u) + Ly (v).(25)

T0) = Ty () + L0 = 5 |
Therefore, by (25) and Lemma 3.3, we infer that

J(kl * Wi, P2 *’wg) < IHl (kjl *wl) + qu(pg *’LUQ) < Iul(kl *wl) +e€ (26)
<suply,, (txwi) +e. (27)
teR

Next, we estimate sup I, (t x w1), by Lemma 2.4, we obtain
teR

(Nsa S) 4% N ,LL
Wo;,py = t* Ww; for e = 2 e = D.(RY) == .

Na fRN uiwf‘+2dz i
Since
t * (to *xw) = (t1 + t2) x w,
we have
i‘éﬂgl“l(t*wl):fgﬂgl“l(t*wbh”l)' (28)

By Lemma 3.1, we know that the supremum of sup I, (t * wy, ,,) is achieved for
teR
t = 0. It follows that

J (k1 % w1, pa * wsy) < Suﬂlgfm(t*wbl,m) +e=L(br,p1) +e€, Vki€lp,Ra]. (29)
te

Similarly,

J(p1 * w1, ko *xwy) < suﬂg[uz(t*wbzym) +e=40(bg, u2) + €, V ko € [p2,Ra]. (30)
te

By (28) and Lemma 3.3, we have
J(k1xwi, Ry xwo) < I, (k1 xwy) + I, (Ra * wa) (31)
< Suﬂlglul(t*wblvﬂl) ={l(bi, 1), Y k1 € [p1, R1).
te

Similarly,
J(Rl*’wl,kg*’U)Q) SI,ul(Rl *w1)+Iﬂ2(k2*w2) (32)
< Suﬂg Iﬂz (t * wbz,uz) = ﬁ(b27 MZ); V ko € [p27 RQ]‘
te
By (29)—(32), we complete the proof. O

Lemma 3.5. For every v € I', there exists (k1,,k2~) € Q such that
Y(k1,y,k2,y) € P(b1, p1 + B) x P(ba, po + 5)}.
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Proof. For v € T, v(k1,k2) = (y1(k1, k2),v2(k1, k2)) € Sp, X Sp,, define

0 0
Fy (k1 ko) := (mluﬁ-ﬁ(t*’Yl(kl7k2))|t—0a afuﬁﬁ(t*w(kh/@)) |t—0) .
‘We have

0
a-’uﬁﬁ(t * i (K1, k2))|e=0

Nsa(u; + 58) Nsat
_ 2st 2 +2
= (se [7i (k1 k)l D, rvy — 2+ e /R ik, k2)dx |t:0

Nsa(pi + B)

_ i 2 _ a+2

= slhlha. ko), vy = o b [ 2 ke

Thus, F,(ki, ko) = 0 if and only if y(kq, k2) € P(b1, 1 + B) x P(ba, 2 + B).

Since v = 7 on 9Q and
Nsa(py + ) Neaky o2
F’yg(klakZ) (86 S(RN) — W@ /RN wq d(E,

Nsa + Noaky
562Sk2|‘w2||%5(RN) _ (/1'2 ﬂ) /RN 2+2d$)

2(a+2)
= (Y1(k1), ¥a(k2)) -
By the definition of ¢; in (24) and direct computation, we have

deg(F’WQv(O’O)):deg( 'YO7Q ( )

Thus, according to the properties of the topological degree, there exists (k1 4, k2~) €
Q@ such that

Ey (15, k2.y) = (0,0).
The proof is now complete. O

Remark 2. By Lemmas 3.4 and 3.5, we can apply the minimax principle (see
Theorem 2.2) to J on I' and we obtain a Palais-Smale sequence for J on Sp, X
Sp,. However, the boundedness of the Palais-Smale sequence is unknown. For this
purpose, we will use some ideas found in [16].

Lemma 3.6. There exists a Palais-Smale sequence (un,vy,) for J on Sy, X Sp, at

the level

.= inf J(y(ky, ko)) > £(b1, 1), £(ba,
c erelr(klr)r]lin (v(k1, ko)) > max{€(b1, 1), (b2, p12) }

and satisfying

||U7LH2DS(]RN) + ||Un||%)s(RN) (33)

Na

at2 at2
Zm/ (sl - a2 2 un 5 o] 57 ) -+ (1),

where o(1) = 0 as n — +oo.
Proof. Define
J(s,u,v) = J(s*u, s *xv), ¥V (s,u,v) €R xSy, XSp,,

Yo(k1,k2) := (0,70(k1, k2)) = (0, k1 x wi, ko x wa),
and B
I''={7€C(Q,R xSy, xSp,):7="p on 0Q}.
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To use the minimax principle (Theorem 2.2) for the function .J with the minimax
class I', we define

¢:=inf max J(Y(k1,k2)).
ST (k1 k) €Q (Y, k2))
Since J (o) = J(70) on 9Q, we know by Lemmas 3.4 and 3.5 that if we show that
¢ = ¢, then the hypotheses of [ the minimax principle (Theorem 2.2) will be satisfied.
On the one hand, since I' C I", we have ¢ < ¢. But

Yk, k2) = (s(k1, k2), v1 (K1, k2), va k1, k2))
for any 5 € I and (k1, k2) € Q. So

j(ﬁ(kh kg)) = J(S(kl, k2) *’yl(kl, k2)7 S(k‘l, kz) *’}/2(]{1, kz)),
= J(0, s(ky, ko) *y1 (k1 ko), s(ky, ko) * 2 (i, ko))

and (s(k1, k2) 71 (k1, k2), s(k1, ko) xy2(k1, k2)) € T'. Thus, ¢ = ¢. Since J(s,u,v) =
J(s, |ul,|v]), by the minimax principle (Theorem 2.2), we can choose the minimizing
sequence Wn = (sna Y1,n5 ’72,11) for EsatiSfying Sn = 07 ’yl,n(kla k2) > 0 a’YQ,n(kla kZ) >
0 a.e. in RY for every (ki,k2) € Q.

In conclusion, by the minimax principle (Theorem 2.2), there exists a Palais-
Smale sequence (S, Uy, Up,) for J on R x Sp, X Sp, at level ¢, and such that

i[5 + dist(@n, ), 7 (Q)) = 0. (34)

In order to obtain a Palais-Smale sequence for J at level ¢ satisfying (33), we can
argue as in Lemma 2.4 of [16] with minor changes. The fact that u;,, v, — 0 a.e in
RN as n — oo comes from (34). The proof is now complete. O

It is well known that the embedding H*(RY) < L2(RY) is not compact. To
overcome the lack of such compactness, we need following Liouville-type property.

Lemma 3.7. (see [13, Theorem 1.3]) Let w be a nonnegative solution of the frac-
tional inequality
(—=A)*w > woTt in RV,

Ifo<a< N2—st and N > 2s, then w = 0.

By Lemma 3.6, we obtain a Palais-Smale sequence (uy, vy,) for J at level ¢ sat-
isfying (33). Next, we show the (uy,,v,) is bounded.

Lemma 3.8. The Palais-Smale sequence (uy,vy,) for J at level ¢ is bounded in
H* (RN, R?). Furthermore, there exists C > 0 such that

[l %S(RN) + [|vn| %S(Rw) > C for all n.

Proof. By (33), it is easy to obtain
Na —4s
2Na (”“"'

where o(1) — 0 as n — 4o00. Therefore, the Palais-Smale sequence (u,,, v, ) for J at
level ¢ is bounded in H*(R™,R?) and there exists C' > 0 such that

J (U, vp) =

D@yt llon %S(RN)) —c¢>0,

[[ua] 2DS(1RN) + HUHH%S(RN) > C for all n.

The proof is now complete. O
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By Lemma 3.8, (un,v,), up to a subsequence, (up,v,) — (u,v) weakly in
H*(RY). By the compact embedding of HS ,(RY) < L*T2(R"), we have (uy,v,,) —
(u,v) strongly in L*T2(RY). Note that H? ,(RY) — L*(R") is not a compact em-
bedding. So, we cannot conclude that (u,v) € Sp, X Sp,.

Since dJ|Sb1 xSy, — 0, then there exist two sequences of real numbers (A1) and

(A2,n) such that

() (00 = [ Mttt Na i) (3)

X
(

a—2 a+2 a+2 a—2
/N Blunl = unplon| 2" + Blun| 2" va| = vpp)de = o(1) || (p, P)],
R

M1 |un‘aun§0 + ,U/2|1}n|a7]n’lb+)d$

where

1 = ) [ ) bl Ol0) — o)

|z —y| N+
for every (p,1) € H*(RN,R?), with o(1) — 0 as n — +oc.

Lemma 3.9. Both sequences (A1 ) and (A2,,) are bounded and at least one of them
is convergent, up to a subsequence, to a strictly negative value.

Proof. By (35), we deduce that

a2 a2
)‘17nb% = HunH2DS(RN) - /N(U1|Un|a+2 + Blun| 2 |va| 2 dz — o(1),
R

a+2 a+2
)\2,’”()% = ||UT7IH2D3(]RN) _/ (,U,2|'Un|01+2 =+ B|Un| 2 I’Un| 2 dr — 0(1)7
RN

with o(1) — 0 as n — +o0. Since (uy,v,) is bounded in H*(RY) and LY2(RY),
then (A1 ,,) and (A2 ,) are bounded sequences. By (33) and Lemma 3.8, we have

Al,nb% + >\2,nb§ = ||un|

2
DS(RN)

a+2 a+2
_/N(“l‘un‘a+2"’.U2|Un|a+2+2ﬂ|un‘ 2 |u,| 2 dz —o(1)
R

Do)+ llon]

Na —2s(a+2)
= N—a(”u”| 2DS(RN) + ”vn”?DS(RN))
< Na725(04+2)5
- Na
for every n large enough. Note that the last inequality holds because of the fact
that 4—1\‘; <a< N2_S23. Thus, at least one of the two limits is strictly negative. O

Let us consider the convergent subsequences A1, — A1 € R and Ay ,, = Ay € R.
Then we obtain the following crucial lemma to deal with the lack of the compact
embedding of H*(RY) < L2(RYN).

Lemma 3.10. If A\; < 0 (or A < 0) then u,, — u (or v, — 0) strongly in H*(RY).
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Proof. Since u,, is bounded in H*(RY), then u,, — u weakly in H*(R") and strongly
in Lo*2(RY). By (35), we have

o(1) = (dJ (un,vs) — dJ (@, 0))[(un — w,0)] — /\1/ (u,, — w)*dx

RN
=l = T amy = Ao [ (= 0+ 0(1)
RN

with o(1) — 0 as n — +oo. Since A; < 0, we obtain that u, — @ strongly in
H*(RY). Similarly, we can prove that if Ay < 0, then v,, — ¥ strongly in H*(RY).
O

3.1. Proof of Theorem 1.1 completed. Since (u,,v,) is bounded in H*(RY R?),
then (u,,v,) — (4,v) weakly in H*(R™). So (%,) is a solution of (3).

Next, we show that (w,v) satisfies (4). Without loss of generality, we assume
that A\; < 0, then by Lemma 3.10, u,, — @ strongly in H*(RY). If Ay < 0, then
v, — 0 strongly in H*(RY), which completes the proof of Theorem 1.1. Assume
by contradiction that Ay > 0, and v,, — ¥ not strongly in H*(RY). Since u,v >
0 in R, we have

(=A% = AT + p2[0]°T + Bl ™ 3] " & > pol9]*T" in RN,
By Lemma 3.7, v = 0, which implies that u solves
(—A)Sﬂ — )\1& = m\maﬂ in RN,
u>0 in RY,
f]RN |ﬂ|2 = by,
so u € P(by,p1) and I, (w) = £(b1, p1). By (33), we have

c= lim J(uy,vy)

n—oo
No — 4s

_ . a+2 a+2 2 a+2 LH)d
Jim S (bl a2 28] o ) o
Na —4s
= lim ——— ul*t?dr = 1, (u) = £(b
A e /RN paful e = Iy, (W) = €(b1, i),
which contradicts Lemma 3.6. The proof is now complete. O

4. Proof of Theorem 1.2. The proof of Theorem 1.2 is based on a mountain pass
argument. For any (u,v) € Sp, X Sp,, we consider the function

J(t * (u,v))
et 2 e’ a+2 a+2 at2, o ad2
= Gl oy — g [l o]+ 4 280 o),

where ¢ * (u,v) = (t xu,t xv) and t x u is defined in (19). We observe that if
(u,v) € Sp, X Sp,, then tx (u,v) € Sp, X Sp,. By the definition of ¢ x u, it is easy to
prove the following lemma.

Lemma 4.1. Let (u,v) € Sp, X Sp,. Then

. 2 2 _
im [l ul b, gy + 1501, v | =0,

: 2 2 _
Jim ([l xuld, gy + £ 0l3, @) | = +oc,
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and
. _ + . _
tilznoo J(t* (u,v)) =07, tlggo J(t* (u,v)) = —oo0.

Next, we construct the mountain pass structure of the problem.

Lemma 4.2. There exists K > 0 sufficiently small such that for all the sets

A= {(u,v)GSbIXSbQ:( )<K}

5= {(0,0) € 810 xS0, (el ey + ol o) = 26}
there hold

and

J(u,v) >0 on A and sup J(u,v) < i%f J(u,v).
A
Proof. By the fractional Gagliardo-Nirenberg-Sobolev inequality (21), we have

[ (il s+ ol 2610 o ) d
RN

Na
4s

< C/RN (Jul**? + v][*+?) da < C (HUHQDS(RN) + I\UII%S(RN)>

for every (u,v) € Sp, X Sp,, where C > 0 depends on p1, 2, 8,b1,bs. If (u1,v1) € B
and (uz,v2) € A, we have

J(ul,vl) - J(UQ,UQ)

> 2 [(lnll, oy +1lonl B sy ) — (||u2||%S<RN) + ozl v )|

1 a
-5 L (ol il 92 42800 ] ) o
2B et
2 o+ 2 4
provided that K > 0 is small enough. Furthermore, we also have
J(UQ, UQ) (36)
1 C £
22( RN)+||U2||D (RN))*m( 25 ) 25 )) >0
(37)
for every (usg,vs) € A. The proof is now complete. O

In order to use the mountain pass lemma, we need to introduce a suitable mini-
max class. We recall wy, ,, defined in Lemma, 2.4. Set

C = {(u,v) € Sy, X Sy, : (

)) > 3K and J(u,v) < 0}
(38)
By Lemma 4.1, there exist t; < 0 and ¢5 > 0 such that

= (ﬂl,ﬁl) S A,
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2 32
b1 b3

to % wbl <@>%,wb2 (c(,)% = (ug,0q) € C.
Finally, we define

(39)

By Lemma 4.2, we can use the mountain pass lemma to J on the minimax class

I:= {7 € C([0,1],Sp, X Sp,) : ¥(0) = (w1,71) and v(1) = (ug,vg)}.
I" to get a Palais-Smale sequence.

To conquer the difficulty from the lack of compactness of the embedding H,(RY) —
L*(RY), we establish the following property.

Lemma 4.3. If § > B2, then
sup J

tx | w
teR b17(co

$W N\ % < min {£(by, 1), (b2, p2) }
#)° (%)
where By is defined by (9).

Proof. By the expression of w
bi»(

N in Lemma 2.4 and change of variables, we
0
#)
obtain
at2 a+2
2 2
txw 2 txw g dx (40)
felomgeyr) ey

Cc? Nari C C
No—4s .
N(a+2)t —N(a+2) ~N(a+2)
—¢ ot®) (202> (720)% Na—4s (70)% N
bibs by

45 a+2¢ t d
” /]RN wg e (e'x)dx
a+2
" b§b§)4
=€ 2 — Cl.
(e

By Lemma 2.4 and direct calculation, we have

aN b?
t o 2 _ 25t710
Iew, (oo = G
1

(41)

alN b2
t*w o 2 :762“720,
1 () e T w6

[N

a+2 a2
Nat b% k3
txw de=e2 [ —= Cy,
RN b17<@>

C
b2 0
a+2 b2 QT“
txw a de =e" 5 [ 2 Cy.
N G 2 C
R b2, | 32 0
2

Combining the above equalities, we get

_ O¢N 2st b% b%
J<t*<wblef’w2’f§>)_43(a+2)e |:Cb01+cb01

B2\ 03\ F b3\
H1 (CO> Cr+ pe2 (CO> C1+2p (Cg) Ch

Nat
e 2

o+ 2
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By straightforward calculation, we have

o

maxJ [ tx | w g, w o
=) )
1

. alN — 4s (b%—"—b%)Ngféls CWC
T 4s(a+2 at? at2y Wit O 1-
( )(mb?+2+uzb§+2+26b12 b )N I

Consequently, by (18), if 8 > f2, then

supJ | tx | w
teR bl,(

. . in {£(b1, 1), €(bs,
>2 wb%(?})z < min {£(by, 1), £(ba, p12) }

B2
2

SIS

1

where (s is defined by (9). The proof is now complete. O

In view of Lemma 4.2 and the mountain pass lemma applied to J on the minimax
class T', it is easy to deduce the following lemma with similar arguments as in the
proof of Lemma 3.6.

Lemma 4.4. There exists a Palais-Smale sequence (un,vy,) for J on Sy, X Sp, at
the level

d = inf max J(v(k))

Y€l ke(0,1]
satisfying
||’U’TLH2DO(]RN) + ||Un||2DS(RN) (42)
Na a e a+2 a+2
= ZS(O(—}—Z)/RN (;u’l|un| +2+N2|Un‘ +2—|—25|un| 2 |1)n 2 )dm—l—o(l),

where o(1) — 0 as n — +oo. Furthermore, u,, v, — 0 a.e. in RY as n — +oo.

By Lemmas 3.7-3.10 and the same arguments as in the proof of Theorem 1.1, if
vn, — U not strongly in H*(R™) and Ay > 0, then we can deduce that ¥ = 0 and

d = £4(by, p1).
To get a contradiction, let us consider the path
(k) = (A=Kt +kt2) x(w (g0 ,_\%))-
(@) ()

We observe that v € I'. Thus, by Lemma 4.3

T ke[0,1] teR o %%0

d < max J(y(k)) <supJ | t* | w a,w a < (b1, p1),
o (8) " (5)

which is a contradiction. Thus, we obtain a nontrivial positive solution (@, v). Next,
we show that this solution is a ground state solution. For this purpose we prove
that

J(u,v) = inf {J(u,v) : (u,0) € V} = ( inf R (u,v)

Uu,v)ESpy XSpy
= inf {J(u,v) : (u,v) is a solution of (3) — (4) for some A1, A2},
where V' and Ry (u, v) have been defined in (6) and (7).
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Recalling the definition of the sets A (see Lemma 4.2) and C' (see relation (38)),
we set

At = {(u,v) € A:u,v >0aein RV}
and

Ct:={(u,v) € C:u,v>0aein RV}
For any (uy,v1) € A' and (ug,v2) € CT, let

I'(u1,v1, ug, ve) := {*y € C([0,1],Sp, X Sp,) : v(0) = (u1,v1) and (1) = (ug,vz)}.

Lemma 4.5. The sets AT and C* are connected by arcs, so that

vyel'(u1,v1,u2,v2) kE[Oﬁ] (7( )) ( )

for every (uy1,v1) € AT and (ug,v3) € CT.

Proof. The proof uses some ideas found in the proof of Lemma 2.8 in [16]. Once
we show that A* and CT are connected by arcs, then we can get (43). Let
(u1,v1), (ug,v2) € Sp, X Sp, be nonnegative functions such that

lurllD, @y + lvillD, @ry = luzll, @y + lv2llD, @y = o (44)
for some o > 0. We define
h(t, k)(z) := (cos k(t % uq)(x) + sin k(t x uz)(x), cos k(t * v1)(x) + sin k(t x va)(x))

fort € R and k € [0, 5].
Setting h = (h1, ha), we observe that hi(t, k), ha(t,k) > 0 ae. in RY. By
straightforward computation we find

/ hi(t,k)dx = b3 + sin(2k) / ujusdz,
RN RN

/ R3(t, k)dx = b3 + sin(2k)/ vyvede,
RN RN

b1t B, ey + Ih2(t, k) 1D, (v
= 25t |:042 + sin(2k) [/ (=A)2up(—A)2ugde +/
RN

RN
for all t € R and k € [0,5]. Since (u1,v1), (u2,v2) € Sy, X Sp, are nonnegative
functions, by Holder’s inequality, there exists C' > 0 such that

s

(—A)évl(—A)szdx} }

[SFY

b3 < /RN Ri(t, k)dx = b3 + sm(21<;)/]R uyusdr < 2b7,

N

b3 < / h3(t,k)dx = b3 + sin(2k)/ vyveda < 203,
RN R

N
Ce®t < ||hy(t, k)||%S(RN) + ||h2(t,k)||%s(RN) < 202625,

Thus, for all (t,k) € R x [0, 5], we define the function

- _ ha(t, k) ha(t, k)
it k)(z) = (bl Tt ke ||h2<t,k>||Lz<RN>> ' (45)
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We observe that iAL(t, k)(x) € Sp, X Sp,. Thus, we obtain the following estimate
Ce?s* min{b?, b3}

~ ~ 2a%e%st max{b?, b3}
< || (t, k)||F ha(t, k)||3 < 172
2max{b%7b%} = ” 1( ) )| D (RN) + ” 2( ) )”DS(RN) = min{b%b%}
(46)
We have
pat+2 ba+2 +2
heT=(t, k)de = —a/ h$T=(t, k)dx
/RN ! 1R (8, )| G3 ny Jr
bot? Not ) o
me 2 /RN (uy cosk + ug sin k)" “dux,
hot2 b5t +2
Rt kyde = 2 / ho2(t, k) da
/]RN ’ ”hQ(t k)”Lj(QRN RN 2
bot? Nat
We I - (v1 cos k + vy sin k)* T2 dx
L2(RN)
and
~a+2 ~at2
/ h (t k)hy? (t,k)dx
RN
el
at2 at2
- e [ T o s
th(t’k)HLg(RN)||h2(tak)llLZQ(]RN) RN
at2 a2
_ 1 2 b2 2
o2 a2
th(t,k)Hm(RN)th(t, k)”Lz(RN
xe 5t / (uy cos k + ug sin k)= (v1 cosk + ve sin k) “ do.
RN
By these relations, there exists C' > 0 small enough such that
/ net2(t, k)de > Ce™®" and / nSt2(t, k)da > Ce™5, (47)
RN RN
~at2 at2 Nat
/ R (6 Rt (8 k) de > 0™ (48)
RN

for all (t,k) € R x [0, T].

Let (u1,v1), (ug,v2) € A" and E(t,k‘)(m) defined as (45). By (46), there exists
to > 0 such that

~ ~ T
[h1(=to, k)1 D, vy + 1ha(—to, )|, gy < K for all k€ [0, 5],

where K has been defined in Lemma 4.2. By the choice of 3, we let

—r* (ug,v1) = E(fr, 0), 0<r<ty,
0'1(7“): h(*to,?"fﬁ)), t0<7"§t0+g,

(T—2t0—%)*(ﬂ2,vg):h(T—Qto—g,g), t0+%<7“§2t0+g.
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It follows that o7 is a continuous path connecting (u1,v1) and (usg,v2) and lying
in AT. To conclude that AT is connected by arcs, it remains to analyze the cases
when condition (44) is not satisfied. Suppose that

[Jua 2DS(JR<N) + v %S(RN) > |uz| 2DS(]RN) + HUzH%S(RNy

Then, by Lemma 4.1, there exists t; < 0 such that

[ty ur|lp, ey + 1 % 011D, @y = lluzllB, @y + [lv2llp, vy

Therefore, to connect (11, v1) and usg, v2 by a path in A™ we can first connect (uq,v1)
with ¢ % (u1,v1), and then connect this point with (ug, va).

To prove that Ct is connected by arcs, let us fix (ug,v1), (u2,v2) € C* and
suppose that (44) holds. By relations (46)—(48), there exists ¢y > 0 such that

B (to, k)| DNy T |ha(to, k)%, @y > 3K and J(h(to,k)) < 0,
for all k € [0, 7], By the choice of tg, we let
r*(ul,vl):ﬁ(r,O), 0<r<ty,
0'2(7’): h(to,T—to), t0<T§t0+%,

(2t + = — 1) % (ug,v2) = h(2bo + T =1, T), to+ 2 <7 <2+ .
which is the desired continuous path connecting (uq,v;) and (uz,ve) in C'T. O
Let us recall the set
V= {(u,v) € Ty, x Tp, : G(u,,v) =0}
and its radial subset

V;“ad = {(u,v) S Sb1 X Sb2 : G(UH’U) = O}a

where

Na o o at2, at2
G(U,’U) = ||(’LL,’U)||2D — m /RN (Ml'ul v+2 +M2|’U| +2 + 26|u| 2 |’U| 2 )dl‘
Lemma 4.6. If (u,v) is a solution of problem (3)—(4) for some A1, 2 € R, then

(u,v) € V.
Proof. The Pohozaev identity for (3) is

N —2s N
ool =5 [+ s
RN
N a+2 a+2 at2, G at2
= 35 L, (bl ol 2800 % o) )

On the other hand,

s olip= [ Owedae?)ds = [ (pful"*? + afol + 250 F}o] ) da,
RN RN
Combining the above two equalities, we get the desired result. O

For (u,v) € Ty, x Ty,, we set W, ,(t) := J(t * (u,v)). The proof of the following
lemma follows by straightforward computation and we shall omit it.

Lemma 4.7. For every (u,v) € Ty, X T4,, there exists a unique t, , € R such that
tuw * (u,v) € V and t,, is the unique critical point of ¥, ,(t), which is a strict
MmazImum.
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Lemma 4.8. We have inf J = inf J.
1% Viad

Proof. Assume by contradiction that there exists (u,v) € V such that
0 < J(u,v) < inf J. (49)

rad

For u € H*(RY), let u* be its Schwartz spherical rearrangement. By the prop-
erties of the Schwartz symmetrization, J(u*,v*) < J(u,v) and G(u*,v*) < G(u,v).
Thus, there exists ¢y < 0 such that G(to x (u*,v*)) = 0. We show that

J(to * (u*,v*)) < e*" J(u,v).
Since G(to x (u*,v*)) = G(u,v) = 0, we have
Na —4s

* ok — 2sto ko k) [[2
Tlto (u*,0%)) = g et o)
Na—4s 54 2 2st
< ———esto = ¢2sto :
— 2N« € ||(U,U)||D € J(U,U)
Therefore
0 < J(u,v) < inf J < J(tg * (u*,v*)) < e* J(u,v),
rad
which contradicts the fact that tg < 0. O

4.1. Proof of Theorem 1.2 completed. Notice that any solution of problem
(3)-(4) is in V. If we assume that

J(@,7) =d < inf{J(u,v) : (v,v) € Viga}, (50)
then, by Lemma 4.8, we obtain J(w,7) = iI‘}f J(u,v).

Next, we prove relation (50). We choose arbitrarily (u,v) € V,qq and show that
J(u,v) > d. Firstly, since (u,v) € V,qq, we have (Jul,|v]) € Vigq and J(u,v) =
J(|u|,|v]), hence we can suppose that u,v > 0 a.e in R™. Let us consider the
function ¥, ,. By Lemma 4.1, there exists to > 1 such that —tg * (u,v) € AT and
to x (u,v) € C*. Therefore, the continuous path

~v(k)((2k — D)tg) * (u,v), t€0,1]
connects AT and C*. By Lemma 4.5 and Lemma 4.7, we have

d< J(v(k)) = J .
< ax, (v(k)) = J(u,v)

)

Thus, we have proved (50).
Finally, we claim that

igf.]: inf  Rp(u,v).

Tbl X sz

In fact, since the proof is similar to that of Lemma 2.5, we give a concise treatment
for the reader’s convenience. Since (u,v) € V, then

ICu, )15,

=1
T (sl + pafol#2 + 280" o7 ) i

and
Na —4s 9
J(u,v)—WH(u,v)HD.
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Therefore
J(u,v)
Na —4s
= D0 2w,
4s
2 aN—4s
y I,
725(]\;12) fRN (,u1|u|a+2 + polv]ot2 4+ 2,B|u‘aT+2 ‘U|QT+2) dx
4s 2 alN
_ Na—4s (23(04—}—2))1\’“*45 (||(u,v)||D) aN-1s
o N w2 e\ et
“ “ (f]RN (Mlua+2 + povet? + ZQu%v%) d:p) N
= Rs(u,v),

which implies that

ir‘}fJZ inf  Ry(u,v).

Tbl X Tb2

On the other hand, it is easy to check that

Rp(t* (u,v)) = Rp(u,v) for all t € R, (u,v) € Tp, x Tp,.

By Lemma 4.7, we have

Ri(u,v) = Rp(tuw * (4, 0)) = J(tyo * (u,v)) > i‘r}f J

for every (u,v) € Tp, X T4,. The proof is now complete. O
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