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COMBINED EFFECTS IN NONLINEAR SINGULAR

ELLIPTIC PROBLEMS WITH CONVECTION
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We establish some bifurcation results for the boundary value problem −∆u =
λu−a|∇u|2 + µ in Ω, u > 0 in Ω, u = 0 on ∂Ω, where Ω is a smooth bounded
domain in RN , while a, λ µ > 0. Our approach relies on �nding explicit sub-
and super-solutions combined with various techniques related to the maximum
principle for elliptic equations with singular nonlinearities.
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1. INTRODUCTION

This paper is motivated by recent advances in the study of nonlinear
elliptic problems involving both singular nonlinearities and convection (gra-
dient) terms. We start with an elementary example. Consider the nonlinear
boundary value problem 

∆u = up in Ω,

u > 0 in Ω,

u = +∞ on ∂Ω,

where Ω ⊂ RN is a smooth bounded domain and p > 1. Then the Gelfand
transform v = u−1 yields

(1)


−∆v = v2−p − 2

v |∇v|2 in Ω,

v > 0 in Ω,

v = 0 on ∂Ω.

The above equation contains both singular nonlinearities (like v−1 or v2−p, if
p > 2) and a convection term (denoted by |∇v|2). These nonlinearities make
more di�cult to handle problems like (1). We recall the pioneering paper [6]
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that contains one of the �rst existence results for singular elliptic problems. In
fact, it is proved in [6] that the boundary value problem

−∆u− u−α = −u in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

has a solution, for any α > 0. Let us now consider the problem

(2)


−∆u− u−α = λup in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

where λ ≥ 0 and α, p ∈ (0, 1). In [5] it is proved that problem (2) has at least
one solution for all λ ≥ 0 and 0 < p < 1. Moreover, if p ≥ 1, then there exists
λ∗ such that problem (2) has a solution for λ ∈ [0, λ∗) and no solution for
λ > λ∗. In [5] it is also proved a related non�existence result. More exactly,
the problem 

−∆u + u−α = u in Ω,

u > 0 in Ω,

u = 0 on ∂Ω

has no solution, provided that 0 < α < 1 and λ1 ≥ 1, that is, if Ω is �small�,
where λ1 denotes the �rst eigenvalue of (−∆) in H1

0 (Ω).
Problems related to multiplicity and uniqueness become di�cult even in

simple cases. In [24] is studied the existence of radial symmetric solutions to
the problem 

∆u + λ(up − u−α) = 0 in B1,

u > 0 in B1,

u = 0 on ∂B1,

where α > 0, 0 < p < 1, λ > 0, and B1 is the unit ball in RN . Using a
bifurcation theorem of Crandall and Rabinowitz, it has been shown in [24]
that there exists λ1 > λ0 > 0 such that the above problem has no solutions
for λ < λ0, exactly one solution for λ = λ0 or λ > λ1, and two solutions for
λ0 < λ ≤ λ1.

Singular elliptic problems have been intensively studied in the last decades.
Stationary problems involving singular nonlinearities, as well as the associated
evolution equations, describe naturally several physical phenomena. At our
best knowledge, the �rst study in this direction is due to Fulks and May-
bee [11], who proved existence and uniqueness results by using a �xed point
argument; moreover, they showed that solutions of the associated parabolic
problem tend to the unique solution of the corresponding elliptic equation. A
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di�erent approach (see Coclite and Palmieri [5], Crandall, Rabinowitz, and
Tartar [6], Stuart [25]) consists in approximating the singular equation by a
regular problem, where the standard techniques (e.g., monotonicity methods)
can be applied. Then, passing to the limit, the solution of the original equation
can be obtained. Nonlinear singular boundary value problems arise in the con-
text of chemical heterogeneous catalysts and chemical catalyst kinetics, in the
theory of heat conduction in electrically conducting materials, singular mini-
mal surfaces, as well as in the study of non-Newtonian �uids, boundary layer
phenomena for viscous �uids (for more details we refer to Ca�arelli, Hardt, and
L. Simon [2], Callegari and Nachman [3], Díaz [8], Díaz, Morel, and Oswald
[9] and the more recent papers by Ghergu and R dulescu [12, 13, 14], Haitao
[17], Hernández, Mancebo, and Vega [18], Meadows [20], Shi and Yao [24]).
We also point out that, due to the meaning of the unknowns (concentrations,
populations, etc.), only the positive solutions are relevant in most cases. For
instance, problems of this type characterize some reaction-di�usion processes
where u ≥ 0 is viewed as the density of a reactant and the region where u = 0
is called the dead core, where no reaction takes place (see Aris [1] for the study
of a single, irreversible steady-state reaction). Nonlinear singular elliptic equa-
tions are also encountered in glacial advance, in transport of coal slurries down
conveyor belts and in several other geophysical and industrial contents (see
Callegari and Nachman [3] for the case of the incompressible �ow of a uniform
stream past a semi-in�nite �at plate at zero incidence).

2. THE MAIN RESULT

In the present paper we continue the bifurcation analysis developed in our
previous papers [13, 15, 22, 23] for a large class of semilinear elliptic equations
with singular nonlinearity and Dirichlet boundary condition. In these papers
we have been concerned with various boundary value problems involving sin-
gular nonlinearities and with the existence or nonexistence of solutions under
various assumptions.

Let Ω ⊂ RN (N ≥ 3) be a bounded domain with smooth boundary.
Consider the nonlinear singular problem

(3)


−∆u = u−a + λ|∇u|2 + µ in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

where a > 0 and λ, µ ≥ 0. If λ1 denotes the �rst eigenvalue of the Laplace
operator in H1

0 (Ω), in [13, 22, 23] we have established the following results:
(i) Problem (3) has a solution if and only if λµ < λ1.
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(ii) Assume µ > 0 is �xed and let λ∗ = λ1/µ. Then problem (3) has a
unique solution uλ for every λ < λ∗ and the sequence (uλ)λ<λ∗ is increasing
with respect to λ. Moreover, if a < 1 then the sequence of solutions (uλ)0<λ<λ∗

has the following properties:
(ii1) for all 0 < λ < λ∗ there exist two positive constants c1, c2 depending

on λ such that c1 dist(x, ∂Ω) ≤ uλ ≤ c2 dist(x, ∂Ω) in Ω;
(ii2) uλ ∈ C1,1−α(Ω) ∩ C2(Ω);
(ii3) uλ → +∞ as λ ↗ λ∗, uniformly on compact subsets of Ω.

Our purpose in the present paper is to study a related nonlinear elliptic
equation involving both a singular nonlinearity and a quadratic convection
(gradient) term.

We are concerned with the boundary value problem

(4)


−∆u = λu−a |∇u|2 + µ in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

where a, λ, and µ are positive real numbers.
Our main result is as follows.

Theorem 2.1. There exists λ0 > 0 such that problem (4) has a solution

u ∈ C2(Ω) ∩ C(∂Ω) for any 0 < λ ≤ λ0.

As remarked in [4, 19], the requirement that the nonlinearity grows at
most quadratically in |∇u| is natural in order to apply the maximum principle.

The proof of Theorem 2.1 relies on comparison arguments which are based
on the method of lower and upper solutions for elliptic equations involving both
singular nonlinearities and gradient terms. The roots of the method of lower
and upper solutions go back to Picard who, in the early 1880s, applied the
method of successive approximations to argue the existence of solutions for
nonlinear elliptic equations that are suitable perturbations of uniquely solv-
able linear problems. Picard's techniques were applied later by Poincaré [21]
in connection with problems arising in astrophysics. In particular, Poincaré
established that the nonlinear equation ∆u = eu has at least one solution.
Because of the major contributions of Lyapunov (1906), Schmidt (1908), and
Leray and Schauder (1934), the method of lower and upper solutions became a
powerful tool in the modern nonlinear analysis. Due to the singular character
of problem (4), in this paper we apply a recent version of the lower and upper
solutions method which is due to Cui [7] and reads as follows. Suppose that
u, u ∈ C2(Ω) ∩ C(∂Ω) satisfy 0 < u ≤ u in Ω, u = u = 0 on ∂Ω and

−∆u ≤ λu−a |∇u|2 + µ in Ω,

−∆u ≥ λu−a |∇u|2 + µ in Ω.
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Then problem (4) has at least one solution u ∈ C2(Ω)∩C(∂Ω) and, moreover,
u ≤ u ≤ u in Ω.

3. A RELATED SINGULAR DIFFERENTIAL INEQUALITY

As in [10], we are �rst concerned with the inequality problem

(5)


−∆u ≥ λu−a |∇u|2 + µ in BR,

u > 0 in BR,

u = 0 on ∂BR,

where R > 0 is �xed.
The main result of this section is as follows.

Theorem 3.1. Fix µ > 0 and R > 0. Then there exists λ∗ > 0 depending

on µ and R such that, for any 0 < λ ≤ λ∗, problem (5) has at least one radially

symmetric solution in C2(BR) ∩ C(∂BR).

We start with the study of the related nonlinear di�erential equation with
initial boundary conditions

(6)


−(rN−1z′(r))′ = rN−1[z−a(r)z′(r)2 + α] if 0 < r < T,

z(0) = β

z′(0) = 0
z > 0 in (0, T ),

where T, α and β are positive numbers.

Lemma 3.1. Fix the positive numbers α and β. Then there exists T > 0
such that problem (6) has a solution z ∈ C2[0, T ) ∩ C[0, T ]. Moreover, z is

decreasing on [0, T ] and z(T ) = 0.

Proof. Problem (6) may be equivalently written in terms of the nonlinear
integral equation

(7) z(r) = β − α

2N
r2 −

∫ r

0
t1−N

∫ t

0
sN−1z−a(s)z′(s)2dsdt,

for r ∈ [0, T ).
Fix ε > 0. Consider the function space C1[0, ε] endowed with the stan-

dard norm

‖z‖ = max
t∈[0,ε]

|z(t)|+ max
t∈[0,ε]

|z′(t)|.

Let Fε ⊂ C1[0, ε] be the closed ball de�ned by

Fε = {z ∈ C1[0, ε]; ‖z − β‖ ≤ β/2}
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and consider the nonlinear integral operator T de�ned by

Tz(r) = β − α

2N
r2 −

∫ r

0
t1−N

∫ t

0
sN−1z−a(s)z′(s)2dsdt,

for any r ∈ [0, ε].
A standard straightforward computation shows that T maps Fε into Fε

and T is a contraction, that is,

‖Tz1 − Tz2‖ ≤
1
2
‖z1 − z2‖, z1, z2 ∈ Fε,

provided ε > 0 is small enough.
Thus, by the Banach contraction principle, T has a �xed point z ∈ Fε,

which is a solution of problem (7), hence of (6).
Set

T = sup{ε > 0; problem (6) has a solution in (0, ε)}.
Using now the de�nition of T we deduce that z′(r) < 0 for any r ∈ (0, T ).

We argue in what follows that z(T ) = 0. For this purpose we �rst observe
that since z′ < 0 on (0, T ) there exists ` = limr→T− z(r) ≥ 0. It su�ces to
show that ` = 0. We argue by contradiction and assume that ` > 0.

Fix ε > 0 and consider the closed set

Fε(`) = {z ∈ C1[T, T + ε]; ‖z − zT ‖ ≤ l/2},
where zT is de�ned by

zT (r) = ` +
α

2N
(T 2 − r2), r ∈ [T, T + ε],

and ‖ · ‖ denotes the norm on the space C1[T, T + ε].
For any z ∈ Fε(`), de�ne the nonlinear operator

Sz(r) = zT (r)−
∫ r

T
t1−N

∫ t

T
sN−1z−a(s)z′(s)2dsdt,

for all r ∈ [T, T + ε]. Then S maps Fε(`) into itself and

‖Sz1 − Sz2‖ ≤
1
2
‖z1 − z2‖, z1, z2 ∈ Fε(`).

Again, by Banach's contraction principle, S has a �xed point z∈Fε(`), that is,

z(r) = zT (r)−
∫ r

T
t1−N

∫ t

T
sN−1z−a(s)z′(s)2dsdt,

for r ∈ [T, T + ε]. This shows that problem (6) has a solution on [0, T + ε],
which contradicts the de�nition of T . Thus, ` = 0, hence z(T ) = 0.

It remains to argue the regularity of z. Integrating (6) on [0, r] we �nd

−z′(r) =
1

rN−1

∫ r

0
tN−1z(t)−az′(t)2dt +

α

N
r.
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Therefore,

z′′(r) = − α

N
+ (N − 1)r−N

∫ r

0
tN−1z(t)−az′(t)2dt− z(r)−az′(r)2,

hence z ∈ C2(0, T ) ∩ C[0, T ]. We also deduce that

z′′(0) = lim
r→0

z′′(r) = − α

N
,

which concludes that z ∈ C2[0, T ) ∩ C[0, T ]. �

Proof of Theorem 3.1 concluded. Fix 0 < β < αR2/(2N) and consider
the corresponding solution z of problem (6).

The local existence theorem applied to (6) implies ε ≤ T ≤ (2Nβ/α)1/2.
The above choice of α and β implies that T < R. For any r ∈ [0, R) de�ne the
mapping

w(r) =
R2

T 2
z

(
rT

R

)
.

Then w(0) = R2β/T 2, w(R) = 0, and w > 0 on [0, R). A straightforward
computation shows that w satis�es the nonlinear di�erential equation

−(rN−1w′(r))′ = rN−1

[
z

(
rT

R

)−a

z′
(

rT

R

)2

+ α

]
.

Since z decreases, we deduce that

−(rN−1w′(r))′ ≥ rN−1

[(
T

R

)2

w(r)−aw′(r)2 + α

]
.

Set λ∗ = T 2/R2. Thus, for any λ ∈ [0, λ∗],

−(rN−1w′(r))′ ≥ rN−1
[
λw(r)−aw′(r)2 + α

]
,

for all r ∈ (0, r). Equivalently, w is a solution of the inequality problem (5),
provided α is chosen so that α ≥ µ. �

4. AN AUXILIARY APPROXIMATE PROBLEM

Inspired by the techniques developed by Crandall, Rabinowitz and Tartar,
for any ε > 0 we consider the nonlinear problem

(8)


−∆u = λu−a|∇u|2 + µ + ε in Ω,

u > ε in Ω,
u ≥ ε on ∂Ω.
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The main result of this section establishes that problem (8) has at least
one solution, provided ε and λ are small enough. More precisely, the following
property holds true.

Lemma 4.1. There exists ε0 > 0 and Λ > 0 such that, for any ε ∈ (0, ε0)
and λ ∈ (0,Λ), problem (8) has a solution in C2(Ω).

Proof. Our arguments are based on the method of lower and upper solu-
tions. So, we construct functions u and u such that u ≥ u > ε in Ω and

−∆u− λu−a|∇u|2 − µ− ε ≤ 0 ≤ −∆u− λu−a|∇u|2 − µ− ε in Ω.

Set d = supx∈Ω |x|. For R = 3d/2, denote u = z + ε, where z is the

solution of problem (5) given by Theorem 3.1. So, u ∈ C2(Ω) is an upper
solution of problem (8).

In order to �nd a lower solution, �x p > N and consider the unique
solution u0 ∈ C∞(Ω) of the linear problem

−∆u0 = µ in Ω,

u0 > 0 in Ω,

u0 = 0 on ∂Ω.

Then the function u = u0 + ε is a linear solution of (8).
It remains to argue that u ≤ u in Ω. For this purpose we observe that

u ≤ u on ∂Ω and −∆(u − u) ≥ 0 in Ω. Thus, by the maximum principle,
u ≤ u in Ω. It follows that problem (8) has a smooth solution uε such that
u ≤ uε ≤ u in Ω. �

5. PROOF OF THEOREM 2.1

We �rst prove that if 0 < ε1 < ε2 then uε1 ≥ uε2 , where uε denotes the
solution of problem (8). Arguing by contradiction, let x0 ∈ Ω be such that
uε2(x0) < uε1(x0). Moreover, since uε1 − uε2 = ε1 − ε2 < 0 on ∂Ω, we deduce
that without loss of generality we can assume that x0 ∈ Ω is a global maximum
point of the function uε1 − uε2 in Ω. Hence

∇uε1(x0) = ∇uε2(x0) and ∆(uε1 − uε2)(x0) ≤ 0.

Therefore,

∆uε1(x0)−∆uε2(x0) = λ
(
uε2(x0)−a − uε1(x0)−a

)
|∇uε1(x0)|2 + ε2 − ε1 > 0.

This contradiction shows that uε1 ≥ uε2 in Ω provided ε1 < ε2.
For any x ∈ Ω, denote

u(x) = lim
ε→0

uε(x).
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To conclude the proof, we show that u is a solution of problem (4), that
is, u ∈ C2(Ω) ∩ C(∂Ω) and

−∆u = λu−a |∇u|2 + µ in Ω,

u = 0 on ∂Ω.

To obtain the regularity of u we apply bootstrap arguments. We �rst
observe that the de�nition of u implies u ∈ L∞(Ω). Let un be a solution of
the problem

−∆un = λu−a
n |∇un|2 + µ +

1
n

in Ω.

Then u ≤ un ≤ C in Ω for all n ≥ 1, where C > 0 is a constant. Moreover,
un ∈ W 2,p(Ω) for any p > N and

−
∫

Ω
un∆ϕdx =

∫
Ω

λu−a
n |∇un|2ϕdx +

(
µ +

1
n

) ∫
Ω

ϕdx.

for all ϕ ∈ C∞
0 (Ω).

Consider a sequence (Ωm)m≥1 of open sets with smooth boundary such
that Ω =

⋃∞
m=1 Ωm. Fix a positive integer k ≥ 1 and a function ϕ ∈ C∞

0 (Ω)
satisfying 0 ≤ ϕ ≤ 1 and ϕ ≡ 1 on Ωk. We deduce that

λ

∫
Ωk

u−a
n |∇un|2ϕdx ≤ −

∫
Ω

un∆ϕdx−
(

µ +
1
n

) ∫
Ω

ϕdx,

hence

λC−a

∫
Ωk

|∇un|2dx ≤ C

∫
Ω
|∆ϕ|dx + (µ + 1)|Ω|.

It follows that the sequence (un)n≥1 is bounded in H1(Ωk). Thus, up to a
subsequence,

un ⇀ v in H1(Ωk),
un → v in Lq(Ωk) for all 1 ≤ q < 2N

N−2 ,

un → v a.e. in Ωk.
Hence, by the de�nition of u, we have u = v a.e. in Ωk, for any k ≥ 1. This
shows that, in fact,

un ⇀ u in H1
loc(Ω),

un → u in Lq
loc(Ω) for any 1 ≤ q < 2N

N−2 .

By Schauder estimates we deduce that (un) is bounded in W 2,p
loc (Ω), so in

C1,α
loc (Ω) for any α ∈ (0, 1). It follows that for any compact set K ⊂ Ω we have

un → u in C2(K)

and

−∆u = λu−a |∇u|2 + µ in Ω.
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To show that u ∈ C(∂Ω), let x0 ∈ ∂Ω and consider a sequence of points
(xj)j≥1 ⊂ Ω such that xj → x0. Then 0 ≤ u(xj) ≤ un(xj), hence

0 ≤ limj→∞u(xj) ≤ lim
j→∞

un(xj) = un(x0) =
1
n

.

We obtain that u is continuous at x0 ∈ ∂Ω and u(x0) = 0.
The proof of theorem is now complete. �
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