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Foreword

Partial differential equations and, in particular, linear elliptic equations were cre-
ated and introduced in science in the first decades of the nineteenth century in or-
der to study gravitational and electric fields and to model diffusion processes in
Physics. The heat equation, the Navier—Stokes system, the wave equation and the
Schrodinger equations introduced later on to describe the dynamic of heat con-
duction, Newtonian fluid flows and, respectively, quantum mechanics are the basic
equations of mathematical physics which are, in spite of their complexity, centered
around the notion of Laplacian or, in other words, linear diffusion. However, these
equations, which were primarily created to model physical processes, played an im-
portant role in almost all branches of mathematics and, as a matter of fact, can be
viewed as a chapter of applied mathematics as well as of so-called pure mathemat-
ics. In fact, the linear elliptic operators and, in particular, the Laplacian represent
without any doubt a bridge that connects a large number of mathematical fields and
concepts and provides the mathematical framework for physical theories as well as
for the theory of stochastic processes and some new mathematical technologies for
image restoring and processing. The well posedness of the basic boundary value
problems associated with the Laplace operator is a fundamental topic of the the-
ory of partial differential equations. It is instructive to recall that the well posed-
ness of the Dirichlet and Neumann problem remained open and unsolved for more
than half a century until the turn of the nineteenth century, when Ivar Fredholm
solved it by a new and influential idea which is at the origin of a several branches
of mathematics which will change the analysis of the twentieth century; primarily,

I have in mind here functional analysis and operator theory. A related problem, the
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Dirichlet variational principle, had a similar history, being rigorously proved only
in the fourth decade of the last century after the creation of Sobolev spaces. This
principle is at the origin of variational theory of elliptic problems and of the con-
cept of weak or distributional solution, which fundamentally changed the basics
ideas and techniques of PDEs in the second part of the last century. The mathemati-
cians of the nineteenth century failed to prove this principle because it is not well
posed in spaces of differentiable functions, but in functional spaces with energetic
norms that is in Sobolev spaces which were discovered later on. Nonlinear elliptic
boundary value problems arise naturally in the description of physical phenomena
and, in particular, of reaction-diffusion processes, governed by nonlinear diffusion
laws, or in geometry (the minimal surface equation or uniformization theorem in
Riemannian geometry). The well posedness of most of these nonlinear problems
was treated by the new functional methods introduced in the last century such as
the Banach principle, Schauder fixed point theorem and Schauder-Leray degree
theorem and, in the 1960s, by the Minty—Browder theory of nonlinear maximal
monotone operators in Banach spaces. It should be said that most of these func-
tional approaches to nonlinear elliptic problems lead to existence results in spaces
with energetic norms (Sobolev spaces) and so quite often these are inefficient or too
rough to put in evidence sharp qualitative properties of solutions such as asymptotic
behavior, monotonicity or comparison results. Some classical methods such as the
maximum principles, integral representation of solutions or complex analysis tech-
niques are very efficient to obtain sharp results for new classes of elliptic problems
of special nature. These techniques, which perhaps have their origins in the classical
work of Peano on existence and construction of solutions to the Dirichlet problem
by method of sub and supersolutions, are still largely used in the modern theory of
nonlinear elliptic equations. This book is a very nice illustration of these techniques
in the treatment of the existence of positive solutions, which are unbounded to fron-
tier or for singular solutions to logistic elliptic equations as well as for the minimal-
ity principle for semilinear elliptic equations. Most of the elliptic equations studied
in this book are of singular nature or develop some “pathological” behavior which
requires sharp and specific investigation tools different to the standard functional
or energetic methods mentioned above. In the same category are the corresponding
variational problems which, in the absence of convexity, need some sophisticated

instruments such as the Mountains Pass theorem, the Ekeland variational principle
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or the Brezis—Lieb lemma. A fact indeed remarkable in this book is the variety of
problems studied and of methods and arguments. The authors avoid formulations,
tedious arguments and maximum generality, which is a general temptation of math-
ematicians in favor of simplicity; they confine to specific but important problems
most of them famous in literature, and try to extract from their treatment the essen-
tial ideas and features of the approach. The examples from chemistry and biology
chosen to illustrate the theory are carefully selected and significant (the Brusselator,
reaction-diffusion systems, pattern formation).

Marius Ghergu and Vicentiu D. Radulescu, who are well-known specialists in
the field, have coauthored in this work a remarkable monograph on recent results
on nonlinear techniques in the theory of elliptic equations, largely based on their
research works. The book is of a high scientific standard, but readable and accessible
to a large category of people interested in the modern theory of partial differential

equations.

Romanian Academy Viorel Barbu






A Short Overview of the Book

Among all mathematical disciplines
the theory of differential equations is
the most important. It furnishes the
explanation of all those elementary
manifestations of nature which involve
time.

Sophus Lie (1842-1899)

Much of the modern science is based on the application of mathematics. It is cen-
tral to modern society, underpins scientific and industrial research, and is key to our
economy. Mathematics is the engine of science and engineering. It also has an ele-
gance and beauty that fascinates and inspires those who understand it.

Mathematics provides the theoretical framework for biosciences, for statistics
and data analysis, as well as for computer science. New discoveries within math-
ematics affect not only science, but also our general understanding of the world
we live in. Problems in biological sciences, in physics, chemistry, engineering, and
in computational science are using increasingly sophisticated mathematical tech-
niques. For this strong reason, the bridge between the mathematical sciences and
other disciplines is heavily traveled.

Biosciences are some of the most fascinating of all scientific disciplines and is an
area of applied sciences we use to explore and try to explain the uncertain world in
which we live. It is no surprise, then, that at the heart of a professional in this field
is a fascination with, and a desire to understand, the how and why” of the material
world around us.

The purpose of this volume is to meet the current and future needs of the interac-

tion between mathematics and various biosciences. This is first done by encouraging

xi



xii

the ways that mathematics may be applied in traditional areas such as biology, chem-
istry, or genetics, as well as pointing towards new and innovative areas of applica-
tions. Next, we intend to encourage other scientific disciplines (mainly oriented to
natural sciences) to engage in a dialog with mathematicians, outlining their prob-
lems to both access new methods and suggest innovative developments within math-
ematics itself.

The first chapter presents the main mathematical methods used in the book. Such
tools include iterative methods and maximum principle, variational methods and
critical point theory as well as topological methods and degree theory.

The second chapter deals with Liouville type results for elliptic operators in di-
vergence form. Since its appearance in the nineteenth century, many results in the
theory of Partial Differential Equations have been devoted to characterize all data
functions f such that the standard elliptic inequality -£u > f(x,u) admits only the
trivial solution. We discuss such type of problems for elliptic operators of the form
Zu=—div[A(|Vu|)Vu].

Chapter 3 is concerned with the study of solutions to the equation Au = p (x) f(u)
in a smooth domain that blow-up at the boundary in the sense that lim, ., u(x) =
+oo, for all xg € dQ; in case Q = RV, this condition can be simply formulated as
limp .. u(x) = 4oo. Here we emphasize the role played by the Keller—Osserman
integral condition.

Chapters 4 and 5 deal with some related singular elliptic problems. This time,
the solution is bounded but the nonlinearity appearing in the problem is unbounded
around the boundary of the domain. Particular attention is paid to the Lane—-Emden
equation and the associated system in this singular framework. Chapter 4 is devoted
to the model equation —Au = au+u~% 0 < o < 1 and the associated system. In
Chap. 5 we study singular elliptic problems in exterior domains. Here we point out
the role played by the geometry of the domain in the existence of a C* solution. In
particular we completely describe the solution set of the equation —Au = |x|*u~?
by showing that all the solutions are radially symmetric and characterized by two
parameters.

Chapter 6 presents two classes of quasilinear elliptic equations. The approach
in this chapter is variational and combines some tools in this field such as Eke-

land’s variational principle and mountain pass theorem. The lack of compactness of
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Sobolev embeddings or the presence of p-Laplace operator are the main features of
the chapter.

In Chap. 7 we are concerned with three classes of higher order elliptic problems
involving the polyharmonic operator. By adopting three different approaches we un-
derline the complex structure of such problems in which the higher order differential
operator and the type of conditions imposed on the boundary play an important role
in the qualitative study of solutions.

The last two chapters are devoted to reaction diffusion systems. In their most

general form, the models we intend to study can be stated as

{u, =dyAu+ f(u,v) (x€Q,t>0),
0.1)

ve =dyAu+g(u,v) (x€Q,t>0).

These equations describe the evolution of the concentrations, u = u(x,t), v =v(x,t)
at spatial position x and time ¢, of two chemicals due to diffusion, with different
constant diffusion coefficients d,, d,, respectively, and reaction, modeled by the
typically nonlinear functions f and g that can be derived from chemical reaction
formulas by using the law of mass action and other physical conditions.

In Chap. 9 several reaction-diffusion models are studied. Oscillating chemical re-
actions have been a rich source of varied spatial-temporal patterns since the discov-
ery of the oscillating wave in the Belousov—Zhabotinsky reaction in 1950s. These
phenomena and observations have been transferred to challenging mathematical
problems through various models, especially reaction-diffusion equations. Among

these mathematical models, we present:

o The Brusselator model introduced by Prigogine and Lefever in 1968 as a model

for an autocatalytic oscillating chemical reaction. This corresponds to

fuyv)y=a— b+ Du+u, gu,v)=bu—u’v.

e The Schnackenberg model for chemical reactions with limit cycle behavior

fuyv)=a—u+u, gu,v)=>b—u.

o The Lengyel-Epstein model for the chlorite-iodide-malonic acid (CIMA) reac-

tion. This corresponds to (0.1) with the nonlinearities f and g given by
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fuv)=a—u—4uw/(1+ud), gluv)=b [u— %] .

In the last chapter we discuss a reaction-diffusion model arising in molecular
biology proposed by Gierer and Meinhardt [98] in 1972 for pattern formation of
spatial tissue structures of hydra in morphogenesis, a biological phenomenon dis-
covered by Trembley in 1744. Following this model, the nonlinearities f and g are
given by ” p

Fluv) = o+ 254 p(x), gluy) = —Bv+ 5,
where o, 8 > 0, p is the source distribution and the exponents p,q,r,s are positive
real numbers.

For the reader’s convenience, we have included two appendices that contain some
technical results about Caffarelli-Kohn—Nirenberg inequality and estimates for the
Green function associated with the biharmonic operator.

The few examples we have provided illustrate the great alliance between mathe-
matics and biosciences. This is recognized universally and both disciplines thrived
by supporting each other. The prerequisite for this book includes a good undergrad-
uate course in functional analysis and Partial Differential Equations. This book is
intended for advanced graduate students and researchers in both pure and applied
mathematics.

Our vision throughout this volume is closely inspired by the following words of
V.I. Arnold (1983, see [8, p. 87]) on the role of mathematics in the understanding of
real processes: In every mathematical investigation the question will arise whether
we can apply our results to the real world. Consequently, the question arises of
choosing those properties which are not very sensitive to small changes in the model

and thus may be viewed as properties of the real process.

Ireland Marius Ghergu

Romania Vicentiu D. Rddulescu
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Chapter 1

Overview of Mathematical Methods in Partial
Differential Equations

Mathematics may be defined as the
subject in which we never know what
we are talking about, nor whether what
we are saying is true.

Bertrand Russell (1872-1970)

In this chapter we collect some results in Nonlinear Analysis that will be fre-
quently used in the book. The first part of this chapter deals with comparison prin-
ciples for second order differential operators and enables us to obtain an ordered
structure of the solution set and, in most of the cases, the uniqueness of the solution.
In the second part of this chapter we review the celebrated method of moving planes
that allows us to deduce the radial symmetry of the solution. The third part of this
chapter is concerned with variational methods. The final section contains some re-
sults in degree theory that will be mostly used to derive existence and nonexistence

of a stationary solution to some reaction-diffusion systems.

1.1 Comparison Principles

We start this section with the following result which is due to Lou and Ni (see [139]
or [140]).

Theorem 1.1 Let g € C'(Q x R).

(i) If w € CH(Q)NC"(Q) satisfies

aw
Aw+g(x,w) >0 in Q, a—gO on 0%, (1.1)
n
M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 1
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2 1 Overview of Mathematical Methods in Partial Differential Equations

and w(xo) = maxgw, then g(xo,w(xo)) > 0.
(i) Ifw € C*(Q2)NC'(Q) satisfies

Aw+g(x,w) <0 in Q, 3—W20 on 0Q,
n

and w(xo) = ming w, then g(xo,w(xo)) <O0.

Proof. We shall prove only part (i) as (ii) can be established in a similar way. There
are two possibilities for our consideration.

Case 1: xo € L. Since w(xp) = maxgw we have Aw(xp) < 0 and now from the first
inequality in (1.1) we obtain g(xo, w(xp)) < 0.

Case 2: xp € dQ2. Assume by contradiction that g(xo, w(xg)) < 0. By the continuity
of g and w, there exists a ball B C Q with 9BNJQ = {xy} such that

glx,w(x)) <0 forallx € B.

Thus, from (1.1) we find Aw > 0 in B. Since w(xg) = maxgw, it follows from the
Hopf boundary lemma that dw/dn(xp) > 0 which contradicts the boundary condi-
tion in (1.1). This completes the proof of Theorem 1.1. O

Basic to our purposes in this book we state and prove the following result which

is suitable for singular nonlinearities.

Theorem 1.2 Let 'V : Q x (0,0) — R be a Holder continuous function such that the
mapping (0,00) >t — ¥(x,t)/t is decreasing for each x € Q. Assume that there
exist vy, vy € C2(Q) NC(Q) such that

(@) Avi+¥(x,vi) <0< Avy+P(x,v7) in Q;

(b) vi,v2>0inQ andvy > v, 0on dQ;

(c) Avi € LY(Q) or Av, € L1(Q).

Then vy > vy in .

Proof. Suppose by contradiction that v < w is not true in £2. Then, we can find
&, 6 > 0 and a ball B CC Q such that

v—w>¢g inB, (1.2)
/vw ((D(x,w) B @(x,v)) dx > &. (1.3)
B w v

Let us assume that Aw € L'(€2) and set
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, )
M:max{l, HAW”LI(Q)}’ 8:mm{1,30a m :

Consider 8 € C!(R) a nondecreasing function such that 0 < 6 < 1, 6(¢) = 0, if
t+<1/2and 6(¢r) = 1 forall t > 1. Define

es(t):e(é), tER.

Because w > v on d£2, we can find a smooth subdomain Q* CC Q such that
* € . *
BCQ andv—w<§1nQ\Q.
Using hypotheses (i) and (ii) we deduce

yw <‘D(fv’w) _ 2 V)) 0 (v —w)dx. (1.4)

v

/ ) (WAV —vAW) O (v —w)dx > /

Q*

By relation (1.3), we have

/*vw (q)(x’w) - CD(’VC’V)) 0: (v — w)dx

w

> /vw (q’(x’w) - d)(x’v)) O (v — w)dox

w Vv

B
/BVW <€D(EW) B 4’(zw)) .
o

To raise a contradiction, we need only to prove that the left-hand side in (1.4) is

>
smaller than &. For this purpose, define
1
Ou(t) = / s6.(s)ds, 1€R.
0
It is easy to see that
O (1) =0, ift<§ and 0 < O(1) < 2e, foralls € R. (1.5)

Now, using Green’s first formula, we evaluate the left side of (1.4):
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/ (WAV —vAW) 0 (v — w)dx

v
:/89* w@s(v—w)%dc(x)—/*(Vw-Vv)Bs(v—w)dx
. , . aw
_/Q* w@s(v—w)Vv.V(v—w)dx—/amv@g(v—w)ﬁdc(x)
+/Q*(VW-Vv)eg(vfw)dan/Q*v@é(vfw)Vw-V(vfw)dx
=/, 0,(v—w)(WWw—wVv) - V(v —w)dx.

The previous relation can be rewritten as

*

/*(wAv—vAw)Gg(v—w)dx:/ wOL(v—w)V(w—v)-V(v—w)dx

+ [ (v=w)0.(v—w)Vw-V(v—w)dx.
Q*

Because / wO.(v—w)V(w—v)- V(v —w)dx < 0, the last equality yields

%

/ ) (WAV —vAW) B (v — w)dx < / (v—w)0.(v—w)Vw V(v —w)dx.
Therefore,
/ ) (WAV —vAW)0e (v — w)dx < - Vw V(O (v—w))dx.
Again by Green’s first formula, and by (1.5), we have

/ (wAv—vAw)Bs(v—w)dxg/ @g(v—w)a—wdc(x)
o 00+ dn
f/ O (v—w)Awdx
Q*
< 7/ @g(va)AwdeZE/ |Aw|dx
ol ol

§2£M<%.

Thus, we have obtained a contradiction. Hence v < w in €, which completes the

proof. (]
A direct consequence of Theorem 1.2 is the result below.

Corollary 1.3 Let k € C(0,00) be a positive decreasing function and ay,a € C(Q)
with 0 < ay < ay in Q. Assume that there exist B >0, v, vy € C2(Q)NC(Q) such
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that vi,vy > 0in Q, vi > v, on Q2 and

Avi — Bvi+ a1 (x)k(v1) <0< Avy — By +ax(x)k(v2)  in Q.
Then vi > vy in Q.

Proof. We simply apply Theorem 1.2 in the particular case

®O(x,1) = —Pr+a (k(t), (x,1) € Q2 x (0,00).

Let us now consider the more general elliptic operator in divergence form
Lu = div[A(|Vu|)Vu],
where A € C(0, o) is positive such that the mapping 7 — tA(¢) is increasing.

Theorem 1.4 Let Q be a bounded and smooth domain in RN (N > 1), p € C(Q)
and f € C(R). Assume that u,v € C*(Q)NC(Q) satisfy

(i) Lu—px)f(u) >0>Lv—p(x)f(v)in Q;
(ii) u <vondQ.
Thenu <vin Q.

Proof. Let ¢ : R — [0,%0) be a C'-function such that ¢ = 0 on (—o0,0] and ¢ is
strictly increasing on [0, o). We first multiply by ¢ (u — v) in (i) and obtain

(Lu—2v)p(u—v) = p)(f(u) = f(v)¢(u—v) inQ.
Integrating over €2, by the divergence theorem we find
—/Q [A(Vil) Vi = AV VY] - V=)~ v)ex
> [ p() (/) ~ F() 9~ v)dx = 0.

Hence
/Q [A(Vul) Vi — A9V VY] V(= )9 (u—v)dx <. (1.6)

On the other hand,
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[A(|Vu|)Vqu(|Vv|)Vv} V(u—v)
= [A(Vu]) [Vu| = AV ]) V] (V| - V)
+ [AQVul) +A( V)] (1Vul| 95| = V- ),

so that
[A(|Vu|)vu fA(|Vv|)Vv] V(u—v)>0 in,

with equality if and only if Vu = Vv. Using this fact in (1.6) it follows that u < v in
€. This finishes the proof of our result. O

Theorem 1.5 Let Q C RY (N > 1) be a smooth bounded domain, T > 0, and
Lu:=du—alx,t,u)Au+ f(x,t,u),

where a, f : Q x [0,00) x [0,00) — R are continuous functions such that a > 0 in
Q x [0,00). Assume that there exist uj,u, € C>'(Q x (0,T7))NC(Q x [0,T]) such
that:

1) Luy < Luyin Q x (0,T).
(i) uy <wuponXr:= (02 x(0,T))U (2 x {0}).
(iil) at least for one i € {1,2} we have |D*u;| € L*(Q x [0,T]) and the functions
a and f are Lipschitz with respect to the u variable in the neighborhood of
K :=u;(Q x [0,T)).

Then u; < up in Q x[0,T].

1.2 Radial Symmetry of Solutions to Semilinear Elliptic
Equations

An important tool in establishing the radial symmetry of a solution to elliptic PDEs
is the so-called moving plane method that goes back to A.D. Alexandroff and J. Ser-
rin. It was then refined by Gidas, Ni and Nirenberg in the celebrated paper [97]. The
requirements on the regularity of the domain were further simplified by Berestycki
and Nirenberg [16]. We follow here the line in [16] and [25] to provide the reader
with a simple and instructive proof of the radial symmetry of solutions to semilinear

elliptic PDEs in bounded and convex domains €2 that vanish on dQ.
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Theorem 1.6 Let Q C RY be a convex domain which is symmetric about the x;
axis. Assume that f : R — R is a Lipschitz continuous function and p : [0,00) — R
is a decreasing function. If u € C*(Q) NC(Q) satisfies

{ —Au=p(x)f(w),u>0  inQ,

(1.7)
u=0 on 0Q,
then u is symmetric with respect to the x| axis.

Proof. We first need a version of the maximum principle for small domains as stated

below.

Lemma 1.7 Let a € C(Q) and w € C*(®) NC(®) be such that

—Aw+a(x)w>0 in o,
(1.8)
w>0 on Jdw.
If
||a7||LN/2(w) > Sn, (1.9)

where Sy is the best Sobolev constant in @, then w > 0 in @. In particular; if
- N/2
la™ | =y | @ < S,

that is, if @ is small, then w > 0 in @.
Proof. We multiply the first inequality in (1.8) by w~ = max{—w,0}. Integrating
over @ we obtain
/ |Vw7|2dx+/ a(x)|w™[2dx <0.

[0 [0
This also yields

/ |Vw™|2dx < / a” (x)|w™ |*dx.

w [0
On the other hand, by Sobolev and Holder inequalities we find
SNIW ™l v/ wv-2) ) < /wa*(x)|wf|2dx < a2 lW [l avsv2) (@).

Using (1.9), the above inequality implies ||w™~ HLZN/(N*Z)(w) =0,sow>0inw. O

Let us now come back to the proof of Theorem 1.6. For any x = (x1,x,...,xy) € RV

we write x = (x1,x'), where x; € R and ¥’ € R¥~!. Let



8 1 Overview of Mathematical Methods in Partial Differential Equations
Ao =max{x; : (x;,x) € Q}.
We claim that
u(xy,x') < u(y;,x'), (1.10)

for all (x1,x') € Q with x; > 0 and all y; € R with |y;| < x;.

Then (1.10) implies u(x,x") < u(x;,—x') and similarly u(x;,x") > u(x;, —x'). so
u(xy,x') = u(xy,—x'), that is, u is symmetric about the x; axis. For any 0 < A < A4g
define

I ={x=(x,X)€Q: x>}
and
wy(x) =up(x) —u(x), x€X,

where u) (x) = u(24 — x1,x’). Note that wy, is well defined in X, since 2 is convex
and symmetric about the hyperplane x; = 0. Let us further remark that (1.10) is
equivalent to

wy >0 inX;, forall0<A<A. (1.11)

From (1.7) we have

—Awy +p (x| witp(x) —p(al)wa =0 in %,

)f(u) —f(uz)
Uy —u
where x; = (24 — x1,x’). This yields
—Awy +alx)wy >0 inX,,

e 0~ fluz)
u)— jluy .
X)) ———= if wy (x) #0,
LG 1) #
0 if wy (x) =0.
Remark that @ € L*(€Q) and ||a| (@) < L||p||1=(q), Where L is the Lipschitz con-

stant of f on the interval [—||ul|=(q), [|#||z=(q)]- Furthermore, we have
wp >0 ondX3NoR, w,=0 ondXNQ.
Thus, by taking A close to Ay, by Lemma 1.7 we obtain wy > 0in X, . Let

%={0<)L<A()ZW;LZOH‘IZ;L}.
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It is easily seen that <7 is closed. We next prove that <7 is open. To this aim, let
A € <. By the strong maximum principle, w; > 0in X. Let K C X, be a compact
set such that | X, \ K| is small, for u in a neighborhood of 4. Also, there exists ¢ > 0
such that wy > ¢ > 0 in K, so by continuity arguments we have wy, > 0 in K for
u near A. This yields wy > 0 on d(X, \ K), so by Lemma 1.7 we find w,, > 0 in
2, \ K, sowy > 0in X,. This proves that <7 is open, so &/ = (0,4¢). This implies

that (1.11) holds, that is, u is symmetric with respect to the x; axis. O

1.3 Variational Methods

1.3.1 Ekeland’s Variational Principle

Ekeland’s variational principle [67] was established in 1974, with its main feature
of how to use the norm completeness and a partial ordering to obtain a point where
a linear functional achieves its supremum on a closed bounded convex set. In its

original form, Ekeland’s variational principle can be stated as follows.

Theorem 1.8 (Ekeland’s Variational Principle) Let (M,d) be a complete metric
space and assume that @ : M — (—eo, 00|, @ £ oo, is a lower semicontinuous func-
tional that is bounded from below.

Then, for every € > 0 and for any zo € M, there exists z € M such that

(1) P(z) < D(z0) —€d(z,20);
(i) (x) > P(z) — ed(x,z), for any x € M.

Proof. We may assume without loss of generality that € = 1. Define the following

binary relation on M:

y<x ifandonlyif  ®(y)—P(x)+d(x,y) <O0.

Then “<” is a partial order relation—that is,
(a) x < x, forany x € M;
(b)ifx<yandy < xthenx=y;
(c)ifx<yandy <zthenx <z.

For arbitrary x € M, set
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Sx):={yeM:y<x}.

Let {&,} be a sequence of positive numbers such that &, — 0 and fix zo € M. For
any n > 0, let 7,11 € S(z,) be such that

(D(thq) < inf @+¢g,4.
S(zn)

The existence of z,,11 follows from the definition of S(x). We prove that the sequence
{zn} converges to some element z, which satisfies (i) and (ii).

Let us first remark that S(y) C S(x), provided that y < x. Hence, S(z,+1) C S(zn)-
It follows that for any n > 0,

(D(ZnJrl) - (D(Zn) + d(Zn,Zthl) <0

f— 3

which implies @(z,,+1) < @(z,). Because @ is bounded from below, we deduce that
the sequence {®(z,)} converges.
We prove in what follows that {z,} is a Cauchy sequence. Indeed, for any n and
p we have
D(zp1p) — P(zn) +d(znspszn) < 0. (1.12)

Therefore,

d(ZneraZn) < D(z,) — ‘D(Zner) —0 asn—oo,

which shows that {z,} is a Cauchy sequence, so it converges to some z € M. Now,
taking n =0 in (1.12), we find

D(z,) — DP(20) +d(zp,20) <O

So, as p — oo, we find (i).

To prove (ii), let us choose arbitrarily x € M. We distinguish the following situa-
tions.
Case I: x € S(z,), for any n > 0. It follows that @(z,4+1) < ®(x) + &,11, which
implies that @(z) < @(x).
Case 2: There exists an integer N > 1 such that x ¢ S(z,,), for any n > N or, equiva-
lently,

D(x) — D(z,) +d(x,2,) >0 foreveryn>N.

Passing to the limit in this inequality as n — o we find (ii). O
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A major consequence of Ekeland’s variational principle is that even if it is not
always possible to minimize a nonnegative C! functional @ on a Banach space;
however, there is always a minimizing sequence (uy),>1 such that @'(u,) — 0 as

n — oo, More precisely we have

Corollary 1.9 Let E be a Banach space and let @ : E — R be a C' functional that
is bounded from below. Then, for any € > 0, there exists z € E such that

D(z) < infd+e  and @' (2)||e+ < €.

Proof. The first part of the conclusion follows directly from Theorem 1.8. For

the second part we have
10 (2)||ex = sup (@' (2),u).
But,

/ T

So, by Ekeland’s variational principle,
(D'(2),u) > —e.
Replacing now u with —u we find
(@'(2),u) <,

which concludes our proof. (]

1.3.2 Mountain Pass Theorem

The mountain pass theorem was established by Ambrosetti and Rabinowitz in [7].
Itis a powerful tool for proving the existence of critical points of energy functionals,
hence of weak solutions to wide classes of nonlinear problems. We first recall the

following definition.

Definition 1.10 (Palais—Smale condition) Let E be a real Banach space. A func-
tional J : E — R of class C' satisfies the Palais—Smale condition if any sequence

{un} in E is relatively compact, provided
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{J(un)} is bounded and ||J'(uy)||gx — 0 as n— oo. (1.13)
By means of Ekeland’s variational principle, one deduces the following result.

Proposition 1.11 Let E be a real Banach space and assume that @ : E — R is a
functional of class C' that is bounded from below, and satisfies the Palais—Smale

condition. Then the following properties hold true:

(1) @ is coercive.

(i1)Any minimizing sequence of @ has a convergent subsequence.
We are now in position to state the mountain pass theorem.

Theorem 1.12 (Mountain Pass Theorem) Let E be a real Banach space and assume
that J : E — R is a C' functional that satisfies the following conditions: There exist

positive constants o. and R such that

(i) J(0) =0and J(v) > o for all v € E with ||v|]| = R;
(i) (vo) <O, for some vy € E with ||vg|| > R.

Set
I':={peC([0,1};E): p(0) =0and p(1) = vo}

and

= inf max J(p(t)).
¢:= Inf max (p(1))

Then there exists a sequence {uy,} in E such that J(u,) — ¢ and J'(u,) — 0 as
n — oo. Moreover, if J satisfies the Palais—Smale condition, then c is a nontrivial

critical value of J, that is, there exists u € E such that J(u) = ¢ and J'(u) = 0.

1.3.3 Around the Palais—Smale Condition for Even Functionals

In this section we recall some notions and results from critical point theory for even
functionals. These results are due to Tanaka [195]. Let X be an infinite dimensional
separable Hilbert space and let J : X — R be a C? functional such that

(A;) JisevenandJ(0)=0;

(A2)  For any finite dimensional subspace W of X there exists R = R(W) > 0 such
that J(u) < O for all u € W with ||u|| > R;



1.3 Around the Palais—Smale Condition for Even Functionals 13

(A3) The Fréchet derivative J' : X — X satisfies
J'(u)=u+K(u) forall ueX,

where K : X — X is a compact operator. Let {X;} be a sequence of subspaces of X
such that

dimX; =k and X =|]JX
k=1
For every k > 1 let Ry = R(X)) > 0 from the hypothesis (A2) and set Dy = XN

B(0,Ry). Let also

% {yeC( k,X) :7is odd an kamaB(O,Rk) d}

and
by = inf sup J(y(u)).

YE€Ck uehy,

Definition 1.13 We say that

(i) J satisfies the (PS)y condition if every sequence {u,} in Xy such that {J(u,)} is

bounded and
!
J )u —0 asn-—o
| (1) @],

admits a convergent subsequence in X.
(ii) J satisfies the (PS). condition if every sequence {u;} in X with u; € X;, and
such that {J(ux)} is bounded and

H (‘I‘Xk)/(uk)HXk —0 ask—o

admits a convergent subsequence in X.

Definition 1.14 Let u be a critical point of J : X — R. The large Morse index of J
at u, denoted by m*(J,u) is the infimum of the codimensions of all subspaces of X

on which the quadratic form J" (u) is positive definite.

Theorem 1.15 (see [195]) Assume that J satisfies (A1) — (Az), (PS), (PS); and
(PS).. Then, for each k > 1 there exists a critical point u, € X such that

Ju) <k and wm*(Ju) >k
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1.3.4 Bolle’s Variational Method for Broken Symmetries

In the following we recall some notions and results from critical point theory for
functionals with broken symmetry in the spirit of Bolle [22]. Let X be an infinite
dimensional separable Hilbert space and let J : [0,1] x X — R be a C? functional.
We set Jg = J(6,-) and denote by Jg : X — X the Fréchet derivative of Jy.

Consider {e;} an orthonormal system of X and for any k > 1 set X; =
span{ej,ea,... e}

(By) J satisfies the Palais—Smale condition on [0, 1] x X;

(B2)  Forany b > 0 there exists a positive constant C = C(b) > 0 such that
2
20
for all (0,u) € [0,1] x X satisfying |Jg (u)| < b.
Assume that J is even and J(0) = 0;

(6,u)| < C(1+ [T () [1x) (1 + Jullx).

(B3)  There exist two flows 1); : [0,1] Xx R — R such that 1;(0,-) are Lipschitz

continuous for all 6 € [0, 1] and

(6,95 0)) < 25 (6,0 < (0,15 (w)

at each critical point u of Jy.

(B4) Jiseven and for any finite dimensional subspace W of X we have

lim  sup Jg(u) = —oo.

ueW
| —>o0 O€0:1]

Denote by y; : [0, 1] x X — X the solutions of the problem

ay; . '
%(9#) =ni(0,y;(6,)),

v;(0,s) =s.

Remark that y;(0,-) are continuous, nondecreasing and y; < y,. Define

fi(s) = sup 1i(6,s).
0€[0,1]

Let
¢ ={8eC(X,X):{isodd and {(u) = uif ||u||x > R},

and
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¢ = inf sup Jo(&(u)).
CEC uex,

The main result of this section is due to Bolle [22].

Theorem 1.16 (see [22]) Assume that the sequence

{ - Cht1 i k } is unbounded.
i (crer) +M2(er) +1

Then, the functional J, admits a sequence of critical values {dy} such that
l[/z(l,ck) < l[/l(l,CkJrl) <dy forallk > 1.
1.4 Degree Theory

1.4.1 Brouwer Degree

We start by recalling some basic facts about Brouwer degree.

Definition 1.17 Let 2 be an open set in RN N>1,and F € C! (E;RN).

(i) We say that x €  is a regular point if the Jacobian matrix Jr(xo) = (JF;/9x;)
has rank N. If x¢ is not a regular point, we say that xq is a critical point of F.
(ii) We say that yy € RN is a regular value of F if the preimage F~'(yo) does not

contain any critical point; otherwise we say that y is a critical value.
A first characterization of the set of critical values is given by the following result.

Theorem 1.18 (Sard Lemma) Let 2 C RN be a bounded open set, F' € C? (E;RN).

Then the set of critical values of F has zero Lebesgue measure.

Definition 1.19 Ler Q C RN be a bounded open set, F € C*(Q;RN), p € RN\
F(0Q).

(i) If p is a regular value of F then

deg(F,Q,p)= Y sign(detJr(x)).
xeF~1(p)

(ii) If p is a critical value of F then

deg(F,Q,p) = deg(F,Q,p1),
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where py is a regular value of F such that ||p — p1|| < dist(p,F(dQ)).
It can be proved that deg(F, €2, p) is independent of the choice of p;.

Definition 1.20 Let Q C RN be a bounded open set and F € C(Q;RN), p € RN\
F(dQ). The Brouwer degree of F in Q at point p is defined as

deg(F,Q,p) = deg(G,Q2,p),
where g € C?(Q;RY) is an arbitrary function such that ||F — G|~ < dist(p, Q).

It can be proved that deg(F, £2, p) is independent of the choice of G.

Some basic properties of Brouwer degree theory are stated below.

Theorem 1.21 Let Q C RN be a bounded open set.

(i) (Normality)
1 peQ,

deg(F,Q,p) = —
0 pgQ.
(ii) (Domain Additivity) Let F € C(E;RN). If Qy, , are two open subsets of €2

with QN =0and p ¢ F(Q\ (Q;UQy)) then
deg(F,Q,p) = deg(F,Qi,p) +deg(F, Qa, p).

(iii) (Invariance of Homotopy) Let H : Q x [0,1] — RY be a continuous mapping.
Assume that p : [0,1] — RN satisfies p(t) # H(x,t) for all (x,t) € 9Q x [0,1].
Then deg(H(-,1),2,p(t)) is independent of t.

1.4.2 Leray—Schauder Degree

Let X be a Banach space and let  be a bounded open set in X. If 7 : Q — X is
a compact operator, then there exists a sequence of finite rank operators {7} such
that |7 — T¢|| — 0 as € — oo.

Letnow p € X\ F(dQ).If 0 < & < dist(p, d ), there exists a finite rank operator
T; such that || T — T || < €. Letting Fz =1 — T¢, then p & F¢(d€2) so that considering

X = T:(Q) it follows that

F: XeNQ — X,

X.NQ
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the Brouwer degree of F; on X N at point p is well defined.

Definition 1.22 (Leray—Schauder Degree) Let F =1 —T where T is a compact op-
erator. The Leray-Schauder degree of F in Q at point p € X \ F(9Q) is defined
as

deg(F,Q,p) = deg(Fe,Xe N Q, p).

It can be proved that deg(F, 2, p) is independent of the choice of €. As a conse-
quence, the results in Theorem 1.21 (i)—(ii) concerning Brouwer degree of maps
in finite dimensional space transfer to Leray—Schauder degree for F =1 —T by
applying these results to the finite dimensional approximation Fe. As regards the in-

variance to the homotopy, we state here the counterpart result for Theorem 1.21(iii).

Theorem 1.23 (Invariance to Homotopy) Let H : Q x [0,1] — RN be a compact

operator and let p : [0,1] — X be a continuous function such that
p(t) #x—H(x,t) forall (x,t) € dQ x[0,1].

Then deg(H(-,t),2,p(t)) is independent of t.

1.4.3 Leray—Schauder Degree for Isolated Solutions

As before, let  be a bounded open set of a Banach space and F : Q — X such that
0¢ F(dQ) and T =1 —F is compact. We assume that xy € Q is an isolated solu-
tion of F(x) =0 and that F'(xo) = I — T'(xo) is invertible. By the implicit function
theorem, there exists a ball B,(xg) C €2 such that F(x) # 0 for all x € B,(xp), X # Xo.

Definition 1.24 The index of F' at xy is given by
index(F,xo) = deg(F,By(x9),0).

It can be shown that index(F, xo) is independent of r.

Theorem 1.25 Under the above conditions,

index(F,xo) = (—1)P, B= 3 m,

where
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ny = dim[ | Ker(A —T'(x))"].
p>1

Proof. Without loss of generality we may assume xo = 0. For 0 <t < 1 and x € Q
let |
— =Tt 0<t<1,
H(x,t) = T (tx) -
x—=T'(0)x t=0.
Then, by the invariance of the compact homotopy we have
index(F,xo) = deg(F,B,,0) = deg(H(1,-),B,,0)

— deg(H(1,-),B,,0) = deg(I— T'(0), 5,.,0).

We next decompose X = X; @ X, where
X = span{ U UKer(AI—- T/(xo))”}.
Aea(T! (xp)) P=1

A>1

Then
deg(I-T'(0),B,,0) :deg((I—T/(O))\Xl,Brmxl,O)-deg((l—T/(O))\Xz,Brmxz,O).
Further, if I'(z,-) =1 —1T'(0),0 <1 < 1, then

0& I (x,¢) forall (x,¢) €[0,1] x d(B,NXa)

SO
deg((1— T’(O))]XZ,B,HXZ,O) = deg(T"(0, -)]XZ,B,ﬁXz,O) =1.
Thus, from the above equalities we find
deg(I—T'(0),B,,0) = deg((I—T'(0)) |Xl ,B,NX1,0)
= sgn(det(I - 77(0))) = (—1)P.

This finishes the proof. O



Chapter 2

Liouville Type Theorems for Elliptic Operators
in Divergence Form

There is no subject so old that
something new cannot be said about it.

Fyodor Dostoyevsky (1821-1881)

2.1 Introduction

The celebrated Liouville theorem in complex analysis which asserts that any
bounded holomorphic function on the entire complex plane has to be constant,
has been extended to various areas of analysis. A first well-known result directly
related to the Liouville theorem is that any bounded harmonic function defined in
RN, N > 1, is constant. The interested reader may find a valuable overview in the
recent work [70].

In this chapter (see [90]) we are concerned with the existence of positive classical

solutions to the following elliptic inequality
div[A(|Vu)Vu] > p(lx)f(u)  in RN N> 1. (2.1)

Any solution of (2.1) is called a positive entire solution. Moreover, if u is an entire
solution with u(x) — oo as |x| — o, then u is called a positive entire large solution.
The model case A = 1 has been largely investigated and corresponds to the semi-
linear elliptic inequality Au > p(|x|)f(u) in RV,
If A(t) = tP~2, p > 1 then (2.1) corresponds to the p-Laplace type inequality

Apu = div(|VulP72Vu) > p(|x]) f(u)  inRY.

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 19
DOI 10.1007/978-3-642-22664-9_2, (©) Springer-Verlag Berlin Heidelberg 2012
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Another important case that will be considered in this chapter is A(¢) = (1 +72)~/2

that corresponds to the mean curvature inequality

Throughout this chapter we assume that A € C(0,0) is positive and
(A1) the mapping R > ¢+ tA(J¢|) is of class C(R) N C!(0,o0)
and [tA(r)]" > 0 for all 7 > 0.

Assume that f is a C[0, ) nondecreasing function satisfying f(¢) > 0 forall 7 > 0

and f(0) = 0. The function p is continuous and positive on [0, ).

Theorem 2.1 If (2.1) has a positive entire solution, then there exists a solution v of

the equation

AW D) = () (), 0<r<es, (2.2)
such that v'(0) = 0.

Proof. Let U be a positive solution of (2.1) and assume that (2.2) has no solutions.

Fix 0 < a < U(0) and let v be a positive solution of
AWV = () f(v), v(0) =a,v'(0)=0,
defined in a maximal interval [0,R), R < . It is easy to see that v/ > 0 on (0,R) so

either v(R—) = = or v/(R—) = co. We shall discuss separately these two cases.

Case 1. v(R—) = eo. Then one can find 0 < R; < R such that

v(Ry) > maxU. (2.3)
3Bk,

Then, by Theorem 1.4 we find v > U in Bg, which contradicts v(0) =a < U(0).
Case 2. V/(R—) = oo. If there exists 0 < R; < R such that (2.3) holds, by the same

arguments as above we reach a contradiction. Assume next that
v(r) < max U forall0<r<R.

Using the fact that v/(R—) = o, one can chose 0 < R; < R such that

dv U



2.2 Some Related ODE Problems 21

Define

6 :=max(U—v)>0
9Bk,

and let w =v+ 6. Then, w > U on dBg, and there exists x* € dBg, such that w(x*) =
U (x*). Using this fact and (2.4) we can find 0 < A < 1 such that

w(Ax") < U(Ax"). (2.5)

On the other hand, by Theorem 1.4 we find w > U in Bg, which contradicts (2.5).
Therefore, (2.2) has a positive solution u with «’(0) = 0. The proof of Theorem

2.1 is now complete. (]

2.2 Some Related ODE Problems

In this section we are concerned with the ODE (2.2) in a slightly more general form

which reads as:
[F*A(ld )] = r*p(r)f(u), r>0,u(0)>0,u(0)=0, (2.6)

where o > 0 and A satisfies (A1). We assume that I'(r) := r~% [ s%p(s)ds satisfies

(gl) I'(r) — oo asr— oo
or
(g2) g'(r)>M >0 forall r>0.

Obviously, (g2) implies (g1).
Remark 2.1. (i) Examples of functions p that verify (g1) are

A p(r)=r(1+r),a+2b>—1; @2)p(r)=e; (3)p(r)=In(2+r).
(ii) Condition (g2) is fulfilled for (iil) p(r) = r¥, ¥ > 0; (ii2) p(r) = ¢’

Our first result concerns the nonexistence of the solution to (2.6) in the case
where im tA(¢) < oo.
t—boo

Theorem 2.2 Assume that A satisfies (A1), }Lm tA(t) < e and p satisfies (g1).

Then (2.6) has no positive solutions.
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Proof. Suppose by contradiction that there exists a solution u of (2.6). Then
A )] + %A(|u’|)u’ = p(Nf(u(r), forall r>0 2.7)
and
Al (P (r)=r* /Ors“p (8)f(u(s))ds, forall r>0. (2.8)

We deduce that A(|u/(r)|)u/(r) > 0 for r > 0 which implies «'(r) > 0. Since f is

nondecreasing it follows that

AW (P () <T(r) f(u(r)), forall r>0. 2.9)
Now (2.7) and (2.9) yield
AW () = (p(r) = ST(1) flu(r), forall r>0
that is
AW)d) (r) > T'(r)f(u(r)), forall r>0. (2.10)

Since u(0) > 0 and f,u are nondecreasing functions, from (2.7) we derive
A (r)d' (r) > T(r)f(u(0)), forall r>0. (2.11)

On the other hand, lim7A(r) < o which implies that A(«'(r))u/(r) is bounded on
[—ro0
[0,0). This fact and the above inequality lead to a contradiction since I'(r) — oo as

r— oo and f(u(0)) > 0. The proof of Theorem 2.2 is now complete. O

Next we consider the case where

A
(A2) lim% =Ap € (0,0), m>1.

t—oo [
Since m > 1, condition (A2) leads to thﬁm tA(t) = oo.
Define 'V : [0,00) — [0,0) by

‘f’(t):tzA(t)—/(:sA(s)ds, t>0.

From (A1) it follows that ¥ is a continuous strictly increasing function with
¥(0)=0.

From (A2) and I’Hospital’s rule we deduce that



2.2 Some Related ODE Problems

Theorem 2.3 Assume (A1), (A2) and (g2) hold. If

s ( / tf(S)dS) <

then (2.6) has no positive solutions.
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(2.12)

(2.13)

Proof. Assume by contradiction that (2.6) has a positive solution #. From (2.11) we

get u'(r) —> o0 as r — oo and 80 u(r) — 0 as r — o,

Multiplying (2.11) by «’ > 0, an integration over [0, r] and a changing of variable

gives
Y(u'(r) > /Orr'(t)f(u(t))u'(t)dt, for all r> 0.

Using (g2) we deduce

u(r)
(' (r)) ZM/( : f(s)ds, forall r>0.
u(0

Now, (2.12) implies that there exists ry > 0 and a positive constant C > 0 such that

u(r) 1/m
u'(r)>C (/ f(M(S))dS> , forall r> rp.
u(0)
Hence
u(r) —1/m
(/( ) f(”(s))ds> u(r)>C, forall r>ryp.
u(0

An integration over [ry,r| yields

u(r) [t —1/m
/ </ f(u(s))ds) dt > C(r—ry), forall r> ry.
u(ro) \Ju(0)

Letting » — oo in the above relation we find

/;:0) ( / Zo)f (u(S))ds) o dt = oo,

This contradicts our assumption (2.13) and completes the proof.

An existence result is as follows.

Theorem 2.4 Assume (Al) and (A2) hold. If



24 2 Liouville Type Theorems for Elliptic Operators in Divergence Form

/ - ( /l f(s)ds) S o, (2.14)

then (2.6) has at least one positive solutions.

Proof. The existence of a solution u of (2.6) in a certain interval [0,R) follows by
the classical arguments of ODEs. Assume by contradiction that the maximal interval
of existence of u is a finite interval [0,R), R < co.

We first claim that (R —0) := lim, ~g u(r) = . Indeed, since «’ >0 on [0,R) it
follows that u(R —0) exists in (0,c]. From (2.7) we deduce that u’'(R —0) exists as
a finite value. Then, by standard arguments for initial value problems it follows that
u can be extended as a solution on an interval [0,R + €),& > 0 which contradicts
the maximality of R. Hence u(R—0) = oo.

Using (2.7) and the fact that A(«')u’ > 0 on [0,R) we obtain

AV (r) <T(r)f(u(r)), forall 0<r<R.

Multiplying the above inequality by «’ > 0 and integrating over [0,r] we have

u(r)

() < [T (s <Co | pis)ds

for all 0 < r < R, where Cy = m[gx]l"(r) > 0. According to (2.12) there exists
re|0,R

Ry € (0,R) such that

u(r) 1/m
W(r) <G ( / f(s)ds> . forall re (Ro,R),
u(0)

where C; > 0 is a constant independent of f andu. Hence

—1/m

u(r)
(/ f(s)ds) u'(r) <Cy, forall re (Ro,R).
An integration over [Ry, 7], < R, and a change of variable lead to

u(r) t —1/m
/ (/ f(s)ds) dt <Cy(r—Ro), forall r>r.
u(Ro) \Ju(0)

Now, letting r ,* R we find

" 4 —1/m
/u(Ro) <\/u(0)f(u(s))ds) dt < C1(R—Ryp) < oo,
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which contradicts our assumption (2.14). We conclude that there exists a solution of

(2.6) and the proof is now complete. O

Our final result in this section gives an estimate of the growth of a solution of

(2.6) in the case where f is bounded. More precisely we prove

Theorem 2.5 Assume (A1), (A2), (gl) hold and f is bounded. If u is a positive
solution of (2.6) then

1/(m—1)
lim # = lim (Ai f(r)) . (2.15)
7 [ vy A

Proof. Applying I’Hospital’s rule we have

lim — u(r) = lim — /Z;(fl)) . (2.16)
re /0 g/ (gas T8 (r)
From (A2) we find
d" ) W™ () A () (r)
1 - = .
PRI e AW () T0) o1
_ L AW () '
_14_0er F(r)
By (2.8) and I’Hospital’s rule we deduce
hmwmwm_mAWWWWWs
T T s (2.18)
0
= lim f(u(r)) = lim f(r)

Now, (2.16), (2.17), (2.18) lead to

1/(m—1)
1Lm,L = lim ( ! f(r)) .
' /Ogl/(m’l)(r) '

This completes the proof. (]
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2.3 Main Results

We have seen (in Theorem 2.1) that (2.2) has a solution whenever the N-dimensional
inequality (2.1) has an entire positive solution. Using this fact and the results in the
previous section we obtain some Liouville type theorems regarding the nonexistence
of positive solutions to (2.1). In the sequel, the corresponding function I"(r) to which

conditions (g1) or (g2) apply is given by
r
Ir(r):= rI’N/ s p(s)ds, r>0.
0

Theorem 2.6 Assume that A satisfies (A1), tlim tA(t) < oo and p satisfies (g1).
oo

Then (2.1) has no positive entire solutions.

Theorem 2.7 Assume that (A1), (A2) and (g2) hold. If

./m (,/‘tf(S)ds) e o,

then (2.1) has no positive entire solutions.
The proofs follow by applying Theorems 2.1, 2.2 and 2.3. Further, using the exis-
tence result stated in Theorem 2.4 we have:

Theorem 2.8 Assume (A1), (A2) and (g1) hold. If

F(f o) o=

then the inequality (2.1) has infinitely many positive entire large solutions.

Corollary 2.9 Assume that (A1), (A2) and (g2) hold. Then (2.1) has a positive

entire (large) solution if and only if

/w </tf(s)ds) T e

Examples.(i) If p satisfies (g1), then the inequality

div <\/%> >p(lx))f(u), xeRY
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has no positive entire solutions.

(ii) If p satisfies (g2) then the inequality

, Vu N 1
- | > u —
dlv((1+|vu|2)a)_p(|x|)e, xeRY, o<y

has no positive entire solutions and the inequality

. Vu 1
div (W) Zp(|)c|)uy7 XERN, o< E, )/ZO

has positive entire (large) solutions if and only if y <1 —2a:.

(iii) If p satisfies (g2) then the inequality
div(|Vu|"2Vu) > p(]x|)u?, x€RY, m>1,y>0

has positive entire (large) solutions if and only if y <m — 1.

(iv) If p satisfies (g2) then the inequality
div(|Vu|"2Vu) > p(]x))In"(1 +u), x€RY, m>1,y>0

has positive entire (large) solutions.



Chapter 3

Blow-Up Boundary Solutions of the Logistic
Equation

All intelligent thoughts have already
been thought; what is necessary is only
to try to think them again.

Johann Wolfgang von Goethe
(1749-1832)

In this chapter we are concerned with singular problems of the type

Au= ®(x,u,Vu) in Q,
u>0 in £, (3.1
U= —+oo on 0L,
where  is an open set in the Euclidean space with smooth boundary 0dQ. The
function @ is assumed to be positive and fulfilling a suitable growth assumption.

A solution of problem (3.1) is called a blow-up boundary solution or a large so-
lution. The study of large solutions was initiated in 1916 by Bieberbach [18] for
the particular case @(x,u, Vu) = exp(u) and N = 2. He showed that there exists
a unique solution of (3.1) such that u(x) — log(d(x)~?) is bounded as x — 9,
where d(x) := dist(x,d€2). Problems of this type arise in Riemannian geometry:
if a Riemannian metric of the form |ds|> = exp(2u(x))|dx|*> has constant Gaus-
sian curvature —c? then Au = c¢?>exp(2u). Motivated by a problem in mathematical
physics, Rademacher [169] continued the study of Bieberbach on smooth bounded
domains in R3. Lazer and McKenna [131] extended the results of Bieberbach and
Rademacher for bounded domains in RV satisfying a uniform exterior sphere con-
dition and for nonlinearities @ (x,u, Vi) = b(x)exp(u), where b is continuous and
strictly positive on Q. Let @ (x,u, Vu) = f(u) where f € C'[0,00), f'(s) > 0 for
s >0, f(0) =0 and f(s) > 0 for s > 0. In this case, Keller [115] and Osserman

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 29
DOI 10.1007/978-3-642-22664-9_3, (©) Springer-Verlag Berlin Heidelberg 2012
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[155] proved that large solutions of (3.1) exist if and only if

= dt !
/1 0 < oo, where F(t):/o f(s)ds.

In a celebrated paper, Loewner and Nirenberg [138] linked the uniqueness of the
blow-up solution to the growth rate at the boundary. Motivated by certain geometric
problems, they established the uniqueness for the case f(u) = uN+2/(N-2) N > 2,

Many results in this chapter are concerned with the case @ (x,u, Vu) = a(x) f(u),
where f is a nondecreasing function and a(x) is a nonnegative potential. The case
a > 0in Q corresponds to a logistic behavior while the framework corresponding to
a=0in Q is known as the Malthusian model. The models we study in this chapter

are often mixtures of the logistic and Malthusian models.

3.1 Singular Solutions of the Logistic Equation

Consider the semilinear elliptic equation
Au+au=Db(x)f(u) in Q, (3.2)

where Q is a smooth bounded domain in R¥, N > 3. Let a be a real parameter and
b e CO%(Q),0< u < 1,suchthath >0and b # 0 in Q. Set

Q) =int{x € Q: b(x) =0}

and suppose, throughout, that QocQand b >0o0n QL \ﬁo. Assume that f €
C'[0, o) satisfies
(A1) f>0and f(u)/uis increasing on (0,o).

Following Alama and Tarantello [4], define by H.. the Dirichlet Laplacian on
Qq as the unique self-adjoint operator associated to the quadratic form y(u) =

Jo |Vu|? dx with form domain

H)(Q0) ={uc HY(Q): u(x)=0 forae xcQ\Q}.
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If 0 satisfies the exterior cone condition then, according to [4], H, ll) (Qp) coincides
with H(} () and H., is the classical Laplace operator with Dirichlet condition on
29Qy.

Let A1 be the first Dirichlet eigenvalue of H.. in £2y. We understand that A, ; =
oo if Qo = 0.

Set o = lim,\ o @, Ueo := lim;, e @, and denote by A; (o) (resp. A; (Ueo))
the first eigenvalue of the operator Hy, = —A + uob (resp. Hy,, = —A + U.b) in
HJ (). Recall that A; (+0) = A 1.

Alama and Tarantello [4] proved that problem (3.2) subject to the Dirichlet
boundary condition

u=0 ondQ (3.3)

has a positive solution u, if and only if a € (4;(Uo), A1 (U )). Moreover, u, is the
unique positive solution for (3.2)+(3.3) (see [4, Theorem A (bis)]). We shall refer to
the combination of (3.2)+(3.3) as problem (E,).

Our first aim in this section is to give a corresponding necessary and sufficient
condition, but for the existence of large (or explosive) solutions of (3.2). An elemen-
tary argument based on the maximum principle shows that if such a solution exists,

then it is positive even if f satisfies a weaker condition than (A1), namely
(A1) f(0)=0, f >0and f>0on (0,c).

We recall that Keller [115] and Osserman [155] supplied a necessary and suffi-
cient condition on f for the existence of large solutions to (3.2) whena =0,b =1
and f is assumed to fulfill (A;)’. More precisely, f must satisfy the Keller-Osserman
condition (see [115, 155])),

e dt !
(Az) /1 \/TTI) < oo, where F(l) :/0 f(S)dS

Typical examples of nonlinearities satisfying (A1) and (A;) are:

(i) flu)=e€"—1; (i) f(u) =uP, p>1; (iil) f(u) =u[ln(u+1)]", p>2.

Our first result gives the maximal interval for the parameter a that ensures the

existence of large solutions to problem (3.2). More precisely, we prove

Theorem 3.1 Assume that f satisfies conditions (A1) and (A,). Then problem (3.2)
has a large solution if and only if a € (—e°, A 1).
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We point out that our framework in the above result includes the case when b
vanishes at some points on dQ, or even if b = 0 on Q. This later case includes
the “competition” 0 -« on 9. We also point out that, under our hypotheses, . :=
limy, e f(1) /u=1im, .. f' (1) = oo. Indeed, by I’Hospital’s rule, lim,, .. F () /u* =
U /2. But, by (Az), we deduce that e, = . Then, by (A1) we find that f’(u) >
S (u)/u for any u > 0, which shows that limy—e f(u) = ce.

Before giving the proof of Theorem 3.1 we claim that assuming (A;), then
problem (3.2) can have large solutions only if f satisfies the Keller—Osserman
condition (A;). Indeed, suppose that problem (3.2) has a large solution u... Set
f(u) = |alu+ ||b||f(u) for u > 0. Notice that f € C'[0,<0) satisfies (A;)’. For any
n > 1, consider the problem

Au=f(u) inQ,

u=n on dQ,

u>0 in Q.
A standard argument based on the maximum principle shows that this problem has a
unique solution, say u,, which, moreover, is positive in Q. Applying again the max-
imum principle we deduce that 0 < u, < u,+1 < U, in L2, for all n > 1. Thus, for
every x € 2, we can define ii(x) = limy,_,. u,(x). Moreover, since (&) is uniformly
bounded on every compact subset of €2, standard elliptic regularity arguments show
that iz is a positive large solution of the problem Au = f(u). It follows that f satis-
fies the Keller—Osserman condition (A3 ). Then, by (A}), He := lim,—e f (1) /u > 0
which yields limy .. f(u)/f (1) = |a|/fee + ||b||- < oo. Consequently, our claim fol-

lows.

Proof of Theorem 3.1. A. Necessary condition. Let u.. be a large solution of prob-
lem (3.2). Then, by the maximum principle, u.. is positive. Suppose A is finite.
Arguing by contradiction, let us assume a > Ao 1. Set A € (A1 (o), A 1) and denote
by u;, the unique positive solution of problem (E,) with a = 1. We have

A(Muo) + Aos 1 (Muteo) < b(x) f(Mus,) in €,

Mo, = o0 ondQ,
Mue > uy, in Q,

where M := max {max§ uy /ming Ue; 1}. By the sub-super solution method we
conclude that problem (E,) with a = A ; has at least a positive solution (between

uy, and Mu.,). But this is a contradiction. So, necessarily, a € (—e0, Aw 1).
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B. Sufficient condition. This will be proved with the aid of several results.

Lemma 3.2 Let  be a smooth bounded domain in RN. Assume p, g, r are COH-

Sfunctions on ® such that r > 0 and p > 0 in @. Then for any nonnegative function

0# @ € CO*(Jdw) the boundary value problem

Au+qx)u=px)f(u)—r(x) ino,
u>0 in o, (3.4)
u=ao on o,

has a unique solution.

We refer to Cirstea and Radulescu [44, Lemma 3.1] for the proof of the above
result.
Under the assumptions of Lemma 3.2 we obtain the following result which gen-

eralizes [142, Lemma 1.3].

Corollary 3.3 There exists a positive large solution of the problem
Au+q(x)u= p(x)f(u) —r(x) in o. (3.5)

Proof. Set @ = n and let u, be the unique solution of (3.4). By the maximum

principle, 1, < u,4+| < u in o, where u denotes a large solution of
Au+ ||g|lett = pof(u) —F in @.

Thus lim,,—,e t, (X) = u(x) exists and is a positive large solution of (3.5). Further-
more, every positive large solution of (3.5) dominates u.., that is, the solution u., is
the minimal large solution. This follows from the definition of #.. and the maximum

principle. (]

Lemma 3.4 [f0 # @ € CO*(9Q) is a nonnegative function and b > 0 on 9L, then

the boundary value problem

Au+au=">b(x)f(u) inQ,
u>0 in Q, (3.6)
u=ao on dQ,

has a solution if and only if a € (—ee, A 1). Moreover, in this case, the solution is

unique.
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Proof. The first part follows exactly in the same way as the proof of Theorem 3.1
(necessary condition).

For the sufficient condition, fix a < A« and let A1 > A, > max{a, i (uo)}.
Let u, be the unique positive solution of (E,) with a = A..

Let Q; (i =1,2) be subdomains of € such that Qy CC Q; CC Q, CC Q and
Q\ Q is smooth.

We define u; € C?(Q) as a positive function in £ such that u; = u.. on Q\ Q,
and uy = u, on Q). Here u.. denotes a positive large solution of (3.5) for p(x) =
b(x), r(x) =0, g(x) =aand @ = Q\ Q;. So, since by := infg,\ o, b is positive, it is
easy to check that if C > 0 is large enough then v¢ = Cu-- satisfies

AV +avep < b(x)f(Vp) inQ,

Vp = 0 ondQ,
Vo > max @ in Q.
2Q

Let y4 be the unique classical solution of the problem

Avg = lalvg +[|bl|-f(vg) in €,

ve >0 in Q,

v =@ ondQ.
It is clear that y4 is a positive subsolution of (3.6) and vg < maxyo @ < Ve in Q.
Therefore, by the sub-super solution method, problem (3.6) has at least a solution
ve between v4 and V. Next, the uniqueness of the solution to (3.6) can be obtained
by using essentially the same technique as in [30, Theorem 1] or [26, Appendix
11]. O

Proof of Theorem 3.1 continued. Fix a € (—eo, A1 ). TWo cases may occur:

Case 1: b >0ondQ. Denote by v, the unique solution of (3.6) with @ = n. For
D =1,setv:=vg and V :=Vvg, where v and V¢ are defined in the proof of Lemma
3.4. The sub and supersolutions method combined with the uniqueness of the solu-
tion of (3.6) shows that v < v, <v, 1 <V in Q. Hence v (x) := lim,,_,e v, (x) exists

and is a positive large solution of (3.2).

Case 2: b >0 on dQ. Let 7, (n > 1) be the unique solution of (3.4) for
p=b+1/n,r=0,9=a, ®=nand ® = Q. By the maximum principle, (z,) is non-
decreasing. Moreover, {z,} is uniformly bounded on every compact subdomain of

Q. Indeed, if K C Q is an arbitrary compact set, then d := dist (K,d€Q) > 0. Choose
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8 € (0,d) small enough so that Qg C Cy, where C5 = {x € Q : dist(x,0Q2) > §}.
Since b > 0 on dCg, Case 1 allows us to define z as a positive large solution of
(3.2) for 2 = Cy. A standard argument based on the maximum principle implies that
7z <z4in Cg, foralln > 1. So, {z,} is uniformly bounded on K. By the monotonic-
ity of {z,}, we conclude that z, — z in L;7 (£2). Finally, standard elliptic regularity

arguments lead to z, — z in C>* (). This completes the proof of Theorem 3.1. [0

Denote by 2 and % the boundary operators
Du:=u and  Zu:=dwu+B(x)u,

where v is the unit outward normal to 9, and B € C'"*(9€Q) is nonnegative.
Hence, 2 is the Dirichlet boundary operator and Z is either the Neumann boundary
operator, if 3 = 0, or the Robin boundary operator, if § # 0. Throughout this work,
2 can define any of these boundary operators.

Note that the Robin condition % = 0 applies essentially to heat flow problems
in a body with constant temperature in the surrounding medium. More generally,
if oo and B are smooth functions on dQ such that o, > 0, &+ § > 0, then the
boundary condition Bu = adyu + fu = 0 represents the exchange of heat at the
surface of the reactant by Newtonian cooling. Moreover, the boundary condition
Bu = 0 is called an isothermal (Dirichlet) condition if v = 0, and it becomes an
adiabatic (Neumann) condition if § = 0. An intuitive meaning of the condition o +
B > 0o0n dQ is that, for the diffusion process described by problem (3.2), either the
reflection phenomenon or the absorption phenomenon may occur at each point of
the boundary.

We are now concerned with the following boundary blow-up problem

Au+au=b(x)f(u) inQ\Qo,

PBu=0 on dQ, (3.7)
U=co on 0€,

where b > 0 on 9, while Q is nonempty, connected and with smooth boundary.
Here, u = o on d€2) means that u(x) — oo as x € Q\ Qg and d(x) := dist (x, Q) — 0.

The question of existence and uniqueness of positive solutions for problem (3.7)
in the case of pure superlinear power in the nonlinearity is treated by Du and Huang
[64]. Our next results extend their previous paper to the case of much more general

nonlinearities of Keller—Osserman type.
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In the following, by (A;) we mean that (A;) is fulfilled and there exists

lim (F/f)’ () == 7.

U—oo
Then, vy > 0.

We prove

Theorem 3.5 Let (A;) and (Ay) hold. Then, for any a € R, problem (3.7) has a

minimal (resp. maximal) positive solution U, (resp. U,).

Proof. In proving Theorem 3.5 we rely on an appropriate comparison principle
which allows us to prove that {u,} is nondecreasing, where u,, is the unique positive
solution of problem (3.9) with @ = n. The minimal positive solution of (3.7) will be
obtained as the limit of the sequence {u, }. Note that, since b = 0 on d€2y, the main
difficulty is related to the construction of an upper bound of this sequence which
must fit to our general framework. Next, we deduce the maximal positive solution
of (3.7) as the limit of the nonincreasing sequence {Vm}mzml provided m; is large
so that €, CC £. We denoted by v;, the minimal positive solution of (3.7) with
€y replaced by

Qp:={xeQ: dx)<1/m}, m>mj. (3.8)
We start with the following auxiliary result (see Cirstea and Radulescu [44]).

Lemma 3.6 Assume b > 0 on dQ. If (A) and (Ay) hold, then for any positive
function @ € C**(9€y) and a € R the problem
Au+au=b(x)f(u) inQ\Qo,

PBu=0 on dQ, (3.9
u=ao on d€,

has a unique positive solution.

We now come back to the proof of Theorem 3.5, which will be divided into two
steps:

Step 1: Existence of the minimal positive solution for problem (3.7).

For any n > 1, let u,, be the unique positive solution of problem (3.9) with @ =n.
By the maximum principle, u,(x) increases with n for all x € Q \ Q. Moreover, we

prove
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Lemma 3.7 The sequence (uy(x)), is bounded from above by some function V (x)

which is uniformly bounded on all compact subsets of Q \ Q.

Proof. Let b* be a C?-function on Q \ € such that
0<b*(x) <b(x) VrxeQ\Q.

For x bounded away from d£2 it is not a problem to find such a function b*. For x
satisfying 0 < d(x) < & with § > 0 small such that x — d(x) is a C>-function, we

can take

d(x) rt )
b*(x) :/0 /0 [dr(rznn b(z)|dsd:r.

) >s
Let g € ¢ be a function such that (Az) holds. Since b*(x) — 0 as d(x) N\, 0, we
deduce, by (A}), the existence of some & > 0 such that for all x € Q with 0 < d(x) <
dand & > 1

PO EE | o EE) L e ()
S NE o VT () e, A7) T g (o))

Here, 6 > 0 is taken sufficiently small so that g’(b*(x)) < 0 and g"(b*(x)) > O for
all x with 0 < d(x) < 6.

For ny > 1 fixed, define V* as follows

(i)  V*(x) = tpy(x)+1 forx € Q and near 9Q;

(il)) V*(x) =g(b*(x)) forxsatisfying 0 < d(x) < J;

(iii) V* € C*(Q\ Qo) is positive on Q\ Q.

We show that for & > 1 large enough the upper bound of the sequence (i, (x)),
can be taken as V (x) = EV*(x). Since

BV (x) =EBV (x) > Emin{l,B(x)} >0, forall xe€IQ
and
I —V(x)] = —e0 <0,
Jim i) V)]
to conclude that u,(x) < V (x) for all x € Q \ Qy it is sufficient to show that

—AV(x) > aV(x) —b(x)f(V(x)), Vx € Q\ Q. (3.10)

For x € Q satisfying 0 < d(x) < 6 and & > 1 we have
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—AV(x) —aV (x) +b(x)f(V(x))
=—8Ag(b"(x)) —alg(b*(x)) + b(x)f(g(b"(x))E)

v (_EOW) s e @) fa((6)E)
=5e (b )( P i MRt vy R <x>>§)

>0.
For x € Q satisfying d(x) > &,

—AV(x)—aV(x) +b(x)f(V(x)) =& (—AV*(x) —aV*(x)+b(x) W) ,
which is positive for & sufficiently large. It follows that (3.10) is fulfilled provided
& is large enough. This finishes the proof of the lemma. 0O

By Lemma 3.7, U, (x) = lim,, .., (x) exists, for any x € Q \ (. Moreover, U,
is a positive solution of (3.7). Using the maximum principle once more, we find that
any positive solution u of (3.7) satisfies u > u,, on ﬁ\ﬁo, forall n > 1. Hence U,,

is the minimal positive solution of (3.7).

Proof of Theorem 3.5 continued.

Step 2: Existence of the maximal positive solution for problem (3.7).

Lemma 3.8 If € is replaced by €, defined in (3.8), then problem (3.7) has a
minimal positive solution provided that (A1) and (A;) are fulfilled.

Proof. The argument used here (more easier, since b > 0 on 5\ £2,,) is similar to
that in Step 1. The only difference which appears in the proof (except the replace-
ment of £y by £,,) is related to the construction of V*(x) for x near d€,,. Here,
we use our Theorem 3.1 which says that, for any a € R, there exists a positive large
solution u, . of problem (3.2) in the domain Q \ ,,. We define V*(x) = ... (x) for
x € Q\ Q,, and near dQ,,. For & > 1 and x € Q \ Q,, near 9, we have

—AV(x) =aV(x) +b(x)f(V(x)) = =§AV"(x) —a&V"(x) + b(x) f(EV" (x))
= b (EV (%)) =S f (V' (x))] = 0.
This completes the proof. O

Let v,, be the minimal positive solution for the problem considered in the state-
ment of Lemma 3.8. By the maximum principle, v;;, > V11 > 1 on ﬁ\ﬁm, where u

is any positive solution of (3.7). Hence U ,(x) := im0 i (x) > u(x). A regularity
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and compactness argument shows that U, is a positive solution of (3.7). Conse-
quently, U, is the maximal positive solution. This concludes the proof of Theo-

rem3.5. O

The next question is whether one can conclude the uniqueness of positive so-
lutions of problem (3.7). We recall first what is already known in this direction.
When f(u) = uP, p > 1, Du and Huang [64] proved the uniqueness of the solution
to problem (3.7) and established its behavior near d€2), under the assumption

b(x
lim
d(x\0 [d(x)]7

= ¢ for some positive constants T,c > 0. (3.11)

We shall give a general uniqueness result provided that b and f satisfy the fol-

lowing assumptions:

. by
B R k)
increasing and satisfies
) k)= 1V el s)

Assume there exist { > 0 and 7 > 1 such that

(A3) f(Er) <ECf(r), VEE(0,1), Vi=10/E;
f(Su)

=c for some constant ¢ > 0, where 0 < k € C'(0,8) is

, for some ¢y > 0.

(A4) the mapping (0,1] 2 & — A(§) = limyse0 is a continuous positive

function.
Our uniqueness result is

Theorem 3.9 Assume the conditions (A1) with vy # 0, (A3), (A4), (By) and (B>)
hold. Then, for any a € R, problem (3.7) has a unique positive solution U,. More-

over,

. Uq(x)
a0 A(d(x))

= %0,

where h is defined by

« ds t
/hm V2F(s) /o Vk(s)ds, V1€ (0,&) (3.12)

K'(0)(1-2y)+2y

and &y is the unique positive solution of A(§) =

Remark 1 (a) (A;)+(A3) = (A2). Indeed, lim, ;.. £ > 0 since L is nonde-

ul+¢ 11+¢

creasing for t > 1.
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(b) K'(0)(1—27)+2y€ (0,1] when (Ay) with y # 0, (A2), (B1) and (By) hold.
(¢) The function (0,) > & — A(&) € (0,00) is bijective when (A3) and (A4) hold
(see Lemma 3.10).

Among the nonlinearities f that satisfy the assumptions of Theorem 3.9 we note:
@) f(u)=uP, p>1; (i) f(u) =uPIn(u+1), p > 1; (iii) f(u) = uP arctanu, p > 1.
Proof of Theorem 3.9. By (A4) we deduce that the mapping (0,00) 3 & —

/()
AG) = e )

any & € (0,1). Moreover, we claim

is a continuous positive function, since A(1/&) = 1/A(&) for

Lemma 3.10 The function A : (0,00) — (0,e0) is bijective, provided that (Az) and
(A4) are fulfilled.

Proof. By the continuity of A, we see that the surjectivity of A follows if we prove
that limg\ yA(&) = 0. To this aim, let § € (0, 1) be fixed. Using (A3) we find

fEu) _ ¢ ,> o
Frag <65 ez

which yields A(E) < £5. Since & € (0, 1) is arbitrary, it follows that limg\ gA(§) =
0.

We now prove that the function & — A(&) is increasing on (0,0) which con-
cludes our lemma. Let 0 < & < & < e be chosen arbitrarily. Using assumption

(A3) once more, we obtain

F(Ew) = (?é )S(%)Hgf(ézu), vuzm%

1

It follows that

f(&iu) &i\° f(&u) &
§1f<><(§z) Gfw) TE

Passing to the limit as u — o we find

&\¢
a@ < (3) 4G <a),
which finishes the proof. O
Proof of Theorem 3.9 continued. Set

- 1 f(h(d(x)§)
MO " aen e
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for any £ > 0. Using (B;) we find

b)) Kd)F(R(() f(h(d(x)E)
ME)= lim @)~ w@e)  Efd)
(

e KOS | ()
N0 R
= = AE).

This and Lemma 3.10 imply that the function IT : (0,e0) — (0,e0) is bijective. Let
&o be the unique positive solution of IT(£) = 1, that is

K'(0)(1-2y)+ 2)/_

c

A(&) =

For £ € (0,1/4) arbitrary, we denote & = IT~'(1 — 4¢), respectively & =
I-1(1+4e).

We choose 6 > 0 small enough such that

(i) dist(x,0€) is a C* function on the set {x € Q : dist(x,0€p) < 28};

(ii) 7 (s) Ad(x)+ h( ) < eand h’(s) > 0 forall 0 < s,d(x) < 26;

7 (s) @y
e h//(d(x) : g

26;
(iv) b(y) < (1+¢€)b(x), forall x,y with 0 < d(y) < d(x) < 20.
Let o € (0,8) be arbitrary. We define v (x) = h(d(x) + 0)&, for any x with
d(x)+ 0 < 20, respectively Vg (x) = h(d(x) — 0)&, for any x with 0 < d(x) < 26.
Using (ii), (iv) and the first inequality in (iii), when 6 < d(x) < 28, we obtain
(since |Vd(x)| = 1)
—AVs (x) — aVs (x) + b(x) f (V5 (x))

=& %h’(d(x) —0)Ad —h"(d(x) — 6) —ah(d(x) — o) +

b(x)f (h(d(x) — 0)52)]

E,
& (d(x) — o)
H(d(x) o) Wd()—0) . bE)Fh(d() — 0)E)
[ W) o)“d(x)’“h%d(x)—o)’” W) )ézz}
" h'(d(x) h(d(x) —o &) —¢
= [h” d(x) h”(d(x)—6)71+ 115 }

=0,
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for all x satisfying 0 < d(x) < 28. Similarly, using (ii), (iv) and the second inequality
in (iii), when d(x) + 0 < 26 we find

—Avg(x) — ave(x) +b(x) f (v (x))

—& W' (d(x) + o)
H(d(x)+ o) h(d(x)+ o) b(x)f(h(d(x) +0)&1)
[_ R R T - R T P T ey s }
<& h'(d(x) +0)
W(d(x) + ) h(d(x)+ o)
[—mAd(x) _ah”(d(x) +G) — 14+ (1 +8)(H(€1) +8):|
<0.

Define Q5 = {x € Q : d(x) < §}. Let @ CC £y be such that the first Dirichlet
eigenvalue of (—A) in the smooth domain Qg \ @ is strictly greater than a. Denote

by w a positive large solution to the following problem
—Aw =aw — p(x)f(w) in Qg
where p € CO*(Qj) satisfies
0< p(x) <b(x)forxe Qs\Qp, px)=00nQp\w and p(x)>0forxc o.

The existence of w is guaranteed by our Theorem 3.1.

Suppose that u is an arbitrary solution of (3.7) and let v := u+w. Then v satisfies

—Av>av—b(x)f(v) inQs\ Q.

Since
V[gg, == >Vslog, and V|BQ5 = > ZG|BQ57
we find
u+w>vs onQs\ Q. (3.13)
Similarly
Vo +w>u onQs\ Q. (3.14)

Letting ¢ — 0 in (3.13) and (3.14), we deduce that

h(d(x)) & +2w>u+w>h(d(x) &, VYxeQs\ Q.
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Since w is uniformly bounded on 9 €2y, it follows that

u(x) i u(x)
St < i ) = ISP ) < (319

Letting € — 0 in (3.15) and looking at the definition of &; respectively & we find

. u(x)
A @) (3.16)

This behavior of the solution will be speculated in order to prove that problem (3.7)

has a unique solution. Indeed, let u;, u be two positive solutions of (3.7). For any

€ >0, denote ii; = (14 &) u;, i = 1,2. By virtue of (3.16) we get

. ou(x) —ia(x) im up (x) — ity (x) _
AR WdE)  abe mae) o2
which implies
lim [u(x) —d2(x)] = lLim [up(x) — iy (x)] = —eo.

d(x)\0 : d(x)\0
On the other hand, since @ is increasing for u > 0, we obtain
—Ail;=—(14+¢€)Ay;
= (1+¢)(aui — b(x)f(ui))
—b(x)f(@) in @2\
and
PBii; = PBu; =0 ondQ.

By the maximum principle,
up(x) <dip(x), ua(x) <iiy(x), forall x€ Q\ Q.

Letting € — 0, we obtain u| = u;. The proof of Theorem 3.9 is complete. O

3.1.1 A Karamata Regular Variation Theory Approach

The major purpose in this section is to advance innovative methods to study the

uniqueness and asymptotic behavior of large solutions of (3.2). This approach is
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due to Cirstea and Radulescu [43, 45-48] and it relies essentially on the regular
variation theory introduced by Karamata (see Bingham, Goldie, and Teugels [19],
Karamata [137]), not only in the statement but in the proof as well. This enables us
to obtain significant information about the qualitative behavior of the large solution

to (3.2) in a general framework that removes previous restrictions in the literature.

Definition 3.11 A positive measurable function R defined on [D, o), for some D >0,
is called regularly varying (at infinity) with index q € R (written R € RV,) if for all
£E>0

lim R(Eu)/R(u) = &E1.

U—roo
When the index of regular variation q is zero, we say that the function is slowly

varying.

We remark that any function R € RV, can be written in terms of a slowly varying
function. Indeed, set R(u) = u9L(u). From the above definition we easily deduce
that L varies slowly.

The canonical g-varying function is u4. The functions In(1 + u), Inln(e + u),
exp{(Inu)*}, o € (0,1) vary slowly, as well as any measurable function on [D,eo)
with positive limit at infinity.

In what follows L denotes an arbitrary slowly varying function and D > 0 a pos-

itive number. For details on the properties below, we refer to Seneta [176].

Proposition 3.12 (i) For any m >0, W"L(u) — oo, u ™L(u) — 0 as u — o,

(ii) Any positive C'-function on [D, ) satisfying uL; (u)/Ly(u) — 0 as u — o is
slowly varying. Moreover, if the above limit is g € R, then Ly € RV,

(iii) Assume R : [D, o) — (0,0) is measurable and Lebesgue integrable on each
finite subinterval of [D, ). Then R varies regularly if and only if there exists j € R

such that IR ()
M TR (x) d G17
exists and is a positive number, say a;j+ 1. In this case, R € RV, withq = a; — j.
(iv) (Karamata Theorem, 1933). If R € RV, is Lebesgue integrable on each finite
subinterval of [D,), then the limit defined by (3.17) is ¢+ j+ 1, for every j >

—qg—1.
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Lemma 3.13 Assume (A}) holds. Then we have the equivalence

a) f' €RV, <= b) ulijelouf/(u)/f(u) =10 <oco= ¢) lim (F/f) (u) :=y>0.

u—oo

Remark 2 Let a) of Lemma 3.13 be fulfilled. Then the following assertions hold

(i) p is nonnegative;

(i) y=1/(p+2) =1/(3+1);

(iii) If p # O, then (Az) holds (use limy_se. f(u) /uP = oo, ¥p € (1,1 +p)). The
converse implication is not necessarily true (take f(u) = uln4(u +1)). However,
there are cases when p =0 and (A;) fails so that (3.2) has no large solutions. This
is illustrated by f(u) = u or f(u) =uln(u+1).

Inspired by the definition of y, we denote by % the Karamata class, that is,

the set of all positive, increasing C'-functions k defined on (0, V), for some v > 0,

t (@)
lim (M) =/, i=0,1.

=0t k(r)

It is easy to see that o =0 and ¢; € [0, 1], for every k € # . Our next result gives

which satisfy

examples of functions k € 7 with lim, o+ k() = 0, for every £, € [0, 1].

Lemma 3.14 Let S € C'[D, ) be such that S' € RV, with q > —1. Hence the fol-
lowing hold:

a) Ifk(r) =exp{—S(1/t)} Vt<1/D, thenk € 2 with {; =0.

b) Ifk(t)=1/S(1/t) VYt <1/D, thenk € X with{;=1/(q+2)€ (0,1).

c) Ifk(t)=1/InS(1/t) ¥t <1/D, thenk € & with {; = 1.

Remark 3 IfS € C'[D,c), then S' € RV, with g > —1 if and only if for some m > 0,
C > 0and B> D we have S(u) = Cu’"exp{ 5 y(l—l)dt}, Yu > B, where y € C|B, )
satisfies lim, .. y(u) = 0. In this case, S’ € RV, with ¢ = m — 1. (This is a conse-

quence of Proposition 3.12 (iii) and (iv).)
Our main result is

Theorem 3.15 Let (A1) hold and f' € RV, with p > 0. Assume b = 0 on dQ satis-
fies

(B) b(x) = ck*(d(x)) +o(k*(d(x))) as d(x) — 0, for some constant ¢ > 0 and
ke .
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Then, for any a € (—eo, A 1), (3.2) admits a unique large solution u,. Moreover,

wl)__ g,

li 1
a0 () 19
1/p
where ) = (i;j;g) and h is defined by
o ot
/ _ s :/ k(s)ds, Vi€ (0,v). (3.19)
h(t) \/2F (s) 0

By Remark 3, the assumption f” € RV, with p > 0 holds if and only if there exist
p > 1 and B > 0 such that f(u) = Cu”exp{_ 5 y(t—t)dt}, for all u > B (y as before
and p = p + 1). If B is large enough (y > —p on [B,e°)), then f(u)/u is increasing
on [B,). Thus, to get the whole range of functions f for which our Theorem 3.15
applies we have only to “paste” a suitable smooth function on [0, B] in accordance

with (A1). A simple way to do this is to define
u
flu) = u”eXp{/ Z(t—t)dt} forall u>0,
0

where z € C[0, ) is nonnegative such that lim,_,o+ z(¢) /¢ € [0, ) and limy .. 2(1) =
0. Clearly, f(u) = u?, f(u) = uPIn(u+1), and f(u) = u” arctanu (p > 1) fall into
this category.

Lemma 3.14 provides a practical method to find functions £ which can be con-
sidered in the statement of Theorem 3.15. Here are some examples:

(i) k(t) = —1/Int;

(ii) k(r) =%

(iii) k(¢) = exp{—1/1%};

(iv) k(t) = exp{—In(1+1)/1*};

(V) k(t) = exp{— [arctan (1)] /z%};

(vi) k(t) =t*/In(1 + %), for some o > 0.

As we shall see, the uniqueness lies upon the crucial observation (3.18), which
shows that all explosive solutions have the same boundary behavior. Note that the
only case of Theorem 3.15 studied so far is f(u) = u” (p > 1) and k(r) = 1* (o > 0)
(see Garcia-Melian, Letelier-Albornoz, and Sabina de Lis [82]). For related results
on the uniqueness of explosive solutions (mainly in the cases b = 1 and a = 0) we
refer to Bandle and Marcus [12], Loewner and Nirenberg [138], Marcus and Véron
[142].
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Proof of Lemma 3.13. From Proposition 3.12 (iv) and Remark 2 (i) we deduce
a) = b) and ¥ = p + 1. Conversely, b) = a) follows by Proposition 3.12 (iii)
since ¥ > 1 cf. (A;).

b) = ¢). Indeed, lim,_yoo t1f (1) /F (u) = 1 4+ ¥, which yields

ot (5]

¢) = b). Choose s; > 0 such that

F\’ Y
(?) (M)ZE, forall u > s;.

(s 2 (B e

Passing to the limit as u — oo, we find limy,—. F (1) / f () = 0. Thus,

s

fim @ _ L
uzee Fu)
Since ) (@)
o Fu)f'(u
T Rw
we obtain

u=ee f(u) Y
This finishes the proof of the lemma. O

im uf'(u) 11—y

Proof of Lemma 3.14. Since lim,,—,.. uS’ (1) = oo (cf. Proposition 3.12 (1)), from the

Karamata theorem we deduce

!
lim uS'(u)
S )

=q+1>0.

Therefore, in any of the cases a), b), ¢), lim,_,o+ k() = 0 and k is an increasing
C'-function on (0, v), for v > 0 sufficiently small.
a) It is clear that
1k (1) . =S(1/r)

ot k() Ink(r) Jim, S —(g+1).

By I’Hospital’s rule we deduce
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yk(s)ds) Ink(t
o= lim KO _ o and  tim (Jok(s)ds)Ink(r) _ 1 '
=0+ k(1) =0+ tk(t) g+1
So, ,
k(s)ds) K (t
1—/4;:= lim M:L
=0+ k2 (1)
b) We see that
() . S(1)1)

SR oS 4T

By I’Hospital’s rule,

1
lim ok(s)ds 1

=0 and 0+ th(t)  gq4+2
So, ,
w1 i B
¢) We have

t'(r) .. S'(1)r)
=1 = 1.
o k(1) o tS(1/t) 7+

By I’Hospital’s rule,
Jok(s)ds _

lim &2——~—— —
o tk(t)
Thus,
lk /
lo=0 and ¢, =1— lim MM:L
t—0t t kz(t)

This finishes the proof of our lemma. O
Proof of Theorem 3.15. Fix a € (—e°, A« 1). By Theorem 3.1, problem (3.2) has at
least a large solution.

If we prove that (3.18) holds for an arbitrary large solution u, of (3.2), then the
uniqueness follows easily. Indeed, if u; and u, are two arbitrary large solutions of
(3.2), then (3.18) yields lim ) o+ % = 1. Hence, for any € € (0, 1), there exists
6 = 0(g) > 0 such that

(I=8)ua(x) <up(x) < (1+€)uz(x), Vxe Qwith0<d(x)<6. (3.20)
Choosing eventually a smaller 6 > 0, we can assume that

QpCCs whereCs:={xcQ: d(x)> 8}
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It is clear that u; is a positive solution of the boundary value problem
Ao +ap =b(x)f(¢) inCs, ¢ =u; ondCs. (3.21)

By (A1) and (3.20), we see that ¢~ = (1 — €)up (resp. ¢ = (1 +€)uy) is a positive
subsolution (resp. supersolution) of (3.21). By the sub and supersolutions method,

(3.21) has a positive solution ¢, satisfying
0" <9 <9 in Cs.

Since b > 0 on 55 \50, we deduce that (3.21) has a unique positive solution, that
is, u; = ¢; in Cg. This yields

(I =&)ua(x) <uj(x) <(1+¢€)uz(x) inCs,

so that (3.20) holds in Q. Passing to the limit € — 0", we conclude that u| = u5.
In order to prove (3.18) we state some useful properties about A:
(h1) h € C*(0,v), liIIInH0+ h(t) = oo (straightforward from (3.19)).
kz(t)hf((;l)(t)é) = éplﬂ 22++Plf1’ V& >0 (so, K’ > 0 on (0,28), for
6 > 0 small enough).
(h3) lim,_o+ h(2)/B" () =lim,_,o+ A’ (t) /" () = 0.

(/’lz) lim,H0+

We check (h) for & = 1 only, since f € RV,;. Clearly,
W (1) = —k(t)\/2F (h(t))

and

hqo_kqofm@»<12”“ﬂﬁk“”“> F(h(1)) >, 3.22)

K2 (1) F(R(0)) Jii [F ()]~ /2ds

forall 0 <7 < v. We see that limy_,e \/F (1) / f (1) = 0. Thus, from I"Hospital’s rule

and Lemma 3.13 we infer that

. F(u) L p
ST Pl s 2T 2p ) 429

Using (3.22) and (3.23) we derive (h,) and also
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LW 224p) | Jik)ds Fw)

=0+ W'(t) 24+41p H0+ k(t) == fu) [,7[F (s)] 71/ 2ds (3.24)
_ —ph
S 244p

From (h;) and (hy), lim,_,g+ h'(f) = —ec. So, I'Hospital’s rule and (3.24) yield
lim,_,o+ i(t) /W (t) = 0. This and (3.24) lead to lim,_,q+ h(¢) /A" () = 0 which proves
(h3).

Proof of (3.18). Fix € € (0,¢/2). Since b =0 on dQ2 and (B) holds, we take § > 0
so that
(i) d(x) is a C>-function on the set {x € RV : d(x) < 28};
(ii) k?is increasing on (0,25);
(iii) (c — &)k*(d(x)) < b(x) < (c+€)k*(d(x)), Vx € Q with 0 < d(x) < 26;
(iv) 1'(r) > 0Vr € (0,20) (from (hy)).
Let 0 € (0, 8) be arbitrary. We define

L 2+14ip /e —N _

EF = [—(CIFZE)(Zer) and vy (x) = h(d(x) +0)E™,

for all x with d(x) + 0 < 28 resp. v (x) = h(d(x) — 6)&E™, for all x with 6 < d(x) <
24.

Using (i)—(iv), when o < d(x) < 28 we obtain (since |Vd(x)| = 1)
Avg +avg —b(x)f(v5)
§§+h//(d(x) - O') (h/(d(x) B O')

RLICICRT:)
h”(d(x)—G)Ad( )+ +1

W'(d(x) — o)

Similarly, when d(x) + ¢ < 26 we find
Avg+avg —b(x)f(vg)

¢ W0+ 0) (G

h'(d(x)+ o)

h(d(x) + o)
K'(d(x) +0)
K (d(x) +0)/(h(d(x) + 6)5))

'(d(x)+0)E~ ‘

Ad(x)+a

—(c+¢)

Using (hy) and (h3) we see that, by diminishing &, we can assume

AvE(x) +avi(x) —=b(x) f(vE(x)) <0 Vxwith 0 <d(x) < 28;
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Avg(x)+avg(x) —b(x)f(vg(x)) >0 Vx withd(x)+ 0 < 26.

Let Q; and €, be smooth bounded domains such that Q CC £, CC £, and
the first Dirichlet eigenvalue of (—A) in the domain € \ Q is greater than a. Let
p € COH(Q,) satisfy 0 < p(x) < b(x) forx € Q\Cps5, p=00nQ;\Q and p >0

on £, \ Q1. Denote by w a positive large solution of
Aw+aw=p(x)f(w) inQ,\Cys.

The existence of w is ensured by Theorem 3.1.
Suppose that u, is an arbitrary large solution of (3.2) and let v := u, +w. Then v
satisfies
Av+av—b(x)f(v) <0 inQ\Cs.

Since vgg = > v;‘ g0 and vjgc,s =0 > v;‘ 9Cys’ the maximum principle implies
ug+w>vy onQ\Cyyg. (3.25)

Similarly,
v;rerZ u, on Cg\fw. (3.26)

Letting 6 — 0 in (3.25) and (3.26), we deduce
h(d(x)ET +2w > us+w > h(d(x))E~  forall x € Q\Cs.
Since w is uniformly bounded on d€2, we have

- imin ta () imsu ta (x) +
S SN A = R <

Letting € — 0" we obtain (3.18). This concludes the proof of Theorem 3.15. O

Bandle and Marcus proved in [13] that the blow-up rate of the unique large so-
lution of (3.2) depends on the curvature of the boundary of 2. Our purpose in what
follows is to refine the blow-up rate of u, near dQ by giving the second term in its
expansion near the boundary. This is a more subtle question which represents the
goal of more recent literature (see Garcia-Melidn, Letelier-Albornoz, and Sabina de
Lis [82] and the references therein). The following is very general and, as a novelty,

it relies on the Karamata regular variation theory.
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Recall that %~ denotes the set of all positive increasing C'-functions k defined

on (0, V), for some v > 0, which satisfy
1 (@)
lim M =V, i=12.
O | k(1)

We also recall that RV, (¢ € R) is the set of all positive measurable functions

z
Z:[A=) > R,A>0, satisfying lim z((&;) = &9 forall £ > 0.
U—roo u

Define by NRV, the class of functions

fi[B,o) > R,B>0, f(u) —Cu"exp{/;@dt},

where C > 0 is a constant and ¢ € C[B, ) satisfies lim,_,.. ¢ (¢) = 0. The Karamata
representation theorem shows that NRV,; C RV,
For any ¢ > 0, set % ¢ the subset of % with

1 !
f/i=0 and lim M =L, €¢R.
~NO | k(@)

It can be proven that % » = % ¢, where %, ¢ is the class of all functions k :
[di,%0) = R, d; > 0 such that

u

k(") = dou[A ()] exp {/d (sA(s))lds] o >0,

1

where A € C![d},) is a positive function such that

lim A(u) = limuA’(u) =0 and  lim ué*'A’(u) = ¢, € R.

u—oo U—roo U—roo

Define

Fon={fENRV,,1 (p>0): ¢ ERVyor —p €RVy}, ne(—p—2,0];

Fpox=A{f € Fpo: lim (Inu)6(u) = £ €R}, 7€ (0,).

The following result establishes a precise asymptotic estimate in the neighbor-

hood of the boundary.

Theorem 3.16 Assume that

b(x) = k*(d)(1 +&d® +o(d®)) as d(x) — 0, (3.27)



3.1 Singular Solutions of the Logistic Equation 53

where k € % ¢, 0 > 0 and ¢ € R. Suppose that f fulfills (A1) and one of the follow-
ing growth conditions at infinity:

() f(u) = CuP*! in a neighbourhood of infinity;

(i) f € Fpy withn #0;

(iii) f € Fpo,r, with 1 = @/, where @ = min{6,{}.

Then, for any a € (—eo, Aw 1), the unique positive solution u, of (3.2) satisfies

ug(x) = Eh(d)(1+ xd® +0(d®)) as d(x) — 0, (3.28)

where & = [2(2+ p)~"]"/P and h is defined by

< ds /"
— = | k(s)ds,
/h(z) V2F(s) Jo )
fort > 0 small enough. The expression for x is
x1 if (i) or (ii) holds

G P <%) 1 {# +1n§o] if f obeys (i),

p p+2
where ~
x1 = %Heaviside(e — C) — %Heaviside(c — 9)

Proof. We first state two auxiliary results. Their proofs are straightforward and we

shall omit them.

Lemma 3.17 Assume (3.27) and f € NRV), | satisfies (A1). Then h has the follow-
ing properties:
(i) h € C*(0, V), limp o h(t) = e and limp g I (t) = —oo;
(i) Limp o (1) /2 (1) f (R(1)E)] = (2+ p 1) /[EPH! (2 + )], VE > 0
(iii) limy~ o h(1) /" (t) = limp o /' (1) /A" (¢) = Timy o (1) /1 (£) = O
(i) limp o 1'(2) /[th" ()] = —=p 1 /(2 + pty) and
limp o h(t) /[0 ()] = >3/ [2(2+ py)];
W) limp o i(t) /[th'(1)] = limp o [Int] /[Inh(2)] = —ply /2;
(vi) If €1 = O, then limy t/h(t) = oo, for all j > 0;
(vii) limp o 1/[t¢ Inh(t)] = —pl./2 and
lime o h'(£) /[t 10" (8)] = plu/(20), Yk € o ¢
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Let 7 > 0 be arbitrary. For any u > 0, define

Tiz(u) ={p/R2(p+2)] = Z ()} (Inu)*
and
Do, (u) = {f (o) /[Eof ()] — &5} (Inu)*.

Note that if f(u) = CuP™!, for u in a neighborhood V.. of infinity, then 7} (1) =
T, ¢ (u) = 0 for each u € V...
Lemma 3.18 Assume (A1) and f € Fpy. The following hold:

Q) If f € Fpo.1, then

o
(p+2)?
(i) If f € Fpn with 1 £ 0, then

Tim Ty () = — and  lim T ¢(u) = S n&p.

lim Tl’r(u) = ulgI;lo TZ,T(M) =0.

U—oo

Fix € € (0,1/2). We can find § > 0 such that d(x) is of class C> on {x € RV :
d(x) < 8}, k is nondecreasing on (0, 6), and /'(r) <0 < h”"(¢) for all r € (0,6). A

straightforward computation shows that

1-6p/
k(e

1im—() =oo, forevery 6 > 0.
N0 k(1)

Using now (3.27), it follows that we can diminish 6 > 0 such that
(0,8) 31— k(1) [1 +(c— s)te} is increasing

and
14 (6—e)d® < b(x)/k*(d) < 1+ (¢+¢€)d?, (3.29)

for all x € Q with d = d(x) € (0,8). We define u™ (x) = Eoh(d)(1 + xFd®), with
d € (0,8), where y; = y & €[l + Heaviside ({ — 0)]/p. Take § > 0 small enough
such that u*(x) > 0, for each x € Q with d € (0,6). By the Lagrange mean value

theorem, we obtain

Ft(x)) = f(&oh(d)) + EoxEd®h(d) f (Y*(d)),

where
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Y*(d) = Eh(d)(14+ A% (d)xFd®),  for some A*(d) € [0, 1].

We claim that

[llig%)f(Yi(d))/f(ioh(d)) =1 (3.30)

Fix 6 € (0,1) and M > 0 such that | x| < M. Choose u* > 0 so that | (1 =Mz )P*! —
1] < 6/2, forall r € (0,2u*). Let i, € (0,(u*)"/@) be such that, for every x € Q
with d € (0, i)

|f(&oh(d)(1 +Mu*))/ f(&oh(d)) — (1 £ Mu*)P*| < 6/2.
Hence,
1—0<(1—Mu*P -

f(r=(d))
f(&h(d))
< (14+Mu*)Prt4

<l+o,

) Q

for every x € Q with d € (0, ). This proves (3.30).
Step 1: There exists 0 € (0,9) so that

Aut +aut —Kd)[1+ (G —€)d®|f(uT) <0 forall xe Q withd € (0,8))
and
Au" +au” —k*(d)[1+ (¢4 €)d®)f(u") >0 forall x e Q withd € (0,5)).

Indeed, for every x € Q with d € (0, 5), we have

Aut +au* — KX (d) [1+ (6F €)d®] f(u*)
= &d®R"(d) |axs p + xEAd ik +202F S + wfod P
+w( )XS dzh(//() ) +Ad dmh(”() ) + dmh”(d +2 1f5ﬂji( )}

where, for any ¢ € (0, 8), we denote
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FE) = (—eLen® it pyL50hl) f(Soh(1))

é /’l”(l)
0y ot (12 F(r=@)
Sy (1) = Xe (1 RO = )
1 (yE
FE0) = (et Bnn ffm(t) ,
_ - f(Eoh(r))
70 = (1-r0 )

By Lemma 3.17 (ii), we find

20 [(Goh(1)
B0 g
which yields

lim. (1) = (—¢+ &)Heaviside ({ — 0).
N0

Using (3.30), we next obtain

! (y*
}g%kz (r)h(t)fg,—(t(;)) =p+1

Hence, lim o.%5" (1) = —px; and limy o.#5" (1) = 0. Using the expression of h”,

we derive
0= kz(;zu 0 2«5”41 for all 7 € (0,5),
where ) | |
sl
Haalr) =2 [tTél 11111%])21
S0~

Since % ¢ = Hp ¢, we find

(1+8)pts
S(p+2)

Cases (1), (i1). By Lemma 3.17 (vii) and Lemma 3.18 (ii), we find

lim.% (1) = — Heaviside (6 — §).
[AN)

lim S. =1imS;3(t) = 0.
t{% 42() t{% 4,3()

In view of Lemma 3.17 (ii), we derive that
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limsE (1) = — 1P eaviside (0 — ¢).

NO 28
Case (iii). By Lemma 3.17 (vii) and Lemma 3.18 (i) we find
. _ 20* pl\ ™ . oo pl\ ™
}{I&S42(l) = — (p +2)2 (— > ) and }{1854,3@) = —p+2 (— > 11‘15().

Using Lemma 3.17 (ii) once more, we arrive at

ey (A OPl e e (PN
}{1&54(0— 20 Heaviside (6 — §) — ¢ 5 p+2+ln§0.

Note that in each of the cases (i)—(iii), the definition of xei yields

4 4
. + _ . — o
Ih\r"%leZ (t)=—-e<0 and Ih\r"%leZ (t)=¢>0.

By Lemma 3.17 (vii), we have

m h,(t) =
OO (1)
o 0 0
h(t h(t
1. = 1 —_—
roR@) 0 R

Thus, using Lemma 3.17 [(iii), (iv)], relation (3.31) concludes our Step 1.
Step 2: There exists M™, 87 > 0 such that

ug(x) <ut(x)+M*  forall x€ Q with 0 <d <™.
Define
(0,00) D u+— W (u) = au—b(x)f(u), forall xe Q withd € (0,6;).
Clearly, ¥, (u) is decreasing when a < 0. Suppose a € (0, A ;). Obviously,
f()

(0,00) > 1 +— € (f(0),) is bijective.

Let & € (0,8) be such that b(x) < 1, Vx with d € (0,8,). Let u, define the unique
positive solution of b(x)f(u)/u = a+ f'(0), Vx with d € (0,8,). Hence, for any x
withd € (0,6,), u — ¥;(u) is decreasing on (uy, o). But
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S’ (x))

lim b(x)———% = +oo
d(;)m\_p (x) ut(x) +

which follows by using lim~ o™ (x) /h(d) = &, (A1) and Lemma 3.17 [(ii) and
(iii)]. So, for &, small enough, u™ (x) > u,, Vx with d € (0,8,).
Fix 0 € (0,6,/4) and set A5 :={x€ Q: 0 <d(x) < 8 /2}. We define

us(x) =ut(d—o,s)+M",

where (d,s) are the local coordinates of x € .#5. We choose M™ > 0 large enough

to have

U5 (8,/2,5) > ua(8,/2,5)  forall (a,s) € (0,8,/4) x 9Q.
Using (3.29) and Step 1, we find
—Aul(x) > aut(d—0,5) —[1 + (¢ —&)(d — 6)°k*(d — o) f(u" (d — 5,5))
W' (d—o,s5)—[1+(E—e)d°|IP(d)f(u* (d - 0,5))
> ¥ (u'(d—-o,s))
> Ye(ug) = aug (x) = b(x) f(ug(x)) in Ag.

Y
Q

Thus, by the maximum principle, u, < u}; in A5, Vo € (0,8,/4). Letting c — 0,

we have proved Step 2.

Step 3: There exists M~, 0~ > 0 such that u,(x) > u~(x) —M~, for all x € Q
with0 <d <67,

For every r € (0,0), define 2, = {x € Q: 0 <d(x) < r}. We will prove that
for A > 0 sufficiently small, Au~(x) < uq(x), Vx € Qs /4- Indeed, fix arbitrarily
o € (0,6,/4). Define

vo(x) =Au"(d+o0,s) for x=(d,s) € Qs, /.
We choose A € (0,1) small enough such that
v (62/4,5) <uy(8/4,s) forall (o,s) € (0,8,/4) x 9Q.
Using (3.29), Step 1 and (A;), we find

AVE(x) +avi (x) > AR (d + 0)[1+ (E+e)(d+0)°)f(u (d+5,5))
> K (d)[1+ (&4 €)d°] f(Au™ (d+ 0,5)) > bf(Vy),
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forall x = (d,s) € Qg, /4, that is v is a subsolution of Au+au = b(x)f(u) in Qs, /4.
By the maximum principle, we conclude that v < u, in €25, /4. Letting 6 — 0, we
find Au™(x) < ua(x), Vx € Qs, 4.
Since limg\ gu~ (x)/h(d) = &y, by using (A1) and Lemma 3.17 [(ii), (iii)], we
can easily obtain ,
e )

So, there exists & € (0,8,/4) such that
K(d)[1+ (+&)d®|f(A2u") /u~ > A*a|, YxeQwith0<d<§. (3.31)

By Lemma 3.17 [(i) and (v)], we deduce that u~ (x) decreases with d when d € (0, 5)
(if necessary, & > 01is diminished). Choose &, € (0, 5), close enough to &, such that

h(8.)(1+ xe 8%)/[h(8)(1+ x. 6%)] < 1+ A. (3.32)

For each ¢ € (0,8 — 8.), we define z5(x) = u~(d + 0,5) — (1 — 2)u"(8.,s). We
prove that zs is a subsolution of Au + au = b(x) f(u) in Q,. Using (3.32), we have

26(x) > u(8,5) — (1= A)u (8,,5) >0 forall x=(d,s) € Qs,.
By (3.29) and Step 1, z5 is a subsolution of Au+ au = b(x) f(u) in Qg, if

K(d+0)[1+(E+e)(d+0)°] [f(u (d+0.5)— f(zs(d,s)] > a(l—A)u (8,s),

(3.33)
for all (d,s) € s, . Applying the Lagrange mean value theorem and (A;), we infer
that (3.33) is a consequence of

f(ZO'(d5s)) > |a|

K*(d+ o)1+ (é+e)(d+0)°] olds 2l

forall (d,s) € Qs,.

This inequality holds by virtue of (3.31), (3.32) and the decreasing character of u~
with d.
On the other hand,

25 (0, 8) < Au" (84,5) <ug(x) forall x = (6s,s) € Q.
Clearly,

limsup(zg — utg)(x) = —oo
d—0
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and b > 0 in €25, . Thus, by the maximum principle,
26 <u, in Qs , forallo € (0,86 —8,).

Letting ¢ — 0, we conclude the assertion of Step 3.

By Steps 2 and 3 we have

+
x:z{—w tal) }d“’ M xeQ.d=d) e 0,6Y),

oh(d) ~ £d®h(d)
and
. ta (x) -0 —M7 if x =d(x -
Xe §{1+§0h(d)}d Jréodmh(d) fxeQ,d=d(x)e€(0,07).

Passing to the limit as d — 0 and using Lemma 3.17 (vi), we obtain

R TIN Ua(X) -@
< -1+
Xe ll(IiIll(r)lf{ 1 Eoh( )}d

and

. Uq(x) } -0 +
limsupq —1+ d“ <yl
d—0 p{ oh(d) Xe

Letting € — 0, we conclude our proof. O

3.2 Keller-Osserman Condition Revisited

In this section we are concerned with the existence, uniqueness, and numerical ap-
proximation of boundary blow-up solutions for elliptic PDEs as Au = f(u), where
f satisfies a Keller—-Osserman type condition. We characterize existence of such
solutions for nonmonotone f. As an example, we construct an infinite family of
boundary blow-up solutions for the equation Au = u*(1 + cosu) on a ball. We prove
uniqueness (on balls) when f is increasing and convex in a neighborhood of infin-
ity and we discuss and perform some numerical computations to approximate such

boundary blow-up solutions. Our approach relies on the methods developed in [65].
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3.2.1 Setting of the Problem

Let f be a nonnegative function defined on [0, 4-e0) such that f(0) = 0. We assume,

for the sake of simplicity that f is a C' function. Considering Q a smooth bounded

domain of RP, D > 1, we seek u > 0 a smooth function such that
{ Au = f(u) in Q,

(3.34)
U= +oo on 0£2,

where the boundary condition is to be understood as :

lim u(x) = 4o Vxg € 0Q.

X—X0

To prove existence of such a boundary blow-up solution, it is classically assumed
that f is a nondecreasing function with suitable growth rate at infinity, as demon-
strated independently by Keller [115] and Osserman [155].

In this chapter we study existence, asymptotic behavior, uniqueness and numeri-
cal approximation of solutions of (3.34), when f may exhibit nonmonotone behav-

ior.

3.2.1.1 Existence Results

Existence of solutions of (3.34) is closely related to the following growth condi-
tions : for s € [0, +oc0), let F(s) = [ f(¢)dt and define @ : (0,+e0) — (0,+-oo] by

Do

T . -
V2Ja \JF(s)—F(a)’

where we let by convention @(0) = +oo, whenever the integral is divergent or

F(s) = F(o) on a set of positive measure.

Definition 3.19 We say that f satisfies the Keller—Osserman condition whenever
Jo>0 D(or) < oo (3.35)
We say that f satisfies the Sharpened Keller—Osserman condition whenever

liminf ®(o) = 0. (3.36)

o—reo
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Clearly, the Sharpened Keller—Osserman condition implies the classical one. It turns

out that both conditions are equivalent:
Proposition 3.20 Assume (3.35) holds for some a > 0. Then (3.36) holds.

We point out that in general, limy_... @ () may not exist: in the special case f(u) =
u?(1+cosu), limsup,,_,.. @(o) = +oo. However, (3.36) still holds.
Proof of Proposition 3.20. Assume that f satisfies the Keller—Osserman condition.

Up to translation, we may always assume that

/ T e (3.37)
0 F(1)

Consider the change of variable u = F (¢). Then, letting g(u) = (F~')'(u), (3.37)

reads also

T g(u) -
/O < e (3.38)

whereas (3.36) can be rewritten as

400
liminf g()

o) Juop

du=0. (3.39)

First step: we claim that

lim sup sl
B—rteo /2B \/m

Observe that u < 2(u — f3) and then

du=0. (3.40)

e g(u) e g(u)
/2[3 mdu < \/5/2[3 \/L_t du.

Second step: it remains to prove that

li 'f » sl
1min
P—rteo w/M—

We argue by contradiction. Let us observe that

[
B Ju—pB T2

Let us assume that there exists C > 0 such that for any 3

=0. (3.41)
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Py
0<C< / g(u? + B)du. (3.42)
Jo
Integrate this for 3 between 0 and R

R /R
0<CR< / / 8(? + B*) xu<pdudp. (3.43)
0 JO -

The right-hand side of this inequality is bounded by an integral on a half disc of

radius R. By symmetry and using polar coordinates

R T (R
0<CR< n/ g(r)rdr = 5 | gls)ds, (3.44)
0 0
Remember that g is the derivative of F~!. Thus,
TTr—1/p2
0<CR< EF (R7). (3.45)

Setting & = F~!'(R?) this leads to F (&) < CE2. This contradicts the Keller—
Osserman condition (3.35). O

Next, we consider the special case f(u) = u*(1 +cosu).

Proposition 3.21 Let f(u) = u*(1+ cosu). Then,

limsup @ (o) = oo,

O —ro0

liminf @ (o) = 0.

o—re0

Proof. Set o = (2k+ 1)7. For ¢ close to o, F(t) — F(a) ~ o*(t — o). Therefore
@ (0t) = +oo. In particular, limsup,,_,,, @(0) =oo. O

With these definitions in mind, our main results concerning existence read as fol-

lows.
Theorem 3.22 The following statements are equivalent.

o f satisfies the Keller—Osserman condition (3.35).

o f satisfies the Sharpened Keller—Osserman condition (3.36).

o There exists a ball Q = Bg such that (3.34) admits (at least) a positive boundary
blow-up.

e Given any (smooth bounded) domain €2, (3.34) admits (at least) a positive

boundary blow-up solution.
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Theorem 3.22 is a straightforward consequence of Proposition 3.20 and the follow-

ing two theorems.

Theorem 3.23 f satisfies the Keller—Osserman condition if and only if (3.34) ad-

mits (at least) a positive boundary blow-up solution on some ball.

Theorem 3.24 f satisfies the Sharpened Keller-Osserman condition if and only
if (3.34) admits (at least) a positive boundary blow-up solution on any (smooth
bounded) domain €.

In particular, Theorem 3.24 implies existence of boundary blow-up solutions for

functions such as f(u) = u?(1 +cosu).

3.2.1.2 Asymptotic Behavior

The blow-up rate of solutions of (3.34) is determined implicitly by the following

theorem.

Theorem 3.25 Assume €2 satisfies uniform interior and exterior sphere conditions
on its boundary. Assume (3.36) holds and let u denote any positive solution of
(3.34). Then,

where &(x) = dist(x,d Q).

3.2.1.3 Uniqueness Results

In view of the maximum principle, it seems natural to only assume that f is nonde-
creasing in order to obtain uniqueness. To the best of our knowledge, no proof (or
counter-example) of such a statement has been given yet. Extra requirements such
as the convexity of f or the monotony of f(u)/u are needed in the proofs found in
the literature (see e.g. [143]). When the domain is a ball, we relax such assumptions

as follows:

Theorem 3.26 Assume that f is nondecreasing and that f is convex in a neigh-
borhood of 4e-. Assume also that f satisfies the Keller—Osserman condition (3.35).

Then on any ball B(0,R) there exists a unique boundary blow-up solution of (3.34).
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Remark 4 The same result also holds if f is nondecreasing, f(u)/u is nondecreas-

ing in a neighbourhood of +oo and (3.35) holds.

In dimension D = 1, a necessary and sufficient condition for uniqueness can be

derived. Namely, we have the following

Proposition 3.27 Assume that f satisfies the Sharpened Keller—Osserman condi-
tion. Then (3.34) admits a unique solution on Q = (—R,R) if and only if the equa-
tion

P(o) =R

admits exactly one solution.
As a straightforward consequence, we obtain

Corollary 3.28 Assume that f satisfies the Sharpened Keller-Osserman condition.
(3.34) admits a unique solution on any domain Q = (—R,R) if and only if @ :

(0,00) — (0,0) is one-to-one.

Remark 5 In particular, if f is nondecreasing, one can easily show that @ is one-

to-one.

3.2.2 Minimality Principle

We restate the well-known sub and supersolution method (see [50] and [51]) and

derive elementary but important corollaries.

Proposition 3.29 Consider Q a bounded domain of RP such that all boundary
points are regular, f € C(R) and g € C(dQ). Assume there exist two functions u,

u € C(Q) such that u <u and

Au>f(u)  in2'(Q), (resp. Au < f(u) in 7'(2))
(3.46)
u<g on dQ (resp. u> g on dQ).
Then the problem
Au= f(u) in7'(Q),
(3.47)
u=g on 08,

possesses at least one solution u € C(Q,R) such that u < u <.
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Corollary 3.30 (Minimality Principle) Make the same assumptions as in Proposi-

tion 3.29. Then there exists a unique solution u € C(Q) of (3.47) such that u < u
and u| g <V for any open subset ® of Q and any function v € C(®) satisfying

AV < f(v) in 7'(0),
v>u inw, (3.48)
V>u onow.

We call u the minimal solution of (3.47) relative to u.

Proof. Let u,u be the sub and supersolution given in the statement of Proposition
3.29. Let (I,>) denote the set of all finite families containing @ of supersolutions
of (3.47) which stay above u, ordered by inclusion : i € [ if there exist n € N and
supersolutions v, € C(£), 1 < k < n (that is, (3.46) holds when # is replaced by v;)
with ¥y > u, such thati = {%,7;,...,9,}.

I is nonempty since {u} € I. I is filtrating increasing, that is, if i1,iy € I there
exists i3 € I such that i3 > i,ip (take e.g. i3 = i; Uip). We prove that given i =
{u,vy,...,v,} €I there exists a solution u; € C(£2) of (3.47) such that u; < ¥ for all
v € i. Let indeed u° denote the solution given by Proposition 3.29. Following [51],
since u < u® <7, u is also a solution of (3.47), when f is replaced by the truncation

%€ C(Q x R) defined by

flu(x)  ifu<u(),
Fxu) =4 f(u) if u(x) <u <u(x),
fax)) if u > u(x).

In [51], the authors prove that in fact any solution u of (3.47) with nonlinearity fo
satisfies u < u < u (and solves the problem with the original nonlinearity f). For
convenience, we reproduce here the argument of Clément and Sweers : take any
solution u of (3.47) with nonlinearity f°. Assume by contradiction that Q, := {x €
Q : u(x) >u(x)} is nonempty. Working if necessary on a connected component of
Q. , we may also assume that Q. is connected. For x € dQ., either u(x) = u(x) or

x € 9, so that u(x) = g(x) <7u(x). Hence,

{A(umsﬂﬁ)ﬂ)(x,u)—o in 7'(Qy),

u—u>0 ondQ,.
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By the (weak) Maximum Principle, u > u in €., which is a contradiction. Hence,
u < u and we can prove similarly that u > u.

Define now the truncation f' € C(Q x R) of f° associated to v; by :
O u(x)) if u < u(x),
FHau) =g fOxu) if u(x) <u < (x),

o7 (x) if u>v(x).

Clearly, u and ¥, are a sub and a supersolution of (3.47) with nonlinearity f!.
Applying Proposition 3.29 (which still holds for nonautonomous nonlinearities, see
[51]), we can thus construct a solution u! of (3.47) with nonlinearity f L satisfying
u < u' <. Clearly, u' is a solution of the problem with nonlinearity f° and, as
we mentioned earlier, we must have u' < 7. Repeating the process inductively, we
obtain a solution u; := 1" such that u < u; <u,vy,...,v,.

Note that #; may not be unique. Nevertheless, using the Axiom of Choice on
the set of all such solutions, we can construct a well-defined generalized sequence
(u;)ier, contained in the set K of all solutions u satisfying u < u < 7.

By standard elliptic estimates, K is a compact subset of C() so there exists a
generalized subsequence {uj)}jes converging to a solution u of (3.47).

Choose now an arbitrary supersolution v > u and let i} := {v,u} € I. Given € > 0,

let jo € J such that j > jo = |lug(;) — ull= < &. Also choose j; € J such that
Jj > Jj1 = ¢(j) > i. Finally pick j3 > ji, ja. Then, for j > js,

u = fug(y =l gy < €47.

Letting € — 0, we conclude that u < v for any supersolution v > u. Clearly, u is the
unique such solution.

It remains to prove that given any subdomain @ and any function v € C(®) sat-
isfying (3.48), u < v. Fix such a function v and define #* € C(Q x R), k=0, 1, by

flu(x)) ifr <u(x),
ho(x,t) =< f(#) ifu(x) <r <u(x),
fu(x)) ift > u(x).
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and
R (xvu(x) ifr <u(x),
R (x,t) = { h'(x,1) ifx€Q\worifx € wand u(x) <t <v(x),
R (x,%(x)) ifx € wandr > v(x).

Working as before, we may solve (3.47) with nonlinearity ' and obtain a solu-
tion i of (3.47) with nonlinearity f such that u < i < u and |, < V. Since i is a
supersolution of (3.47), we also have u < i. Hence u|yp = ii|p <v. O

We present in what follows a short proof of Corollary 3.30 in the case where f is

a locally Lipschitz function.

Proof. Uniqueness : Let uy, up be two such solutions. Choosing @ = 2 and v = u,
in the statement of Corollary 3.30, we conclude that #; < u;. Reversing the roles of
uy and u,, we conclude that uy = u5.
Existence : Let A =  sup |f'|, up = u and for k > 1, define u; € C(€2) induc-
[minu,max ]
tively by
Aug — Aug = fug—1) — Aug—y in 7'(Q),
{ u =g on dQ.

Then it is known that the sequence {uy } is nondecreasing and converges to a solution
u € C*(Q)NC(Q) of (3.47), which satisfies in addition u < u < 7.

Let v € C(®) verify (3.48) and assume by contradiction that the set o, := {x €
® : V(x) < u(x)} is nonempty. Clearly w; is open. Working if necessary with a
connected component of ;, we assume that @, is connected. We prove by induction
that v > u; in @, for all k£ € N. Passing to the limit as kK — oo, we then obtain a
contradiction with the definition of ;.

By assumption, v > u = ug in @;. Given k > 1, assume that v > u;_| in @;. In
particular, we have that ¥(x) € [miny, max#] for x € o;.

Observe that if x € d then either ¥(x) = u(x), or x € dw, whence ¥(x) > u(x).

Since u > uy, we conclude that v > u > u;, on d ;. Hence,

{A(V—uk) —A(V—Mk) Sf(?) —f(uk,l) —A(V—uk,l) <0 in .@/((01)7

V—u >0 on Jdw;.

By the (weak) Maximum Principle, v > u; in @;. O



3.2 Keller-Osserman Condition Revisited 69

Remark 6 Applying the Minimality Principle to (3.47) with nonlinearity — f, we
also obtain the existence and uniqueness of a maximal solution relative to u, defined

in the straightforward way.

Remark 7 Assume 2 = By, is a ball centered at the origin and g is a positive con-
stant. If u is radial , one easily sees that the minimal solution u relative to u is radial
: just apply the Minimality Principle 3.30 with ¥(x) = u(O(x)), where O € Op is
an arbitrary rotation of the Euclidean space. A well-known result of Gidas, Ni and
Nirenberg [97] states that any solution u > g is radially symmetric, provided f is
e.g. locally Lipschitz.

Finally, letting ¢ (r) = u(x) for r = |x|, it follows from standard ODE theory that
¢’'(0) =0and ¢'(r) > 0in (0,R).

Corollary 3.31 (Minimality Principle for blow-up solutions) Let 2 be a bounded
domain of RP such that all boundary points are regular, f € C(R). Assume there
exist a function u € C(Q) such that Au > f(u) in 2'(Q) and a function v € C(Q)
such that Av < f(v) in 2'(Q), limy_,y, v(x) = +oo for all xy € 9 and v > u.

Then there exists a unique solution u € C(Q) of (3.34) such that u < u and
u|w <V for any open subset ® C L and any v € C(®) satisfying

AV < f() in 7' (),
vzu in @, (3.49)

lim ¥(x) =4eo  forall xy € dw.

X—X(
We call u the minimal solution of (3.34) relative to u.

Proof. Clearly, there exists at most one such solution. Let now N denote any

integer larger than ||ul|;~(q) and let uy denote the minimal solution relative to u of

AMN = f(uN) in _@/(Q),
uy =N on dQ.

Using the Minimality Principle 3.30, one can easily show that the sequence (uy)
is nondecreasing and that uy < N. Take any (smooth) open set @ CC € such that
v > N on d . By the Minimality Principle 3.30 again, we conclude that v|¢ > uy/|e-

Since this holds for any such @, we conclude that v > uy in €. In particular the
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sequence (uy) is bounded on compact subsets of Q and using elliptic regularity, we
conclude that (uy) converges to a blow-up solution u of (3.34) such that u < u <v.

Now take @ C Q open and ¥ € C(w) satisfying (3.49). Take @ CC o such that
v > N on d@. Applying the Minimality Principle 3.30, we have that uy|s < V|a.
Again, since @ CC @ is arbitrary, we conclude that uy |, <7V. Letting N — oo yields

the desired inequality. O

Remark 8 In contrast with Remark 6, there does not exist in general a maximal
boundary blow-up solution of (3.34). See Sect.3.2.10.3 for enlightening counter-

examples.

3.2.3 Existence of Solutions on Some Ball

In this section, we prove that (3.35) implies the existence of a boundary blow-up

solution on some ball. First, we state and prove a useful technical lemma.

Lemma 3.32 Let ¢ € C?(0,R) be a nondecreasing function solving

D—1

0" + ¢'=f(¢) in(O,R). (3.50)

Then, given 0 <r; < ry <R,

L/li)(rz) 1 . 1 A, (ﬂ)l)z
V2 o) \JF()—F(o(r)) D-2" r :

if D#2 and

1 o(r2) 1 %)
_/ ds>ryln—=,
V2 Jotr) /F(s)—F(9(r1)) "

ifD=2.
Proof. For r € (r1,r2), (3.50) is equivalent to

d

2 71 =1 (0. (3.51)

Multiplying the above equation by r?~'¢’ and integrating between r; and r, we

obtain
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1 , 1 2/ 2 (4
S 0) > z‘(rw 2(0/(1)* =P (9'(r)°)
= [ 25000 ()t
> P2 (F(¢(r) = F(0(n)))-
So,

1 0'(r) ()
V2 F(9(r) —F(o(r)) ~ \r
Integrating the above equation between | and r,, we obtain the desired result.[]
Assume now (3.35) holds for some o > 0. If D # 2, assume temporarily that
Do) < ﬁ. Applying Proposition 3.29 with ¥ = 0 and % = o, let u be the minimal

solution relative to u of

u=ao on dB;.

{Au—f(u) in By,

Using Remark 7 and letting & = u(0), ¢ (r) := u(x) for r = |x| solves (3.50), subject
to the initial conditions ¢(0) = & and ¢’'(0) = 0. ¢ can thus be extended on some
maximal interval (0,R). Assume temporarily that R < . Then u is a boundary blow-
up solution on Bg. Indeed, by definition of R, we must have either ¢(R) = +eo or
¢’ (R) = +oo. In the latter case, multiply (3.50) by ¢’ and integrate between 0 and r to
obtain that 1(¢')?> < F(¢). Hence F(¢(R)) = +oo, §(R) = +oo and u is a boundary
blow-up solution. It remains to prove that R < co.

Assume by contradiction that R = co. Apply Lemma 3.32 between r; = 1 and
rn>1:

if D >3 and
(D(OC) Z lnl"z,

if D = 2. Letting r, converge to o, we obtain a contradiction if either D = 2 or
q)(a) < \D_172\
If D+#2 and @(a) > ﬁ

above proof provides a boundary blow-up solution u of (3.34) on some ball Bg,

choose K > 0 so large that +®(a) < \D_I*Z\‘ The

when f is replaced by K2 f. ii(x) := u(x/K) is then a boundary blow-up solution of
(3.34) with nonlinearity f on Brg.O
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Remark 9 Let B be a ball of radius R and assume u € C(B) is such that Au > f(u)
in B. Assume (3.35) holds for some & > suppu and let u = . Using Proposition

3.29, let u be the minimal solution relative to u of

{Au—f(u) in B,

u=ao on JB.

Repeating the above proof, we conclude that u can be extended to a radially sym-
metric boundary blow-up solution on some ball B of radius R > R, satisfying u > u
in B.

3.2.4 Existence of Solutions on Small Balls

Assume (3.36) holds. By Theorem 3.23, (3.34) has a solution on some ball and we
may define
Ry :=inf{R >0 : (3.34) has a solution in Bg }.

We assume by contradiction that Ry > 0. Let (f3,) be a sequence of real numbers
increasing to infinity and satisfying

lim ®(p,) =0.

Bn e

Applying Proposition 3.29 with u = 0 and u = f3,, let u, be the minimal solution
relative to u of
Auy = f(un) in Bg, /2,
{ u, = By on 8BR0/2.
By Remark 7, letting o, = u,,(0), ¢, () := up(x) for r = |x| solves (3.50) with initial
conditions ¢,(0) = o, and ¢, (0) = 0. By definition of Ry, ¢, can be extended so that
¢, remains a solution of (3.50) in (0,Ry). Now apply Lemma 3.32 with r; = Ry/2

-7

andr, =Ry :

1 Ro

P =557

if D > 3 and
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if D = 2. Passing to the limit as n — o, we obtain a contradiction in both cases. We

have just proved that
inf{R >0 : (3.34) has a solution in Bg} = 0. (3.52)

Remark 10 Let B be a ball of radius R and assume u € C(B) is such that Au >
f(u) in B. Using Remark 9 and working as above, one can show that inf{R > R :
(3.34) has a solution u in B such that u > u in B} = R.

3.2.5 Existence of Solutions on Smooth Domains

We assume here that (3.36) is valid. Applying Proposition 3.29 with 4 = 0 and
u=N, N €N, let uy be the minimal solution relative to u of (3.47) with g = N. For
x € Q, choose a ball B(x,r) C £ such that there exists a boundary blow-up solution
u, on B(x,r). This is always possible since (3.52) holds. Applying the Minimality
Principle 3.30 with ¥ = u,, we conclude that 0 < uy < u, in B(x,r). In particular,
the sequence (uy) is uniformly bounded in B(x,r/2).

Let K denote an arbitrary compact subset of £2. Covering K by finitely many
balls B(x;,7;/2), we conclude that {uy} is uniformly bounded on K by a constant
depending only on K and f. Applying the Minimality Principle 3.30 with V = uy 1,
we can also infer that {uy} is a nondecreasing sequence. Using these two facts
and elliptic regularity, we conclude that {uy} converges to a function u solving
Au= f(u) in Q.

Fix a point xo € dQ and an arbitrary sequence (x;) in £ converging to xo. Then,
since u > uy,

liminfu(x;) > liminfuy(x;) = N.
k—yoo k—yoo

Letting N converge to infinity, we conclude that u is a boundary blow-up solution of
(3.34)in Q.

Proof of Theorem 3.23 continued. By Sect.3.2.3, we know that if (3.35) holds,
there exists a blow-up solution on some ball. Conversely, assume that u > 0 solves
(3.34) on some ball B of radius R centered at the origin. By Corollary 3.31, we may
always assume that u is the minimal solution relative to u = 0 of (3.34). In particular
u is radial and we define ¢ (r) = u(x) for r = |x|, so that ¢ solves (3.51) in (0,R).
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Multiplying (3.51) by 7°~!¢’ and integrating between 0 and r, we obtain

1 r
3PP = [ PP r(90)0' (1) dr < PP F(0(r) ~ F(9(0))].
Integrating once more between 0 and R,

. o)
o< || 50 T

dr <R, (3.53)

which implies (3.35) with oc = ¢(0). O

Proof of Theorem 3.24 continued. By Sect.3.2.5, we know that if (3.36) holds,
there exists a blow-up solution on any domain. Conversely, given n € N, assume that
u, > 0 solves (3.34) on the ball B of radius 1/n centered at the origin. By Corollary
3.31, we may always assume that u, is the minimal solution relative to u = 0. In
particular u,, is radial. Let now 3, = u,,(0). We claim that (f3,) is unbounded. Taking
a subsequence if necessary, we then have that lim, 8, = e and (3.36) follows from
(3.53) applied with R =1/n.

It remains to prove that (f3,) is unbounded. If not, up to a subsequence, (f3,)

converges to some 3 > 0. By (3.53) applied with R = 1/n, we have

dr <1/n.

oo dt
0< |, e

By Fatou’s lemma, we conclude that

bl dt B
J NGRS

which is not possible. O

3.2.6 Blow-Up Rate of Radially Symmetric Solutions

Proposition 3.33 Assume that f satisfies the Keller-Osserman condition (3.35).
Assume ¢ is a radially symmetric and monotone boundary blow-up solution on the

unit ball. Then, forr ~ 1,

teo dt
(1 — ). 3.54
/q) o T VAn (3.54)
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Proof. Multiplying (3.51) by ¥”~!¢’ and integrating by parts, we easily obtain that
givenr € (0,1),

0D _ pp(r)) - oo, (359
where
Gol(r) 2Dr 2 /O'f (;)21) 1 8(5))ds
We claim that
Gy(r) =o(F(d(r))), asr— 1. (3.56)

Let indeed € > 0. Then, since F is nondecreasing,

Gy(r) :2D—2/ ( )ZD LF(¢ (s))ds
F(o(r r 0 r r
T /1 g(r) Flo(r) ™
F(¢(1—¢))
F(¢(r))

Letting » — 1 and then € — 0, we obtain the desired result. Returning to (3.55), we

<C +Ce.

obtain
(P, . |:1 G¢ :| 1/2
2F(9) F(o)]
Combining this with (3.56), it follows that for » ~ 1,

R )
2F(¢) 2F(¢)

and, integrating between r and 1,

G,
==/, 27w ) 2Fewy P

which implies (3.54).
3.2.7 Blow-Up Rate of Solutions on Smooth Domains
Let u be a blow-up solution on a domain €2, which satisfies an interior and an exte-

rior sphere condition at any boundary point. Fix xy € d€Q2 and let Bg C £ denote a
small ball which is tangent to d Q2 at xo. Fix n € (0,1). Let u := u|g, .. By Remark 9,
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there exists a radial boundary blow-up solution v defined on some ball B > By, such
thatv > uin Byg. Let K > 0 such that KB = Bg and let vg (x) := v((x —x1)/K +x1),
where x; is the center of Bg. Then vk solves
AVK = if(VK) in BR,
K2
K = +oo on 0dBg.

Since u(x;) < v(x;) = vg(x;), Proposition 3.33 implies that

K/ di >K/ —N\/_R

Letting R — 0, we then have

f+°° dt
.X
Kliminf — " > /3
X=X O(x )
By Remark 10, we may take K arbitrarily close to 1/1. Also, 0 < 17 < 1 was chosen
arbitrarily, so letting K, — 1, we finally obtain
~+oo
Julx

liminf
5

QU
=

3

%)

~—

Choose another ball By C RV \ Q which is tangent to dQ at xo and a concentric
ball Bgs with R” > R’ so large that Q C Bgw. Finally, let A = Bgr \ Bg:. Let v denote
the minimal boundary blow-up solution (relative to u = 0) on A. By the Minimality
Principle 3.31, we deduce that u > v in Q. Applying Proposition 3.33 (which still

holds on an annulus) with v, we conclude that

f+°<’ dt jJ(rw dt
limsup ———— | VO <limsup ———— VE® <V2
X—x0 9 (x) X—x0 9 (x)

This finishes the proof of Theorem 3.25. More can be said about the asymptotic

behavior of solutions provided F satisfies some extra growth assumption.

Lemma 3.34 Let u,v denote two radially symmetric boundary blow-up solutions
deﬁned on the unit ball B. Assume there exist § > 0 and M > 0 such that (V)
BZF whenever M < u <v. Then u(r) ~ v(r) on dB.

Proof. We recall from the proof of Proposition 3.33 that for ¢ a radially symmetric

boundary blow-up solution and for r ~ 1,
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N dr 1 Gyls) L9
0-0= f vara =€) Fam® =) Jrear®

Using that % ~ 1, we then obtain that, introducing K(r) such that 1 — r =

o d
Ik Arcy
o(r) oo
/ _dr c/ . (3.57)
K(r) /2F (1) o(r) F(2)
Since F is increasing, we thus obtain
(1 —K(r)> < cVEO) /w L. (3.58)
¢(r)) = o) Jo F(1)
Since % > [32% for u < v large enough, (3.58) implies that

_K(r) C (= dt
(1 ¢<r>)§ﬁ o0) VD)

The classical Keller—Osserman (3.35) condition gives the result. [J

Corollary 3.35 Assume either that f is convex on some interval [a,+e<) or that

f(t)/t is nondecreasing on [a,+o0). Then the result of the previous lemma holds.

Proof. Assume f is convex in [a,+o0) and let G(¢) = F (t +a) — F(a) — f(a)t. Then
G(0) = G'(0) = 0 and G’ is convex in R*. So G(t)/t* is nondecreasing, that is,
r— w is nondecreasing, where L(r) = F(a) + f(a)t is affine. Observe that

lim; . F () /1> = +o since the Keller-Osserman condition (3.35) implies

uoodt
- </ =o(1) as u — oo,
u/2

2Fw) ~ Jup JF(t)

It follows that there exists 3 > 0 such that izv) > ﬁ2i;) for u <v large enough and
V- u
we may apply Lemma 3.34. The case where f(¢)/¢ is nondecreasing on [a,+oo) is

similar, so we skip it. O

3.2.8 A Uniqueness Result

We start with the following auxiliary result.



78 3 Blow-Up Boundary Solutions of the Logistic Equation

Lemma 3.36 Assume that f is nondecreasing on [0,+o0) and convex in a neigh-
borhood of 4o (say [a,+0)). Consider two radially symmetric boundary blow-up
solutions such that u(r) < v(r) on B(0,R), then in fact u = v everywhere.

Proof. Set R = 1 for the sake of simplicity. Since f is nondecreasing, either u(0) =
v(0) (and then u = v everywhere) or u(r) < v(r) everywhere since 9 (r°~! (v —i)) =
rP=1(f(v)— f(u)) so the map r — v(r) —u(r) is nondecreasing. Assume then u(0) <
v(0).

Let € > 0. Consider the set we = {r € [0,1);Vs <r, (L+€)u(s) <v(s)}. If €is
small enough, 0 € ;. Due to Lemma 3.34, R =1 ¢ @, since u ~ v close to the

0

boundary. Then introduce 0 = sup @, which satisfies 0 < 2 < 1. We now have

v(0) — u(0) < v(rd) —u(r?) = eu(r?). (3.59)

Then either 72 converges towards R = 1 when & — 0 or, letting € — 0, u(0) = v(0)
and the proof is complete.

Introduce now a such that f is convex on [a,+oe). Introduce Ry such that u(r) > a
for r > Ry. Then for &€ small enough 10 > Ry. Set w(r) = (1 + &)u(r). Then, on the

annulus Ry < s < rg, using the convexity

AWv—w)=f() = (1+&)f(u)
> fv)—(1+¢) |f(w)—f(a)

u—a

—(1+¢)f(a) (3.60)

> () = () + ——(af (W) —wf(a).

f(a) af()

Observe now that the map X — is majorized by some constant C for

X > a. Then introducing y that satlsﬁes —Ayx =1 with homogeneous Dirichlet
conditionat R=1 (% (1) =0)

Alv—w—Cex)>0 (3.61)

and by the maximum principle, for any rin Ry < r < rg

v(r) —w(r) — Ceyx(r) < max(—Cey (r2),v(Ro) — w(Ro) — Cex(Ro)).  (3.62)

Then letting € — 0 we obtain that for any fixed r such that Ry < r < 1,
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v(r) —u(r) <v(Ro) — u(Ry). (3.63)

Since the map r — v(r) — u(r) is nondecreasing, this implies that v(r) — u(r) is
constant on [Ry,1). By standard ODE theory, this implies that v and u coincide

everywhere on [0,1]. O

Remark 11 Since f is nondecreasing, there exist U,U the minimal and the maxi-
mal boundary blow-up solutions of the problem (the latter can be obtained e.g. as
the monotone limit of u(R) as R — 1~, where u(R) denotes the minimal bound-
ary blow-up solution on Bg). Clearly both U and U are radial and they coincide
by the previous lemma. Since any solution u of the problem must stay between U
and U, Theorem 3.26 follows. Alternatively, according to a result of Poretta and
Veron [160], any boundary blow-up solution is radially symmetric if f is convex
in a neighborhood of +oo, whence again Theorem 3.26 follows from the previous

lemma.

Remark 12 The previous lemma is still valid if we substitute the assumption @
increasing in a neighborhood of infinity to the convexity assumption. Since the

proofs are easier they are left as an exercise to the reader.

3.2.9 Discrete Equations

We are concerned with finite difference approximations of (3.34) when D =1 or
D =2 on a cube or a ball. After introducing some notation, we observe that both
the maximum principle and the minimality principle extend to the case of finite
difference operators. We conclude this section with some theoretical error estimates,

assuming that f is a nondecreasing function.

3.2.9.1 Finite Differences

To begin with, consider the interval [—1,1] or the unit square [—1,1]>. Consider a
uniform grid £, with mesh size h = % for some integer L. The nodes on the grid are
respectively jh if D=1, —L < j <L, or (ih, jh) if D =2, with —L <, j < L.
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The discrete Laplace operator is then defined on each point/node of the grid re-

spectively by
1
(A4U); = 73(~2Uj 4+ Ujs1 + Uj), (3.64)
if D=1 and
1
(ApU)ij = ﬁ(*4Ui,j +Uijr1+Uij1+ U1 j+ Ui ), (3.65)

if D = 2. In the above, U is a vector in R¥+! (or R24+D2 in 2D) with compo-
nents Uj >~ u(jh) (or U; j ~ u(ih, jh)). If D = 2, we then solve A,U = f(U), that is,
(AU ); j = f(U;,j) for all interior nodes (i, j) and set U+ j = U; +1 = N at all bound-
ary nodes, where N is a fixed large constant. We work accordingly when D = 1.

It is standard to prove that the matrix Ay has positive inverse, that is, the entries
of the inverse matrix are positive. Therefore, the maximum principle is valid (see
[40]). Actually, if U satisfies A,U < 0 on the interior nodes of the grid and U > 0
on the boundary, then U > 0 everywhere. Here and throughout this section we write
U > 0 if and only if U; ; > 0 for all (i, j) nodes of the grid. We shall use the same
notation for B a matrix: B > 0 if and only if the entries of B are all nonnegative.

When working on the unit ball, we use a slightly modified scheme. Focussing on

radially symmetric functions, we approximate the equation

10 Jdu
;a—r(rg) =f forre(0,1). (3.66)

Discretize [0, 1] by setting Lh = 1,0 < j < L. At j = L set U = N (boundary con-
dition). For 0 < j < L solve

—2U;j+Uj1+Uj—y +Uj+1*Uj

1 1
-9(rdu) =~ —D" (jhD"U) = =F;, (3.67
0(r0u) = D" (jAD"U) i == F, 36T
where (DTU); = Y=Y (D7U); = Y=Yt 1t remains to define the equation
e e q
at j = 0. For that purpose, we use the symmetry property u(h) = u(—h) and the

approximation @ =1i(0) to set

4
ﬁ(*UoJrUl) = Fy.

This approximation of the Laplace operator satisfies the maximum principle. Indeed,
it can be easily checked that if F; > 0 then j — Uj is increasing. The maximum

principle follows promptly.
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3.2.9.2 Computing an Approximation

We aim to solve the following problem

{Ahuh = f(up) in Q,

(3.68)
u, =N on dQ,

for N large enough.

We expect that u, is an approximation for u, the minimal boundary blow-up so-
lution corresponding to ¥ = 0. As in Proposition 3.29, uy, is obtained by monotone
iteration, starting from the discrete subsolution 0. We claim that Proposition 3.29
and Corollary 3.30 are valid for the finite difference approximation. The proof fol-
lows the guidelines of the continuous case and is left as an exercise for the reader.

An approximation of the solution to problem (3.68) is recursively obtained by
the following discrete iterative scheme:

Consider u* € R?LH1P where L = %, recursively defined by
u’ =0

and for k > 0, u¥*! solves

(Ap — ANId) " = F(uF) — AyuF in Q,
(3.69)

=N on 98y,
where Ay = supjy v f'-

Therefore the error between u, the minimal boundary blow-up solution, and u*

the k-th iterate of (3.69) can be split as follows:

Ly(u) — uF = Iy(u — uy) + (I (un) — up) + (w0, — u*) (3.70)

where I, is the interpolation operator defined by 1, («); = u(x;) when D = 1 (respec-
tively by 1, (u), = u(a) when D = 2 for a node a = (ih, jh) on the grid), and uy is

the solution of

{Au—f(u) in Q,
3.71)

u=N on 0.
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3.2.9.3 Error Estimate

Throughout this section, we assume that f is a convex increasing function and that
Q = [1,1]P. We first bound from above the rate of convergence of the algorithm
(3.69).

Lemma 3.37 Let u* € RZLADD pe given by (3.69) and uj, = limy_,.. u*. Then, there
exist constants C = C(D), = w(D) > 0 and A = A(f) < An such that
29k

2 \F 1 uoou
k_ «<C(1l—— n|{l,—|[1l-—+— 0— «. (3.72
Il <c(1-5-) mm(,hD/z[ yaered B L

Proof. In the sequel let us denote by a a node of the grid (that is a = ih in 1D or
a = (ih, jh) in 2D). (u*) is a nondecreasing sequence in R2LH1P (that is, u < uk+!

for each node @). By the mean value theorem, there exists 6, € (X, (u3),) such that

Fug) = F((un)a) = f'(6a) (g — (un)a)- (3.73)
Therefore
up)a TP
(oo~ 20 = (= L) < - oy oy, 379

where A = inf f’.
On the other hand

ot (o) (o) (1) o

where f(u) denotes the vector with components f(u), = f(u,). The key argument

is to observe that the matrix Id — /%% satisfies the maximum principle. Therefore,
A A\ 7!
0<up—uft'< (1= =) (1d=21 ) (up—ub), (3.76)
Ay Ay

where inequalities hold component by component. We thus obtain that

2 \F A\ K
_ gk 00 < - — __h _ 40 oo .
lJun — u™|| = < (1 AN) (Id Ay ([, —u”|| ¢ (3.77)

2(6)
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On the one hand, the maximum principle implies that

<c, (3.78)
2(°)

for some constant C depending only on the dimension D.

On the other hand, since the spectrum of —Ay, lies in a segment [y, ] (see [40])

and m” Al < - lle= < - [l2 in REEHDP, we get

k
1
Id— = -y < Ch™PP2||(1d — L) 7* =Ch P2 —] .
0= 20 e (P T
(3.79)
Using that ﬁ <1-— ALN “—2 and collecting (3.77), (3.78) and (3.79), the proof
AN

is complete. [

We now provide an upper bound for u;, — Ij,(uy).
Lemma 3.38 Assume f is convex. Let uy, be the solution of (3.68) and uy be the
solution of (3.71). Then,

llun — In(uw) || = < CR*at(N, f) (3.80)

where o/(N, f) = ||u1(:,‘)|\Lw is a constant depending only on N and f.

Proof. For the sake of simplicity we will denote I, (uy) by uy; this introduces no
confusion.

We write down the proof for the 2D problem, leaving the 1D case as an exercise
for the reader. Let a = (ih, jh) be a node on the grid. By the mean value theorem,

for each node a, there exist &, 1 in R? such that

|€ —a| <hand |n—a| <h, (3.81)
and
n(in)a— (e = (&) + 2 () (3.82)
h\UN )a UN)a = C o y 7)) .
Therefore
o4 04 )
My = w)a = fln)a = fla)a = | SZE)+ 55| ingy,
(uh — MN)a =0 on th.

(3.83)
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Consider ® = uy, — uy, then working as in the previous lemma we obtain

wa—{(AHAN) <Id D<f/( ))>AN] hz(g;(éH%(n)), (3.84)

An
where 0, € (un(a), (up)a).
We therefore obtain

1 4
_Al

[IWalle= < ||A o) CH a2, (3.85)

4
where [[uly |- = max|o <4 (]|0%u]|=).0

Remark 13 When D =1 and f(u) = u? with p > 2, the constant o.(N, f) is given
by

@ m_P(-”P—l) 2p—1
N, ) = iy e = 2N

3.2.9.4 Error Estimate for||u — uy||

Assume here that the Sharpened Keller—Osserman condition (3.36) is valid. Con-
sider then a sequence (o) such that @(ogy) converges towards 0. Consider the

minimal solution uy of

{AMNZf(MN) inQ:B(O,l),
(3.86)

uy = oy on dQ.
Then one may wonder how uy approximates the minimal boundary blow-up solu-

tion u defined on the unit ball. We first state a qualitative result.

Proposition 3.39 There exists Ry such that uy is a boundary blow-up solution on
B(0,Ry). Moreover

e _/ (3.87)

Remark 14 This proposition shows that when we plot the approximation uy, we

plot in fact a boundary blow-up solution on a ball that is close to the unit ball.

Let us proceed to the proof in the case where D > 3. The cases D = 1,2 are very

similar and so omitted. Assume that uy extends to R”. Then by Lemma 3.32

1 [un(r) dt 1 1. p_
> La-dp,

% uy(1) \/F(t)—F(uy(1)) — D=2 (3.88)
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Here we have used that uy is radially symmetric. Therefore since uy(1) = o,
Do) > ﬁ(l - (%)D’z). N — +-co leads to a contradiction. The estimate (3.87)
comes from Proposition 3.33. [J

2

Remark 15 Observe that if f(u) = u”, then uy(r) = Ry" ' u(rRy). In that case,
0 <u(r) —un(r) < C(Ry — 1)(i(r) + u(r)). The inequality is sharp for some nu-
merical constant C. To prove the estimate in a more general context, we need extra

hypotheses.

Definition 3.40 Consider g : [0, +o0) — [0, +e) a function. We say that g is strongly
increasing if the function

L)
p(/l)_uzi(:) g(u)

is a C! increasing function on [1,+co) that satisfies p(1) # 0.

A strongly increasing function is increasing in the usual sense. g(u) = u”, p > 0 is
strongly increasing. g(#) = In(u+ 1) is not.
We now state and prove

Proposition 3.41 Assume that @ is strongly increasing. Then

0 <u(r)—un(r) <C(Ry—1)(u(r)+u(r)).
Proof. v(r) = Auy(rRy) is a blow-up function on the unit ball. We have

Ry
p(A)

For N large enough, we choose Ay close to 1 such that p(Ay) = R%. Then v is

Av=ARLf (%) < 2N, (3.89)

a blow-up supersolution to (3.34). Since u is the minimal blow-up solution, then

u(r) <v(r). Therefore
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3.2.10 Numerical Computations

In this section, we present some numerical results obtained with our method of

approximation.

Remark 16 At this stage, we would like to point out that our method is self-
contained, and does not use the knowledge of the boundary blow-up behavior of
the solution. In fact, as in [119], one can introduce another approximate problem

such as taking Q. C © where dist(2, Q) < €, and solve the problem

{ Aue:f(ue) in Q,,

(3.91)
ug(x) = K(x) on €2,

where
d

1 /+°° t .
— = dist
V2 Jk(x) \/F(1)

We discuss our numerical results successively on three examples:

(x,00).

o f(u)=u’ (thatis, f(u”) is increasing),
o f(u)=u*(2+cosu),
f(u) =u?(1+4cosu).

3.2.10.1 Case f(u) = u?

f(w)

u

(see e.g. [2] and references therein).

Since is increasing, on any domain we have a unique boundary blow-up solution

We see in Fig. 3.1 that @ is a strictly decreasing function.

For the sake of completeness, we plot in 1D the values of u;,(0) for several val-
ues of 7 and we compare them to theoretical results (see Fig. 3.2 and Proposition
3.41).

Remark 17 The value of u(0) is obtained by solving

1 [t dt
V2 /u<o> RO R0
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Phi for f(u) = u?

3 . .
— vy = Phi(x)
_y—
2t
=
z
o
1t
0 1 I
0 10 20 30

Fig. 3.1 @ when f(u) = v’

un(0) versus N (f(u) = u?)

9
8 L
7
6

s°

4

S 4

—Uy(0)
3 upper bound u(0)
lower bound

2
1 5
0

Fig. 3.2 Convergence of u;(0) to u(0) versus &

3.2.10.2 Case f(u) = u?(2+cosu)

This function f satisfies the Sharpened Keller—Osserman condition (3.36).
Figure 3.3 shows that @ (o) tends to 0 when o tends to +eo (then the Sharpened

Keller—Osserman condition is valid). Note that @ is not a decreasing function; for
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® when f(u) = u2(2+cos(u)) Convergence of ® to zero when f(u) = u2(2+cos(u))

25 10’
—y=0()
2 —y=1
T 10° \
[
< 1.5 3
s g
1 x
S 10!
0.5 T
—
0 1072
0 5 10 15 20 25 30 10° 10! 102 108
X x (log scale)

Fig. 3.3 @ when f(u) = u?(2 4 cos(u))
instance for ¢ & 0.49 there exist o # 8 such that @(a) = @(B) = c. Therefore, at

least in 1D, uniqueness does not hold.

Remark: The uniqueness result for f(u) = u*(2 +cosu) in B(0,1) C R is still an

open question for D > 2.

Figure 3.4 shows an approximation of the minimal boundary blow-up radial so-

lution on B(0,1) C R?.

u(n Radial solution when f(u)=u? (2+cos(u))
300

250 1
200 -
150 -
100

50

0 —T T T T T T T T T T T T T T T T T T
00 01 02 03 04 05 06 07 08 09 10

Fig. 3.4 Solution on the disk when f (1) = u?(2 4 cosu)
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3.2.10.3 Case f(u) = u?(1 +cosu)
We first state

Proposition 3.42 The function f(u) = u®(1+cosu) satisfies the Sharpened Keller—
Osserman condition (3.36). Moreover,

lim (o) = +oo.
oa—(2k+1)m

For a proof, see Proposition 3.21.

Figure 3.5 shows that for any domain, there exist an infinite sequence of boundary
blow-up solutions.

Phi for f(u) = u?(1+cos(u))

Phi(x)

0 10 20 30

Fig. 3.5 @ when f(u) = u?(1+cos(u))

When D = 1, this follows from the fact that @ (o) = R admits an infinite number
of solutions a@. When D > 2, fix an integer m and observe that o;,, = (2m+ 1)7is a
subsolution. Let u,, denote the minimal boundary blow-up solution relative to u =
0. Infinitely many u,, must be distinct. Indeed, choose m1; such that o, > 1o(0).

Then uy,, (0) > o4, > up(0). Repeating this process inductively yields infinitely
many distinct solutions .
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We plot in Fig. 3.6 approximations of different boundary blow-up solutions on

the interval [—1,1].

Some solutions when f(u) = u2(1+cos(u))
108 . . . . . . . . .

102 | ]

u(x) (log scale)

10! . . . . . . .
-1 -08 -06 -04 -0.2 0 02 04 06 038 1

Fig. 3.6 Some solutions when f(u) = u?(1+cosu)

Figure 3.7 shows two radial approximations of different boundary blow-up solu-

tions on the unit ball in RZ.

u(r) Two radial solutions when f(u) = u?(1+cos(u))

200

150

100 |

50

| -
0 77— —7—7 77— [

T T T T T
00 01 02 03 04 05 06 07 08 09 1.0

Fig. 3.7 Solutions on the disk when f(u) = u?(1 + cosu)
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3.3 Entire Large Solutions

Let f € C'[0,0) be a nonnegative function such that £(0) = 0. f is assumed to be

positive at infinity, in the sense that
thereexistsa € R s.t.  f(a) >0 and f(r)>0 fort>a. (3.92)

and f is superlinear in the sense that

e d
/ 2 < e, (KO)
VE(s)
where F(s) = [ f(r)dr.
In this section we are interested in the qualitative properties of solutions to
Au=p(]x|)f(u),u>0 inR?,
(3.93)
u(x) —0 as |x| — oo,

where D > 3 is a positive integer and p € C[0,<0) is a positive function such that

/O " rp(r)dr < oo, (3.94)

Such solutions are called entire large solutions (in short ELS).

3.3.1 A Useful Result: Bounded Entire Solutions

In this section we are concerned with bounded entire solutions associated with
(3.93).

Proposition 3.43 Assume (KO) and (3.94). Then, for any 0 < B < oo, there exists a
radially symmetric function wg € C%(RP) such that

Awg <pl)flvg)  inR2,
lim wg(x) = 8.

x| —ee

(3.95)

Moreover; the family {wp } ge(0,+<) is increasing in B and limg_,..wg = Weo.

Proof. Integrating by parts and using (3.94) we have
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r 't r r
/ tlfD/ sP~p(s)dsdr = % / sp(s)ds— rsz/ s~ p(s)ds
0 0 D-21Jo

0
- 1 /.w )
2Ospsds.

Hence, for all x € R we can define
00 t
U(x) :/ tlfD/ sP~Lp(s)dsdt.
|x] 0
It follows that

~AU(x)=p(]x]) inRP and  lim U(x)=0.

x| —-o0

Let f € C'[0,) be an increasing function such that
F2f. F0)=0 and [>0in(0.e)
Before we proceed with the construction of wg let us first show that
/ o1 ds <+ (3.96)
—Qds oo, .
f(s)
Indeed, let F () = [! f(s)ds, using the fact that f is increasing we have

oo 2
0=tim [ —sds> i [ s> im s
Therefore, for t > a large enough we have
F(t) > 1% (3.97)
On the other hand,
F() = / "F$)ds<1f() forallt>a. (3.98)
a

Now, using (3.97) and (3.98) we deduce

< 1 < s < 1
/ths)dSS‘/t mdsg/t ﬁdsﬁo ast —» oo,

s0 (3.96) follows. As a consequence of (3.96) we derive that for all 0 < 8 < o the
mapping
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B ds
(Q&BIHZT%SGQ&)

is bijective. Therefore, for any 0 < 3 < oo, there is a unique

wg : RD — (O,ﬁ)
such that 5
/ 95 _ Uy forallx € RP. (3.99)
wg(x) f(s)

Since U (x) is radial, wg is radial too. Furthermore, wpg is increasing with respect to

B and |x|. This proves the limit equality as § — oo in (3.95). Now,

- D
VU (x) = ) Vwg(x) inR
and
1 f_/ (Wﬂ) 2 1 . D
=—AU=———Awg — = \% < —=—A R”.
Pl Forp) ™8~ Plwg) VLS Ty Ae
Hence wp satisfies (3.95). ]

3.3.2 Existence of an Entire Large Solution

We are now in a position to derive the existence of solutions to (3.93). Our main

result in this sense is the following.
Theorem 3.44 Assume that (3.92), (KO) and (3.94) hold.

(a) There exists a minimal ELS ug of (3.93) in the sense that any ELS u of (3.93)
satisfies u > ug in RP. Furthermore, ug is radially symmetric.
(b) If r— p(r) is decreasing, then for any ELS u of (3.93) there exists a radial ELS

7 such that u <7 in RP.

Proof. We shall perform the proof of Theorem 3.44 in three steps.

Step 1: Any ELS u of (3.93) satisfies u > w., in RP, where w.. is the function
defined in Proposition 3.43 (given by (3.99)) for § = e.
Let u be an arbitrary ELS of (3.93). Define

gz{ﬂZO:wﬁguinRD}
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and remark first that & is nonempty. Indeed, if m := infppu > 0 then wy,, <m < u
in RP where w,, is the function defined by (3.99) for = m. Also, if B € & then
[0.B]C&.

Lemma 3.45 & = [0, ).

Proof. Assume by contradiction that By = sup &’ < +co. Then, wg, < u in RP. We
claim that there exists xo € R” such that wg (xo) = u(xo). Indeed, if this is not the
case, we have wg, < u in RP. Since limy,_,..(u(x) — wg, (x)) = oo, it follows that

there exists ¢ > 0 such that
wp, +c<u inRP. (3.100)

In addition, from (3.99) we have

ﬁO dS ﬁ ds
= = ——, forall .
we, f(S) /Wﬁ f(S)’ ora B > ﬁO
This yields
B ds WB ds
/0 TS)_/W,;O 7s) for all B > fBo.
Since f is increasing, we find
S (wp) /B)
lwg —wg,| < Fovg) 1B —Pol < Flwg,) IB—PBo| forall B> fo.
In particular,
f(Bo+e)
|Wﬁ0+8 B Wﬂo' <€ f_(WﬁO) .

Thus, for small values of &€ > 0 we find wg, ., < wg, +c¢/2in RP. Combining this
last estimate with (3.100) we obtain wg, . +¢/2 < u in RP, which contradicts the
definition of By.

Hence, there exists xo € R” such that wg (xo) = u(x). We fix now R > |x| and
let

— .
A :=sup{f'(s) Lminwg, <s< I%ixu}.

Then g(t) = f(¢) — At is a nonincreasing function on [ming, wg, , maxp, u| and

A(u—wg,) —A(u—wg,) < g(u)—g(wg,) <0 inBg,
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OS M*WBO on 8BR, M(XO) :WﬁO(XO).

By the strong maximum principle it follows that u = wg, in Bg. Since R > |xo| was
arbitrarily chosen, this yields u = wg,. But this is clearly a contradiction since u is
an ELS to (3.93), while wg, is bounded in RP.

Therefore & = [0, ). O

By Lemma 3.45 it follows that wg < u in RP for all B > 0. It remains now to

pass to the limit with 3 — o to reach the conclusion in Step 1.

Step 2: There exists a radial ELS ug to (3.93) such that for any ELS u to (3.93),
we have u > uy.
For any R > 0 denote by ug the unique minimal solution relative to we., to the
problem
Aug =p(|x[)f(ur)  inBg,
{ UR = Weo on dBg.
Also, by Proposition 3.31 there exists Ur a unique minimal boundary blow-up solu-

tion (in short BBUS) relative to w.., solving

AUg = p(|x]) f(Ur) in Bg,
(3.101)
Ug = +oo on dBg.
Since w.. is radially symmetric, so is ug. Moreover, for all R > 0 we have
Weo <up <upy1 <Ug inBg. (3.102)

Indeed, the first two inequalities follow from the minimality principle for ug as
stated in Proposition 3.29 whereas the last inequality is obtained as follows. We first

consider 0 < R’ < R such that
ugy1 <Ugp inBgr\Bp.

Again by Proposition 3.29 and the minimality of ug, | relative to w., we find ug| <
Ur in Bg. Hence, ugy1 < Ug in Bg and (3.102) follows.

Next, by (3.102) and the Arzela—Ascoli theorem, there exists a subsequence of
{ug} (still denoted {ugr}) that converges uniformly to some u on each compact
subset of RP. By standard elliptic regularity it follows that uy = limg_, . ug is a
radial solution of (3.93) and by (3.102) we also have w.. < ug in RP. Thus, ug is a
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radial ELS of (3.93). Now, if « is any ELS of (3.93), from Step 1 we have w.. < u
in R?. Thus, in virtue of the minimality of ug relative to w., we have ug < u in Bp.

This yields up = limg_ ;o ug < u in RP.

Step 3: Assume that r — p(r) is nonincreasing and u is an ELS of (3.93). Then,
there exists 7 a radial ELS of (3.93) such that u < u.

Let u be an arbitrary ELS of (3.93). We fix R > 0 and let N = N(u,R) > 1 be such
that maxg, u < N. By Proposition 3.29, for all n > N there exists a minimal solution

uj, relative to u of the problem
Au = p(|x|)f(ug)  inBg,
ug=n on dBg.

By minimality arguments we have u < u < n in Bg. Therefore, the function
Vi=n-—ug
satisfies
—Av=p(lx])f(n—v),v>0 in Bg,
v=0 on dBg.

Since r — p(r) is nonincreasing, Theorem 1.6 implies that v and so u}, are radially
symmetric functions.

Let Ug be the BBUS of (3.101) which is minimal relative to u. As in Step 2 one

can easily see that
u<up <Ug inBg. (3.103)

Applying further Proposition 3.29 we find
wp <ugtt ul, <up inBg, forall n>N. (3.104)
Using the first inequality in (3.104) together with (3.103) we obtain

u<ii:=limug <Ug inBg.
n—yo0

Remark that i is radially symmetric. Also, by elliptic regularity we derive that i is
a BBUS of (3.101). Thus, by the minimality of U it follows that i = Ug, so Uy is

radially symmetric.
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From the second inequality in (3.104) and (3.103) we obtain

Ur = lim u > lim M;lprl =Ugry1 >u inBg,
n—oo n—oo

so {Ug} is nonincreasing. Therefore, % := limg_,.. Ug satisfies % is radial, # > u in
RP and by standard elliptic arguments 7 is a solution of (3.93). This completes the
proof of Theorem 3.44. (]

The uniqueness does not hold in general due to the lack of monotonicity of f.
If f is strongly oscillating, our problem (3.93) exhibits infinitely many solutions.

More precisely we have

Corollary 3.46 Assume that (3.94) holds and f satisfies (3.92), (KO) and that there
exists a sequence {t;} C (0,00) such that f(t;) = 0 for all k > 1 and limy_,., = oo.
Then (3.93) has infinitely many solutions.

Proof. Let fi(t) = f(t+t), t >0, k> 1. Then f; € C'[0,%), fi(0) =0, fi >0
and f; satisfies (KO). Therefore, by Theorem 3.44 there exists an ELS v; of Av, =
p(|x)) fx(v) in RP. Now, if u; = v; +#; we have that u; is an ELS of (3.93) and
u > ty. Since {#;} is unbounded, it follows that we have infinitely many solutions
of (3.93). O

It follows from Theorem 3.44 that any ELS u to (3.93) is sandwiched between
two radial ELS U,V to the same equation:

U(|x]) <ulx) <V(|x]), for all x € RP.

The lower bound U can be chosen to be universal for all ELS to (3.93). However,

there need not exist a maximal ELS to (3.93) as we see in the next result.

Corollary 3.47 Consider the equation
Au=p(|x|)u*(14cosu),u>0 inRP, (3.105)

where p satisfies (3.94). Then:

(a) Equation (3.105) has infinitely many ELS.
(b) Equation (3.105) has a minimal ELS.
(¢) Equation (3.105) has no maximal ELS.
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Proof. This follows from Corollary 3.46 by taking f(¢) = ¢>(1 + cost) and #; =
(2k+ 1)m, k > 1. Finally, if U would be a maximal ELS of (3.105) then U > u; >
v = (2k+1)m in RP, a contradiction. O

3.3.3 Uniqueness of Solution

In this section, we establish the uniqueness of radial solution under the hypothesis
that f is nondecreasing. In view of Theorem 3.44 this implies the uniqueness in
general of a solution to entire large solutions (ELS) of (3.93). More precisely we

have:

Theorem 3.48 Assume that f is nondecreasing and satisfies (KO) and (3.92). As-
sume also that p(r) = Cr*~P for some r > ry.
Then (3.93) has a unique ELS.

Proof. By the results in Theorem (3.44) it is enough to prove the uniqueness of a
radial ELS to (3.93). We start with the following result.

Lemma 3.1. Let uy, uy be two ELS of (3.93) such that

lim (u; —uz)(x) =0.
fr| o

Then, u; = us.
Proof. Set w = u; — up which verifies

NIAEITAN

up—uz

Aw=p(} in R,
w(x) =0 as x — oo,
Fix € > 0 and let R > 0 be large enough such that w(x) < & for all |x| > R. Then
{Aw =a(x)w in Bg,

w<e on dBg,

where

if uy (x) £ ua(x),
p(Ix[).f" (u1(x)) if uy (x) = uz (x).
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Since f is nondecreasing, a is nonnegative. By the Strong Maximum Principle, we
have w < € in Bg. Hence, u; —u» < € on R?. Since £ > 0 was arbitrarily chosen,

we have u; < u, in RP. In the same way we obtain uy < u; in R sou; =uy. [

Consider u1,uy two radial ELS of (3.93) and let r = r>~P. Then v;(t) := u;(r)
satisfies

dr?

vi(t) = oo, ast — 07,

B ' 1/(2-D)
(1)=Cof(vir))  forallO<r<to=ry""", (3.106)

We multiply (3.106) by v; and we integrate over [t,7]. We obtain, fori = 1,2
ng(t) =2¢o(F(vi(t))+C;) forall 0 <t <1y,

where C; = v2(ty) — F(vi(to)), i = 1,2. Thus,

/ /
-} _ —
VFv)+Ci Fn)+GC

Integrating between 0 and ¢ we find

/V1(f\/7+cl /2 \/—7""(:2

Without loss of generality, we assume that v, > v;. Then,

JrCl \/F S)+C2ds

/Vz(f) / \/F
n®) /F( +Q vt 5)+C1)(F(s) +C2)

Since F is increasing, we have

Vz(l) —Vl(t) / C /w 1 ds
VEW () +C1 ~ Jno F 3/2 VEa(t)) Juar) F(s)

This implies

bl 1
0<wm(t)—vni)<C ——ds—0ast—0t.
O=mO=€ ] FE

This implies uy(r) — u; (r) — 0 as r — eo. By Lemma 3.1 we now obtain u; = uy so

(3.93) has a unique solution. [l
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3.4 Elliptic Equations with Absorption

Consider the problem

Au+q(x)|Vul* = p(x)f(u) inQ,

{uZO,u;‘éO in Q, (3.107)
where Q C RV (N > 3) is a smooth domain (bounded or possibly unbounded) with
compact (possibly empty) boundary. We assume that a < 2 is a positive real number,
P, q are nonnegative functions such that p # 0, p,q € C%%*(Q) if Q is bounded, and
p.q € Cloo’éx (Q) otherwise. Throughout this section (see [91]) we assume that the

nonlinearity f fulfills the following conditions:

(f1)  feC'0,), f'>0, f(0)=0and f > 0on (0,c).

(£2) /[F(t)]*l/zdmoo, where F(t):/f(s)ds.
1 0
F(1)

(f3) =20 —0 as t—> oo

Cf. Véron [199], f is called an absorption term. The above conditions hold pro-
vided that (1) =%, k> 1and 0 <a < 2;(<2),0r f(t) =¢' — 1, 0r f(1) = €' —1
and a < 2. We observe that by (£1) and (f3) it follows that f/F%? > B > 0 for t

large enough, that is, (F'~%/2) > B > 0 for ¢ large enough which yields 0 < a < 2.
We also deduce that conditions (f2) and (f3) imply /ffl/“(t)dt < oo,

We are mainly interested in finding properties of 1large (explosive) solutions of
(3.107), that is solutions u satisfying u(x) — oo as dist (x,dQ) — 0 (if 2 ZRM), or
u(x) — oo as |x| — oo (if 2 = RV). In the latter case the solution is called an entire
large (explosive) solution.

Problems of this type appear in stochastic control theory and were first studied
by Lasry and Lions [129]. The corresponding parabolic equation was considered in
Quittner [167] and in Galaktionov and Vazquez [80]. In terms of the dynamic pro-
gramming approach, an explosive solution of (3.107) corresponds to a value func-
tion (or Bellman function) associated to an infinite exit cost (see Lasry and Lions
[129]).

Bandle and Giarrusso [11] studied the existence of a large solution of problem
(3.107) in the case p = 1, ¢ = 1 and €2 bounded. Lair and Wood [126] studied the
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sublinear case corresponding to p = 1, while Cirstea and Radulescu [42] proved the
existence of large solutions to (3.107) in the case g = 0.

As observed by Bandle and Giarrusso [11], the simplest case is a = 2, which can
be reduced to a problem without gradient term. Indeed, if u is a solution of (3.107)
for g = 1, then the function v = ¢* (Gelfand transformation) satisfies

{ Av = p(x)vf(Inv) in Q,
v(x) = 4o if dist(x,0Q) — 0.
We shall therefore mainly consider the case where 0 < a < 2.

The main results in this section are due to Ghergu, Niculescu, and Radulescu
[87]. These results generalize those obtained by Cirstea and Radulescu [42] in the
case of the presence of a convection (gradient) term.

Our first result concerns the existence of a large solution to problem (3.107) when
€ is bounded.

Theorem 3.49 Suppose that €2 is bounded and assume that p satisfies
(p1) for every xop € Q with p(xo) = 0, there exists a domain Qg > x such that
Qo C Qand p >0 ondQ.

Then problem (3.107) has a positive large solution.

A crucial role in the proof of the above result is played by the following auxiliary

result (see Ghergu, Niculescu, and Radulescu [87]).

Lemma 3.50 Let Q be a bounded domain. Assume that p,q € C%%(Q) are non-
negative functions, 0 < a < 2 is a real number, f satisfies (f1) and g : dQ — (0,0)
is continuous. Then the boundary value problem

Aut gVl = p(x)f (), in 2,

u=4g, on dQ, (3.108)
u>0,u#0, in Q

has a classical solution. If p is positive, then the solution is unique.

Sketch of the proof of Theorem 3.49. By Lemma 3.50, the boundary value prob-
lem |
aon+ gl = (p0) 4 1) 7). 2

Vp =1, on dQ,
VnZOaVn?_éO» IHQ
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has a unique positive solution, for any n > 1. Next, by the maximum principle,
the sequence {v, } is nondecreasing and is bounded from below in £ by a positive
function.

To conclude the proof, it is sufficient to show that

(a) for all xy € Q there exists an open set & CC £ which contains xo and My =
My(xp) > 0 such that v, <My in & foralln > 1;

(b) lim,_, 0 v(x) = e, where v(x) = limp_ye0 vy ().

We observe that the statement (a) shows that the sequence (v,) is uniformly
bounded on every compact subset of 2. Standard elliptic regularity arguments (see
Gilbarg and Trudinger [99]) show that v is a solution of problem (3.107). Then, by
(b), it follows that v is a large solution of problem (3.107).

To prove (a) we distinguish two cases:

Case p(xg) > 0. By the continuity of p, there exists a ball B = B(xp,r) CC €2 such
that
mo :=min{p(x); x € B} > 0.

Let w be a positive solution of the problem

Aw+q(x)|Vw|* =mof(w), inB
w(x) = oo, as x — dB.

The existence of w follows by considering the problem

Awy +q(x)|Vw|* = mof(w,), inB
Wn =1, on JB.

The maximum principle implies w, < w,, | < 0, where

A6 +|q/lr-[VO|* = mof(6), inB
0(x) — oo, as x — dB.

Standard arguments show that v, < w in B. Furthermore, w is bounded in

B(xg,r/2). Setting My = sup w, where & = B(xo,r/2), we obtain (a).
o

Case p(xp) = 0. Our hypothesis (p1) and the boundedness of 2 imply the existence
of a domain & CC  which contains xo such that p > 0 on d&. The above case
shows that for any x € d& there exist a ball B(x, ry) strictly contained in £ and a
constant M, > 0 such that v, < M, on B(x,r,/2), for any n > 1. Since d & is compact,

it follows that it may be covered by a finite number of such balls, say B(x;,ry,/2),
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i=1,--- ko. Setting My = max {M,,,--- ,Mxko} we have v, < My on d0, for any

n > 1. Applying the maximum principle we obtain v, < My in & and (a) follows.
Let z be the unique function satisfying —Az = p(x) in Q and z = 0, on dQ.

Moreover, by the maximum principle, we have z > 0 in £2. We first observe that for

proving (b) it is sufficient to show that

dt

70 <z(x) foranyxe Q. (3.109)

—3

v(x)

By [42, Lemma 1], the left-hand side of (3.109) is well defined in €2. We choose
R > 0o that Q C B(0,R) and fix € > 0. Since v, = n on 9, let n; = ny(€) be such
that

1
> , 3.110
" e(N=3)(1+R?)~1/243e(14+R?) /2 ( )
and
[ i _12
/f—g %) +e(1+ x?) VxedQ Vn>n. G.111)
va (%)
In order to prove (3.109), it is enough to show that
rodr 12
/ TS x) +e(14[x)?)~ VxeQ, Vn>n. (3.112)

Vi (X)

Indeed, taking n — o in (3.112) we deduce (3.109), since € > 0 is arbitrarily chosen.
Assume now, by contradiction, that (3.112) fails. Then

ot 2y—1/2
max 1+ |x > 0.
xeai f(t) Z( ) 8( | | )

v (x

Using (3.111) we see that the point where the maximum is achieved must lie in £2.

A straightforward computation shows that at this point, say xo, we have

0> A / d— W—el+xP) 12| >0
f(t)
n®) r=xg

This contradiction shows that inequality (3.111) holds and the proof of Theorem
3.49 is complete. O
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Similar arguments based on the maximum principle and the approximation of

large balls B(0,n) imply the following existence result.

Theorem 3.51 Assume that Q = R and that problem (3.107) has at least one
solution. Suppose that p satisfies the condition
(pl)  There exists a sequence of smooth bounded domains (£2,),>1 such that
Q,C Q. 1, RN = Ur 1 Q,, and (pl) holds in ,, for any n > 1.

Then there exists a classical solution U of (3.107) which is a maximal solution if
p is positive.

Assume that p verifies the additional condition
(p2) /r(D(r) dr < oo, where ®(r) =max{p(x): |x| =r}.
0
Then U is an entire large solution of (3.107).

We now consider the case in which Q # R" and Q is unbounded. We say that
a large solution u of (3.107) is regular if u tends to zero at infinity. In [141, Theo-
rem 3.1] Marcus proved for this case (and if g = 0) the existence of regular large
solutions to problem (3.107) by assuming that there exist ¥ > 1 and 8 > 0 such that

liminf /()7 >0 and liminf p(x)|x|f > 0.
11—

[x| oo

The large solution constructed in Marcus [141] is the smallest large solution of
problem (3.107). In the next result we show that problem (3.107) admits a maximal
classical solution U and that U blows-up at infinity if £ = RY\ B(0,R).

Theorem 3.52 Suppose that Q # RY is unbounded and that problem (3.107) has
at least a solution. Assume that p satisfies condition (p1)’ in Q. Then there exists a
classical solution U of problem (3.107) which is a maximal solution if p is positive.

If Q = RN\ B(0,R) and p satisfies the additional condition (p2), with ®(r) = 0
for r € [0,R)], then the solution U of (3.107) is a large solution that blows-up at
infinity.

We refer to Ghergu, Niculescu and Rddulescu [87] for complete proofs of Theo-
rems 3.51 and 3.52.

A useful observation is given in the following property.
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Remark 18 Assume that p € C(RY) is a nonnegative and nontrivial function which

satisfies (p2). Let f be a function satisfying assumption (f1). Then condition

wdt

<o 3.113
| 7 e

is necessary for the existence of entire large solutions to (3.107).

Indeed, let u be an entire large solution of problem (3.107). Define
u(x) u(rg)
1 ' ot 1 dt
ur)=—— — | dS=— / dSa
(") oyrV-1 / / f(1) Oy f()
bel=r \do |€[=1 \ a0

where wy denotes the surface area of the unit sphere in RY and gy is chosen such

that ag € (0,u9), where uy = infgy u > 0. By the divergence theorem we have

u(x)
N 1 / / dt
u(r)——riNi1 A f_(t) dx.
B(0,r) ap

Since u is a positive classical solution it follows that

li@(r)) <Cr—0 asr—0.

On the other hand
R u(x) dr
a)N(RN’lﬁ’(R)—rN’lﬁ'(r)):/ /A /m as | dz.
r |x|=z ao

Dividing by R — r and taking R — r we find

u(x)
flb—[/r/: ' i = 1v ;ux
(N () x/,A / 7w ) x/ h (T vuin) as
— l / ulx)) - ulx 2 ; ux
7‘X\:r Kf) ) [Vulz)l +f(M(X))A ( )} “
oo
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The above inequality yields by integration

r (e}
mngmm+/&“N‘/W*¢umr do  forallr>0.  (3.114)
0 0

On the other hand, according to (p2), for all » > 0 we have

r o
/GHN /TN*ICD(r)dr do
0 0
1 / 1
— 2N [ N-1 _
=5 /r @(1)dt 2Nb/0"D(G)dG

_ 0
1
< — oo,
_Nzo/rd)(r)dr<

So, by (3.114), ia(r) < a(0) + K, for all r > 0. The last inequality implies that i is
bounded and assuming that (3.113) is not fulfilled it follows that u cannot be a large
solution. O

We point out that the hypothesis (p2) on p is essential in the statement of Remark
18. Indeed, let us consider f(¢) =t, p= 1,2 € (0,1), g(x) =2%2-|x|*, a=2—a €
(1,2). Then the corresponding problem has the entire large solution u(x) = |x|*> +
2N, but (3.113) is not fulfilled.

3.5 Lack of the Keller—Osserman Condition

We have already seen that if f is smooth and increasing on [0,0) such that f(0) =0
and f > 0 in (0, ), then the problem
Au= f(u) in Q,

u>0 inQ,
U=-4oc onadQ2

has a solution if and only if the Keller—Osserman condition [;” [F (t)]fl/ 2dt < oo
is fulfilled, where F(t) = [; f(s)ds. In particular, this implies that f must have a
superlinear growth. In this section we are concerned with the problem

{Au—i— |Vu|=p(x)f(u) in Q,

u>0 in Q, (.115)
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where Q € RY (N > 3) is either a smooth bounded domain or the whole space.
Our main assumption on f is that it has a sublinear growth, so we cannot expect
that problem (3.115) admits a blow-up boundary solution. Our main purpose in this
section is to establish a necessary and sufficient condition on the variable potential
p(x) for the existence of an entire large solution.

Throughout this section we assume that p is a nonnegative function such that
p e C¥(Q)(0 < o < 1) if Q is bounded, and p € C:*(R") otherwise. The non-
decreasing nonlinearity f € Cﬁ)g [0,e0) fulfills £(0) =0and f > 0on (0,e). We also

assume that f is sublinear at infinity, in the sense that A := sup,.; @ < oo,

If Q is bounded we prove the following nonexistence result.

Theorem 3.53 Suppose that Q C RN is a smooth bounded domain. Then prob-

lem (3.115) has no positive large solution in £2.

Proof. Suppose by contradiction that problem (3.115) has a positive large solution
u and define v(x) = In(1 4+ u(x)), x € Q. It follows that v is positive and v(x) — oo
as dist (x,d Q) — 0. We have

1 1
Au— 2|Vu|2 inQ

A =
"1t (1+u)

and so

JO gL caine,

AV<p(‘x) °°1+u—

< Tvu =
for some constant A > 0. Therefore

A(v(x) —Alx|*) <0,  forall x€ Q.

Let w(x) = v(x) —Alx|?, x € Q. Then Aw < 0 in Q. Moreover, since €2 is bounded,
it follows that w(x) — oo as dist(x,dQ) — 0.
Let M > 0 be arbitrary. We claim that w > M in Q. For all § > 0, we set

Qs ={x e Q; dist(x,0Q) > 0}.
Since w(x) — oo as dist(x,d2) — 0, we can choose 6 > 0 such that

wx) >M forall x € Q\ Q5. (3.116)
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On the other hand,
—A(w(x)—M)>0 in Qg,
w(x)—M >0 on dQs.

By the maximum principle we get w(x) — M > 0 in Q5. So, by (3.116), w > M in
Q. Since M > 0 is arbitrary, it follows that w > n in €2, for all n > 1. Obviously, this
is a contradiction and the proof is now complete. [0

Next, we consider the problem (3.115) when Q2 = RY. For all r > 0 we set

9(r)=maxp(x),  y(r)=minp(x), and  h(r)=9¢(r)=y(r).

el=r xl=r
We suppose that
/ rh(r)¥ (r)dr < e, (3.117)
0

where
r

¥(r) =exp AN/sw(s)ds , Ay = ——.

0
Obviously, if p is radial then # =0 and (3.117) occurs. Assumption (3.117) shows
that the variable potential p(x) has a slow variation. An gxample of nonradial
1+ x|

potential for which (3.117) holds is p(x) = (1+| |2 (1+| | )
X1 X

. In this case

1 1
r+ and y(r) = —. If Ay = 1, by direct computation we get
r

o0 = e +2
rh(r)¥(r) = O (r~%) as r — e and so (3.117) holds.

Theorem 3.54 Assume Q = RN and p satisfies (3.117). Then problem (3.115) has
a positive entire large solution if and only if

=3

t
/ e 't N / e* sV "y (s)dsdt = . (3.118)
1 0

Proof. Several times in the proof of Theorem 3.54 we shall apply the following
elementary inequality:

r t

/ . N/ sV g(s)dsdr < / dr, ¥r>0, (3.119)

0 0 0

for any continuous function g : [0,0) — [0,0). The proof follows easily by integra-

tion by parts.
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Necessary condition. Suppose that (3.117) fails and (3.115) has a positive entire

large solution u. We claim that

©o t

/ e 1N / e* sV 1o (s)dsdr < oo. (3.120)

1 0

We first recall that ¢ = h+ y. Thus

oo t oo t

/efttlfN/esstl(b(s)dsdt = /eiltlfN/essN*ll//(s)dsdt
1

0 1 0

—i—/e*’t
1

T
=z
o
m‘ﬂ
[}
b
=
>
SN—
IS
[
I
h

By virtue of (3.119) we find

o 1 o0 ' Jth(r)dt
/eiltlfN/e‘YsN*l(])(s)dsdt < /efttlfN/esstll//(s)dsdt+ ONj
1 0 1 0 -
o0 ' Jth(r)¥(r)dt
< /efttlfN/esstll//(s)dsdt+OT
1 0

oo t

Since / e N / e*sV My (s)dsdt < oo, by (3.117) we deduce (3.120).

1 0
Now, let i be the spherical average of u, that is,

- 1
(DNrN71

i(r) / u(x)doy, r>0,

xl=r
where @y is the surface area of the unit sphere in R". Since u is a positive entire
large solution of (3.107) it follows that i is positive and i(r) — oo as r — co. With

the change of variable x — ry, we have

i(r) = 1 / u(ry)doy, r>0
()Y
[yl=1
and
1
i(r)=— / Vu(ry)-ydoy, r>0. (3.121)
N

[y[=1
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Hence 3
1 "~ du 1 u
—/
i(r)= (D_N E(ry)day = —riNfl / E(x)dc)h
lyl=1 [x|=r
that is |
—/
i(r)= W / Au(x)dx, for all r > 0. (3.122)
B(O.R)

Due to the gradient term |Vu|in (3.107), we cannot infer that Au > 0 in R and
so we cannot expect that i’ > 0 in [0, ). We define the auxiliary function

U(r) = max i(t), r>0. (3.123)

0<r<r

Then U is positive and nondecreasing. Moreover, U > i and U(r) — oo as r — eo.
The assumptions (f1) and (f2) yield f(r) < A(1+¢),forallz > 0. So, by (3.121)
and (3.122) we have

Nt oo
Y <
r — wyrN-1

I/

@+ / [Au(x) + |Vie|(x)] do,

xl=r

| p)f(at)do,

|x[=r
1
(J)Nerl

1
o O)Nerl

IN

Ad(r) / (1+u(x))do,

el=r

Ad(r)(1+a(r)) < Ag(r) (14+U(r)),

for all » > 0. It follows that
(Mted) < AN o) (1+U(r),  forall r>0.
So, forall r > ry >0,
() < o) +4 [ TN /O "o sN1 () (14 U (s))dsdr.
ro

The monotonicity of U implies

r t
a(r) < i(ro) + A(1+U(r)) / etV / &SV o (s)dsdr, (3.124)
0

o

for all » > rg > 0. By (3.120) we can choose ry > 1 such that
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oo t 1
/ e*ftlfN/ eSSV (s)dsdr < —. (3.125)
ro 0 2A

Thus (3.124)and (3.125) yield

1
ia(r) §ﬁ(ro)+§(1+U(r)), forall r > ry. (3.126)
By the definition of U and lim ii(r) = oo, we find r; > ry such that
r—yoo
U(r) = max a(r), forall r>ry. (3.127)
ro<t<r

Considering now (3.126) and (3.127) we obtain
1
U(’)Sﬁ(ro)+§(1+U(r)), forall r>ry.

Hence
U(r) <2ia(ro) + 1, forall r > ry.

This means that U is bounded, so u is also bounded, a contradiction. It follows that

(3.107) has no positive entire large solutions.

Sufficient condition. We need the following auxiliary comparison result.

Lemma 3.55 Assume that (3.117) and (3.118) hold. Then the equations
Av+ |V = o)) Aw+ [Vl =y(RDfw)  (B.128)
have positive entire large solution such that
v<w in RN, (3.129)
Proof. Radial solutions of (3.128) satisfy
v W = 0(0f0)

and

N-—1
w4+ Tw/ + W= w(r)f(w).

Assuming that v/ and w’ are nonnegative, we deduce
(ererlv')/ =M o(r) f(v)

and
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(ererlw’)’ = Ny () f(w).

Thus any positive solutions v and w of the integral equations

r t
=1+ [ e t"N [ V1o (s)f (v(s))dsdr, r>0, (3.130)

joo
b+/ ! N/ sV Ny (s) f(w(s))dsdt,  r>0, (3.131)

provide a solution of (3.128), for any b > 0. Since w > b, it follows that f(w) >
f(b) > 0 which yields

r

t
w(r) > b+ f(b) / e it N /esstll//(s)dsdt, r>0.
0 0
By (3.118), the right-hand side of this inequality goes to 4o as r — oo. Thus
w(r) — oo as r — eo. With a similar argument we find v(r) — oo as r — eo.
Let b > 1 be fixed. We first show that (3.131) has a positive solution. Similarly,
(3.130) has a positive solution.

Let {wy} be the sequence defined by w; = b and
t
Wi (7 b—l—/e t! N/es Ly (s) f(wi(s))dsdt, k>1. (3.132)

We remark that {w;} is a nondecreasing sequence. To get the convergence of
{wr} we will show that {wy} is bounded from above on bounded subsets. To this

aim, we fix R > 0 and we prove that
wy(r) < beMr, forany 0 <r <R, andforallk > 1, (3.133)

where M = Ay max 1y (t).

We achieve I(E?[).71%3) by induction. We first notice that (3.133) is true for k = 1.
Furthermore, the assumption (f2) and the fact that wy > 1 lead us to f(wy) < Awyg,
forall k > 1. So, by (3.132),

t

.
Wit 1(r) < b-i-/\/eittlflv/essN*lll/(s)wk(s)dsdt7 r>0.
0
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Using now (3.119) (for g(¢) = y(1)wi(t)) we deduce

Wi () S+ A [rywodr, Vre0.RL
0

The induction hypothesis yields
-
Wit1(r) §b+bM/eM’dt:beMr, Vre[0,R].
0

Hence, by induction, the sequence {wy } is bounded in [0, R], for any R > 0. It follows
that w(r) = ]351010 wy(r) is a positive solution of (3.131). In a similar way we conclude
that (3.130) has a positive solution on [0, o).

The next step is to show that the constant b may be chosen sufficiently large so
that (3.129) holds. More exactly, if

=

b>1+KAy / sh(s)¥ (s)ds, (3.134)
0

where K = exp (AN _fth(t)dt) , then (3.129) occurs.
0

We first prove that the solution v of (3.130) satisfies
v(r) < K¥(r), Vr>0. (3.135)

Since v > 1, from (f2) we have f(v) < Av. We use this factin (3.130) and then we
apply the estimate (3.119) for g = ¢. It follows that

v(r) <1 —i—A1\1/s¢(s)v(s)ds7 Vr>0. (3.136)
0

By Gronwall’s inequality we obtain

.
v(r) <exp AN/s¢(s)ds , Yr>0,
0

and, by (3.136),

r S

v(r) < 1+AN/.S¢(S)6XP AN/t(b(t)dt ds, Vr>0.
0 0
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Hence ,
.

s
v(r) < 1+/ exp AN/t¢(t)dt ds, Vr>0,

0 0
that is

v(r) < exp | Aw / w0()di |, vr>o. (3.137)
0

Inserting ¢ =h+ yin (3.137) we have

so (3.135) follows.
Since b > 1 it follows that v(0) < w(0). Then there exists R > 0 such that v(r) <
w(r), for any 0 < r <R. Set

w =sup{ R > 0|v(r) <w(r), ¥r € [0,R]}.

In order to conclude our proof, it remains to show that R.. = eo. Suppose the contrary.

Since v < won [0,R.] and ¢ = i+ y, from (3.130) we deduce

t
+/e ! N/e f(v(s))dsdt.
0 0

So, by (3.119),

Re. Re t
v(R.) < 1 TN 2/th t))dt+/efttlfN/esstlw(s)f(w(s))dsdt.
0 0 0

Taking into account that v > 1 and the assumption (f2), it follows that

V(R )<1+KAN/ d:+/ 1= N/ “Lyr(s)f (w(s))dsdr.
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Now, using (3.134) we obtain
Re. !
V(R) < b+ /efttlfN/esstlw(s)f(w(s))dsdt = w(Rw).
0 0

Hence v(R..) < w(Rw). Therefore, there exists R > R.. such that v < w on [0,R],
which contradicts the maximality of R... This contradiction shows that inequality

(3.129) holds and the proof of Lemma 3.55 is now complete. O
Proof of Theorem 3.54 continued. Suppose that (3.118) holds. For all £ > 1 we
consider the problem
Auy+ |Vug| = p(x) f(uy) in B(0,k), (3.138)
u(x) = w(k) on dB(0,k). ’
Then v and w defined by (3.130) and (3.131) are positive sub and supersolutions of

(3.138). So this problem has at least a positive solution u; and
v(|x]) < ug(x) < w(lx]) in B(0,k), forall k> 1.

By Theorem 14.3 in Gilbarg and Trudinger [99], the sequence {Vuy } is bounded on
every compact set in RV, Hence the sequence {u;} is bounded and equicontinuous
on compact subsets of RY. So, by the Arzela—Ascoli theorem, the sequence {u; } has
a uniform convergent subsequence, {u}} on the ball B(0,1). Let u' = limy_,cuj.
Then {f(u})} converges uniformly to f(u') on B(0,1) and, by (3.138), the se-
quence {Au} +|Vul |} converges uniformly to pf(u'). Since the sum of the Laplace
and Gradient operators is a closed operator, we deduce that u! satisfies (3.107) on
B(0,1).

Now, the sequence {u,ﬁ} is bounded and equicontinuous on the ball B(0,2), so it
has a convergent subsequence {u?}. Let u? = klglolc u? on B(0,2) and suppose u” sat-
isfies (3.107) on B(0,2). Proceeding in the same way, we construct a sequence {u" }
so that u” satisfies (3.107) on B(0,n) and u"*! = " on B(0,n) for all n. Moreover,

the sequence {u"} converges in L;?.(RV) to the function u defined by
u(x) = u™(x), for x € B(0,m).

Since v < u" < won B(0,n) it follows that v < u < won R" and u satisfies (3.107).
From v < u we deduce that u is a positive entire large solution of (3.107). This

completes the proof. O



Chapter 4

Singular Lane-Emden—Fowler Equations
and Systems

Do not go where the path may lead, go
instead where there is no path and
leave a trail.

Ralph Waldo Emerson (1803-1882)

4.1 Bifurcation Problems for Singular Elliptic Equations

In this section we study the bifurcation problem

—Au=Af(u)+a(x)g(u) inQ,
u>0 inQ, (P)
u=0 on dQ,

where A € R is a parameter and Q C RY (N > 2) is a bounded domain with smooth
boundary d€2. The main feature of this boundary value problem is the presence
of the “smooth” nonlinearity f combined with the “singular’” nonlinearity g. More
exactly, we assume that 0 < f € COB[0,00) and 0 < g € C%B(0,0) (0 < B < 1) fulfill
the hypotheses

(f1)  fis nondecreasing on (0,e) while f(s)/s is nonincreasing for s > 0.
(g1) g is nonincreasing on (0, o) with limg o g(s) = -oo.
(g2) there exist Cp, 1o > 0 and o € (0,1) so that g(s) < Cos™%, Vs € (0,10).

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 117
DOI 10.1007/978-3-642-22664-9_4, (©) Springer-Verlag Berlin Heidelberg 2012
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The assumption (g2) implies the following Keller—-Osserman-type growth condi-
tion around the origin

1/ -1/2
/ (/ g(s)ds) dt < oo, 4.1
0o \Jo

As proved by Bénilan, Brezis and Crandall in [14], condition (4.1) is equivalent to
the property of compact support, that is, for any h € L' (RV) with compact support,
there exists a unique u € W' (RY) with compact support such that Au € L' (R ) and

—Au+g(u)=nh ae. in RV,

In many papers (see, e.g., Dalmasso [56], Kusano and Swanson [125]) the poten-
tial a(x) is assumed to depend “almost” radially on x, in the sense that Cj p(|x|) <
a(x) < Cy p(Jx]), where Cy, C; are positive constants and p(|x|) is a positive function
satisfying some integrability condition. We do not impose any growth assumption
on a, but we suppose that the variable potential a(x) satisfies a € C%F(Q) anda > 0
in Q.

If A = 0 this equation is called the Lane-Emden—Fowler equation and arises
in the boundary-layer theory of viscous fluids (see Wong [213]). Problems of this
type, as well as the associated evolution equations, describe naturally certain phys-
ical phenomena. For example, super-diffusivity equations of this type have been
proposed by de Gennes [62] as a model for long range Van der Waals interactions
in thin films spreading on solid surfaces.

Our purpose is to study the effect of the asymptotically linear perturbation f(u)
in (P,), as well as to describe the set of values of the positive parameter A such
that problem (P, ) admits a solution. In this case, we also prove a uniqueness result.
Due to the singular character of (P; ), we can not expect to find solutions in C>(Q).
However, under the above assumptions we will show that (P, ) has solutions in the
class

& ={ucC*Q)NC""*Q); Auec L'(Q)}.

We first observe that, in view of the assumption (f1), there exists

m:= lim ) € [0,00).

s—oo  §

This number plays a crucial role in our analysis. More precisely, the existence of
the solutions to (Py) will be separately discussed for m > 0 and m = 0. Let a, =

mina(x).
xX€Q
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Theorem 4.1 Assume (f1), (gl), (g2) and m = 0. If a. > 0 (resp. a. = 0), then
(Py) has a unique solution uy € & for all A € R (resp. A > 0) with the properties:

(1) uy, is strictly increasing with respect to A.

(ii) there exist two positive constant c¢y,cy > 0 depending on A such that ¢;d(x) <
uy < crd(x) in Q.

The bifurcation diagram in the “sublinear” case m = 0 is depicted in Fig. 4.1.

Fig. 4.1 The “sublinear” case m =0

Proof. We first recall the following existence result that we need in the proof.

Lemma 4.2 (Shi and Yao [180]). Let F : Q x (0,00) — R be a Hélder continuous

function with exponent B € (0,1) on each compact subset of Q x (0,e0) which
satisfies
(F1) limsup,_, ., (s~ 'max g5 F(x,s)) <Ay
(F2) for each t > 0, there exists a constant D(t) > 0 such that
F(x,r)—F(x,s) > —D(t)(r—s), for xcQ and r>s>t.
(F3) there exists Mg > 0 and an open subset €y C £ such that
minF(x,5) >0 fors € (0,1p),
xeQ
and
F(x,s)

lim ————= = 4o uniformly for x € €.
SN0 s
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Then for any nonnegative function ¢ € C>P (0Q), the problem

—Au=F(xu) inQ,

u>0 in Q,

u=qp on dQ,
has at least one positive solution u € C*B(G)NC(Q), for any compact set G C
QU{x € dQ; ¢o(x) > 0}.

Lemma 4.3 (Shi and Yao [180]). Let F : Q x (0,00) — R be a continuous function
F
such that the mapping (0,0) > s —> Flxs)
s __
Assume that there exists v, w € C*(Q)NC(Q) such that

is strictly decreasing at each x € €.

(a) Aw+F(x,w) <0< Av+F(x,v) in Q.
(b) vw>01inQ andv <wondQ.
(c) Ave LY(Q).

Thenv <win £2.

Now, we are ready to give the proof of Theorem 4.1. This will be divided into

four steps.

Step 1: Existence of solutions to problem (Py).
For any A € R, define the function

@) (x,5) = Af(s)+a(x)g(s), (x,5) € Q x(0,00). (4.2)
Taking into account the assumptions of Theorem 4.1, it follows that @, verifies the
hypotheses of Lemma 4.2 for A € R if a, > 0 and A > 0 if a, = 0. Hence, for A in
the above range, (P;) has at least one solution u; € C>F(Q)NC(Q).

Step 2: Uniqueness of solution.

Fix A € R (resp. A > 0) if a,. > 0 (resp. a. = 0). Let u; be a solution of (P)).
Denote A~ = min{0,A} and A" = max{0,A}. We claim that Au; € L'(€). Since
ac % (Q), by [99, Theorem 6.14], there exists a unique nonnegative solution
¢ eCHP(Q) of

—Af=a(x) inQ,
{ =0 onodQ.
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By the weak maximum principle (see e.g., [99, Theorem 2.2]), { > 0 in Q. More-

over, we are going to prove that

(a) z(x) :=c{(x) is a subsolution of (Py ), for ¢ > 0 small enough.
(b) z(x) > c1d(x) in Q, for some positive constant ¢; > 0.
(c) uy, >zin Q.

Therefore, by (b) and (c), u; > c1d(x) in Q. Using (g2), we obtain g(u;) <
Cd~%(x) in Q, where C > 0 is a constant. So, g(u; ) € L' (£2). This implies
Auy € L! (Q).
Proof of (a). Using (f1) and (g
Az(x) + Py (x,2) = —ca(x) + A f(cG) +a(x)g(cC)
ca(x) + A" f(cl|]l=) +alx)g(c][E]]-)

glcll€ll=) (c[|€]l) -
> ca(x) [—ZC _ 1} +fel|C]l) {“*—é(cmnm) )

for each x € Q. Since A < 0 corresponds to a, > 0, using limy o g(r) = +o and

1), we have

lim, o f(t) € (0,0), we can find ¢ > 0 small enough that
Az+ Dy (x,2) >0, VxeQ.

This concludes (a).
Proof of (b). Since { € C*>B(Q), { > 0in Q and £ =0 on dQ2, by Lemma 3.4 in
Gilbarg and Trudinger [99], we have

a

av(y)<0, Yy € 09Q2.

Therefore, there exists a positive constant ¢y such that

a¢ ) — &)
2 s <y, Vy€dQ.
aV ) X€Q x—y |X7y| =" Y
So, for each y € £, there exists r, > 0 such that
6 () >9D vre B, (y)NQ. (4.3)

e—y| = 27
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Using the compactness of d€2, we can find a finite number k of balls By, (yi) such

that dQ C UfleB,yl, (yi). Moreover, we can assume that for small dy > 0,
{xeQ: d(x) <do} C UL By, ().
Therefore, by (4.3) we obtain
(x) > %Od(x), Vx € Q with d(x) < do.
This fact, combined with { > 0 in £, shows that for some constant ¢ > 0
(x)>cd(x), VxeQ.

Thus, (b) follows by the definition of z.
Proof of (c). We distinguish two cases:
Case 1. A > 0. We see that @, verifies the hypotheses in Theorem 1.2. Since
Auy + @ (x,uy) <0< Az+ @y (x,z) in 2,
uy,z>0 in Q,
u); =z on dQ,
Az e LNQ),

by Theorem 1.2 it follows that u; > zin Q.
Now, if u; and u, are two solutions of (P, ), we can use Theorem 1.2 in order to
deduce that u; = u,.

Case 2. A < 0 (corresponding to a, > 0). Let € > 0 be fixed. We prove that
z<uy+e(1+ )" inQ, (4.4)

where 7 < 0 is chosen such that 7|x|> + 1 > 0, Vx € Q. This is always possible since
Q C RY (N >2) is bounded.

We argue by contradiction. Suppose that there exists xo € £ such that uy (xo) +
e(1+ |xo|)® < z(x0). Then min, _g{u, (x) +€(1+ [x[*)" —z(x)} < 0 is achieved at

some point x; € . Since @, (x,7) is nonincreasing in z, we have

0> —Afuy (x) — 2(x) + £(1 4 |x) ] |ims,
= @ (x1,u (x1)) — Dy (x1,2(x1)) — €A[(1+ [x]*) 7] |r=,
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> —eA[(14 [x]3) ey, = —2€7(1+ |x1[2) "2 [(N +27—2) x> +N]
> —det(1+[x[*)" (x> + 1) > 0.

This contradiction proves (4.4). Passing to the limit € — 0, we obtain (c).

In a similar way we can prove that (P)) has a unique solution.

Step 3: Dependence on A.
We fix A < A, where A1, 4, € R if a, > 0 resp. A1, A, € [0,00) if a, = 0. Let
uy,» uy, be the corresponding solutions of (P, ) and (P,,) respectively.

If A1 > 0, then @, verifies the hypotheses in Theorem 1.2. Furthermore, we have
Auy, + Dy, (x, M?Lz) <0< Auy, + Dy (x,uy,) in L,
uy,,uy, >0 in €,
Uy, =uz, on 8.(2,
Au;“ S LI(Q).
Again by Theorem 1.2, we conclude that uy, < u,, in Q. Moreover, by the maxi-
mum principle, uy, < uy, in Q.

Let A, < 0; we show that uy, < uy, in Q. Indeed, supposing the contrary, there

exists xo € £ such that uy, (xo) > uy,(xo). We conclude now that max{u, (x)—
xeQ

Uy, (x)} > 0is achieved at some point in £. At that point, say ¥, we have
0 < —A(up, —up, ) (X) = Py, (X,uy, (X)) — Py, (X,up, (X)) <O,

which is a contradiction. It follows that u;, < u,, in Q, and by the maximum prin-
ciple we have u, <u,, in Q.

If A1 <0 < Ay, then uy, <up < uy, in L. This finishes the proof of Step 3.

Step 4: Regularity of the solution.i{,%

Fix A € R and let u;, € C*(2)NC(LQ) be the unique solution of (P; ). An impor-

tant result in our approach is the following estimate
c1d(x) <uy(x) < cpd(x), forall xe Q, (4.5)

where ¢y, c, are positive constants. The first inequality in (4.5) was established in

Step 2. For the second one, we apply an idea found in Gui and Lin [107].
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Using the smoothness of d€2, we can find § € (0, 1) such that for all xg € Qg :=
{x € Q;d(x) < 8}, there exists y € RV \ Q with d(y,0Q) = & and d(x0) = |xo —
=

Let K > 1 be such that diam (2) < (K — 1)6 and let w be the unique solution of

the Dirichlet problem
—Aw=ATf(w)+g(w) inBg(0)\B1(0),
w>0 in Bx(0)\ B1(0), (4.6)
w=0 on 9 (Bk(0) \ B1(0)),

where B, (0) is the open ball in RY of radius r and centered at the origin. By unique-

ness, w is radially symmetric. Hence w(x) = w(|x|) and

N—-1
W' ==+ A7) + () =0 forr € (1K),

W0 in (1,K), 4.7)

Integrating in (4.7) we have
W(t) = W’(a)aNfltlfN — tlfN/at Al [7L+f(W(r)) Jrg(W(r))] dr,
= w’(b)bN*It“Nﬂl*’V/b AN ATFR(r)) + g(0(r))] dr,

where | < a <t < b < K. Since g(w) € L'(1,K), we deduce that both %/ (1) and
W (K) are finite, sow € C*>(1,K)NC'[1,K]. Furthermore,

w(x) < Cmin{K — |x|,|x| — 1}, forany x € Bg(0)\B(0). 4.8)

Let us fix xo € Q5. Then we can find yo € RY \ Q with d(yo,dQ) = § and d(xo) =
|xo —y| — 0. Thus, Q C Bgs(yo) \ Bs(yo). Define v(x) = cw <x—5yo> ,x€ Q. We

show that v is a supersolution of (P)), provided that ¢ is large enough. Indeed, if
¢ > max{1,8?%||al|}, then for all x € Q we have

Av+Af(v)+a(x)g(v) < % (W”(r) + N—_lvT/(r))

r

+ATf(0(r)) +a(x)g(ew(r)),
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where r = |X+syo| € (1,

K). Using the assumption (f1) we get f(cw) < cf(W) in

(1,K). The above relations lead us to
c ~1! N-1 ~/ —+ ~ ~
Av+Af(v)+a(x)g(v) < 52 \7 +—W |+ ATcf(W) + ||all-g(W)

i ~// N71~1 + ~ ~
< 52 (v + b s o)
0

Since Auy € L'(Q), with a similar proof as in Step 2 we get u; < v in Q. This
combined with (4.8) yields

|Xo - y0| |Xo -

uy, (x0) < v(xp) < Cmin{K — 5 5

vl 1< %d(xo).

Hence u) < %d(x) in 5 and the last inequality in (4.5) follows.
Let G be the Green’s function associated with the Laplace operator in £2. Then,

for all x € 2 we have

0 (5) = = [ Gxy) RS2 (5)) + aly)gx (),
and
Vi () = = [ Galey) (3 (5)) + ()3 ()] .
If x1,x; € Q, using (g2) we obtain
Vit (31) = Vity (52)] < 2] [ [Gu1.3) = Gulea, )] - £z ()

¢ [ 16:(01,9) = Golwy) -1 (3)dy:

Now, taking into account that u; € C(Q), by the standard regularity theory (see
Gilbarg and Trudinger [99]) we get

| 16:(x1.9) = Galoay) - £ () < €1 .
On the other hand, with the same proof as in [107, Theorem 1], we deduce
[ 162601, = Galoaay)-15,(5) < ol =] .

The above inequalities imply u; € C?(2)NC"!1=%(Q). The proof of Theorem 4.1

is now complete. [
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Next, consider the case m > 0. The results in this case are different from those
presented in Theorem 4.1. A careful examination of (P;) reveals the fact that the
singular term g(u) is not significant. Actually, the conclusions are close to those es-
tablished in Mironescu and Radulescu [144, Theorem A], where an elliptic problem
associated to an asymptotically linear function is studied.

Let A; be the first Dirichlet eigenvalue of (—A) in Q and A* = % Our result in

this case is the following.
Theorem 4.4 Assume (f1), (g1), (§2) and m > 0. Then the following hold.

(i) If A > A%, then (Py) has no solutions in &.

(i) If ax > 0 (resp. a, = 0) then (Py) has a unique solution uy € & for all —eo <
A < A* (resp. 0 < A < A*) with the properties:
(iil) uy, is strictly increasing with respect to A.
(ii2) there exist two positive constants c1,cy > 0 depending on A such that
crd(x) <uy < crd(x) in Q.

(ii3) Ahfn}} uy = oo, uniformly on compact subsets of €2.

The bifurcation diagram in the “linear” case m > 0 is depicted in Fig. 4.2.

A A

Fig. 4.2 The “linear” case m > 0

Proof. (i) Let ¢; be the first eigenfunction of the Laplace operator in € with
Dirichlet boundary condition. Arguing by contradiction, let us suppose that there

exists A > A* such that (P, ) has a solution u; € &.
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Multiplying by ¢; in (P,) and then integrating over 2 we get
—/ ¢1Auy, =7L/ f(MA)¢1+/ a(x)g(uz) o1 4.9)
Q Q Q

A
Since A > 2L in view of the assumption (f1) we get A f(uy) > Ajuy in Q. Using

m
this fact in (4.9) we obtain

—/ 01 Auy >)Ll/ uy 9.
Q Q

The regularity of u, yields — / upAdr > A / uy ¢1. This is clearly a contradiction
since —A@¢; = A1¢; in Q. Hence (P, ) has no solutions in & for any A > A1*.

(i1) From now on, the proof of the existence, uniqueness and regularity of solution
is the same as in Theorem 4.1.

(ii3) In what follows we shall apply some ideas developed in Mironescu and
Rédulescu [144]. Due to the special character of our problem, we will be able to
prove that, in certain cases, L?> boundedness implies H& boundedness!

Let u; € & be the unique solution of (P)) for 0 < A < A*. We prove that
kli/n}%*ux = +-o0, uniformly on compact subsets of £2. Suppose the contrary. Since
{uy, }o<p <2+ is a sequence of nonnegative super-harmonic functions in €, by Theo-
rem4.1.9 in Hormander [111], there exists a subsequence of {u; }; -3+ (still denoted
by {u3 }1 2+ ) which is convergentin L] (£2).

We first prove that {u; }; -5+ is bounded in L?(£). We argue by contradiction.
Suppose that {u }; -+ is not bounded in L?(Q). Thus, up to a subsequence we
have uy = M(1)w,,, where

ML) = [|upll2q) — cas A /A" and wy, cL}(Q), wallz) =1 (4.10)

Using (f1), (¢2) and the monotonicity assumption on g, we deduce the existence of
A,B,C,D >0 (A > m) such that

f@) <At+B, g(t)<Cr*+D, forallt>0. (4.11)
This implies

Aﬁ (Af(uz) +a(x)g(uz)) =0 inLLo(@)asA 74"
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that is,
—Awy, =0 inLl (Q)asA /A% (4.12)

By Green’s first identity, we have

/Vw,l-Va)dx:—/ q)Aw;de:—/ 0Awydx Vo ECT(Q). (4.13)
Q Q Supp ¢

Using (4.12) we derive that

[ eawad < [ jolaw;|dx
Supp ¢ Supp¢ (4.14)
< ||¢HL°°/ [Awy|dx—0 asA /A%,
Supp¢
Combining (4.13) and (4.14), we arrive at
/ Vi -Vodx =0 asA S A5, Vo € Co(Q). (4.15)
Q

By definition, the sequence {w; }g-3 4+ is bounded in L?(£2).
We claim that {w; }, - is bounded in H{ (€2). Indeed, using (4.11) and Holder’s

inequality, we have

/|VWA| */ wiAwy = ﬁi)/{zwlm&

_ ﬁ) /Q [Aowy £(uz) +a(x)g (g )wy ]

A llal]e —a
SW/WA(AM}L-FB)-FW/QWA(CM}L +D)

||a|| c 1o ABA|lal|D
f/’LA/ 7L+ l+06/ )LOC+ M()L) /QW

l|all C AB+||al|-D

<A (140)/2
AA+—()L)H(X|Q| + M%)

|Q|1/2.

From the above estimates, it is easy to see that {w; }, -+ is bounded in H} (£2), so

the claim is proved. Then, there exists w € H(} () such that (up to a subsequence)
wy — w weaklyin H}(Q) asA A" (4.16)
and, because H{ () is compactly embedded in L?(£2),

wy, —w stronglyin L*(Q) as A S A% (4.17)
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On the one hand, by (4.10) and (4.17), we derive that |[wl|;> o) = 1. Furthermore,
using (4.15) and (4.16), we infer that

/Q Vi -Vodx=0, Vo cCo(Q).

Since w € H} (), using the above relation and the definition of H} (), we get
w = 0. This contradiction shows that {u; }, -+ is bounded in L?(£2). As above for
w;., we can derive that u, is bounded in H} (). So, there exists u* € H} () such

that, up to a subsequence,
u; — u* weakly in H}(Q) as A A%,
uy, — u* strongly in L*(Q) as A A%, (4.18)

u, —u" ae inQasi A%

Now we can proceed to get a contradiction. Multiplying by ¢; in (P;) and inte-

grating over 2 we have

/ 01 Auy = A,/ Lt,l (p1—|—/ Lt,l ¢y, forall 0<A <A™, (4.19)

On the other hand, by (f1) it follows that f(u) ) > muy in Q, forall 0 <A < A*.
Combining this with (4.19) we obtain

,11/ uk(p1>lm/ Wpl+/ gu)p, forall 0< A <A*  (4.20)

Notice that by (g1), (4.18) and the monotonicity of u, with respect to A we can

apply the Lebesgue convergence theorem to find

| a@stu)ondx— [ atg)gidr asi .
Q

Passing to the limit in (4.20) as A A *, and using (4.18), we get
ll/ u* @y 2/11/ u*(p1+/ a(x)g(u”)e. (4.21)
Q Q Q

Hence / a(x)g(u*)e; =0, which is a contradiction. This fact shows that )Lh/n/ll uy =
Q *

+oco, uniformly on compact subsets of 2. This ends the proof. O
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4.2 Lane-Emden-Fowler Systems with Negative Exponents

In this section we study the elliptic system

—Au=uP"v? u>0 inQ,
—Av=u"v"* v>0 inQ, (4.22)
u=v=>0 on dQ,

where Q C RY (N > 1) is a bounded domain with C? boundary, p,s > 0 and ¢, r > 0.
By solution of (4.22) we understand a pair (1, v) with u,v € C*>(2)NC(Q) such that
u,v > 01in £ and satisfies (4.22) pointwise.

The first motivation for the study of system (4.22) comes from the so-called
Lane—Emden equation (see [68,77,128])

—Au=u" inBg(0),R >0, (4.23)

subject to Dirichlet boundary condition. In astrophysics, the exponent p is called
the polytropic index and positive radially symmetric solutions of (4.23) are used
to describe the structure of the polytropic stars (we refer the interested reader to
the book by Chandrasekhar [37] for an account on the above equation as well as
for various mathematical techniques to describe the behavior of the solution to the
Lane-Emden equation).

Systems of type (4.22) with p,s <0 and ¢,s < 0 have received considerable at-
tention in the last decade (see, e.g., [33,49,72,75,146,166,171,177,178,183,216]
and the references therein). It has been shown that for such range of exponents sys-
tem (4.22) has a rich mathematical structure. Various techniques such as the moving
plane method, Pohozaev-type identities, and rescaling arguments have been devel-
oped and suitably adapted to deal with (4.22) in this case.

Recently, there has been some interest in systems of type (4.22) where not all the
exponents are negative. In [85,93,94] the system (4.22) is considered under the hy-
pothesis p,r < 0 < g,s. This corresponds to the singular Gierer—-Meinhardt system
arising in molecular biology. In [111] the authors provide a nice sub and supersolu-
tion device that applies to general systems both in cooperative and noncooperative
settings. This method was then used to discuss singular counterparts of some well-

known models such as Gierer—Meinhardt, Lotka—Volterra or predator—prey systems.



4.2 Lane-Emden—Fowler Systems with Negative Exponents 131

We shall be concerned with system (4.22) in case p,s > 0 and g,r > 0. This
corresponds to the prototype equation (4.23) in which the polytropic index p is
negative. For such range of exponents, the above-mentioned methods do not apply;
another difficulties in dealing with system (4.22) come from the noncooperative
character of our system and from the lack of a variational structure. In turn, our
approach relies on the boundary behavior of solutions to (4.23) (with p < 0) or

more generally, to singular elliptic problems of the type

{ —Au=k(8(x))u?,u>0 inQ,
(4.24)

u=0 on dQ,
where
8(x) = dist(x,0Q), x€Q,

and k : (0,00) — (0,20) is a decreasing function such that lim, o k(7) = oo.
The approach we adopt here is inspired from [86] and can be used to study more

general systems in the form
—ZLu=f(x,u,v),u>0 inQ,
—Lv=g(x,u,v),v>0 inQ,
u=v=>0 on dQ,

where .7 is a second order differential operator not necessarily in divergence form

and

f('x’ u’ v) = kl (x)uipv7q7 g(x7u7v) = kz(x)uirvis’
or
FOuuv) =k (X)u P +kp(x)v™,  glx,u,v) =k (x)u "+ ko (x)v ",

with kj, kij 1  — (0,00) (i, j = 1,2) continuous functions that behave like

8(x) “log” (%) near 00, (4.25)

for some A,a >0 and b € R.
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4.2.1 Preliminary Results

In this section we collect some old and new results concerning problems of type
(4.24). Note that the method of sub and supersolutions is also valid in the singular
framework as explained in [95, Theorem 1.2.3]. Our first result is a straightforward
comparison principle between subsolutions and supersolutions for singular elliptic

equations.

Proposition 4.5 Let p > 0 and ¢ : Q — (0,00) be a continuous function. If u is a

subsolution and U is a supersolution of
—Au=¢(X)u P, u>0 inQ,
u=0 on 00,

thenu <uin Q.

Proof. If p = 0 the result follows directly from the maximum principle. Let now
p > 0. Assume by contradiction that the set @ := {x € Q : 7(x) < u(x)} is not empty
and let w := u — u. Then, w achieves its maximum on £2 at a point that belongs to

. At that point, say xp, we have
0 < —Aw(xo) < ¢(x0)[u(xo) " —u(x0) "] <O,
which is a contradiction. Therefore, @ = @, that is, u < u in Q. O
Proposition 4.6 Let u € C*(Q)NC(Q) be such that u = 0 on dQ and
0<—-Au<cé(x)™™ inQ,

where 0 < a < 2 and ¢ > 0. Then, u € C%Y(Q) for some 0 < y < 1. Furthermore, if
0<a<1,thenueC"=4Q).

Proof. Let ¢ denote the Green’s function for the negative Laplace operator. Thus,

for all x € €2 we have
u(x) = = [ xy)auty)dy.

Let x;,x, € Q. Then
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)~ ()| < = [ 9 (01.9) = D x2.3) Au(r)dy
< [ 190.5) = %lx2.0)/80) "y
Next, using the method in [107, Theorem 1.1] we have
lu(x1) —u(x2)] < Clx; —x2|"  forsome 0 < y< 1.
Hence u € C%7(€). Assume now 0 < a < 1. Then,
Vu(x) = — /Q Y (x,y)Au(y)dy forallx € Q,

and

Va(x) — Vu(n)| < — /Q Ge(x1,y) — De(x2,y) | Au(y)dy

< [ )~ Glean)|60) “dy

The same technique as in [107, Theorem 1.1] yields
|Vu(x;) — Vu(xa)| < Clxy —xa)' ¢ forall xp,x; € Q.
Therefore u € C''~4(Q). O

Proposition 4.7 Let (u,v) be a solution of system (4.22). Then, there exists a con-
stant ¢ > 0 such that

u(x) >cd(x) and v(x)>cd(x) inQ. (4.26)

Proof. Let w be the solution of

(4.27)

—Aw=1,w>0 inQ,
w=0 on dQ.

Using the smoothness of 9Q, we have w € C?(Q) and by Hopf’s boundary point
lemma (see [162]), there exists ¢o > 0 such that w(x) > ¢od(x) in Q. Since —Au >
C = —A(Cw) in £, for some constant C > 0, by standard maximum principle we
deduce u(x) > Cw(x) > ¢8(x) in 2 and similarly v(x) > ¢d(x) in £, where ¢ > 0 is

a positive constant. (]

Let (A1, 1) be the first eigenvalue/eigenfunction of —A in Q. It is well known
that A, > 0 and @; € C?>(Q) has constant sign in Q. Further, using the smoothness
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of 2 and normalizing ¢; with a suitable constant, we can assume
c0(x) < @(x) <6(x) inQ, (4.28)

for some 0 < ¢y < 1. By Hopf’s boundary point lemma we have %“‘,’T‘ <0ondQ,
where n is the outer unit normal vector at dQ. Hence, there exists ® CC £ and
¢ > 0 such that

IVoi| >¢c inQ)\o. (4.29)

Theorem 4.8 Let p >0, A > diam(Q2) and k : (0,A) — (0,0) be a decreasing func-
tion such that \
/ tk(t)dt = eo.
0
Then, the inequality
—Au>k(8(x))u P, u>0 inQ,
(4.30)

u=0 on dQ,
has no solutions u € C*(Q)NC(Q).

Proof. Suppose by contradiction that there exists a solution u of (4.30). For any
0<e<A—diam(Q)

we consider the perturbed problem

4.31)

—Au=k(6(x)+¢&)(u+e)?,u>0 inQ,
u=0 on dQ.

Then, u = ug is a supersolution of (4.31). Also, if w is the solution of problem
(4.27) it is easy to see that u = cw is a subsolution of (4.31) provided ¢ > 0 is small
enough. Further, by Proposition 4.5 it follows that ¥ < u in €. Thus, by the sub
and supersolution method we deduce that problem (4.31) has a solution ue € C?(Q)
such that

cw <ue <ugp in 2. (4.32)

Multiplying with ¢; in (4.31) and then integrating over 2 we find

;Ll/gugq)ldx:/Qk((S(st)(uﬁe)*P(pldx.
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Using (4.32) we obtain

M = )Ll/ Lt()(plde)Ll/ us(pldXZ/k(5(x)+8)(u0+8)7p(p1dx,
Q Q [0}

for all @ CC €. Passing to the limit with € — O in the above inequality and using
(4.28) we find

Mz/wk(5(x))u(;p(p1dx2co||u0||;”/wk(S(x))S(x)dx.

Since @ CC €2 was arbitrary, we deduce
/ K(8(x))8 (x)dx < oo.
Q

Using the smoothness of 02, the above condition yields [{' tk(r)dt < oo, which

contradicts our assumption on k. Hence, (4.30) has no solutions. [l
A direct consequence of Theorem 4.8 is the following result.

Corollary 4.9 Let p >0 and q > 2. Then, there are no functions u € C*(Q)NC(Q)

such that
{ —Au>6(x)" P u>0 inQ,

u=20 on dQ.

Proposition 4.10 Let p > 0 and 0 < g < 2. There exists ¢ > 0 and A > diam(£Q)

such that any supersolution u of

—Au=0x)" ", u>0 inQ,
(4.33)

u=0 on dQ,

satisfies:

(i) u(x) >cd(x)inQ, if p+q< 1.
(ii) u(x) > c3(x)logﬁp (%) inQifp+qg=1.

[N]
b

(iii) u(x) > cO(x) TP in Q, if p+g> 1.
A similar result holds for subsolutions of (4.33).

Proof. If p > 0 then the result follows from Theorem 3.5 in [66] (see also [95,
Section 9]). If p = 0 we proceed as in [66, Theorem 3.5], namely, for m > 0 we

show that the function
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mey (x) ifg<1,
uw=rwwm4
¢1(x)

mey (x)* ifg>1,

) if g=1,A > diam(Q),

satisfies —Au < §(x)~7 in Q. Thus, the estimates in Proposition 4.10 follows from

(4.28) and the maximum principle. (]

Theorem 4.11 Let0<a < 1,A > diam(Q), p > 0and g > 0 be such that p+q=1.
Then, the problem

—Au=6(x)"9log™ (%) u? u>0 inQ,

u=0 on 00,

(4.34)

has a unique solution u which satisfies

c10(x) log{%" (%) <u(x) <c0(x) log{;; (i) in Q, (4.35)

for some cy,cp > 0.

Proof. Let

w(x) = @1 (x)log” ((pix)) , X€Q,

where b = }f; € (0,1). A straightforward computation yields

A A
—Aw =410 lo b(—)—f—b Vo> — Lot e o bl( )
1¢11og o (X) (l (1 | 1(p1 )(pl g o (X)

A
+b(1=b)|Voy|*o 10 “(—) in Q.
( )| (p1| (Pl g (Pl(x)

Using (4.29) we can find C;,C, > 0 such that

A A
Cro; Mogh [ ——— ) < —Aw < G Hogh ™! in Q,
o1(x)

that is,

_ A _ A
q —a P < _ < q —a —p : )
Ciop, "log (_(Pl (x)) w P < —Aw <G, "log ((Pl (x)) w in Q

We now deduce that u = mw and u = Mw are respectively subsolution and super-

solution of (4.34) for suitable 0 < m < 1 < M. Hence, the problem (4.34) has a
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solution u € C?(2) N C(Q) such that

l-a A 1-a
moy log 1 <T> <u< Mlogi™ < ) in Q. (4.36)

o1 (x o1(x)

The uniqueness follows from Proposition 4.5 while the boundary behavior of u fol-
lows from (4.36) and (4.28). This finishes the proof. [l

Corollary 4.12 Let C > 0 and a,A, p,q be as in Theorem 4.11. Then, there exists
¢ > 0 such that any solution u of

—Au>Cé(x) 7log™ (%) u?, u>0 inQ,

u=0 on 09,

satisfies

u(x) > ¢8(x) log (%) in Q.

Proposition 4.13 Let A > 3diam(Q2) and C > 0. There exists ¢ > 0 such that any
solution u € C*(Q)NC(Q) of

A
—Au>C8 ' (x)log™! <—) ,u>0 inQ,

6(x)
u=0 on 082,
satisfies
u(x) > cé(x)log [log (%)] in Q. (4.37)
Proof. Let

A
w(x) = @1 (x)log {log< )] , xeEQ.
An easy computation yields

IVoi|* — Ao} N Vo |?

A
—Aw =2, ¢, log [log < >] +
@1 (x) ¢1 log (ﬁ) ¢ log” (ﬁ)

c .
<— 9 i Q,

- ¢1log (_(plf}x))
for some cg > 0. Using (4.28) we can find m > 0 small enough such that
C

—A(mw) < m in Q.
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Now by the maximum principle we deduce # > mw in €2 and by (4.28) we obtain

that u satisfies the estimate (4.37). O

Theorem 4.14 Let p > 0, A > diam(Q) and a € R. Then, problem

—Au=8(x)"*log™* (%) u? u>0 inQ,

u=0 on 00,

(4.38)

has solutions if and only if a > 1. Furthermore, if a > 1 then (4.41) has a unique

solution u and there exist c,cy > 0 such that
gt (<2} < ut) < ealogts (2 in Q 439
P —— P — ) .
c1log 50) = u(x) < cylog 500 in ( )
Proof. Fix B > A such that the function & : (0,B) — R, k(¢) =t~ 2log™“ (l[i) is
decreasing on (0,A). Then, any solution u of (4.38) satisfies
—Au>ck(6(x)u™? ,u>0 inQ,
u=0 on dQ,
where ¢ > 0. By virtue of Theorem 4.8 we deduce _fg‘ tk(t)dt < oo, thatis,a > 1.
Fora > 1, let

w(x) = log® ((Pllzx)) , xeQ,

__1-a :
where b = 5 < 0. It is easy to see that

B
—Aw=—b(|Vo|> + L10?)@; > 1o bl( )
(| (P1| l(pl )(pl g (Pl (X)

B
—b(b—1)|Vei g 1o “( in Q.
( )| (p | (Pl g (Pl (X)
Choosing B > 0 large enough, we may assume
log< B ) >2(1-b) inQ (4.40)
¢i(x)) ' '

Therefore, from (4.29) and (4.40) there exist C,C, > 0 such that

B B
—27. b1 < _ < —21. b1 :
Cio, “log <_(P1 (x)) < —Aw < G, “log (_(Pl (x)) in Q,

that is,
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B B
-2 —a P < _ < -2 —a -p )
Cio, “log ((Pl (x)) w P < —Aw <G, "log ((Pl (x)) w in Q

As before, from (4.28) it follows that u = mw and u = Mw are respectively subsolu-

tion and supersolution of (4.38) provided m > 0 is small and M > 1 is large enough.

The rest of the proof is the same as for Theorem 4.11. O

Corollary 4.15 LetC >0, p >0, A > diam(Q) and a > 1. Then, there exists ¢ > 0
such that any solution u € C*(Q)NC(Q) of

—Au>C8(x)*lo “( )u”,u>0 in Q,
) ¢ o1(x)

u=0 on dQ,

(4.41)

satisfies

4.2.2 Nonexistence of a Solution

Our first result concerning the study of (4.22) is the following.

Theorem 4.16 (Nonexistence) Let p,s > 0, g,r > 0 be such that one of the follow-

ing conditions holds:

’1+P
(i) gmin {1,375} >2.
(iii) p>max{l,r—1},2r>(1—s)(1+p)andq(1+p—r)> (14 p)(1+s).
(iv) s >max{l,q—1},2g> (1—p)(1+s)andr(l+s—q) > (1+p)(1+s).

(i) rmin{l 2;4} >0

Then the system (4.22) has no solutions.

Remark that condition (i) in Theorem 4.16 restricts the range of the exponent g to
the interval (0,2) while in (iii) the exponent g can take any value greater than 2,
provided we adjust the other three exponents p,r,s accordingly. The same remark
applies for the exponent » from the above conditions (ii) and (iv).

Proof. Since the system (4.22) is invariant under the transform

(u,v,p,q,1,8) = (v,u,8,1,4,p),

we only need to prove (i) and (iii).
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(i) Assume that there exists (u,v) a solution of system (4.22). Note that from (i)
we have 0 < g < 2. Also, using Proposition 4.7, we can find ¢ > 0 such that (4.26)
holds.

Case 1: p+ q < 1. From our hypothesis (i) we deduce r > 2. Using the estimates

(4.26) in the first equation of the system (4.22) we find
—Au<ci8(x)u?,u>0 inQ,
(4.42)
u=0 on dQ,

for some ¢; > 0. From Proposition 4.10(i) we now deduce u(x) < ¢20(x) in £, for

some ¢ > 0. Using this last estimate in the second equation of (4.22) we find

—Av>c30(x) v, v>0 inQ,
(4.43)
u=0 on dQ,
where c3 > 0. According to Corollary 4.9, this is impossible, since r > 2.
Case 2: p+qg > 1. From hypothesis (i) we also have r(lzT;") > 2. In the same manner

as above, u satisfies (4.42). Thus, by Proposition 4.10(iii), there exists ¢4 > 0 such
that

[N]

u(x) <ces6(x)Tr  in Q.

b

Using this estimate in the second equation of system (4.22) we obtain

_r2=q) .
—Av>cs0(x)” TP v T v>0 inQ,

u=0 on dQ,

for some cs > 0, which is impossible in view of Corollary 4.9, since r(ﬁ;) > 2.

Case 3: p+q = 1. From (i) it follows that r > 2. As in the previous two cases, we
easily find that u is a solution of (4.42), for some c¢; > 0. Using Proposition 4.10(ii),
there exists c¢g > 0 such that

u(x) < c&(x)logﬁ (%) in Q,

for some A > 3diam(€). Using this estimate in the second equation of (4.22) we
obtain

_r (A
—Av > c¢70(x)"log” TP (5_)) v i, v>0 inQ,

(x

(4.44)
u=0 on dQ,
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where c¢7 is a positive constant. From Theorem 4.8 it follows that

o] , A
/ 1'"log T <—> dt < oo,
JO t

Since r > 2, the above integral condition implies r = 2. Now, using (4.44) (with

r = 2) and Corollary 4.15, there exists cg > 0 such that

p—1 A
> (T+p)(T+s) | —— 1 . .
v(x) > cglog+r (S(x)) in Q (4.45)

Using the estimate (4.45) in the first equation of system (4.22) we deduce

q(1—p) A
—Au<colog@n+) [ —— )y 7 u>0 inQ,
8(x)
u=0 on 0£2,

(4.46)

for some cg > 0. Fix 0 < a < 1 — p. Then, from (4.46) we can find a constant cjo > 0

such that u satisfies
—Au<cipé(x) “u? , u>0 inQ,
u=20 on dQ.
By Proposition 4.10(i) (since a + p < 1) we derive u(x) < ¢;16(x) in Q, where

c11 > 0. Using this last estimate in the second equation of (4.22) we finally obtain

(note that r = 2):

—Av>cpd(x) ™, v>0 inQ,
v=0 on dQ,
which is impossible according to Corollary 4.9. Therefore, the system (4.22) has no
solutions.

(iii) Suppose that the system (4.22) has a solution (u,v) and let M = max, o V.
From the first equation of (4.22) we have

—Au>ciu?,u>0 inQ,
u=0 on dQ,
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where ¢; = M~ > 0. Using Proposition 4.10(iii) there exists ¢; > 0 such that u(x) >

2
¢26(x) ™7 in Q. Combining this estimate with the second equation of (4.22) we find

_2r .
—Av<c36(x) TPy v>0 inQ,

v=20 on dQ.

Since % +s > 1, again by Proposition 4.10(iii) we obtain that the function v sat-
isfies
2(14-p—r)
v(x) < g8 (x) T+ in Q)
for some ¢4 > 0. Using the above estimate in the first equation of (4.22) we find

¢s5 > 0 such that

_ 2q(14+p-r) B .
—Au>cs0(x) TP 4 >0 inQ,

u=0 on dQ,

which contradicts Corollary 4.9 since g(1+p—r) > (14 p)(1 +s). Thus, the system
(4.22) has no solutions. This ends the proof of Theorem 4.16. [l

4.2.3 Existence of a Solution

The existence of solutions to (4.22) is obtained under the following assumption on
the exponents p, g, 1, s:
(I+p)(1+s5)—gr>0. (4.47)

We also introduce the quantities

o n . 127r B + smi 12797
= min - = min — .

The above values of o and 8 are related to the boundary behavior of the solution to
the singular elliptic problem (4.24) as explained in Proposition 4.10. Our existence

result is as follows.

Theorem 4.17 Let p,s > 0, gq,r > 0 satisfy (4.47) and one of the following condi-

tions:
(i) a<landr<?2.

(ii) B<land g <?2.
(iii) p,s > land q,r < 2.
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Then, the system (4.22) has at least one solution.

The proof of the existence is based on the Schauder’s fixed point theorem in a suit-
ably chosen closed convex subset of C() x C(£2) that contains all the functions
having a certain rate of decay expressed in terms of the distance function 8 (x) up to
the boundary of (2.

Proof. (1) We divide the proof into six cases according to the boundary behavior of

singular elliptic problems of type (4.24), as described in Proposition 4.10.

q(2—r)
1+s

Casel: r+s>landa=p+ < 1. By Proposition 4.10(i) and (iii) there

exist 0 < ¢; < 1 < ¢ such that:
e Any subsolution u and any supersolution # of the problem

9Q2—r)
s

—Au=0(x)" " u? u>0 inQ,

(4.48)
u=0 on dQ,
satisfies
u(x) >c10(x) and u(x) <cd(x) in Q. (4.49)
e Any subsolution v and any supersolution v of the problem
—Av=0(x)""v",v>0 inQ,
(4.50)
v=0 on dQ,
satisfies
P(x) > c16()c)%;+g and y(x) < cz5(x)%;+§ in Q. (4.51)
We fix 0 <m; <1 <M and 0 <my <1< M, such that
. a
M my <cp <c <Mym,'", (4.52)
and
g r
M2H1’ml <cp << MzmlHS. (4.53)

Note that the above choice of m;, M; (i = 1,2) is possible in view of (4.47). Set

%—{(u,v)ec(ﬁ)xc(ﬁ): m18(x) < ulx) < Mi6(x) inQ}'

my8(x) 15 <v(x) <Mp8(x)TH  inQ
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For any (u,v) € &7, we consider (Tu,Tv) the unique solution of the decoupled sys-

tem
—A(Tu)=v 4 Tu)™” , Tu>0 inQ,
—A(Tv)=u""(Tv)™ , Tv>0 inQ, (4.54)
Tu=Tv=0 on 0£2,
and define

F:d —-C(Q)xC(Q) by F(u,v)=(Tu,Tv) forany (u,v)€ .o/. (4.55)
Thus, the existence of a solution to system (4.22) follows once we prove that .# has
a fixed point in &7. To this aim, we shall prove that .% satisfies the conditions:

F () C o, F is compact and continuous.

Then, by Schauder’s fixed point theorem we deduce that .% has a fixed point in <7,

which, by standard elliptic estimates, is a classical solution to (4.22).

Step 1: F (/) C o/ . Let (u,v) € o7. From
() <Mrd(0) T inQ

it follows that 7T'u satisfies

q(2-r)

—A(Tu) > My 98(x)" " (Tu) ™, Tu>0 inQ,

Tu=0 on Q.

9
Thus, u := Mz”p Tu is a supersolution of (4.48). By (4.49) and (4.53) we obtain

q q

Tu=M, ""a>c\M, "7 8(x) >md(x) inQ.

[N]

%5 in Q and the definition of Tu we deduce that

From v(x) > myd(x)

q(2—r)

—A(Tu) <my?8(x)” T (Tu)™ , Tu>0 inL,

Tu=20 on 0Q.

q

Thus, u := mz”p Tu is a subsolution of problem (4.48). Hence, from (4.49) and (4.52)

we obtain
q 9

Tu=m, "u<com, "75(x) <M S(x) inQ.

We have proved that T'u satisfies
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m0(x) < Tu < M;6(x) in Q.

In a similar manner, using the definition of %7 and the properties of the sub and

supersolutions of problem (4.50) we show that T'v satisfies

Thus, (Tu,Tv) € o forall (u,v) € o7, thatis, F (/) C .

Step 2: .7 is compact and continuous. Let (u,v) € <. Since .7 (u,v) € </, we can

find 0 < a < 2 such that
0<—A(Tu),—A(Tv) <cd(x)™* inQ,

for some positive constant ¢ > 0. Using Proposition 4.6 we now deduce Tu,Tv €
C%7(Q) (0 < y < 1). Since the embedding C%Y(Q) < C() is compact, it follows
that . is also compact.

It remains to prove that .% is continuous. To this aim, let {(u,,v,)} C o7 be such

that u,, — u and v, — v in C(€) as n — . Using the fact that .% is compact, there

exists (U,V) € & such that up to a subsequence we have
Tu, U, Tv,—V inC(Q) asn—oo.

On the other hand, by standard elliptic estimates, the sequences {Tu,} and {Tv, }
are bounded in C>P (@) (0 < B < 1) for any smooth open set @ CC Q. Therefore,

up to a diagonal subsequence, we have
Tu, »U, Tv,—V inC*®) asn— oo,

for any smooth open set @ CC £2. Passing to the limit in the definition of Tu, and
Tv, we find that (U, V) satisfies
—AU=v U7 U>0 inQ,
—AV=u'VF V>0 inQ,
U=V=0 on dQ.

By uniqueness of (4.54), it follows that Tu = U and Tv = V. Hence

Tu, — Tu, Tv,—Tv inC(Q) asn— oo
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This proves that .% is continuous.
We are now in a position to apply the Schauder’s fixed point theorem. Thus, there
exists (u,v) € & such that % (u,v) = (u,v), that is, Tu = u and Tv = v. By standard

elliptic estimates, it follows that (u,v) is a solution of system (4.22).

The remaining five cases will be considered in a similar way. Due to the different
boundary behavior of solutions described in Proposition 4.10, the set .7 and the
constants c,c> have to be modified accordingly. We shall point out the way we

choose these constants in order to apply Schauder’s fixed point theorem.

Case 2: r+s=1and oo = p+ g < 1. According to Proposition 4.10(i)—(ii) there
exist0<a<landO < c; <1 < ¢y such that:

e Any subsolution u of the problem
—Au=06x)"%",u>0 inQ,
u=0 on dQ,

satisfies
u(x) <c20(x) in Q.

e Any supersolution # of the problem
—Au=8(x)"11"P y>0 inQ,
u=0 on dQ,

satisfies
u(x) > c16(x) in Q.

e Any subsolution y and any supersolution v of problem (4.50) satisfies the esti-
mates
v(x) <8(x)'% and V(x) > ¢ 8(x) inQ.

We now define

_ . omo(x) <u(x) <M;6(x) in Q
o =< (u,v) €C(Q) xC(Q): )
{ my8(x) <v(x) <M8(x)!™* inQ }

where 0 <m; < 1 < M; (i =1,2) satisty (4.52), (4.53) and

m[diam(Q)]% < Ms. (4.56)
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We next define the operator .% in the same way as in Case 1 by (4.54) and (4.55).
The fact that .7 (/) C &/ and .% is continuous and compact follows in the same

manner.

Case 3: r+s<1and oo = p+¢q < 1. In the same manner we define

_ o omo(x) <u(x) <M;6(x) inQ

o =< (u,v) €C(Q) xC(Q): ,
mpd(x) <v(x) <Mp8(x) inQ

where 0 <m; < 1 < M; (i =1,2) satisfy (4.52)—(4.53) for suitable constants c¢; and

Co.

Case4: r+s<1and a = p+ g = 1. The approach is the same as in Case 2 above

if we interchange u with v in the initial system (4.22).

Case5: r+s>1landoa=p+qg=1.Let0<a < 1 be fixed such that ar+s > 1.
From Proposition 4.10(i), (iii), there exist 0 < ¢; < 1 < ¢; such that:

e Any subsolution u of the problem

q(2—ar)

—Au=86(x)" ™ u? u>0 1inQ,
u=>0 on dQ,

satisfies
u(x) <c0(x)* in Q.
e Any supersolution # of the problem

q(2—r)
s

—Au=06(x)" " u? u>0 1inQ,
u=0 on dQ,

satisfies
u(x) >c10(x) in Q.

e Any subsolution v of problem (4.50) satisfies
v(x) < czﬁ(x)% in Q.

e Any supersolution v of the problem
—Av=906(x)" v, v>0 inQ,
v=0 on dQ,
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satisfies

F(x) > 1 8(x) T in Q.

We now define
_ _ m6(x) <u(x) < M;6(x)" in Q
o =< (u,v) €C(Q) xC(Q): > ar "y ,
my0(x) T <v(x) <Mp6(x)TH  inQ
where 0 < m; < 1 < M; (i = 1,2) satisfy (4.52)—(4.53) in which the constants cy,c;

are those given above and

m[diam(Q)]'" < My, maldiam(Q)]" T < M.

Case 6: r+s=1and oo = p+ g = 1. We proceed in the same manner as above by

considering
m X u(x X 1—a i
"Q{—{(uv")GC(ﬁ)xC(ﬁ): 16(x) <u(x) < M18(x) HQ},
my8(x) <v(x) <Mp8(x)' ™% inQ

where 0 < a < 1 is a fixed constant and m;,M; (i = 1,2) satisfy (4.52)-(4.53) for

suitable ¢1,c; > 0 and

m,-[diam(.Q)]a <M;, i=1,2.

(iii) Let
B 2(l+s—gq) b 2(l+p—r)
S (+p)(A+s)—gr 7 (A+p)(1+s)—gqr
Then
(1+pla+bg=2, ar+(l+s)b=2. (4.57)

Since p+bg > 1 and s+ ar > 1, from Proposition 4.10(iii) and (4.57) above we can
find 0 < ¢; < 1 < ¢; such that

e Any subsolution u and any supersolution # of the problem
~Au=8x)""uP u>0 inQ,
{ u=0 on dQ,
satisfies

u(x) >c10(x)* and u(x) <c8(x)* in Q.
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e Any subsolution v and any supersolution v of the problem
—Av=38(x)""v"*,v>0 inQ,
{ v=20 on dQ,

satisfies
¥(x) > c18(x)? and v(x) <c6(x)” inQ.

As before, we now define
_ _ o omo)* <u(x) <M;6(x)* inQ
o =< (u,v) €C(Q) xC(Q): )
myd(x)? <v(x) <M8(x)?  inQ
where 0 <m; <1 <Mj and 0 <my <1 < M, satisfy (4.52)—(4.53). This concludes
the proof of Theorem 4.17. O

From Theorem 4.16(i)—(ii) and Theorem 4.17(i)—(ii) we have the following nec-

essary and sufficient conditions for the existence of solutions to (4.22).

Corollary 4.18 Let p,s > 0, g,r > 0 satisfy (4.47).

(i) Assume p~+q < 1. Then system (4.22) has solutions if and only if r < 2.
(ii) Assume r+s < 1. Then system (4.22) has solutions if and only if g < 2.

4.2.4 Regularity of Solution

A particular feature of system (4.22) is that it does not possess C>(Q) solutions.
Indeed, due to the fact that g, < 0 and to the homogeneous Dirichlet boundary con-
dition imposed on u and v we have that u=Pv~7 and u~"v~* are unbounded around
dQ, so there are no C%() solutions of (4.22). In turn, C>(2) NC' (Q) may exist
and our next result provides necessary and sufficient conditions in terms of p,q,r

and s for the existence of such solutions.

Theorem 4.19 Let p,s > 0, q,r > 0 satisfy (4.47). Then

(i) System (4.22) has a solution (u,v) with u € C'(Q) if and only if o0 < 1 and
r<2.

(ii) System (4.22) has a solution (u,v) with v € C'(Q) if and only if B < 1 and
q<?2.
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(iii) System (4.22) has a solution (u,v) with u,v € Cl( )ifand only if p+q < 1
andr+s < 1.

Proof. (i) Assume first that the system (4.22) has a solution (u,v) with u € C'(Q).
Then, there exists ¢ > 0 such that u(x) < ¢d(x) in Q. Using this fact in the second
equation of (4.22), we derive that v satisfies the elliptic inequality (4.43) for some
c3 > 0. By Corollary 4.9 this entails r < 2.

In order to prove that o < 1 we argue by contradiction. Suppose that o > 1 and

we divide our argument into three cases.

Casel: r+s>1.Then,a=p+ q(lﬂ) > 1. From Proposition 4.7 we have u(x) >

cd(x) in €, for some ¢ > 0. Then v satisfies

(4.58)

—Av<c6x)Tv*,v>0 inQ,
u=0 on dQ,

where ¢; > 0. Since r < 2, from Proposition 4.10(iii) we find v(x) < ¢26(x) & in

Q, for some ¢ > 0. Using this estimate in the first equation of system (4.22) we

deduce o)
—Au>c38(x)" T w P u>0 inQ,
(4.59)
u=0 on dQ,
where ¢3 > 0. Now, if "(2 r) > 2, from Corollary 4.9 the above inequality is impos-

sible. Assume next that q( ) <2.
If o > 1, from (4.28), (4.59) and Proposition 4.10(iii) we find

u(x) >c6(x)* > a1 (x)t  inQ, (4.60)
where - 2r)
:TIPHG(O,I) and ¢4 > 0.

Fix xp € dQ and let n be the outer unit normal vector on d€2 at xg. Using (4.60) and
the fact that 0 < 7 < 1 we have

du . u(xo+1n) —u(xo)
an( 0) = tl% t
- @i(xo+1n) — @i(x0) L
§C4ll% ; oF ' (xo +1n)

_ a(pl : T—1
= (XO)}%% (xo+1n)

— —oo,
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Hence, u ¢ C'(Q).
If o« = 1 we proceed in the same manner. From (4.59) and Proposition 4.10(i1)

we deduce

u(x) > ¢s8(x) log ™7 (%) > ¢1 (x)log ™7 ( (pfx)) in 2,

where c¢s5,cq > 0. As before, we obtain %(xo) = —oo, X9 € dQ2, which contradicts

uecC(Q).
Case 2: r+s < 1. Then, o« = p+¢g > 1. As in Case 1, v fulfills (4.58) and by
Proposition 4.10(1) we find v(x) < ¢70(x) in Q, for some ¢7 > 0. Thus, u satisfies
—Au>cgd(x) u? ,u>0 inQQ,
u=0 on dQ,
where cg > 0. From Corollary 4.9 it follows that ¢ < 2. Since o« = p+¢g > 1, it
follows that u satisfies either the estimate (ii) (if p + g = 1) or the estimate (iii) (if

p+¢g > 1) in Proposition 4.10. Proceeding in the same way as before we derive that

the outer unit normal derivative of u on dQ is —eo, which is impossible.

Case 3: r+s=1. This also yields & = p+¢q > 1. As before v satisfies (4.58) and
by Proposition 4.10(ii) we deduce

A
p(x) < o8 (x)log T (W)) in Q,
where cg > 0. It follows that u satisfies

y A
—Au > c105(x)*qlog*lfis (%) u?,u>0 inQ,

u=0 ondQ,

4.61)

where cj9 > 0. If ¢ —b > 2 the above inequality is impossible in the light of
Corollary 4.9. Assume next that g —b < 2. If « =p+¢g>1, we fix 0 < b <
min{q,p+ ¢ — 1} and from (4.61) we have that u satisfies

—Au>c8(x)" P u>0 inQ,
u=0 on dQ,

for some c1; > 0. Now, since p 4+ g — b > 1, from Proposition 4.10(iii) we find
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u(x) = end(x) 17 in @,
where c12 > 0. Since 0 < %;b) < 1, we obtain as before that the normal derivative
of u on d€2 is infinite, which is impossible.
It remains to consider the case o = p+¢ = 1, thatis, p+¢ = r+s = 1. First, if
g < 1+s,thatis, g # 1 and s # 0, by (4.61) and Corollary 4.12 we deduce

1+s—q A
u(x) > c130(x)log (1+p)1+s) (W) in Q,
for some c13 > 0. Proceeding as before we obtain 4 = —co on €2, which is impos-
sible.
If g =1 and s = 0 then we apply Proposition 4.13 to obtain

u(x) > c148(x)log {log (%ﬂ in Q,
du

where cj4 > 0. This also leads us to the same contradiction gy = —°oon 0. Thus,
we have proved that if the system (4.22) has a solution (u,v) with u € C'(Q) then
o<landr<?2.

Conversely, assume now that oo < 1 and r < 2. By Theorem 4.17(i) (Cases 1,2
and 3) there exists a solution (u,v) of (4.22) such that

u(x) > cd(x) inQ,

and
v(x) >cd(x) inQ, ifr+s<1,

or
2-r

v(x) >cd(x)  inQ, ifr4+s>1,

for some ¢ > 0. Using the above estimates we find
—Au=u"Pv1<C8(x)™* inQ,

for some C > 0. By Proposition 4.6, we now deduce u € C''=%(Q). The proof of
(i) is similar.

(iii) Assume first that the system (4.22) has a solution (u,v) with u,v € C'(Q).
Then, there exists ¢ > 0 such that v(x) < ¢6(x) in €. Using this estimate in the first
equation of (4.22) we find that
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—Au>Cé(x)"u™?,u>0 inQ,
u=0 on dQ,

where C is a positive constant. If p+¢g > 1, then we combine the result in Proposition
4.10(ii)—(iii) with the techniques used above to deduce % = —coondQ,soudg
C'(Q). Thus, p+ ¢ < 1 and in a similar way we obtain r +s < 1.

Assume now that p+¢ < 1 and r+s < 1. By Theorem 4.17(i) (Case 3) we have
that (4.22) has a solution (u,v) such that u(x),v(x) > ¢d(x) in Q, for some ¢ > 0.
This yields

—Au<C8(x)"")  inQ,

—Av<C8(x) U in Q,

where C > 0. Now Proposition 4.6 implies u,v € C' (). This concludes the proof. [J

4.2.5 Uniqueness

Another feature of system (4.22) is that under some conditions on p,q,r,s it has
a unique solution (see Theorem 4.20 below). This is a striking difference between
our setting and the case p,s <0 and ¢g,r < 0 largely investigated in the literature so
far, where the uniqueness does not seem to occur. In our framework, the uniqueness
is achieved from the boundary behavior of the solution to (4.22) deduced from the

study of the prototype model (4.24).

Theorem 4.20 Let p,s > 0, gq,r > 0 satisfy (4.47) and one of the following condi-

tions:

(i) ptg<landr<?2.
(ii) r+s<1land g <?2.

Then, the system (4.22) has a unique solution.

Proof. We shall prove only (i); the case (ii) follows in the same manner.
Let (u1,v1) and (up,v;) be two solutions of system (4.22). Using Proposition 4.7

there exists ¢; > 0 such that

ui(x),vi(x) > c18(x) inQ,i=1,2. (4.62)
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Hence, u; satisfies
—Au; <c26(x) ;P u; >0 in €,
{ u;=0 on dQ,
for some ¢, > 0. By Proposition 4.10(i) and (4.62) there exists 0 < ¢ < 1 such that

co(x) <u(x) < %3(x) inQ,i=1,2. (4.63)

This means that we can find a constant C > 1 such that Cu; > uy and Cuy > uy in €.

We claim that u#; > u, in €. Supposing the contrary, let
M =inf{A >1:Au; > up in Q}.
By our assumption, we have M > 1. From Mu; > u, in €2, it follows that
—Avo=uy vy > M "uy v, in Q.
Therefore vy is a solution and M T vy is a supersolution of
—Aw=u;"w,w>0 inQ,
{ w=0 on dQ.

By Proposition 4.5 we obtain
vi<M =5 vy in Q.
The above estimate yields
—Au; = u;pv;q > Mﬁl%u;pv;q in Q.
It follows that u, is a solution and M W u1 is a supersolution of
—Aw=v w7 w>0 inQ,
{ w=0 on dQ.

By Proposition 4.5 we now deduce

qr
MU > yy  in Q.
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Since M > 1 and (1_+pq)r(1—+;) < 1, the above inequality contradicts the minimality

of M. Hence, u; > u; in . Similarly we deduce u; < up in €2, so u; = upy which
also yields v = v;. Therefore, the system has a unique solution. This completes the
proof of Theorem 4.20. O

4.3 Sublinear Lane-Emden Systems with Singular Data

Let Q C R" be a bounded domain with C*>%(0 < o < 1) boundary. In this section

we shall be concerned with the following elliptic system
—Au=06x)"v,u>0 inQ,
—Av=38(x)"ulv>0 inQ, (4.64)
u=v=0 on 0£2,

where 6 (x) =dist(x,dQ), a,b > 0and p,q € R satisfy —1 < pg < L.

Our discussion splits up into four cases according to the sign of p and q.

4.3.1 Case p >0and g >0

Theorem 4.21 Assume that p,q > 0 satisfy pq < 1 and one of the following holds:

(i) a—p<2andb—qmin{l,2—a+p} < L.
(ii) b—q<2anda—pmin{l,2~b+q} < 1.

Then, the system (4.64) has at least one solution.

Proof. Before we proceed with the proof of Theorem 4.21 we state the following

auxiliary result whose proof is similar to those in Sect.4.2.1.
Lemma 4.22 Let 0 < a <2 and u € C*(Q)NC(Q) be such that
0<—-Au<dé(x) ™ u>0 inQ, and u=0 ondQ.

Then:

(i) There exists 0 <y < 1 such that u € C%Y(Q). Moreover, if 0 < a < 1 then
uech-1Q).
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(ii) If0 < a < 1 then there exists ¢ > 0 such that u < c8(x) in Q.
(iii) Ifa=1 and t© > 1 then, there exist ¢ > 0 and A > diam(Q) such that

1< e8(x)log® (%) in Q.

In particular, for any 0 < € < 1 there exist ¢ > 0 such that u < c§(x)' =% in Q.
(iv) If 1 < a < 2 then, there exists ¢ > 0 such that u < c5(x)2’“ in Q.

We shall prove only (i), the proof of (ii) is similar. First, we fix T > 0 such that
(p+1)gq < 1. We divide our argument into three cases according to the boundary be-
havior of the solutions to some singular elliptic inequalities as described in Lemma
4.22.

Case 1: 1 <a— p <2.ByLemma 4.22, there exists C > 0 such that:

e Any function w € C*(2) N C(L) such that

—Aw<S(x)"P  w>0 inQ,
(4.65)
w=0 on dQ,
satisfies
w(x) <C8(x)>" P inQ. (4.66)
e Any function w € C?(Q) N C(Q) such that
—Aw < §(x)7PHCma) 50 inQ,
(4.67)
w=0 on dQ,
satisfies
w(x) <Cé(x) in Q. (4.68)
We fix M > 1 with the property
C < min{M*,m"'~(P+7)9} (4.69)

and define

_ 0<u<MPTT§(x)> 7 inQ
of =4 (u,v) €C(Q) xC(Q): .
0<v<Md5(x) in Q
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For any (u,v) € &7, we consider (Tu, Tv) the unique solution of
—A(Tu)=6(x)"V' , Tu>0 inQ,
—A(Tv) =8(x)"%u? , Tv>0 inQ, (4.70)
Tu=Tv=0 on dQ,

and define .7 : &7 — C(Q) x C(Q) by
F(u,v) = (Tu,Tv) forany (u,v) € <. 4.71)

Remark that (4.70) has a unique solution, in other words, .% is well defined. Indeed
for the existence of Tu we remark that 0 < §(x) " < ¢8(x) 97 in Q. Therefore,
by Lemma 4.22(iv) we find that w =0 and w = A(plzfa, A > 1 large, are sub and
supersolutions respectively. Therefore, there exists Tu € C>(2) N C(L) such that
—A(Tu) = 8(x)" %" in  and Tu = 0 on dQ2. The uniqueness of Tu and the fact
that Tu > 0 in Q follows from the standard maximum principle. The existence and
uniqueness of 7'v is similar.

As in the previous section we next prove that .% is compact and continuous and
that % (/) C /. By the Schauder fixed point theorem we then obtain that .7 has a
fixed point which is a solution of (4.64).

Case 2: a— p=1. We fix € > 0 small enough such that b — g(1 — &) < 1. By Lemma
4.22(ii)—(iii), there exists C > 0 such that

e Any function w € C?(Q) N C(Q) such that
—Aw<8x)',w>0 inQ,
w=0 on dQ,

satisfies
<C8(x)'f inQ.

~—

w(x
e Any function w € C*(2)NC(L) such that
—Aw < §(x) P08 w0 inQ,
w=0 on dQ,

satisfies
w(x) <Co(x) in Q.
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We next proceed as before by considering
o _ Ogu(x)SM’”TS(x)l*E in Q
o =< (u,v) €C(Q) xC(Q): ,
0 <v(x) <Md(x) in Q
where M > 1 is a constant that fulfills (4.69).

Case 3: a— p < 1. In this case —b+ g < 1 and by Lemma 4.22 there exists C > 0
such that

e Any function w € C>(2)NC(L) such that
—Aw < 8(x)""P  w>0 inQ,
w=0 on 0£2,

satisfies
w(x) <Co(x) in Q.

e Any function w € C*(2)NC(L) such that
—Aw < 8(x)7bT90=8) >0 inQ,
w=0 on dQ,

satisfies
w(x) <Co(x) in Q.

We next proceed as in Case 1 by considering

o _ 0<u(x) <MPT'8(x) inQ
Jz{—{(u,v)eC(.Q)xC(.Q): }

0<v(x) <MS(x) in Q

This finishes the proof of Theorem 4.21. O
4.3.2 Case p >0and g <0

In this section we shall be concerned with the case p > 0 > g. First, we obtain the

following nonexistence result.

Theorem 4.23 Assume p > 0 > q and one of the following holds:

(i) a—p>2o0rb>2.
(ii) 0<a<landb—qg>2.
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(iii) a=1andb>1andb >2+q.
(iv) 1<a<2andb—q2—a)>2.

Then, the system (4.64) has no solutions.

Proof. (i) Assume a — p > 2. By Lemma 4.7 we have v > ¢d(x) in Q, for some
¢ > 0. Using this estimate in the first equation of (4.64) we find —Au > ¢; 6 (x)*~ "
in , for some ¢ > 0, which is impossible by Corollary 4.9.

If b > 2, we use the second equation of (4.64) to derive

—Av> [[ul|£8(x) 7" inQ,

which is impossible according to Corollary 4.9.

(ii) From the first equation of (4.64) and p > 0 we deduce
—Au < |v[[26(x)"*  inQ.

Since 0 < a < 1, Lemma 4.22(ii) yields u < ¢¢d(x) in £, for some ¢o > 0. Using
this estimate in the second equation of (4.64) we deduce —Av > ¢;8(x) ™ in Q.
Since b — g > 2, we arrive at a contradiction according to Corollary 4.9.

(iii) Let T > 1. Since —Au < ||v||2.8(x) ! in £, there exists ¢ > 0 such that
u < cd(x)log" A in Q
Thus,

—Av=358(x)"but > C8(x)"bt10g™ <%) in Q,

where C is a positive constant. By Theorem 4.8 we now deduce

1 A
/ bat g™ <7) dt < o
0

which, in view of the fact that b > g+ 2 and b > 1, yields b —g =2 and 179 <
—1. Since 7 > 1 was arbitrary, it follows that ¢ < —1 so b =g+ 2 < 1, which is
impossible.

(iv) As before, from the first equation of (4.64) we have
—Au<|||26(x)"% inQ.

From Lemma 4.22(iv) we find u < ¢,6(x)>™% in Q, where ¢, is a positive

constant. Using this last inequality in the second equation of (4.64) we derive
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—Av > ¢38(x) 7429 in Q, which is impossible by Corollary 4.9. This ends the
proof of Theorem 4.23. O

Theorem 4.24 Let p > 0 > g satisfy pqg > —1.

(i) If b—q < 1 then the system (4.64) has solutions if and only if a — p < 2.
(ii) If 0 < a < 1 then the system (4.64) has solutions if and only if b — g < 2.

Furthermore, in both the above cases the system (4.64) has a unique solution.

Proof. (1) If a— p > 2, then by Theorem 4.23 there are no solutions of system
(4.64). Suppose next that a — p < 2. The proof is similar to that for Theorem 4.21.
Fix 7 > 0 such that (p+ 7)g > —1 and assume first that 1 < a — p < 2. According
to Proposition 4.10(i) and Lemma 4.22(iv) there exist ¢; > ¢, > 0 such that

e Any function w € C>(Q)NC(R) that satisfies (4.65) also fulfills
w(x) <c18(x)>" P in Q.
e Any function w € C>(Q) NC(R) that satisfies (4.67) also fulfills
w(x) <c16(x) in Q.

e Any function w € C2(2)NC(Q) that satisfies
—Aw>8(x)""P  w>0 inQ,
w=0 on 0£2,
also has the property that
w(x) > 28(x)>" P in Q.
e Any function w € C>(2)NC(L) such that

—Aw > §(x) T2 =aP) 50 in Q,
w=0 on dQ,

satisfies
w(x) > c20(x) in Q.

Now we fix M > 1 such that

min{M*, M P9} > max{c,c; '}
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We apply Schauder’s fixed point theorem for the mapping .%# defined by (4.70)
and (4.71) where this time the set &7 C C(Q) x C(£) is given by

o ={ (u,v) €C(Q) x C(Q): 8007 Su() S MPTS(PT in @
= u,v) e

%6()6) <v(x) <M (x) in Q

Ifa—p=1wefix 0 < € <1 and proceed in the same fashion with the set

1
S5(x) <ulx) <MPTTS(x)'"¢ inQ
o =< (u,v) GC(ﬁ) XC(E) Mp+1‘r (x) (x) (x) .n |
M6<x> < v(x) <M(x) in

where M > 1 is a suitably chosen constant. Finally, if a — p < 1 we define the set .o/

1
S(x) < u(x) < MPTTS(x) in Q
o =< (u,v) ec(ﬁ) XC(ﬁ); Mp+11: (x) (x) (x) |
80 <V <ME(r) g

For the uniqueness, we first remark that any solution (u,v) of (4.64) satisfies v €
C*(2)NC"'(Q). Indeed, by Proposition 4.7 there exists ¢ > 0 such that u,v > ¢§(x)
in Q. Thus, —Av < ¢8(x)""*% in Q so, by Lemma 4.22(i)—(ii) we have v € C' (Q)
and v(x) < ¢pd(x) in Q for some ¢y > 0.

Let (u1,v1) and (up,v;) be two solutions of (4.64). Using the above remark, there
exists 0 < m < 1 such that

md(x) <vi(x) > %S(X) inQ,i=1,2. (4.72)

Therefore, we can find a constant C > 1 such that Cv; > v, and Cv, > v in Q.

We claim that v; > v, in £2. Supposing the contrary, let
M =inf{A>1:Av; > v, in Q}.

By our assumption, we have M > 1. From Mv; > v, in €2, it follows that —Auy =
8(x)" W) < MPS(x)~“V in Q. Hence —A(M Pup) < 8(x) V) = —Auy in Q,
which yields M~ Pu; < up in €. Using the last inequality we have

—Avy = 8(x) Pul <MPIS(x)Pug  in Q.
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It follows that —A(MP9vy) < §(x)"Pul = —Av, in Q, which implies MP9v; < v,

in Q. Further we obtain —Au, = 8(x) V4 > M”z"S(x)’“v’lJ in Q. As before we

now derive M ’quuz > uj in Q. Finally we have
—Avy = §(x)Puf > M*P2‘126(x)’bug in Q.
It follows that
—AMPTy)) > §(x) Pl = —Av,  in Q.

2.2 . . . . .
Thus, MP"9" vy > v, in Q. Since 0 < p>q* < 1, the above inequality contradicts the
definition of M. Thus, v; > v; in £ and similarly we obtain v, > v in €. Hence

v1 = v which yields u; = uy. The proof of (ii) is similar. ([

4.3.3 Case p <0and g <0

Theorem 4.25 Let p,q < 0 satisfy pq < 1 and assume one of the following condi-

tions holds:
(i) b—g<landa—p<?2.
(ii) a—p<landb—q<?2.
Then, the system (4.64) has a unique solution.
Proof. The proof is similar to that for Theorem 4.24. We only point out the
differences. We fix T > O such that (p — 7)g < 1.

(1) If 1 <a— p < 2 then we proceed as in the proof of Theorem 4.24 for the set
o C C(Q) x C(Q) given by

MPTTE(x)279P <u(x) <M PTP§(x)? 9P inQ
o =1 (u,v) €C(Q) x C(Q): 1 ' .
A—45(x) <v(x) < Md(x) in Q

Ifa—p=1wefix 0 < & <1 and proceed in the same way with the set
MP7T8(x) <u(x) <M PTTS(x)'7¢  inQ

TR L s <y < Mot in Q2

where M > 1 is a suitably chosen constant. Finally, if a — p < 1 we define </ as
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- O MPTTS(x) Su(x) <MTPTTE(x)  inQ

o = (u,v) €C(Q) xC(Q): 1
A—/Iﬁ(x) <v(x) <MdS(x) in Q

For the uniqueness, we first remark that any solution (u,v) of (4.64) satisfies
c10(x) <v < ¢8(x) in Q. Indeed, by Proposition 4.7 there exists ¢ > 0 such that
u,v > c8(x) in Q. Then —Av < ¢8(x)~"*% in Q so, according to Lemma 4.22(ii)
we have v < ¢d(x) in Q for some ¢o > 0.

Let (u1,vy) and (uz,v;) be two solutions of (4.64). By the above remark v;
(i = 1,2), are both comparable to the distance function 0 (x) up to the boundary.
Therefore, we can find a constant C > 1 such that Cv; > v, and Cv, > v in 2. We
next proceed in the same manner as in the proof of Theorem 4.24. The proof of (ii)

is similar. O

4.3.4 Further Extensions: Superlinear Case

We want to point out here some features of the superlinear case p,q > 0 and pg > 1.
In this setting, system (4.64) has a variational structure. More precisely, one can see
(4.64) as a Hamiltonian system:
—Au=H,(x,u,v) inQ,
—Av=H,(x,u,v) inQ,
u=v=0 on dQ,

where . .
ub+t vat

(P16 g+ P

The approach in this case is variational, it consists of using the fractional powers

H(x,u,v) =

of the negative Laplace operator subject to homogeneous Dirichlet boundary condi-
tions.
In fact, we deduce the existence of solutions for a more general system, namely
—Au=38(x)""pP" v inQ,
—Av=38(x)" " 'u inQ, (4.73)
u=v=0 on dQ.

Our main result concerning system (4.73) is the following.
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Theorem 4.26 Let p,q > 0 satisfy pg > 1 and
l—a 1-b_N-=-2

+ > , 4.74
I+p 1+g¢g N ( )
2N(1 —a) 2N(1-b) .
I S _ > 5. .
N_1a and g < N_a ifN>5 (4.75)

Then, the system (4.73) has infinitely many solutions of which at least one is positive.

Proof. The proof is similar to that in [63, Theorem 1]; we only point out here the

main differences. Consider the Laplace operator
—A:H*(Q)NHY(Q) C L*(Q) — L2(Q),
and denote by {A,,e,} the corresponding eigenvalues and eigenfunctions with
0<y <A< <Ay—e and |ey=1.
Thus, any u € H*(€) N H{ (€2) has the unique representation

u= 2 ape, Wherea, = / ueydx.

n>1
For any 0 < s < 1 we define
={u=Y ae, € *(Q): Y A a; < o}.
n>1 n>1
The s-power A® of —A is defined as
ASESCLA(Q) - L2(Q =Y Alanen.
n>1

It turns out that E* is a Hilbert space with the inner product
(u,v)ps = / A’uA*vdx.
Q

Moreover, E* is a fractional Sobolev space (see [135]) and E® C H? (.Q) for all
0 < s < 1. Further, the embedding E* < L"(£2) is compact prov1ded > 1 5= %

Note that by Holder inequality we have

r—(g+1)

q+1
/Q(?(x) ax <l ( [, 607 Tax) T <l
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forallu € E* and r > (¢+1)/(1 — b). Thus the embedding
ES— L7(Q,8(x)7%)

is compact. Using (4.74)—(4.75), one can find O < s,# < 1 such that s+¢ =1 and

2N(1— 2N(1 -0
—( %) and N—4s<—( ).

N —4t <
1+p 1+¢

Then the embeddings
ES = LINQ,8(x)™?) and E'— LPTH(Q,8(x)7%)

are compact.
Let E = E* x E'. We first look for (s,7)-weak solutions to (4.73) in the following

sense.

Definition 4.1. We say that (u,v) is an (s,#)-weak solution of system (4.73) if

s At 148 . vP . / ul _
/QA uA' ¢dx + /-QA VA ydx /Q _5(x)“ ¢dx A _5(x)b ydx =0,
forall (¢,y) € E.

It is easy to see that any (s,)-weak solution of (4.73) is in fact a critical point of

the functional
I'E—=R, I(uyv)= /QASuAtvdx—/QH(x,u,v)dx.
Remark that if (u,v) is an (s,7)-weak solution of (4.73) then
u€ WP (Q) and veWw(Q),

for all py,q; > 1 that satisfy

2Na ) 2N

- 2Nb ) 2N
N —4t N—4s

d ( .
an 7 Q+N74s <N—4s

Pl(P+

From now on we employ step by step the same arguments as in [63] in order to
deduce that system (4.73) has infinitely many solutions of which at least one is

positive. O



Chapter 5

Singular Elliptic Inequalities in Exterior
Domains

The true sign of intelligence is not
knowledge but imagination.

Albert Einstein (1879-1955)

5.1 Introduction

In this chapter we study the existence and nonexistence of C? positive solutions u(x)

of the following semilinear elliptic inequality
—Au> (8 (x))f(u) inRYV\K, (5.1

where K is a compact set in RY (N > 2) and & (x) = dist(x, dK). We assume that
@ € C%7(0,00) (0 < y< 1) and f € C'(0,0) are positive functions such that ¢ is
nonincreasing and f is decreasing.

Elliptic equations or inequalities in unbounded domains have been subject to ex-
tensive study recently (see, e.g., [59,60,95,120,121,136,164,165] and the references
therein). In [59, 60] the authors are concerned with elliptic problems with superlin-
ear nonlinearities () in exterior domains. Large classes of elliptic inequalities in
exterior or cone-like domains involving various types of differential operators are
considered in [120, 121, 136, 164, 165]. In [190-194] elliptic inequalities are stud-
ied in a punctured neighborhood of the origin and asymptotic radial symmetry of

solutions is investigated. The main novelty here is the presence of the distance func-

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 167
DOI 10.1007/978-3-642-22664-9_5, (©) Springer-Verlag Berlin Heidelberg 2012
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tion Ok (x) to the boundary of the compact set K which, as we shall see, will play a
significant role in the qualitative study of (5.1).

In our approach to (5.1) we shall distinguish between the case where K is nonde-
generate, that is, K has at least one component which is the closure of a C? domain,
and the case where K is degenerate which means that K reduces to a finite set of
points.

We provide general nonexistence results of solutions to (5.1) for various types of
compact sets K C RN, N > 2. Our study points out the role played by the geometry
of K in the existence of C2 positive solutions to (5.1). For instance, if K consists of
finitely many components each of which is the closure of a C> domain, then (5.1)

has solutions if and only if
/ ro(r)dr < ee. (5.2)
Jo

In turn, if K consists of a finite number of points, then the existence of a C? positive
solution to (5.1) depends on both @ and f. If f(t) =77, p > 0, and K reduces to a
single point (by translation one may consider K = {0}) we describe the solution set
of

—Au=o@(x)u"" inRY\ {0}. (5.3)

For a large class of functions ¢, we show that any C? positive solution of (5.3)
(if it exists) is radially symmetric. Furthermore, the solution set of (5.3) consists of
a two-parameter family of radially symmetric functions.

If (5.1) has solutions, we prove that it has a minimal C? positive solution # in
the sense of the usual order relation. Moreover, i is a ground-state of (5.1), that is,
ii(x) — 0 as |x| — . In some cases depending on the geometry of dK we prove that

i is continuous up to the boundary of K.

5.2 Some Elliptic Problems in Bounded Domains

In this section we obtain some results for related elliptic problems in bounded do-
mains that will be further used in the sequel. We start with the following comparison

result.

Lemma 5.1 Let Q C RN (N > 2) be a nonempty open set and g : Q x (0,00) —

(0,00) be a continuous function such that g(x,-) is decreasing for all x € Q. Assume



5.2 Some Elliptic Problems in Bounded Domains 169

that u,v are C? positive functions that satisfy
Au+g(x,u) <0< Av+4g(x,v) in Q,
lim (v(x)—u(x)) <0 forallye d”Q.
XEQ, x—y

Thenu>vin Q. (Here 97 Q stands for the Euclidean boundary 9 if Q is bounded
and for dQ U {eo} if Q is unbounded.)

Proof. Assume by contradiction that the set @ := {x €  : u(x) < v(x)} is not empty
and let w := v — u. Since limyc —, w(x) <0 forall y € €, it follows that w is
bounded from above and it achieves its maximum on £2 at a point that belongs to ®.

At that point, say x(, we have
0 < —Aw(xg) < g(xo,v(x0)) — g(x0,u(x9)) <0,
which is a contradiction. Therefore, @ = 0, that is, u > v in Q. [l

Lemma 5.2 Let Q C RN (N > 2) be a bounded domain with C* boundary and let
2:Q x (0,0) — (0,00) be a Holder continuous function such that for all x € Q we
have g(x,-) € C'(0,0) and g(x,-) is decreasing. Then, for any ¢ € C(dR2), ¢ > 0,
the problem

—Au=g(x,u),u>0 in Q,
5.4)
u=0(x) on 92,
has a unique solution u € C*(Q)NC(Q).
Proof. For all n > 1 consider the following perturbed problem
—Au = (xu+l> u>0 in Q
=8\X n ’ ’ (55)

u=¢(x) on dQ.

It is easy to see that u = 0 is a subsolution. To construct a supersolution, let w be the

solution of
{—Aw=1,w>0 in Q,

w=0 on dQ.
Then it =Mw+ |||+ 1 is a supersolution of (5.5) provided M > 1 is large enough.

Thus, by the sub and supersolution method and Lemma 5.1, there exists a unique

solution u, € C>(2)NC(Q) of (5.5). Furthermore, since g(x,-) is decreasing, by



170 5 Singular Elliptic Inequalities in Exterior Domains

Lemma 5.1 we deduce

up <wup<---<wu,<---<u inQ, (5.6)

1 1
Up+— > Uy +—— inQ. 5.7
n n+1

Hence {u,(x)} is increasing and bounded for all x € Q. Letting u(x) :=
lim,, e 4, (x), a standard bootstrap argument (see [54], [99]) implies u, — u in
.
(5.6) and (5.7) we obtain u, + 1/n > u > u, in Q, for all n > 1. This yields
u € C(2) and u = ¢(x) on Q. Therefore u € C>(2)NC(L) is a solution of (5.4).

The uniqueness follows from Lemma 5.1. O

(£2) so that passing to the limit in (5.5) we deduce —Au = g(x,u) in Q. From

Lemma 5.3 and Lemma 5.4 below extend the existence results obtained in [88,
89,92].

Lemma 5.3 Let Q C RV (N > 2) be a bounded domain with C* boundary. Also let
@ € C%7(0,%0) (0 <y< 1) and f € C'(0,%) be positive functions such that:

(i) f is decreasing;

(ii) @ is nonincreasing and fol r¢ (r)dr < eo.

Then, the problem

{—Auz(p(&;(x))f(u), u>0 in Q,
(5.8)

u=0 on 09,

has a unique solution u € C*(Q) N C(Q). Furthermore, there exist c,c; > 0 and
0 < rg < 1 such that the unique solution u of (5.8) satisfies

u(x)
H(8q(x))

where H : [0,1] — (0,0) is the unique solution of

—H"(t)=0@@)f(H(1)), H(t) >0 0<r<1,
{ H(0) = H(1) =0.

c < <cp in{xeQ:0<0n(x) <r}, (5.9

(5.10)

The existence of a solution to (5.10) follows from [3, Theorem 2.1].

Proof. Let (A1,e;) be the first eigenvalue and the first eigenfunction of —A in Q2

subject to Dirichlet boundary condition. It is well known that e; has constant sign
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in Q so that normalizing, we may assume that ¢; > 0 in Q. Also, since Q has a C?

boundary, we have de; /dv < 0 on dQ and
C16a(x) <ei(x) <Cdo(x) inL, (5.11)

where Vv is the outward unit normal at dQ and C;,C, are two positive constants. We
claim that there exist M > 1 and ¢ > 0 such that # = MH(ce;) is a supersolution
of (5.8). First, since the solution H of (5.10) is positive and concave, we can find

0 < a < 1 such that H' > 0 on (0,a]. Let ¢ > 0 be such that
cer(x) <min{a, g (x)} in Q.

Then
—Ali = —MCZH"(cel)|Vel|2 +McAie H'(cey)
:Mcz(p(cel)f(H(cel))Wel|2+McllelH/(ce1) (5.12)
> Mc*@(8q (x))f(@)|Ver |* +McAje H (cey)  in Q.
Since e¢; > 0 in Q and de;/dv < 0 on dQ, we can find d > 0 and a subdomain

o CC Q such that
|V€1|>d in.Q\a).

Therefore, from (5.12) we obtain

— AT > MPd (8o (x))f(@)  in 2\ o, —Au > Mchie H' (ce;) in w.
(5.13)
Now, we choose M > 0 large enough such that

Mc*d*> >1 and McAjeiH' (ce1) > ¢(8q(x))f(@) in o. (5.14)

Note that the last relation in (5.14) is possible since in @ the right side of the inequal-
ity is bounded and the left side is bounded away from zero. Thus, from (5.13) and
(5.14), u is a supersolution for (5.8). Similarly, we can choose m > 0 small enough
such that u = mH (cey) is a subsolution of (5.8). Therefore, by the sub and superso-
lution method we find a solution u € C?(2) N C(Q) such that u < u <7 in Q. The
uniqueness follows from Lemma 5.1. In order to prove the boundary estimate (5.9),

note first that ce; < dg(x) in Q so
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u(x) <u(x) <MH(0o(x)) in{xeQ:0<8q(x)<a}l.

On the other hand, since H is concave and H(0) = 0, we easily derive that t —

H(t)/t is decreasing on (0, 1). Also we can assume cC| < 1. Thus,
u(x) >mH (cey) > mH (cC18q(x)) > mcCiH(8q(x)),
for all x € Q with 0 < 8 (x) < 1. The proof of Lemma 5.3 is now complete. ~ [J

Lemma 5.4 Let K C RN (N > 2) be a compact set,  C RN be a bounded domain
such that K C Q and Q \ K is connected and has C* boundary. Let ¢ and f be as
in Lemma 5.3. Then, there exists a unique solution u € C*(Q\ K)NC(Q \ int(K))
of the problem

{Au—(p(SK(x))f(u), u>0 in Q\K,
(5.15)

u=20 on d(Q2\K).
Furthermore, there exist c1,co > 0 and 0 < ry < 1 such that the unique solution u of

(5.15) satisfies

u(x) . _
ClSIi(T(x))SCZ in{xe Q\K:0< (x) <ro}, (5.16)

where H is the unique solution of (5.10).
Proof. According to Lemma 5.3 there exists v € C2(Q \ K) NC(2 \ K) such that
—Av=0(6q\k(x))f(v),v>0  inQ\K,
{ v=0 on d(Q\K),
which further satisfies

v(x)
= H(3Q\K(x))

for some 0 < pg < 1 and cy,¢; > 0. Since 8k (x) > 6q\g(x) for all x € Q\ K and

< in{xe Q\K:0< g \k(x) <po}, (5.17)

¢ is nonincreasing, it is easy to see that u = v is a supersolution of (5.15). Also it
is not difficult to see that u = mw is a subsolution to (5.15) for m > 0 sufficiently

small, where w satisfies
—Aw=1,w>0 in Q\K,
w=0 on d(Q2\K).
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Using Lemma 5.1 we have u < u in Q \ K. Therefore, there exists a solution u €
C*(Q\K)NC(Q \int(K)) of (5.15). As before, the uniqueness follows from Lemma
5.1. In order to prove (5.16), let 0 < ry < po be small such that

0:={xcQ\K:0<(x)<ro}CCQ and Jg\k(x)=0k(x) forallxe m.
Then, from (5.17) we have
u<u<cH(0(x)) ino.
For the remaining part of (5.16), let M > 1 be such that Mu > v on d® \ dK. Also
—AMu) = Mo(5k (x))f () = (6k (x))f(Mu)  in 0.

By Lemma 5.1 we have Mu > v in @ and from (5.17) we obtain the first inequality
in (5.16). This concludes the proof. O

The following result is a direct consequence of Lemma 5.4.

Lemma 5.5 Let Ki,Ky,L C RN (N > 2) be three compact sets (see Fig. 5.1) such
that
KiNL=0, K,cCint(L), K,L are the closure of C*> domains.

Fig. 5.1 The compact sets K, K> and L

Also let Q C RN be a bounded domain with C* boundary such that Ky UL C Q
and Q \ (Ky UL) is connected. Let @, f be as in Lemma 5.3. Then, there exists a

unique solution
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ueC*(Q\ (K UL)NC(Q\ int(K; UL))

of the problem
—Au = (80K, () f (), u>0 in Q\ (K;UL), 518)
u=0 ond(Q\ (K UL)). '

Furthermore, there exist c1,co > 0and 0 < ry < 1 such that the unique solution u of

problem (5.18) satisfies

u(x)
= How ()

where H is the unique solution of (5.10).

<cy in{xeQ\(KjUL):0< 6 (x) <ro}, (5.19)

Proof. By Lemma 5.4 there exists a unique v € C?(Q\ (K;UL))NC(Q \ int(K; U
L)) such that

—Av = @(k,uL(x))f(v), v>0 inQ\ (K;UL),
v=0 ond(Q\ (KjUL)).

Since Ok, ur(x) < Ok uk, (x) in \ (K; UL) and ¢ is nonincreasing, we derive that
u = v is a supersolution of (5.18). As a subsolution we use u = mw where m is

sufficiently small and w satisfies
—Aw=1,w>0 inQ\ (K UL),
w=0 on d(Q\ (KjUL)).

Therefore, problem (5.18) has a solution u#. The uniqueness follows from Lemma
5.1 while the asymptotic behavior of u# around K] is obtained in the same manner as

in Lemma 5.4. This ends the proof. O

5.3 An Equivalent Integral Condition

Several times in this section we shall use the following elementary result that pro-

vides an equivalent integral condition to (5.2).

Lemma 5.6 Let N >3 and ¢ : (0,00) — [0,0) be a continuous function.

1 1 t
, o . 1-N -1 o
(i) /0 r@(r)dr < oo if and only lf/o t /0 SN (s)dsdr < oo,
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oo 00 1

(ii) / r@(r)dr < oo if and only zf/ tlfN/ SN (s)dsdr < oo,
1 1 1
noo noo of

(ii) / r@(r)dr < oo if and only lf/ =N / sV Lo (s)dsdt < oo,
JO JO JO

Proof. We prove only (i). The proof of (ii) is similar, while (iii) follows from (i)—(ii).

Assume first that jbl ro(r)dr < . Integrating by parts we have

Paen " vt dsdi — 1 ! 2N\ s dsdi
/ot /os Pls)ds _7N—2/o ( )/os ¢ (s)ds
1 o] o] N1
N2 (/0 “”“)‘”‘./o : "’Wf)

1 1
< — oo,
< N_2/0 to(t)dr <

Conversely, for 0 < € < 1/2 we have

1 ' 1 1 1 £
1-N N—1 N—1 2-N N—1
t dsdt = —— /t tdt—/t t)dt+¢€ /t tdt)
/g /os o(s)ds N 2(8 o(1) 0 o(1) b o(1)

> ﬁ (/Elt(p(t)dt—/glt’v’l(p(t)dt>

1 1 _
==/ (1—=""2)iq(r)dr

> ﬁ (1 — (%)Nﬁz) /el/zt(p(t)dt.

Passing to the limit with £ \, 0 we deduce fol t@(t)dt < oo. This concludes the proof
of Lemma 5.6. (]

5.4 The Nondegenerate Case

5.4.1 Nonexistence Results

We present some nonexistence results that hold in a more general setting for f and ¢.

Theorem 5.7 Let ¢ : (0,00) — [0,00) and f : (0,00) — (0,00) be continuous func-

tions such that:
(i) liminf; o f(t)>0.

(ii) @(r) is monotone for r large.
(iii) [ re(r)dr = oo.
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Then, for any compact set K C RN (N > 3) there does not exist a C* positive solution

u(x) of (5.1).

Proof. It is easy to construct a C' function g : [0,e0) — (0,0) such that g < f in
(0,0) and g’ is negative and nondecreasing. Therefore, we may assume f : [0,00) —
(0,0) is of class C! and f is negative and nondecreasing.

Suppose for contradiction that u(x) is a C* positive solution of (5.1). By transla-

tion, we may assume that 0 € K. Choose ry > 0 such that
K C B, 2(0), ¢(r0/2)>0, and ¢ is monotone on [ry/2,).

Define y : [ry/2,0) — (0,0) by
o(r) if @ is nonincreasing for r > ry/2,

r)= min @(p)=
ro/2<p<r 0(ro/2) if ¢ is nondecreasing for r > ry /2.

Then [~ ry(r)dr = eo. Also, since ry/2 < 8k (x) < |x| for all x € RY\ B, (0), we
have
@(3k(x)) > w(lx]) forallx € RV \ B, (0).

Thus, the solution u of (5.1) satisfies
—Au>y(x)f(u)  inRY\ B (0). (5.20)

Averaging (5.20) and using Jensen’s inequality, we get

_ (ﬁ//(r) n n— 1L7/(r)) > w(r)f(i(r)) forallr>ry. (5.21)

P
Here i is the spherical average of u, that is

o1 '
i(r) = P /BB,(O) u(x)do(x), (5.22)

where o denotes the surface area measure in RV and oy = 6(9B(0)).

Making in (5.21) the change of variables i(r) = v(p), p = r> N we get

1 _ _ _
—V'(p) > mpz(’v DNy (p =N f(v(p))  forall 0 < p < po,
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where pg = rS’N . Since v is concave down and positive, v is bounded for 0 < p < po.

Hence f(v(p)) > (N — 2)2C for some positive constant C. Consequently
—V'(p) > Cp>N=D/C=N)y (p/C=N)y forall 0 < p < po.
Integrating this inequality twice we get
po -, ,
> ["V(p)dp —pov'(po)
>c [7 7 RNy eV dpdp
o Jp
PO _ = B B B B
_ C/o BN/ Ny (51/2-N)y g 5
=(N- 2)C/ ry(r)dr = oo.
ro
This contradiction completes the proof. O

Theorem 5.8 Let ¢ : (0,00) — [0,00) and f : (0,00) — (0,00) be continuous func-
tions such that

(i) liminf, o £(£) > 0.

(ii) jbl ro(r)dr = oo,

Then there does not exist a C? positive solution u(x) of
—Au>@(8a(x)f(u) in{xcR¥\Q:0<8q(x) <2r0}, N>2, (5.23)
where Q is a C? bounded domain in RN and ro > 0.

For the proof of Theorem 5.8 we shall use the following lemma concerning the
geometry of a C?> bounded domain. One can prove it using standard methods of

differential geometry.

Lemma 5.9 Ler Q be a C? bounded domain in RN, N > 2, such that RN \Q is

connected. Then, there exists ro > 0 such that

(i) Q,:={xe RN :dist(x,Q) < r} is a C' domain for each 0 < r < ry.
(ii) For 0 <r < rq the function T(-,r) : dQ — RN defined by T (&,r) = & +rng,
where ¢ is the outward unit normal to 0Q at &, is a C' diffeomorphism from

dQ onto dQ, (onto I if r = 0) whose volume magnification factor (that is,
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the absolute value of its Jacobian determinant) J(-,r) : dQ — (0,0) is contin-
uous on A and C= with respect to r.

(iii) If Ny(g,r) is the unit outward normal to 9, at T (§,r) then Ny ) and Mg are
equal (but have different base points) for & € 0Q and 0 < r < ry.

Proof. [of Theorem 5.8] Without loss of generality we can assume RV \ Q is
connected. Suppose for contradiction that u(x) is a C? positive solution of (5.23).

By decreasing ry if necessary, the conclusion of Lemma 5.9 holds.
Lemma 5.10 The function
8= [ uxdo(x), o<r<m,
29,

is continuously differentiable and there exists a positive constant C such that

<Cg(r) forallO<r<ry,

¢0)- [, Shdot

where 1 is the outward unit normal 10 9£2,.

Proof. By Lemma 5.9 we have

g(r):/(mu(ierng)J(é,r)dG(é) forall 0 < r < ry,

and thus

0= [ 5 (ueme) [ s@ndors [ e+ meenao)

du
_ /{mr S do() +/a!2ru(x)
(5.24)

for all 0 < r < rg, where in the last integral & = x —rng € dQ. Since, by Lemma
5.9, J(&,r) is positive and continuous for & € dQ and 0 < r < rg and J,(&,r) is

‘]l‘(éar)

continuous there, we see that Lemma 5.10 follows from (5.24). ([l
We now come back to the proof of Theorem 5.8. For 0 < r < ry we have

Og/ fAu(x)dx:/ ﬂdc(x)f/ I o)
2\ 20, IN 992, ON (5.25)

<g'(r)+Cg(r)+C
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for some positive constant C by Lemma 5.10. Hence
(eC’(g(r) + 1)), >0 forall 0 <r<ry,
and integrating this inequality over [r, 7] we obtain
g(r) <0 (g(rg) +1) = 1< ¢ forall 0 < r < rg (5.26)

and for some C; > 0. Thus

1 _ 8
U(r): = 90 (mru(x)dc(x) =100

is bounded for 0 < r < ry. Consequently, by the assumption (i) of f, it follows that
10Q,|f(U(p)) >€>0 forall0<p <ry. (5.27)

As in the proof of Theorem 5.7, we may assume that f : [0,00) — (0,0) is of class
C' and f' is negative and nondecreasing. From (5.23), (5.25)—(5.27) and Jensen’s

inequality we now obtain

g +ac 2/ —Audx
Q\ 2

ro

> [Tolp) [ flut)dotx)dp
r Q)
ro

> [ 0(p)I0% (U p)) dp

> s/o(p(p)dp forall 0 < r <ry.

Integrating over [r,rp] in the above estimate we find
o ro
g(ro) —g(r) + Caro 28/ / o(p)dpds
o o
=8/ (p—r)o(p)dp —>8/0 pe(p)dp=c asr 0,

which contradicts g > 0 and completes the proof. O
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5.4.2 Existence Results

In this section we obtain existence results for (5.1) in the nondegenerate case on K.
We prove that for a large class of compact sets, condition (5.2) is sufficient for (5.1)
to have C? positive solutions.

In the sequel, unless otherwise stated, we assume that ¢ and f satisfy the same
hypotheses as in Lemma 5.3, that is, ¢ € C%Y(0,c0) (0 < y < 1) and f € C'(0, o) are
positive functions such that ¢ is nondecreasing and f is decreasing. Our first result
in this sense concerns the case where K consists of a finite number of components

each of which is of class C2. We have

Theorem 5.11 Let K be a compact set in RN (N > 3) having a finite number of
components each of which is the closure of a C* domain. Then (5.1) has C? positive
solutions if and only if (5.2) holds. Furthermore, if (5.2) is fulfilled, then there exists

a minimal solution @ of (5.1) such that
ic CHRY\ K)NC(RN \int(K))

and
—Aii = (0 (x))f(&), >0 inRV\ K,
ii=0 on dK, (5.28)
i(x) =0 as |x| — eo.

In addition, there exist c1,co > 0 and 0 < ro < 1 such that i satisfies

a(x)
U= H(oe ()

where H is the unique solution of (5.10).

<c in{xeRVM\K:0< 8(x) <}, (5.29)

Proof. The necessity of (5.2) follows from Theorems 5.7 and 5.8. To prove the
sufficiency of (5.2), assume first that RN \ K is connected.
We fix 0 < p < R such that K C B, (0). By Lemma 5.4 there exists

u € C*(By(0)\ K)NC(By(0) \ int(K))

such that
—Au=@(0k(x))f(u), u>0 inB,(0)\ K,

(5.30)
u=0 on 9(B,(0)\ K).
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We next construct a solution v of (5.1) in a neighborhood of infinity. To this aim, let
oo t
A(r) ::/ tlfN/ sV Yo(s—p)dsdt  forall r > R.
r R

Since [g ro(r—p)dr < e, by Lemma 5.6 we have that A is well defined for all
r > R. Also, it is easy to check that

—AA(Ix]) = @(lx —p)  inRY\ B(0).

Since the mapping
0.%) dse[0.%)
0,00 9tl—)/ — dse (0,0
o f(s)

is bijective, we can define v : RV \ Bg(0) — (0,c0) implicitly as the unique solution
of
vl 1 N
/ —_di—A(x]) forall x € RN\ Bg(0). (5.31)
o f)

Then, using the properties of A we deduce that v € C2(RN \ Bg(0)), v > 0 and

v(x) — 0 as |x| — oo. Further from (5.31) we obtain

1

= v inRY

and f’( ) .
x| —p)=— i) = 2 V2~ ——Av  inRY .
0(l—p) = ~AA(x) = SV~ s av B\ By(0)

Since f is decreasing, we have f’ < 0 which implies
~Av> (x| —p)f(v)  in R\ B(0).
Therefore, v € C2(RN \ Bg(0)) satisfies

{Av > (0 (x))f(v), v>0 in RN\ Bz(0),

v(x) =0 as |x| — oo.

(5.32)

Let now 0 < pg < p be such that K C By, (0) and let u, v be the solutions of (5.30)
and (5.32) respectively. Consider

w: (Bpy (0) \ int(K)) U (R \ Bx(0)) = [0,0),

defined by
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w(x) = u(x) if x € Bp,(0) \ int(K), w(x) =v(x)ifx € RY\ Bz(0).

Let W be a positive C? extension of w to RV \ K. We claim that there exists M > 0

large enough such that
Ux)=Wx) +M(1+x)PNM2 0 x e RV int(K) (5.33)

satisfies (5.1). Indeed, since (1 + |x|?)>~N)/2 is superharmonic, this condition is
already satisfied in By, (0) \ K and RV \ Bg(0). In Bg(0) \ By, (0) we use the fact that
—A(1 + [x|*)=M/2 is positive and bounded away from zero. Therefore we have
constructed a solution U € C?(RY \ K) NC(RN \ int(K)) of (5.1) that tends to zero
at infinity.

Let us prove the existence of a minimal solution i of (5.1). According to Lemma

5.4, for any n > 1 there exists a unique
Un € CZ(BRH: O\K)N C(ERH: (0) \int(K))

such that

{ —Auy = (6 (x)) f(upn), up >0 in Byx(0)\ K, 534

Uy =0 on 9(Bran(0)\ K). '
We extend u, = 0 on RV \ Bg,(0) and by Lemma 5.1 we have that {u,} is a non-
decreasing sequence of functions and u, < U in RV \ K. Let

ii(x) ;= lim u,(x) forall x € RV \ int(K).

n—oo

By standard elliptic arguments, we have i € C>(RV \ K) and
A= p(Sk()f(@) nR¥\K.

We next prove that i vanishes continuously on JK.

Let u; be the unique solution of (5.34) withn =1 and @ := {x e RV \ K : 0 <
Ok (x) < 1}. Since both u; and # are continuous and positive on dm \ K, we can
find M > 1 such that Mu; > ii on do \ K. Now, using the fact that the sequence
{u,} is nondecreasing, this also yields Mu; > u, on dow \ K, for all n > 1. The
above inequality also holds true on dK (since u; and u, are zero there). Therefore

Muy > u, on dw for all n > 1, which by the comparison result in Lemma 2.1 (note
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that the function Mu; satisfies (5.1) in @) gives
Muy > u, in o,

for all n > 1. Passing to the limit with n — oo in the above estimate, we obtain
Mu; > i in @ and since u; vanishes continuously on dK, so does ii.

The boundary behavior of @ near K follows from the fact that u; <@ < Mu; in
o and u; satisfies (5.16). From Lemma 5.1 we obtain that any solution u of (5.1)
satisfies u > u, in RY \ K which implies u > ii. Hence, i is the minimal solution of
(5.1).

Assume now that RV \ K is not connected. We shall construct a solution to (5.1)
by considering each component of RV \ K. Note that since K is compact, RV \ K has
only one unbounded component on which we proceed as above. Since @ satisfies
(5.2), by Lemma 5.3, on each bounded component of RN \ K we construct a solution
of —Au = @(9k(x))f(u) that vanishes continuously on its boundary and has the
behavior described by (5.9). This completes the proof of Theorem 5.11. O

Remark 19 The approach in Theorem 5.11 can be used to study the inequality (5.1)
in some cases where the compact set K consists of infinitely many components, all
of them with C* boundary. For instance, it is easy to see that the same arguments

apply for compact sets K of the form

K=B(0)u( {xeRN:I—i—

n>1

1
<|x|<1+—}

2n+1 2n

or

K =0B1(0)U | 9By41/,(0).

n>1

Remark 20 The existence of a positive ground state solution in the exterior of a
compact set is a particular feature of the case N > 3. Such solutions do not exist in

dimension N = 2. Indeed, suppose that u is a C* positive solution of
—Au>0 inR*\K, u(x) >0 as|x|— oo,

where K C R? is a compact set, not necessarily with smooth boundary. Choose

ro > 0 such that K C By (0) and let m = min|,_, u(x) > 0. For each ry > ro define
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. R2 _ m(logr —log|x|)
v tRE\{O} =R, v, (x)= logr, —Togro

Then
vy, is harmonic in R*\ {0}, v, =m on dB,,(0), v, =0ondB,(0).
Let wy, (x) = u(x) — vy, (x), x € RN\ B, (0). Thus,
—Aw,, =—Au>0 inB, (0)\B,(0), w, >0 ondB, (0)UdB,(0).

By the maximum principle it follows that w,, > 0 in B, (0) \ B,,(0), that is u(x) >
vr (x) in By, (0) \ By (0).
Let now x € R%\ B, (0) be fixed. Then, for r; > |x| we have

u(x) > v (x) =m  asry — oo,

50 u(x) > m in R?\ B, (0), which contradicts u(x) — 0 as |x| — o.

If K = K; UK, where K] has a finite number of components each of which is the
closure of a C? domain and K; consists of a finite number of isolated points we have

the following result.

Theorem 5.12 Let K = Ky UK, C RN (N > 3) where K| is a compact set having
a finite number of components each of which is the closure of a C* domain and
Ky C RN consists of a finite number of isolated points such that K| N K, = 0. Then,
inequality (5.1) has C? positive solutions if and only if (5.2) holds. Furthermore, if
(5.2) is fulfilled, then there exists a minimal solution i of (5.1) that satisfies

i C*H(RV\ K)NC(RN \int(K;))

and
—Aii = (0 (x))f(&), >0 inRN\K,

i=0 on dKy,

(5.35)
ii>0 on K,
i(x) =0 as |x| — eo.

In addition, i has the same behavior around K| as described in (5.29).
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Proof. By Theorems 5.7 and 5.8, condition (5.2) is necessary in order to have C?
positive solutions for (5.1). Assume now that (5.2) holds. Using, if necessary, a
dilation argument, we can assume that dist(K;,K>) > 2 and the distance between

any two distinct points of K, is greater than 2. We fix R > 0 large enough such that

KU U El (a) - BR(O).
acky

We now apply Lemma 5.5 for L = ,ck, Bi/s(a) and Q = Bgy,(a). Thus, there

exists a unique solution u,, of

Aty = (S () (), tn >0 0 Brea(0)\ (K1 U | Biala)),

acky
u, =0 on aBR+n(O)UaK1U U 8Bl/n(a).
acky
(5.36)

Extending u, = 0 outside of Bg,(0) \ U,ck, Bi/x(a), by Lemma 5.1 we obtain
<up<up1 <--- inRV\K.

In order to pass to the limit in (5.36) we need to provide a barrier for {u,}. Pro-
ceeding in the same manner as we did in the proof of Theorem 5.11 we can find a
function

U e C*(RV\ K;)NCRN\ int(K;))

such that

{ —~AU > ¢(8,(x))f(U),U>0  inRV\K,
(5.37)

Ux)—0 as x| — oo.
We shall use a similar approach to construct a function V € C2(RY \ K;) NC(RN)

such that

{ —AV > o(8k, (x))f(V), V>0 in RV \ K7,
(5.38)

V(x) =0 as |x| — oo.

First, since (5.2) holds, by Lemma 5.6(iii), the function
oo of
D(r) ::/ tH’/ s o(s)dsdr  forall r >0,
r 0

is well defined and —AD(|x|) = ¢(|x|) in RV \ {0}. We next define v : RY — (0, )
by
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vix) 1 N
/ ——dt=D(|x|) forallxeR".
o f(r)
Using the same arguments as in the proof of Theorem 5.11 we have v € C2(RM \

{0})NC(RY) and

—Av X V), Vv i N
{ Av=(l)f(v), v>0  inRY\ {0}, (5.39)

v(x) =0 as |x| — oo.

Letnow V : RN — (0,0) defined by

V(x)= Y v(x—a).

acky
By (5.39) we have V € C*(RV \ K2) NC(RN), V(x) — 0 as |x| — o and

AV = Y Avir-a)> Y ollx—a))f(v(x—a))

acky acky
> (X o(le—a)) A(V() = @(min|x— al) f(V(x)
acky 2

= (8, (x))f(V(x)) forallxeRV\Ka.
Therefore, V fulfills (5.38). Now W := U +V satisfies W (x) — 0 as |x| — e and
—AW(x) = ¢(8k, (1)) (U) + ¢(8k, (x)) S (V)
(9 (3x, (x)) + 9(8k, (x)))f (W)

o (min{8i, (x), . (1)} ) F (W)
= @(Sk(x))f(W) forallx € RV\K.

v

Y]

By Lemma 5.1 we obtain u, < W in RV \ K. Thus, passing to the limit in (5.36) and

by elliptic arguments, we obtain that i := lim,_,.. u, satisfies
—Aii= (5 (x))f(@) inRV\K.

The fact that i is minimal, vanishes continuously on dK; and has the behavior near
dK as described by (5.29) follows exactly in the same way as in the proof of The-
orem 5.11.

It remains to prove that i can be continuously extended at any point of K, and

it > 0 on K;. To this aim, we state and prove the following auxiliary results.
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Lemma 5.13 Let r > 0 and x € RV\ 9B,(0), N > 3. Then

1

1 1 x[V-2
do(y) =
onrV-1 /asr(m e —y|N-2 0) 1
N-2

if |x| >,

if x| <r

Proof. Suppose first |x| > r. Then u(y) = [y — x>~V is harmonic in B,¢(0), for

€ > 0 small. By the mean value theorem we have

1 1 1
do =u(0) = ——.
o oy OO =0 = s

Assume now |x| < r. Since

v(x) : : / ! do(y)

oV Jos,(0) =y V2
is harmonic and radially symmetric, it follows that v is constant in B,(0). Thus
v(x) = v(0) = r*~N for x € B,(0). O
Lemma 5.14 Let u be a C? positive solution of

—Au>0 in By, (0)\ {0}, N >2.

Then

u(x) >m:= ‘;r‘lzirrll u(y) forallx € B, (0)\{0}.

Proof. For 0 < ry < ry define v, : RV \ {0} — R by

o () = m(@(ro) — @(|x]))
° @(rg) — @(r1)

where

log l if N=2,

@(r) = '
) if N > 3.

Then vy, is harmonic in RV \ {0} and v,, < u on 9B, (0) U dB,,(0). Thus, by the

maximum principle, v,, < u in By, (0) \ B,,(0). Fix x € B,,(0)\ {0}. Then, for 0 <

ro < |x| we have u(x) > v, (x) — m as ry \, 0. This concludes the proof. O

Lemma 5.15 Ler @, f : (0,00) — [0,00) be continuous functions such that _fol ro(r)dr
< oo, Suppose that u is a C? positive bounded solution of —Au = @(|x|)f(u) in a
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punctured neighborhood of the origin in RN, N > 3. Then, for some L > 0 we have

u(x) » Lasx— 0.

Proof. By Lemma 5.14 we can find ry > 0 small such that u is bounded away from

zero in B, (0) \ {0}. Hence, for some M > 0 we have
flu(x)) <M inB,(0)\{0}. (5.40)

For x € RV let

1) ._L/; <P(y)f(u(y))dy.

" ow B, (0) [x—yN2
Then,
ro o(r) fu(y))
I(x) :/0 F(x,r)dr, where F(x,r)= G_N/BB,(O) mdc@)-

Since, by (5.40) and Lemma 5.13 we have

() F(x,r) <Mro(r) forx € RV and 0 < r < ry.
(i) [0 ro(r)dr < .
(iii) F(x,r) = F(0,r) as x — 0 pointwise for 0 < r < rg,

it follows that 7 is bounded in R" and by the dominated convergence theorem,
I(x) = 1(0) asx—0. (5.41)

Since v := u — 151 is harmonic and bounded in By, (0) \ {0}, it is well known that

lim,_, v(x) exists. Thus, by (5.41), lim,_,o u(x) exists and is finite. O

Now, the fact that the minimal solution # can be continuously extended on K,
and i > 0 on K; follows by applying Lemma 5.15 for each point of K;. This finishes
the proof of Theorem 5.12. (]

5.5 The Degenerate Case

In this section we study the inequality (5.1) in the case where K C RY (N > 3)
reduces to a finite number of points. In this setting, the existence of a C? positive
solution to (5.1) depends on both ¢ and f. To better emphasize this dependence

we shall assume that f () =77, p > 0. Therefore, we shall be concerned with the



5.5 The Degenerate Case 189

semilinear elliptic inequality
—Au> @(Sg(x))u”? inRV\K. (5.42)

Theorem 5.16 Let K C RN (N > 3) be a finite set of points and ¢ € C%Y(0,c0)

(0 < y < 1) be a positive function such that ¢(r) is monotone for large values of r.
Then, (5.42) has C? positive solutions if and only if

o 1
/ ro(r)dr <o and / r(lﬂ’)(N*z)H(p(r)dr < oo, (5.43)
1 0

Furthermore, if (5.43) holds, then, there exists a minimal solution i of (5.42) that

satisfies

{—Aﬁ: @(8k(x))a?, i >0 inRY\K, (5.44)

i(x) —0 as |x| — eo.
In addition, ii can be extended to a continuous positive function on the whole of R¥

if and only lfjol ro(r)dr < oo

Note that condition (5.43) above is weaker than (5.2) which is the optimal con-

dition on ¢ in case when some components of K are the closure of C> domains.

Proof. Assume first that (5.42) has a C? positive solution . From Theorem 5.7
it follows that [;” r@(r)dr < . By translation one may assume that 0 € K and fix
p > 0 such that dg(x) = |x| in B, (0). Let now u, be the image of u through the

Kelvin transform, that is,

X

i (x) = x> Nu (—) , xeRY\ {0}. (5.45)

[x[?

Then u,. satisfies

oy 1 - X
= 1o (e ()

N (N— 1 _ .
N ”"’(M) () inRY\ B, (0).

With the same proof as in Theorem 5.7 (note that here we do not need ¢@(r) to be

monotone for small values of » > 0) we deduce

/wtflfop(N72)(p G) dt < oo,
1
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Now with the change of variable r = =1, 0 < r < 1 we derive the second condition
in (5.43).

Conversely, assume now that (5.43) holds and let us construct a solution to (5.42).
We first assume that K = {0}. The construction follows the general lines given in
the proof of Theorem 5.11, the only difference is that one cannot use Lemmas 5.4
or 5.5 since K is degenerate. Instead, we shall use the Kelvin transform to reduce
the construction of a solution to (5.42) near the origin to a solution of a similar
inequality that holds in a neighborhood of infinity.

First, let

D(r) = /th’ /I‘t SN o(s)dsdr  forall r > 1.
r .
Since (5.43) holds, by Lemma 5.6(ii) D is well defined and converges to zero at
infinity. We now consider

1/(p+1)

u(x) := |(p+ DD(x))| x e RV \ By (0).

Then u € C?>(RV \ B;(0)) and in the same manner as in the proof of Theorem 5.11

we have .
{AuZ(p(|x|)u”(x), u>0 in RV \ B (0),

u(x) =0 as |x| — oo.

Proceeding similarly, with r~2~¥N=?N=2)¢(1/r) instead of ¢(r) and then using the
Kelvin transform, we obtain a function v € C?(B;(0) \ {0}) such that

—Av> @(jx|)vP(x),v>0 in B1(0) \ {0},
N 2v(x) — 0 as |x] — 0.

From now on we proceed exactly as in the proof of Theorem 5.11. Let w be any C?

extension of .
u(x) if x € RN\ B (0),
X

vix)  ifxeBy;(0)\ {0},
to the whole RV \ {0}. Now, one can find M > 0 large enough such that

U(x) :=w(x)+M(1+ |x|2)(2*N)/2, xeRN\ {0}

fulfills
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—AU > o(x)UP(x), U>0  inRY\ {0},
Ux)—0 as x| — oo, (5.46)
XN 2U (x) = 0 as |x| — 0.
In particular U is a solution of (5.42) with K = {0}. In the general case, if K is a
finite set of points, we consider V(x) = Y,cx U(x — a) for all x € RV \ K. As in the
proof of Theorem 5.12 we deduce that V satisfies (5.42).

Assume that condition (5.43) is satisfied. Then, the existence of the minimal
solution & of (5.42) is obtained with the same proof as in Theorem 5.12. Note that
ii is obtained as a pointwise limit of the sequence {u, } where u, satisfies (5.36) in
which K| = 0 and K, = K. It remains to prove that # can be continuously extended
to a positive continuous function in RV if and only if [y ro(r)dr < .

Assume first that the minimal solution i of (5.42) is bounded. Using a translation
argument, one can also assume that 0 € K. Fix ro > 0 such that dg(x) = |x| for all

x € By, (0). Then averaging (5.42) we obtain
— (N () >N o(r) forall 0 < r<ry, (5.47)

where ¢ > 0. Hence V=i (r) is decreasing and its limit as 7 \, 0 must be zero for
otherwise #—and hence u—would be unbounded for small » > 0. Thus integrating

(5.47) twice we obtain

T t
o > <limsupﬁ(r)> —i(rg) > c/ 0tlfN/ N o (s)dsdt,
™0 0 0

which by Lemma 5.6(ii) yields [y r¢ (r)dr < o.
Assume now that fol r@(r)dr < oo. The conclusion will follow by Lemma 5.15
once we prove that i is bounded around each point of K. Again by translation and a

scaling argument we may assume that 0 € K and 8k (x) = |x| for all x € B (0). Set
2 ‘
v(x) =M \ tH’/ sV Lo (s)dsdt,  forall x € By(0).
X 0
By Lemma 5.6(i), v is bounded and positive in B,(0) and
— Av(x) = Mo(|x]) = M(8k (x))  inB1(0)\{0}. (5.48)

Therefore, we can take M > 1 large enough such that
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—Av(x) > @(8k(x))vP(x) inBy(0)\{0} and v>a ondB(0). (549

Let uy, be the solution of (5.36) with K; = 0 and K, = K. Recall that {u, } converges
pointwise to . Since ii > u, in RV \ K, from (5.49) we have v > u, on dB;(0).
According to the definition of u,, this inequality also holds true on dBj ,(0). Now,
by (5.49) and Lemma 5.1 it follows that v > u, in B(0) \ By ,(0). Passing to the
limit with n — oo it follows that v > i in B1(0) \ {0} and so, i is bounded around
zero. Proceeding similarly we derive that i is bounded around every point of K. By
Lemma 5.15 we now obtain that ii can be continuously extended on K. This finishes
the proof of Theorem 5.16. (]

In the remaining part of this section we shall be concerned with (5.3). The first
result establishes the structure of the solution set of (5.3) when ¢ has a power-type

growth near zero and near infinity. More precisely, we shall assume that ¢ satisfies
cr* <o(r)<cpr* foral0O<r<1, (5.50)

and

arf <o(r) <cyP  forallr>1, (5.51)
for some c1,cp > 0. Our main result is the following.
Theorem 5.17 Assume that ¢ € C%7(0,00) (0 < y < 1) satisfies (5.50)~(5.51).
Then, (5.3) has C? positive solutions if and only if

N+o+p(N=2)>0 and B<-—2. (5.52)

Furthermore, if (5.52) holds, then:

(i) Forany a,b > 0 there exists a radially symmetric solution ug p, of (5.3) such that

lim [xN2u,,(x) =a and  lim u,p(x) = b. (5.53)
[x|—0 |x|—o0

(ii) The solution set of (5.3) consists only of {uqp : a,b > 0}. In particular, any c?

positive solution of (5.3) is radially symmetric.

Proof. Condition (5.52) follows directly from Theorem 5.16. For the proof of (i),

(ii) we divide our arguments into four steps.
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Step 1: There exists a minimal solution & : RV \ {0} — (0,%0) which in addition
satisfies
lim [xV2E(x) =0 and lim &(x) =0. (5.54)

|x[—=0 x>0

Indeed, by Lemma 5.2 there exists a unique function &, such that

{ A& =o(A)&, 7, & >0  inB,(0)\B,/(0),

(5.55)
£, =0 on dB,(0)UdB /,(0).

By uniqueness, it also follows that &, is radially symmetric. We next extend &, =0
outside B,,(0)\ By ;,(0). Now, by Lemma 5.1 we have that {&,} is nondecreasing.
Since (5.52) holds, proceeding as in the proof of Theorem 5.16 we construct a func-
tion U : RN\ {0} — (0, o) that satisfies (5.46). By Lemma 5.1 it follows that &, <U
in RV \ {0}. Hence, there exists & (x) := lim,,_.. &, (x), x € RY\ {0} and £ < U. Also
& is radially symmetric and by standard elliptic arguments it follows that & is a solu-
tion of (5.3). From & < U it follows that & satisfies (5.54). Finally, if v is an arbitrary

solution of (5.3), by Lemma 5.1 we deduce
grz <v in B”(O)\El/n(O)

Passing to the limit in the above inequality with n — e, we obtain & < v in RV \ {0}.
Therefore & is the minimal solution of (5.3).
Step 2: Proof of (i).

Fix a,b > 0. We shall construct a radially symmetric solution of (5.3) that satisfies
(5.53) with the aid of the minimal solution & constructed at Step 1. By virtue of

Lemma 5.2, for any n > 2 there exists a unique function
tty € C*(B,(0)\ By/,(0)) N C(B(0) \ By 1,(0))

such that

—Auy = %, 0, >0 inBy(0)\Bya(0),
(5.56)

uy = alx> N +b+E(x) on dB,(0) UdB, /,(0).
Since £ is radially symmetric, so is u,. Furthermore, a|x|>~" + b is a subsolution

while a|x|>~N 4 b + & (x) is a supersolution of (5.56). Thus, in view of Lemma 5.1,

we obtain
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alxPN b <up(x) <alxP N +b+E(x)  inBy(0)\ By, (0). (5.57)

As usual we extend u, = 0 outside B,(0) \ B ;,(0). By standard elliptic regularity

and a diagonal process, up to a subsequence there exists

Ugp(x) = lim u,(x), xe€RV\{0}

n—yoo

and u, 5, is a solution of problem (5.3). Furthermore, from (5.57) we deduce that u, 4

satisfies
alxP N 4 b <ugp(x) <alxPN b+ E(x)  inRY\ {0} (5.58)

Now, (5.54) and (5.58) imply (5.53).

Step 3: There exists ¢ > 0 depending on N, ¢, 3, p such that any solution u of (5.3)
satisfies
u(x) > clx| @t/ 4P forall x € By (0)\ {0}, (5.59)

u(x) > c|x|FPV/IHP) for all x € RV \ By (0). (5.60)

The proof uses an idea that goes back to Véron [199, Theorem 3.11] (see also
[121, Section 1]). Let R > 1/2 be fixed. By Harnack’s inequality (see, e.g., [99,
Theorem 8.18]) and a scaling argument, there exists a constant Cp > 0 depending

only on N such that

/ udx <CoRY inf u. (5.61)
B3r(0)\B2r(0) B3R(0)\Byg(0)

Let y € C(RY) be such that suppy C Bag(0) \ Bg(0) and

0<y<1inRM, y=10nB3(0)\By(0), and |Vy|.<1/R. (5.62)

Multiplying in (5.3) with w2 /u and then integrating we obtain

. 2
Jo(2) e firecta o
u

In order to estimate the left-hand side in (5.63) we use (5.62). We have
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/V<W72) Vudx=2 [Vy-Vulac— [1vuf( Y ax
/(IVWIZ+IVM| >dx /|Vu| dx (5.64)

< /|V1//|2dx§CRN’2.

To estimate the right-hand side in (5.63) we use Jensen’s inequality together with
(5.61). We have

/ |x|By?u~""Pdx > CRP u'"Pdx
B3r(0)\B2r(0)

n . 1 7])
> CRPNC+p) ( / . dx)
B1x(0)\Bk(0) (5.65)

—1-p
> CRV*P inf  u .
B3R (0)\Byg(0)

Thus, combining (5.63), (5.64) and (5.65) we arrive at

inf  u> CR(HB)/(HP),

B3R(0)\Byg(0)
for some constant C > 0 independent of « and R. This proves (5.60). For the proof

of (5.59) we proceed in a similar way.

Step 4: Proof of (ii).
Let u be an arbitrary solution of (5.3). From (5.50) and (5.59) it follows that

Q(|x))u? < colx|%u P < c|x|( @722/ 0+P)in B (0)\ {0}, (5.66)
for some cp,c > 0. Thus, by (5.52) we have
—Au=@(|x])u"? € LL.(RY). (5.67)
Lemma 5.18 There exists a real number a > 0 such that
Au+@(|x))u P +ad(0) =0 in 2'(B1(0)), (5.68)
where 8(0) denotes the Dirac mass concentrated at zero.

Proof. Let g(x) = ¢(|x|)u~?, x € B1(0) \ {0} and denote by i and g the spherical
averages of u and g respectively over dB,(0), 0 < r < 1. From —Au = g(x) in
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B1(0)\ {0} we obtain —Aid(r) = g(r), 0 < r < 1, so that
—("N () =N g(r) forallo<r<1.
Integrating the above equation over [r, 1], 0 < r < 1 we find

N d(r)=A+o(r) asr—0, (5.69)

1
=i 1)+/ Nlg(n)de
0

We claim that A < 0. Indeed, if A > 0, then, from (5.69) there exists rg > 0 small

where

such that
Pl (r)>e>0  forall0< r<r.

Integrating the above inequality over [r, ry] we obtain

_ _ C 2N 2
u(ro)—u(r)>N72(r Normg™y 0<r<n,

which implies lim,_,o &Z(r) = —ee. This is clearly a contradiction since & > 0. There-

fore A <O0.
Let now y € C5(B1(0)). For € > 0 small enough we have

/ uAlydx: / l//Audx—i— / y/?dc(x)— / uaa—wdc(x)
n n
B (0)\B¢(0) 0)\Be (0 dBg(0) 9B¢(0)
/ g)w(x)dx+y(0 /835 achr(x)wLo(s),

(5.70)
as € — 0, where n is the outer unit normal vector at dB.(0). By (5.69) we have
a“ n—1-/
/ 9B:(0) S-do (x) = oye" 7 (e) = oA +o(e) ase 0.

Combining this relation with (5.70) we find

/ uAydx = lim / uAydx = — / g(x)y(x)dx+ onA,

eri0
B,(0) B1(0)\Be(0) B,(0)

which proves (5.68) with a = —onyA > 0. O
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Using Lemma 5.18 and standard potential theory arguments (see [134], [194]) it
follows that

' —A
u(x) =alxP N+ o0 %dy—i—h(x) forall x € B1(0)\ {0}, (5.71)
1

where C is a positive constant depending on the dimension N >3 and /: B;(0) — R

is a harmonic function.
: N-2 _
Lemma 5.19 lim,_o [x[" " “u(x) = a.

Proof. In view of (5.71), we only need to show that

—Au(y) 2-N

——=dy=o(]x|") as|x]|=0. (5.72)
/Bl<0) e—yV=2

To this aim, we split the above integral into

/B ZAuD) 4 / ZAu0) oy / Mﬂdy (5.73)

1(0) [x—y[N=27 x — y[N=2 x—y[N=27r
YEB1(0), YEB1(0),
[y—x[>[x[/2 [y—x|<[x|/

Using (5.67), for |x| > 0 small we have

—Auly) / —Au(y) / —Au(y)
[ 2t I
y€B1(0), y€B1(0), y€B1(0),
y=xizlxl/2 Ixl/2<ly—x| < /B y—x|>/Ix]

2 N—-2 B
<(Z) ) e [ auba
v€B1(0), y€B1(0),
y—x|<y/Rl y—x>/]x]

=o(]x*™) as|x| —0.

In order to evaluate the second integral on the right-hand side in (5.67) we first

note that by (5.50) and (5.66) we have
—Au=o(]x)u”=0(x|™) as|x| = 0.
Thus, there exists ¢ > 0 such that
[

—Au<clx|™  for |x| small and |y — x| < ER

Let
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/N

1

=|— —A
0= o ] A
[y—x|<|xl/2

Then r(x) = o(|x|) as |x| — 0. Since

/ Clx| Ndy = /—Au(y)dx
y—xj<r(x) ly—x/<[x|/2

it follows that r(x) > |x|/2 for small values of |x|. Therefore

—Au(y) N__dy
27V gy < Y
s AL =

YEB1(0), Y€B/(0),
ly—x|<x]/2 p—l<r(d)
— x|V / 122 Nax
<)

= c/|x|7Nr()c)2 = 0(|x|27N) as |x| — 0.

This concludes the proof of (5.72).

By (5.71) we now deduce limy,_o [x|V~2u(x) = a. O

Let u. be the Kelvin transform of u given by (5.45). Then u, satisfies

—Au, = x| 2N PN g (ﬁ) u;P(x)  inRY\{0}.
X
Note that by (5.45), (5.51) and (5.59) we have

1
(x| -2-N-PN-2) <H) < ealx[ P2N-PN-D forall x € By(0)\ {01,

w(x) > x> N=CFB/+P) - forall x € B (0)\ {0}.
Combining the last estimates we arrive at
—Au,(x) = O(]x|™) as |x| = 0. (5.74)
With the same arguments as above, there exists

b:= lim |x[V"2u.(x) > 0. (5.75)

[x|—0 -

This yields
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lim u(x) =b>0. (5.76)

|x|—ree
Let u,, be the solution of (5.3) that satisfies (5.53). We claim that u = u, ;. To this

aim, for € > 0 define
e (x) := u(x) + £(alx|* N +b), xeRY\{0}.

Also let u,, be the unique solution of (5.56). Taking into account Lemma 5.19, (5.76)
and the definition of u, in (5.56), we can find ng = no(€) > 2 such that for all n > ny
we have

ug > uy  in dB,(0)UdBy,(0),

for all n > ng. We also have
Aue + |x|%ug” <0 < Auy + |x|%u,? in B, (0)\ By /,(0).
Hence, by Lemma 5.1 we obtain
ue > u, in B,(0)\ By/,(0),
for all n > ng. Passing to the limit with n — oo we obtain
ue > ugp  in RV {0}.
Now, letting € \, 0 we deduce
u>u,p inRY\{0}. (5.77)

Next, consider the spherical average i of u as defined in (5.22). Then

lim ~2i(r) = lim AV 2 = 5.78

Jim a(r) Jim Uap(r) = a, (5.78)
lim i(r) = lim u,;(r) = b. (5.79)
r—yoo r—yoeo

A straightforward computation shows that

1 3
A (r) — Nl (g) = — Au(x)dx
¢ (&) ON /B(0)\Be(0) )
1
=—— xDu"P(x)dx <0,
o Br(O)\Bg(O)(P(| " (x)

(5.80)

for all 0 < € < r. From (5.80) it follows that
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(0,00) 3 r— PNl (r)  is decreasing,

so that there exists £ := lim,~ o ¥V~ 17/ (r).
By I’'Hospital’s rule and (5.78) it follows that

}{r(l)rN*Iﬁ’(r) =(=a(2—N).

On the other hand, from (5.67) we have ¢@(|x|)u~? € L'(B,(0)) for all r > 0.
Hence, passing to the limit in (5.80) with € \ 0 we obtain

erlﬁ/(r):a(Z—N)—L/ o(Jx))uP(x)dx  forall r > 0.
ON JB,(0)

A similar relation holds for u,; and using the fact that u > u,, it follows that
i@ (r) >, (r) forallr>0.
This means that i — u,, is increasing in (0,e) and so, by (5.79),
i(r) —ugp(r) < tliﬁn;(ﬁ(t) —ugp(t)) =0 forallr>0.

Hence it < u, in (0,°0) which by continuity and (5.77) implies & = u = u, . This

completes the proof of Theorem 5.17. O

Remark 21 If N = 2 then (5.3) has no C? positive solutions even for more general

nonlinearities than u~P. More precisely, if u € C*(R?\ {0}) satisfies
—Au>0, u>0 inR*\ {0},

then u is constant (see [162, Theorem 29, page 130]).

Corollary 5.20 Let oo € R, p > 0. Then, the equation
—Au=|x|%"? inR¥\{0},N >3, (5.81)
has solutions if and only if
N+o+p(N=2)>0 and a<-2. (5.82)

Furthermore, if (5.82) is fulfilled, then the same conclusion as in Theorem 5.17 holds

true and the function
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—(14p)? 1/(1+p)
60 = | oW W xer (o)
(5.83)

is the minimal solution of (5.81).

Proof. The conclusion follows directly from Theorem 5.17. Also, if (5.82) holds,
then the solution set of (5.81) consists of a two-parameter family of functions {u,  :
a,b > 0} that satisfy (5.53). It is easy to see that the function & defined by (5.83)
satisfies (5.81) and (5.54). It follows that & is the minimal solution of (5.81). O

Using the approach in the proof of Theorem 5.17, one can obtain the same struc-
ture of the solution set for (5.3) for a large class of functions ¢(|x|) having not only

a power-type behavior at zero or at infinity.

Corollary 5.21 Let a2 € R, B,p > 0 and @(r) = r*logP (1 +r). Then, (5.3) has

solutions if and only if
N4+o+B+p(N=2)>0 and o<-2. (5.84)

Furthermore, if (5.84) holds, then the solution set of (5.3) consists of a two-

parameter family of radially symmetric functions as described in Theorem 5.17.

Proof. Condition (5.84) follows directly from Theorem 5.16. For the remaining
part, let € be small enough such that 0 < € < —ot —2 and let ¢ : (0,00) — (0,0) be

a continuous function that satisfies
o(r) > o(r) forallr>0,

o(r) ~r*P asrN,0 and  @(r) ~r*T asr—eo.

The construction of the minimal solution & of (5.3) is obtained by considering
the sequence {&,} where &, satisfies (5.55). Since ¢ satisfies the condition (5.43),
there exists a function U : RV \ {0} — (0,c0) with the property

—AU > ¢(]x)UP(x), U >0  inRY\ {0},
Ux)—0 as |x| — oo,

XN 2U (x) = 0 as |x| — 0.
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Further, from ¢ > ¢ in (0,0) we deduce that &, < U in RV \ {0} which implies that
& (x) :=lim, . €y (x), x € RV \ {0} is well defined and it is the minimal solution of
(5.3).

The construction of the two-parameter family of solutions to (5.3) is the same as
in Step 2 of Theorem 5.17. We next show that this is the whole solution set of (5.3).
Using the fact that @(|x|) > ¢[x|*P in B, \ {0} and @(|x|) > c[x|* in RN \ B} (0),
with the same argument as in the proof of Step 3 in Theorem 5.17 we obtain the

existence of a positive constant C > 0 such that any solution u of (5.3) satisfies
u(x) > Clx|>ToB)/0+P) forall x € By (0)\ {0} (5.85)

and
u(x) > Clx|#/0+P) forall x e RV \ B, (0). (5.86)

Using (5.85) we have
—Au(x) = @(|x))u™? < |x|*Pu=P < c|x|(@HB2P)/(4P) < x|V ag |x| — 0.
Now with the same method as in Lemmas 5.18 and 5.19 we find
‘)lc‘igo XN 2u(x) = a.

Next, if u. is the Kelvin transform of u as defined in (5.45), by (5.86) we have

—Au, = |x| 2N PN (ﬁ) u, P (x)
X
< Clx|N=2F0)/(14P) o 0P (1 + |]—|)
- X
<Clx[™ inB,(0)\{0}.

This yields (5.74) and then (5.75). From now on, we proceed exactly in the same
way as we did in the proof of Theorem 5.17. (]

With the same arguments we have.
Corollary 5.22 Let x € R, B1,B2,...,Bm,p > 0 and
o(r) =r*logP (1 +1logP (14 +1ogP (1+7))...), t>0.

Then, (5.3) has solutions if and only if



5.6 Application to Singular Elliptic Systems in Exterior Domains 203

Nto+Pit+pPot-+Bntp(N-2)>0 and o<-2. (5.87)

Furthermore, if (5.87) holds, then the solution set of (5.3) consists of a two-

parameter family of radially symmetric functions as described in Theorem 5.17.

5.6 Application to Singular Elliptic Systems in Exterior Domains

Let £ be an exterior domain (that is, RV \ Q is bounded) in RV, N > 3, that does
not contain the origin. In this section we study the existence of C? solutions to the

elliptic system

{—Au:f(|x|,v),u>0 in Q,
(5.88)

—Av=g(|x,u),v>0 in Q,
where f,g € C(0,0) are positive functions such that
(A)  forall r > 0 the mappings f(r,-) and g(r,-) are nonincreasing and convex.

Our first result concerns the case where €2 is nondegenerate with respect to the

origin.

Theorem 5.23 Assume B,,(0) C RN\ Q for some ry > 0. Then system (5.88) has

solutions if and only if there exists ¢ > 0 such that
/ rf(r,c)dr <e and / rg(r,c)dr < eo. (5.89)
J1 J1

Proof. Assume that (5.88) has a solution (u,v) and let w = u +v. Adding the two

equations in (5.88) we have
—Aw > f(|x|,w) inQ, (5.90)

—Aw > g(Jx|,w) in Q. (5.91)

Fix R > 0 such that RV \ Q C B(0,R) and let w(r) be the average of w on B(0,r),
r > R, that is,

1
N GNVNfl

w(r) ./83,(0) w(y)do(y) forallr >R, (5.92)

where o denotes the surface area measure in RY and oy = (9B (0)). A straight-

forward computation using Green’s formula yields
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e 1 / ow B 1 /
w(r)= T g0 3V (x)do(x) = e Br(o)Au(x)dx, (5.93)

where v, represents the outer unit normal at dB,(0).

Averaging (5.90) and using Jensen’s inequality, we find

- {w”(r) + N- lvT/(r)} > f(r,w(r)) forallr>R. (5.94)
r
Let now
20)=w(r), t=r"N
From (5.94) we find
" L aN—1)/@=N) #/,1/(2-N)
_ > -
Z (t)_ (N*Z)Zt f(t ,Z(t))7

forall 0 < ¢ < T :=R>N. Since v is concave and positive, v is bounded from above

by a constant ¢ > 0 for 0 < ¢ < T. Hence
—Z'(1) > cPN=D/CN) (/RN oy forall0 < p < T.
Integrating this inequality twice we find
T
oo > / Z(t)dt —TZ(T)
0
T T
> C/ / s?N=D/C=N) £ C=N) o) dsdt
0 Ji
_ C/T SIH2N=D/QN) p(g1/2N) 03 g
0
= (N—Z)C/ rf(r,c)dr.
R

Proceeding in the same way with v from (5.91) we deduce the second estimate in
(5.89).

Assume now that (5.89) holds for some ¢ > 0 and let us prove that (5.88) has
solutions. More precisely, we shall construct a radially symmetric solution (u,v) of
(5.88) in the larger exterior domain RV \ B, (0).

Let A, B > 0 be such that

A>c+/ rf(r,c)dr and B>c+/ rg(r,c)dr. (5.95)
o o

Consider f,&: (0,00) x R — (0,0) defined as
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B f(re) forv<c
{f(r,v) forv>c¢

g(rne) foru<c

and g(r,u) = {

g(ru) foru>c.

Foralln>1 let
r 1 -
() =A— [N [V s )dsdr, rzn, 596
ro ro

and
r 5
v,,(r):B—/ tlfN/ stlg(s,u,,,l(s))dde r>ro, (5.97)
ro o

where uy = A, vo = B. Remark first that {u,} and {v,} are well defined. Indeed,

from Lemma 5.6(iii) we have
r 1 -
uy(r) ZA—/ tlfN/ sV F (s, ¢)dsdt
o o
oo t
>A— tlfN/ sV f(s,¢)dsdt
1 1o
:A—/ rf(r,c)dr > c,
o

and similarly v, > ¢ for all n > 0. It follows that u, and v, satisfy (5.96) and (5.97)
with f and g instead of f and g respectively. Further, it is easy to see that i, (r) <0
and v),(r) < 0 for all r > ry. A straightforward induction argument yields u, 11 < u,
and v,; < v, for all n > 0. Here, there exists u(r) := lim,_ . u,(r) and v(r) :=

limy, oo vy (1), ¥ > rp. Passing to the limit in (5.96) and (5.97) we obtain

r 1
u(r) :Af/ tlfN/ sNLf(s,v(s))dsdt, 1> ro,
o o

r 't
v(r):B—/ tlfN/ sV g(s,u(s))dsdt, r>ry.
ro ro

Hence U (x) = u(|x|), V(x) = v(|x|) is a solution of (5.88) in RV \ B,,(0).
This finishes the proof of Theorem 5.23. O

Remark 22 If f has separable variables, we do not require f(r,-) to be convex.
Indeed, if f(r,v) = a(r)b(v) with a,b € C(0,) positive and b decreasing, we can
always find h € C(0,0) convex and decreasing such that b > h > 0 in (0,0). From
(5.90) we deduce —Aw > a(|x|)h(v) in Q and we follow the same arguments as
above (with f(|x|,v) replaced by (alx|)h(v)). In particular, if both f and g have

separable variables we can remove the convexity assumption in hypothesis (A).
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We are next concerned with the case where £ = R\ {0}. In this case we have:

Theorem 5.24 Let Q = RN\ {0}.
(i) The system (5.88) has solutions if and only if (5.89) together with

S -1
/0 N (rer*™M)dr <o and /0 Mg (rerr™)dr < o (5.98)
hold.

(ii) The system (5.88) has solutions which are bounded in the neighborhood of the

origin if and only if the following (stronger) condition holds

/ rf(rc)dr <e and / rg(rc)dr < oo, (5.99)
0 0
for some ¢ > 0.

The proof of Theorem (5.24) relies on that of Theorem (5.23). To derive condition
(5.89) we use the Kelvin transform.

Proof. (i) Assume first that (5.88) has a solution (u,v) in = RN\ {0}. Since
(u,v) is also a solution of (5.88) in RY \ B,(0) by Theorem 5.23 it follows that
(5.89) holds. Next, to deduce (5.98) let u, and v, be the Kelvin transforms of «# and

v respectively, that is

e (x) = x>V (ﬁ) , xeRY\ {0}, (5.100)
ve(x) = x> My (ﬁ) , x€RN\{0}. (5.101)

Then u, satisfies

X

) = N

I Y e
= b f<|x|’” |x|2>)

=[x Nf (i,v*(x)) in RV \ B{(0).

Jx

N———

Similarly v, satisfies

—Av,(x) = x| * Vg (ﬁ,m(x)) in RV \ B;(0).
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Hence, (u,,v,) are solutions of

—Au, = |x|7FNf (m,v*> in RV \ B;(0),
1

—Av, = x| 2 Ng <ﬂ,u*> in RV \ B (0).
X

Since the mappings

Flry)=r2 N2, nv>0

(5.102)
g(ru) = riZ*Ng(rfl,erzu), ru>0

satisfy the assumption (A), by Theorem 5.23 we find
/ TN FE etV ) dt < o and / 1 Ne (7 etV dr < oo,
1 1

for some ¢ > 0. Now the change of variable # = r~! leads us to (5.98).
Assume now that (5.89) and (5.98) hold. Note that by letting ¢ > 1 large enough,

we can assume the same value for ¢ in all the above integrals. Let
up(r) =vo(r) =c+cr* ™
and for all n > 1 define
n(r) = 1o (r / /! N/ N1 f(s vy (s))dsdi, 1> 0, (5.103)
and

v,,(r):vo(r)+/rtlfN/tstlg(s,u,,,l(s))dsdt, r>0. (5.104)
r ry

Let us first remark that {u,} and {v,} are well defined. Indeed, since u, > uy and

vp > Vg, by Lemma 5.6(ii) and (5.98) we have
oo t
/ tlfN/ sV (s, v 1 (5))dsdt
r 0

§/mtlfN/lstlf(s,vo(s))dsdtJr/wtlfN/tstlf(s,vo(s))dsdt
_N Z/XN fscs )ds+/ tf(t,c)dt < oo.

Using the fact that u; > up and v; > vy we have
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vo<wva<vy and up<up <u.
Further iterations imply
vo <vay Svapa <vioand  up Suppyy Suppo1 S oug,
for all n > 1. Thus, there exists

u(r) = ,}ijluz"*l(r)’ v(r)= }gIEOVZn(r),r > 0.

Using (5.103) and (5.104) we find

u(r):uo(r)+/wt“N/tW*lf(s,v(s))dsda r>0,

v(r) =vo(r) +/rrtlfN/rlstlg(s,u(s))dsdt, r>0.

It is now easy to check that U(x) = u(|x|) and V(x) = v(|x|), x € RV \ {0} is a
solution of (5.88).

(ii) Let (u,v) be a solution of (5.88) such that u,v < M in B1(0) \ {0} and let
i1, v be the spherical average of u and v respectively. Then ii(r),v(r) < M for all
0 < r < 1. In the same manner as for (5.94) we find
N-1

r

B [ﬁ”(r) + @(r)| > f(r,M) forallr>0,

which yields
— (@Y > AN (M) >0 forall0 < r < 1. (5.105)
In particular (0,1] > r +— r¥=1i#(r) is decreasing.

Claim: ii' (r) <0forall 0 < r < 1.

Assume by contradiction that &' (R) > 0 for some 0 < R < 1. Since V'’ is

decreasing, it follows that
@ (r) >RV (RN forall0 < r <R.
Integrating the above inequality on [, R] we find

<
N—2r forall0 <r <R,

i(r) <ia(R)-—
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where C = RV~'i (R) > 0. The above estimates yield ii(r) — —oo as r — 0, which

is impossible, since it > 0. Thus, the claim is proved.

Since rV=1i7(r) is decreasing and negative in a neighborhood of the origin, there

exists £ = lim,_,q+ ¥V~ (r) < 0. Integrating in (5.105) we find

,
—i'(r) > f€r17N+r17N/ S(s,M)ds
0
.
> rHV/ F(s,M)ds forall0<r<1.
0

A further integration over [r, 1] in the above estimate produces
o] ot
M > a(l)—a(r) > / N / F(s,M)dsd,
Jr JO

for all 0 < r < 1. Hence, fol t'=N |3 f(s,M)dsdt is convergent which by Lemma
5.6(1) yields jol rf(r,M)dr < e. This final estimate compounded with (5.89) yields
(5.99).

For the converse part, assume now that (5.99) holds for some ¢ > 0. We follow
step by step the proof of the second part in Theorem 5.23 in which rg = 0. This

concludes the proof. O
From Theorem 5.24 we deduce:

Corollary 5.25 Let p,q > 0 and o, 3 be real numbers. Then the system
—Au=|x|*v P, u>0 in RV \ {0},
—Av=|xPu?, v>0 in RV \ {0},

has solutions if and only if o, B < —2 and
N+oa+p(N-=2)>0,N+B+p(N—-2)>0.

Corollary 5.26 Let p,q > 0 and o, B be real numbers. Then the system

{Au =% """, u>0  inRV\{0},
—Av=|xPe""  v>0 in RV \ {0},

has solutions if and only if =2 > o, § > —N.
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Corollary 5.27 Let p,q > 0 and o, B be real numbers. Then the system
—Au=(|x|4+v)"7,u>0 in RV \ {0},
{ —Av=(xP+u)",v>0 in RV\ {0},
has solutions if and only if

2 2
o>—, B>-.
p q



Chapter 6
Two Quasilinear Elliptic Problems

Science never solves a problem
without creating ten more.

George Bernard Shaw (1856-1950)

6.1 A Degenerate Elliptic Problem with Lack of Compactness

6.1.1 Introduction

In the last few decades, many researchers have been concerned with the study of

degenerate elliptic problems. We start with the following example

{div(a(x)vu)+f(“) =0 in Q, (6.1)

u=0 on dQ,
where (2 is an arbitrary domain in RN (N > 1), and a is a nonnegative function
that may have “essential” zeros at some points or even may be unbounded. The
continuous function f satisfies f(0) =0 and zf(¢) behaves like |¢|? as |t| — oo, with
2 < p < 2%, where 2* denotes the critical Sobolev exponent. Notice that equations of
this type come from the consideration of standing waves in anisotropic Schrodinger
equations (see [34, 117,181, 185,200]). Equations like (6.1) are also introduced as
models for several physical phenomena related to equilibrium of anisotropic media
which possibly are somewhere “perfect” insulators or “perfect” conductors (see
[57], p- 79). Problem (6.1) has also some interest in the framework of optimization

and G-convergence (see, e.g., [78] and the references therein).

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 211
DOI 10.1007/978-3-642-22664-9_6, (©) Springer-Verlag Berlin Heidelberg 2012
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Classical results (see [7, 168]) ensure the existence and the multiplicity of pos-
itive or nodal solutions for problem (6.1), provided that the differential operator
Tu := div (a(x)Vu) is uniformly elliptic. Several difficulties occur both in the de-

generate case (if i?zf a = 0) and in the singular case (if sup a = +oo). In these situ-
Q

ations the classical methods fail to be applied directly so that the existence and the
multiplicity results (which hold in the nondegenerate case) may become a delicate
matter that is closely related to some phenomena due to the degenerate character
of the differential equation. These problems have been intensively studied starting
with the pioneering paper by Murthy and Stampacchia [145] (see also [41,71, 156],
as well as the monograph [186]).

A natural question that arises in concrete applications is to see what happens
if these elliptic (degenerate or nondegenerate) problems are affected by a certain
perturbation. It is worth pointing out here that the idea of using perturbation methods
in the treatment of nonlinear boundary value problems was introduced by Struwe
[187].

Our aim in this chapter is to study the following degenerate perturbed problem

—div (|x|2Vu) = K(x)|x| PP |u|P2u+Ag(x) inRY, (6.2)
where
N-2 2N
i) ifN>3: —o _, b landp=————.
1) if N > <a< 2 a<b<a-+1landp N-2120b—a)

2
(i) ifN=2: ~<a<0.a<b<atlandp= "

1 1
(i) if N=1: foo<a<—§,a+§<b<a+1and17:—71+2(b,a)~

Equation (6.2) contains the critical Caffarelli-Kohn—Nirenberg exponent p (see
Appendix A) defined as in (3.108). In this critical case, some concentration phenom-
ena may occur, due to the action of the noncompact group of dilations in R". The
lack of compactness of problem (6.2) is also given by the fact that we are looking
for entire solutions, that is, solutions defined on the whole space.

The reason for which we choose the parameters a, b, and p in the above range

has to do with the Caffarelli-Kohn—Nirenberg inequality (see Appendix A):

1/2

1/p
( /R N|x|b”|u|”dx) gca,,,( /R N|x|2a|Vu|2dx) , 63)
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forallu € Cg (RY). We point out that the inequality (6.3) also holds true for b = a+ 1
(if N > 1) and b = a if N > 3) but, in these cases, the best embedding constant C, j,
in (6.3) is never achieved (see [36] for details).

Throughout this chapter, the function K is assumed to fulfill:
(K1) KeL=(RN),
(K2)  esslimyy_K (x) = esslimy,_,..K (x) = Ko € (0,0) and K (x) > Kp a.e. in R”,
(k3) meas({xeR":K(x) > Ko}) > 0.

The Palais—Smale condition (PS) plays a central role when variational methods
are applied in the study of problem (6.2). In this chapter, we establish the existence
and the multiplicity of nontrivial solutions of (6.2) with A > 0 sufficiently small,
in a case where the (PS) condition is not assumed even for A = 0. More precisely,
we will show that there exists at least two weak solutions of (6.2) for g # 0 in
an appropriate weighted Sobolev space and A > 0 small enough. Our proof relies
on Ekeland’s variational principle and on the mountain pass theorem without the
Palais—Smale condition (in the sense of Brezis and Nirenberg, see [29]), combined
with a weighted variant of the Brezis—Lieb lemma.

The natural functional space to study problem (6.2) is Ha1 (RM), defined as the

completion of C’(RY) with respect to the norm

1/2
]| = </RN |x|2“|Vu|2dx> . (6.4)

It turns out that H} (R") is a Hilbert space with respect to the inner product
(u,v) = /N |x|72Vu-Vvdx, Yu,veH(RY).
R

It follows that (6.3) holds for all u € H} (R"). Also we have

ey e il
Hy (RY) = G5 (R¥\ {0}) ", (6.5)
where || - || is given by (6.4). Let || - || _; denote the norm in the dual space H, ' (RV)
of H! (RV).
Throughout this chapter we suppose that g € H, '(RV)\ {0}.
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For an arbitrary open set Q C R, let LZ (Q) be the space of all measurable real

functions u defined on € such that / |x| 727 [u|Pdx is finite. By (6.3) it follows that
Q

the weighted Sobolev space H} (£2) is continuously embedded in L (£2).

Definition 6.1 We say that a function u € H)(RN) is a weak solution of problem

(6.2)if
/ |x|72“Vu-Vvdx—/ K(x)|x|7bp|u|”72uvdx—l/ g(x)vdx =0,
JRN RN JRN

forallu e Cy(RN).

Obviously, the solutions of problem (6.2) correspond to critical points of the

energy functional

1 ) 1 )
JA(M)ZE/RN x| 2“|Vu|2dxf;/RNK(x)|x| bp|u|de77L/RNg(x)udx,

where u € H} (RV).
Our main result is the following.

Theorem 6.2 Suppose that assumptions (K1), (K2), (K3) are fulfilled and fix g €
H, '(RN)\ {0}. Then there exists Xy > 0 such that for all A € (0, 2), problem (6.2)

has at least two weak solutions.

Since the embedding H} (RY) — LI'(RY) is not compact, the energy functional
J, fails to satisfy the (PS) condition. Such a failure brings about difficulty in apply-
ing a variational approach to (6.2). Furthermore, since g # 0, then 0 is no longer a
trivial solution of problem (6.2) and, therefore, the mountain pass theorem cannot be
applied directly. We obtain the first solution by applying Ekeland’s variational prin-
ciple. Then, the mountain pass theorem without the Palais—Smale condition yields
a bounded Palais—Smale sequence whose weak limit is a critical point of J;. The
proof is concluded by showing that these two solutions are distinct because they

realize different energy levels.

6.1.2 Auxiliary Results

Define the functionals Jo,7 : H!(RY) — R by
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| 1 r
ofa) = 5 [ Ve K .

1 " 1 "
z(u)zE/N|x|*2“|vu|2dx——/NK0|x|*bP|u|de.
R P JR

The Caffarelli-Kohn—Nirenberg inequality (6.3) and the conditions (K1), (K2) im-
ply that the functionals J;, Jo, and I are well defined and J;,Jo, € C' (H}(RV),R).

Remark 23 IfQ C RY is a smooth bounded set such that 0 & Q then, by the Sobolev

inequality, we have
. 1/p
C (/ |u|pdx>
Q

. 1/p
([ eriupa)
Q
1/2
§C2(/ |Vu|2dx>
Q
1/2
< [ wrwatar)
Q

for all u € H)(Q). It follows that H) () is compactly embedded in L (<2).

IN

Remark 23 implies that if {u,} is a sequence that converges weakly to some ug
in H!(RV) then {u,} is bounded in H!(R"). Therefore, we can assume (up to a

subsequence) that
uy = up in Ly (RN\{0}) and u, —up ae.in RY. (6.6)

Definition 6.3 Let X be a Banach space, F : X — R be a C' —functional and ¢ be
a real number. A sequence {u,} C X is called a (PS). sequence of F if F(u,) — ¢
and ||F'(un)||x+ — 0.

Our first result shows that if a (PS), sequence of J), is weakly convergent then its

limit is a solution of problem (6.2).

Lemma 6.4 Let {u,} C HI(RN) be a (PS),. sequence of I, for some ¢ € R. Suppose
that {u,} converges weakly to some ug in H) (RN). Then ug is a solution of problem
(6.2).

Proof. Let ¢ € Cy (RN \ {0}) be an arbitrary function and set €2 := supp¢. Since
J5 (un) — 0 in H, ' (RY) we obtain (J} (1), @) — 0 as n — e, that is,
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lim (
n—soo

/ |x|72“Vu,,-V¢dx—/ K(x)|x|7b”|u,,|p72u,,¢dx—l/ g(x)¢dx) =0.
Q Q

Q
(6.7)
Since u, — ug in H}(RV), it follows that
lim / x| 2*Vu, - Vo dx = / x| 2*Vug - Vo dx. (6.8)
n—e /0 Q

The boundedness of {u,} in H!(R") and the Caffarelli-Kohn-Nirenberg in-
equality imply that {|u,|”~%u,} is bounded in LZ/’FI(]RN). Since |un|”2u, —
lug|P~%up a.e. in RN (which is a consequence of (6.6)), we deduce that |ug|P~2u
is the weak limit in LZ/ p-1 (RN) of the sequence {|u,|”~2u, }. Therefore

lim [ K(x)|x| 707 )P 2u, ¢ dx = /QK(x) x| 2P |uo P~ 2up ¢ dx. (6.9)

n—eo /O

Consequently, relations (6.7), (6.8), and (6.9) yield
/ x| 2*Vug - Vo dx — / K (x)|x| 2P [uo|P~*uod dx — /'L/ g(x)pdx=0.
Q Q Q

By virtue of (6.5) we deduce that the above equality holds for all ¢ € H!(R") which

means that J (uo) = 0. The proof of our lemma is now complete. [

The next result is a weighted variant of the Brezis—Lieb lemma (see [27]).
Lemma 6.5 Let {u,} be a sequence which is weakly convergent to ug in H! (RV).
Then

lim K(X)IXI*"”(IunI”*Iun*uo|">dx:/RNK(X)|X|7"”|uo|”dx-

n—eo JRN

Proof. Using the boundedness of {u,} in H}(R") and the Caffarelli-Kohn—
Nirenberg inequality, it follows that the sequence {u,} is bounded in L} (RM).
Let € > 0 be a positive real number. By (K1) and (K2), we can choose Rg > re >0
such that
/ K| luo|P dx < & (6.10)
[x|<re

and
/ K(x)|x| 7P |up|P dx < €. (6.11)
[X|>Re

Denote Q, := B(0,R;) \ B(0,r). We have
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LK o~ ol = s~ )

’/ K07 (un]? = [uo]?) dx| + /K V|2 [t — o |P dx

# [ KON s | [ KWWl - ol
re
[x|<re
b [ K@ paxe | [ KR (ol = ) d
x| >Re ‘

By the Lagrange mean value theorem we have
/ K ()2 ™" (Jun|” — s — uo|) dx
[x|<re

(6.12)
:P/‘ _,, K@ 10u0 (s —uo) " uo|
X|<rg

where 0 < 6(x) < 1. Next, we employ the following elementary inequality: for all

s > 0 there exists a constant ¢ = ¢(s) such that
(x+y)' <c(x*+y*), forany x,ye€ (0,0).
Then, by Holder’s inequality and relation (6.10) we deduce that
/m<r K ()™ Outg + (1 — )| o dix
Sc/||< K@) |7 (Juto]P + |ty — o] o] dx

:c/ K()x| 7 \u0|de+c/ KOO x| [t — wt0]P 1o | dx
|x|<re [x[<re

. (p=1)/p
Sce—i—c(/ K(x)\x|7bp|un—uo\pdx>
x|<re

. 1/p
. ( /‘ | K(x)|xrbp|u0|f'dx)
x| <re

<ci (e+€'P),

where the constant ¢ is independent of n and €. Using relation (6.12) we have

[ K P | [ KGR Gl )
x| <re b <re (6.13)

< péi(e+e'/P).

In a similar manner we obtain
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[ KOs | [ KRl ) dx
SR (6.14)

<p&(e+elr).

Since u, — ug in H}(RN), relation (6.6) yields

tim [ K@) (fua]? — uol?) dx =,
n—e J Q.

(6.15)
lim/ K (x)|x| 707 |y, — uo|? dx = 0.
n—e [,
Now, by (6.13), (6.14), and (6.15) we find
limsup / K()[x| 27 (Jun]? = [tto]” — |t — uo|P) dx| < (pC+1) (e +£'7).
n—yoo RN

Since € > 0 is arbitrary, it follows that

lim K(X)IXIJ”’(IunI”*Iun*uo|p>dx:/RNK(XNXW’”IuoI”dx-

n—eo JRN

This concludes the proof. 0O

Lemma 6.6 Let {v,} be a sequence which converges weakly to 0 in H} (RN). Then
the following properties hold true

lim [J; (vi) = I(vy)] =0,

n—yoo

lim [(J5 (vn),va) — (' (Vi) ,va)] = 0.

n—soo
Proof. A straightforward computation yields

T =10m) == [

5 o (KGO = Kol P |y, |P dx — A / X)vndyx,

W n)ov) = (0 On)ov) = [ (KE) =Kol 7 ol ds =2 [ s(wad.

Since v, — 0 in H}!(RV), it follows from the above equalities that it suffices to prove
that
lim [ (K(x)— Ko)|x| %7 |va|P dx = 0. (6.16)

n—eo RN

Fix € > 0. By our assumptions (K1) and (K2), there exists R > re > 0 such that

|K(x) —Ko| =K(x) — Ko <& forae. xecRV\Q,
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where Q¢ = B(0,R;) \ B(0,r¢). Next, we have

[ (K0 = Kol v

[ (&) Ko b”|vn|”dx+/ — Ko) x| 07 v dx
RV\Q;

<e [ W mlrds+ (1K)~ Ko) / - bp|vn|1’dx
RN\ Q, Q¢

e [ x| jvlP dx+ (HKHw—Ko)/ PR
RN Q

Since v, — 0 in H!(RY), the Caffarelli-Kohn-Nirenberg inequality implies that
{vy} is bounded in L (RY). Moreover, by (6.6), it follows that v, — 0 in L | (RV\
{0}). The above relations yield

limsup [ (K(x) — Ko)|x| b7 |v,|P dx < Ce

n—eo JRN

for some constant C > 0 independent of n and €. Since € > 0 was arbitrarily chosen,

we conclude that (6.16) holds and the proof of Lemma 6.6 is now complete. O

Lemma 6.7 There exists Ay >0 and R = R(Ay) > 0 such that for all » € (0,), the

functional J), admits a (PS).,, sequence with c ; = ¢ 3(R) = inf J; (u). More-

C
0. u€Bp

over, ¢y ;. is achieved by some uy € H) (RN) with J} (ug) = 0.

Proof. Fix 4 € (0,1). For all u € H}(RN), the assumption (K ) and the Caffarelli—
Kohn—Nirenberg inequality imply

<>:—||u||27—/ K~ Jul? dx — /1/ Dudx

HKHw
|| (= Clpllull” = Allgll 1l
o’ + B2
We now apply the inequality af < 7 for any o, 3 > 0. Hence
HKHw A
Jp(u) = || (= 5,b||M||”*5||g||31- (6.17)

Since p > 2 and the right-hand side of (6.17) is a decreasing function on A, we find
A1 >0and R=R(A;) >0, 6 = 6(A1) > 0 such that

Iy (u) > ,%|‘g|‘%17 forall u€ Bg and A € (0,1) (6.18)
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and
Jy(u)>06>0, forall uedBg and A € (0,4). (6.19)

For instance, we can take

1 -2
N (1 1>2 1 [
1= a2 A5 2o o -=
220gl2, \2 p)"’ 2|IK]|<Cy,
and L(p-2)
.
1—11 A«l 2
R:= s 0(A) = llglln-
IK[l-C7, 2 =

Using now the estimate (6.17), we easily deduce (6.18) and (6.19).
Next, we define ¢ 3 := co 2 (R) = inf{J; () : u € Bg}. We first note that ¢, <

J;(0) = 0. The set Bg becomes a complete metric space with respect to the distance
dist(u,v) := ||u—v||,  forany u,v € Bg.

The functional Jj, is lower semicontinuous and bounded from below on Bg. Then,

by Ekeland’s variational principle, for any positive integer n there exists u,, such that
1
cop < I (un) <cop+ - (6.20)

and
1 _
T3 (W) = J3 (un) = [l —wl[,forall w e Bg. (6.21)

We first show that ||u,|| < R for n large enough. Indeed, if not, then ||u,| = R for
infinitely many n, and so (up to a subsequence) we can assume that ||u,|| = R for
all n > 1. It follows that J (#,) > 6 > 0. Using (6.20) and letting n — oo, we have
0> cpy > 6 >0, which is a contradiction.

We now claim that J} (u,) — 0 in H, ' (RV). Fix u € H}(RV) with ||u|| = 1 and
let wy, = u, + tu. For some fixed n, we have ||wy|| < ||ug|| +1 < Rif £ > 0 is small

enough. Then relation (6.21) yields
t
Tt 1) 2 J3 () = = ],

that is,

1 1
>~ =
n n

Sy (un + 1) — Jp, (un)
t
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1
Letting # \, 0 it follows that (J (u),u) > ——. Arguing in a similar way for ¢ 0,
n
1
we obtain (J} (uy),u) < —. Since u € H}(RY) with [|u|| = 1 has been arbitrarily
n

chosen, we have

1
75 (un)|| = sup |(J5 (un),u)| <= =0 as n— oo,
ueH} (RV),[lul|=1 "

We have proved the existence of a (PS)
H}(RY) with

co,, Sequence, that is, a sequence {u,} C

Do (tn) — o and  Jj(un) — 0 in H)(RY). (6.22)

Since ||un|| < R, it follows that {u,} converges weakly (up to a subsequence) in
H} (R") to some uy. Moreover, relations (6.6) and (6.22) yield

Uy —ug in HN(RY), up — up  ae.in RY (6.23)
and
J (o) = 0. (6.24)

Next, we prove that J; (ug) = ¢y ;. Indeed, using relations (6.22) and (6.23) we

have
o(1) = (J; (un), un)
:/ |x|72“|Vu,,|2dx—/ K(x)|x|7b”|u,,|”dxf/1/ g(x)uy, dx.
RN RN RN

Therefore
11 ot g R
I (uy) = 5—1—7 /RNK(X)|X| |14 | dx—E/RNg(x)u,,dx—i—o(l).
Hence
J (1LY [k “bPyolPd A d 1
aw)= (5 ) [ KR ol =5 [ atuodo(1).

Fatou’s lemma and relations (6.22), (6.23), (6.24) imply
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co.2 = liminfJy (un)

l_l ‘ =bpy,, P _&/
> (2 p) /RNK(X)lx| |uo|? dx 5 RNg(x)uodx
= J; (uo).

Thus, cg 5 > J; (uo). On the other hand, since ug € Bg, we deduce that J) () > ¢ 4,
50 J;, (ug) = cg - This concludes the proof of Lemma 6.7. O

6.1.3 Proof of the Main Result

Define
S ={uec HIRM\ {0} : (I'(u),u) =0}.

We claim that .# # 0. For this purpose we fix u € H} (RV)\ {0} and set, for any
A >0,

‘P()L):(I’()Lu),)tu):kz/ |x|72“|Vu|2dx77L”/ Kolx| ™7 |u]? dx.
RN RN

Since p > 2, it follows that ¥(4) < 0 for A large enough and ¥ (1) > 0 for A
sufficiently close to the origin. So, there exists A > 0 such that ¥ (1) = 0, that is,
Auc.?.

Proposition 6.8 Let L. := inf{I(u) : u € ./'}. Then there exists it € H}(RV) such
that
L. =1(it) = supl(tii). (6.25)

t>0

Proof. For some fixed ¢ € H! (RV)\ {0} denote

50 =100)="5 [ W woPac-"2w [ rigpan
We have
PO =t [ VP dx— Kot [l gl d
Then f attains its maximum at

1/(p—2)
[, voPas

[ Kolal 7117 dx
RN

to=10(9) =
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Hence
p/(p-2)
11 /RN | 72| Vg dx
fto) =1(to¢) = supl(t¢9) = (5__) -
t>0 p L
(b rlolax)
RN
It follows that
1
inf supl(r9) = (1 - —) [S(a, b))/ P2, (6.26)
9EH (RV)\{0} 120 2 p
where
[ 72 vo P x
S(aa b) = inf RN (627)

peryE N} |/ r . 2/p
“ (/. ab-riolax)

We now easily observe that for every u € . we have 7p(u) = 1. So, by (6.26), it
follows that
I(u) =supl(tu), forall ue.”. (6.28)

>0
By Remark A.1 in Appendix A, the infimum in (6.27) is achieved by a function
U € HY(RY) such that [y Ko|x|?P|U|Pdx = 1. Letting i = [S(a,b)]l/(”fz) U, we

see that iz € . and
(i) = (% - %) [S(a,b)]P/P~2) (6.29)

Relations (6.28) and (6.29) yield
I = inf [
ulély (M)

= inf sup/(tu)

ucs >0

Y

inf sup/(tu)
ueH} (RV)\{0} 1>0
1 1 . _
B (5 B ;) [S(a,b))""" = 1(a).

which concludes our proof. O

Proposition 6.9 Assume that {uy,} is a (PS). sequence of J, which is weakly con-
vergent in H} (RN) to some ug. Then the following alternative holds: either {u,}

converges strongly in HI(RN), or ¢ > J; (ug) + Io.
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Proof. Since {u,} is a (PS), sequence and u, — ug in H} (RY) we have
Ja(un) =c+o(1) and (J; (uy),un) = o(1). (6.30)
Denote v, = u, — ug. It follows that v, — 0 in H} (R") which implies

lim x| 724Vv,, - Vugdx = 0,
n—eo JRN

r}gg - g(x)vydx=0.

The above relations imply
etnl* = lluo® + Ivall® +o(1),
Jy(vn) = Jo(vn) +o(1).

(6.31)

Using Lemmas 6.4 to 6.6 and relations (6.30), (6.31) we deduce that

o(1)+c=Jy(up) =y (uo) +J5 (vn) +0(1) =y (o) +1(vy) +0(1),  (6.32)

o(1) = (J; (un), un)
(/3. (u0), o) + (73 (va), v+ 0(1) (6.33)

= (I'(va),vn) +o(1).
If v, — 0in H!(RN) then u, — ug in H!(RV). It follows that J; (ug) = Tim 3 (uy).

If the sequence {v,} does not converge strongly to 0 in H! (RV), then, since v, — 0

in H} (RY), we can assume (up to a subsequence) that [|v,|| — [ > 0.
By virtue of (6.32), it remains only to show that I(v,) > I. + o(1). Taking t > 0
we have
W evtvn) =7 [ 12V Pav= oKy [ P
RN RN
If we prove the existence of a sequence {t,} C (0,e0) with #, — 1 and (I'(t,v,),

tavn) = 0, then t,v, € .. This implies that

—12 1—¢

1) = I(tyv) + =2 |, |2 —
=1I(tyvy) +0o(1) > L.+ 0(1),

Ko/ 1|2 vl dx
RN

and the conclusion follows. For this purpose, we denote

o= [ VP dx = [ > 0,
RN
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B, — Ko/ x|~ v |P dx > 0,
RN
Hpn = O — ﬁn-
From (6.33) it follows that i, = (I'(v,),vn) — 0 as n — oo, If u, = 0, then we take
t, = 1. Next, we assume that u,, # 0. Let § € R with |5| > 0 sufficiently small and
t=146. Then
(I'(tvn), tva) = (1+8) 0 — (1 + 8)7B,
=(148)%a, — (14 8)" (0t — )

=03,(26 — pS+0(8))+ (1+6)"u,
=0,(2—p)0+ 0(8)+ (14 8) .

Since p > 2, o, — 1> > 0 and p, — 0, for n large enough we can define 5, =

2 2
2kl and 5, = —ﬂ. It follows that

on(p—2) o (p—2)

8, N0 and (I'((1+8, )va),(1+8, )vn) <0,

S, /0 and (I'((1+6, )vn),(1+8, )va) <O.

From the above relations we deduce the existence of some #, € (1+6,,1+ ;")

such that 7, — 1 and (I'(t,vy),4,vs) = 0. This concludes the proof. O

We now fix iz € H!(RV) such that (6.25) holds. Since p > 2, there exists 7 such

that
I(ti) <0, forall t>7,

Jy(ta) <0, forall ¢>7 and A >0.

Set
2 :={yeC(0,1],Hy(RY)) : y(0) =0, y(1) =i}, (6.34)
Cgi= ylengfz ilg Iy, (u). (6.35)

Proposition 6.10 There exists Ay > 0, Ry = Ro(Ao) > 0, 8 = do(Ag) > 0 such that
forall & € (0,A0), J, > 8o on dBr, and cg < ¢y ), + I, where c ; = inf J; (u).

uEBRO
Proof. By our hypothesis (K3) and the definition of  we can assume that
Jo(ta) < I(ta), forall > 0.

An elementary computation implies the existence of some fy € (0,7) such that

supJo(tit) = Jo(toit) < I(toii) < supl(tii) = ..
>0 t>0
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So, we can choose & € (0, 1) such that

supJo(tit) < L. — &. (6.36)
>0
Set
. & €
Ap:=min{ Ay, —— , . (6.37)
2 ||allllgl-1" 2llgll*,

By the above definition of Ay and applying Lemma 6.7, it follows that there exists
Ro = Ro(Ao) > 0 such that for all A € (0,A) the conclusion of Lemma 6.7 holds.
Moreover, by virtue of its proof, there exists &y = 8(A9) > 0 such that J) > & on
dBg,. Then relations (6.18) and (6.37) yield

)
cop = inf J () = =7 lgl% > —%, for all 2 € (0,2). (6.38)
MGBRO

Fixuey:={tfi : 0<r <1} € &. Then

[Jo () —Jo(u)| =2 ‘/RNg(x)udx < Af|allllgll-1 < =, forall A € (0,A).

| L

Therefore
T (u) < Jolu) + %, forall A € (0, 0). (6.39)

Using relations (6.36), (6.38) and (6.39) we obtain

¢ = inf sup J; (1) < sup Jy ()
YeEZ ucy uey

&
< sup Jo(u)+ EO < supJo(ti) +% <I.— % <o+ 2.
Uy t>0

This completes the proof. O

Proof of Theorem 6.2 continued. Consider Ry > 0 and & > 0 given by Proposition
6.10. In view of its proof, we deduce that for all A € (0, A9) the conclusion of Lemma
6.7 holds. Therefore, we obtain the existence of a solution u( of problem (6.2) such
that J3 (o) = co 2.

On the other hand, applying the mountain pass theorem without the Palais—Smale

condition, there exists a (PS)., sequence {u,} of J;, that s,

Ty (un) = cg+o(1) and Jj(uy) — 0 in H'(RY).
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Therefore

1
cg+o(1) 4 — 3 ) |1 lutnl| = T () = 5 (75 () 1)

11 , < 1)
>l =—— | lual"=A (1 —— Z1 |-
> (33 ol =) el

The above inequality shows that {u,} is bounded in H!(RY). Thus, we can assume
(up to a subsequence) that u,, — u; in Ha1 (]RN ). By Lemma 6.4 it follows that u; is
a weak solution of problem (6.2).

We claim that ug # u;. Indeed, by Proposition 6.9, the following alternative
holds: either u, — u; in H! (RY), which gives

S (ur) = lim Jy (un) = ¢g > 0 = co 5 = Iy (uo)
and the conclusion follows; or
Co = r}grolo.]x (un) > (ul) + L.

In the last case, if we suppose that u; = ug then J; (u1) = Jj (uo) = ¢o and so
cg > cp 3, + 1w, Which contradicts Proposition 6.10. The proof of Theorem 6.2 is

now complete. 0O

6.2 A Quasilinear Elliptic Problem for p-Laplace Operator

Nonlinear elliptic equations with convex—concave nonlinearities in bounded do-
mains have been studied starting with the seminal paper by Ambrosetti, Brezis and

Cerami [6]. They considered the Dirichlet problem

—Au=2ul " +uP"' in Q
u>0 in Q (6.40)
u=0 on dQ,

where A is a positive parameter,  C R" is a bounded domain with smooth bound-
ary,and 1 < ¢ <2<p<2*(2*=2N/(N—-2)if N>3,2" = if N=1,2).
Ambrosetti, Brezis and Cerami proved that there exists A9 > 0 such that problem
(6.40) admits at least two solutions for all A € (0, Ag), has one solution for A = Ay,
and no solution exists provided that 1 > Ay.
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Further, Alama and Tarantello [5] studied the related Dirichlet problem with in-
definite weights

—Au— Au=k(x)u? —h(x)u” in Q,
u>0 in Q (6.41)
u=0 on JdQ,

where A € R, Q C RY, N > 3, is a bounded open set with smooth boundary, the
functions i, k € L' (£2) are nonnegative, and 1 < p < ¢. For A € R in a neighborhood
of A; (the first eigenvalue of the Laplace operator in H(}(Q)), the solvability of
(6.41) (and corresponding multiplicities) is obtained under various assumptions on
h and k. So far, existence, nonexistence and multiplicity results depending on A and
according to the integrability properties of the ratio k”?~! /h9~! are already known.
Motivated by these results, we are concerned in this section with the existence
and multiplicity of solutions in the quasilinear case. More precisely, we consider the

problem

{div(|vu|m2w>+|u|m2u—7t|u|“uh<x>|“|”2“ in R 640

u>0, in RV

3

where Au := div(|Vu|[" >Vu) is the standard m-Laplace operator, 2 € C(RY) N
L4/ta=P)(RV) is positive, A > 0 and

2<m<g<p<m’,

with N
m .
t— m ifN>m

©o it N <m.

Without altering the proof arguments below, the coefficient 1 of the dominating
term |u|"~2u can be replaced by any function f € L*(RM) with infess || f||z~ > 0.
Hence (6.42) is the renormalized form.

In the sequel we denote by W' (R") the Sobolev space equipped with the norm

1/m
il = [ (Va4 ) )

For simplicity we often denote the above norm by ||u||.

By LY (RV), 1 < p < o, we denote the weighted Lebesgue space
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LP(RV) = {u eLL.(RY) : /N r(x)|u)Pdx < oo} , reC®¥),r>o0,
R

where r(x) is a positive continuous function on R", equipped with the norm

il = ( [, ropura)

If r(x) = 1 on R, the norm is denoted by || - || .

We are concerned with the existence and multiplicity of weak solutions of prob-
lem (6.42) in a subspace E of W!”(RY), which is defined by

E= {uer’m(RN) : /RNh(x)|u|”dx<oo}.

Then E is a Banach space if equipped with the norm

1
el = (el + ll) "
We define a weak solution of problem (6.42) as a function u € E with u(x) > 0

a.e. in RV, satisfying
/ |Vu|m72Vqudx+/ |u|™ 2 uvdx — l/ |u|?2uvdx
RN RN RN
—l—/ h(x)|u|P~*uvdx = 0,
RN

forallve E.
The main result in the present section establishes the following properties: the
nonexistence of nontrivial solutions to problem (6.42) if A is small enough; the

existence of at least two nontrivial solutions for problem (6.42) if A is large enough.
Theorem 6.11 Under the above hypotheses there exists A* > 0 such that

(i) if0 < A < A*, then problem (6.42) does not possess any nontrivial weak solu-
tion.
(ii) if A > A*, then problem (6.42) admits at least two nontrivial weak solutions.

(iii) if A = A%, then problem (6.42) has at least one nontrivial weak solution.

Before proceeding with the proof, let us outline the main ideas:
(a) There exists A* > 0 such that problem (6.42) does not have any solution
for any A < A*. This means that if a solution exists then A must be sufficiently

large. One of the key arguments in this proof is based on the assumption p > ¢. In
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particular, this proof yields an energy lower bound of solutions in term of A that will
be useful to conclude that problem (6.42) has a nontrivial solution if A = A*.
(b) There exists A** > 0 such that problem (6.42) admits at least two solutions
for all A > A**. Next, by the properties of A* and A** we deduce that A* = A**.
Proof. We shall perform the proof in several steps.
Step 1: Nonexistence for A > 0 small.
Let @, : E — R be the energy functional given by

1 A 1
@5 () = — ||l — Z[ull2+ = ||ul|? .
2 (1) = — |Ju] qHMHqupHMHM
Then @, € C!(E,R) and forall u, v € E
(@) (u),v) :/ (|Vu|m72Vqu+|u|’"72uv)dx—?t/N|u|472uvdx
R

RN
+ / h(x)|u|P~2uvdx.
RN

Weak solutions of problem (6.42) are found as the critical points of the functional
q)l in E.

Let us now assume that u € E is a weak solution of problem (6.42). Then
™ + [[uall}; , = AlJoel]E- (6.43)

Define

H= [ h(x)? =Py e RT. (6.44)
R

To proceed further, we need Young’s inequality
a BB
ab < %+— for all a,b > 0,

B

where o, B > 1 satisfy 1/a+ 1/ =1.
Taking a = h(x)?/P|u|?, b = A /[h(x)]9/?, o = p/q and B = p/(p — q), we obtain

A q P—q A r/(p—q)
< Lipa/riyayela 4 £—4 .
oy = p M (h(X)"/”)

h(x)q/ Plul?
Integrating over RY we have

Diulp + 2= 0/ (0-a) /(g-p)
Mjullg < Zllully, + =207 | b
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The above inequality and relation (6.43) imply

ul|" < lﬂkp/(pfq)/
p

- q—p
B

P (6.45)
<P 9yr/r-ay.
p

for g < p.
Since m < ¢ < m*, the Sobolev embedding W' (RN) c L4(R") is continuous,

so that there exists a positive constant C, such that
Cyllvll2 < |[v[|™  forall ve W™ (RY).
On the other hand, for |||/, > 0, it follows from (6.43) that
[l < A[[ual[-
Combining the last two inequalities we obtain
Collullz < [lul™ < A]Julls. (6.46)
Retaining the first and the last terms of (6.46) we get
(CA™ ")) < a4,
That inequality combined with (6.46) leads to
Cl(CA ™Yy < Yu ™.
By relation (6.45) and the above inequality we have
Co(C Ay a=m) < [yl < ?Al’/ (o). (6.47)

Retaining the first and the last term it follows that

)

_ (g—p)(g—m)/q(p—m)
o> (Cg/ O qH)
p

for H > 0 by (6.44). Denoting the term in the right-hand side of the above inequality
by ut, we conclude that Theorem 6.11—(i) holds true, by putting

A% :=sup{A > 0 : (6.42) does not admit any nontrivial weak solution}. (6.48)
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Clearly A* > u > 0.
Step 2: Existence if A is large

We start with several auxiliary results.
Lemma 6.12 The functional @), is coercive.
Proof. We need the following elementary inequality: for every k; > 0, k» > 0 and
0 < s < rwe have

) . ky s/(r—s)
ki)’ —kalt|” < Crsky o forall r € R, (6.49)
2

where C,; > 0 is a constant depending on r and s.
Taking ky = A /q, ky = (m— 1)h(x)/mp, s = g and r = p (so that s < r is verified,
for g < p), in (6.49) for all x € RY we obtain

A (m— 1)h(x) A A/q a/(p=q)
Hutopr - Dy < 2 ()

/(p—q)
:%( (mp 1))q i AP/ (P=D)p(x)a/la=p),
q \g\m-—

where C,, > 0 is a constant depending on p and ¢. Integrating the above inequality

over RV, we find

/ (&Mq _ MWV’) dx < KAP/(P=a) / h(x)®/(@=P) g,
RY \ ¢ mp RV
By assumption (6.44) there exists a constant Cj > 0 such that
A m—1
—|lullg -
q mp

lull?, < C.

Therefore

1 A

m—1 m—1 1
@) = ™ = | 2l =l | =l - el

1 1
> lul|"+—|u|? —C
>l o, ~ Ca

and so @, is coercive in E. O

Lemma 6.13 If {u,} is a sequence in E such that {®@, (u,)} is bounded in R, then
there exists a subsequence of {uy}, still relabeled {uy}, which converges weakly in

E to some uy € E and
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(Dl (uo) S liminf@l (un)
n—seo

Proof. By the fact that {®; (u,)} is bounded, it follows that both sequences {||u||}
and {||un|/ ,} are bounded. Therefore, {||u,||£} is bounded and there exists uy € E

such that

Uy — up in WH"(RV),
uy, — ug in LY (RV),

Uy — ug in L, (RY) forall s [l,m").

Let us define
|ul?

A
F(x,u) = —|u|?—h(x)—
(x, u) ql | = h(x) )

and

Fxvu) = Fyloeu) = Aul®2u— h(x)ulP~2u,
so that

Suloesu) = A(g—1)|u|"? = h(x)(p — 1)|ul">.
Using again inequality (6.49) forky =A(qg— 1), ko =h(x)(p—1),s=qg—2,r =
p — 2, we obtain

fuxu) = (g = D)[ul?? = h(x)(p— 1)ul”?

Alg—1) >(q2)/(ﬂq)
<C- A- q-— 1)- (—
D e
where C is a positive constant depending only on p and ¢.
This yields,

3

(¢-2)/(p—q)
A ) , (6.50)

h(x)

where C,, is a positive constant depending only on p and g. According to the defi-

Sulx,u) <Cpg-A- (

nition of @, and F we obtain the following estimate for @, (1) — @ (un)

1
D3 (o) — @2.(1tn) = — (Jluo]|" — [luen|")

: (6.51)
+ /RN [F (x,un) — F(x,uq)]dx.

By position
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1
Up — Ug

Il 1, o) e = [F (ot -+ 5t — 0)) — (3, 0)]

= i 1 o [Fu(x,uo + s(up — o)) — Fu(x,up)].

Integrating the above relation over [0, 1], we obtain

/: (/<;Sf“(x’ g +1 (i — MO))dt) ds

!
= o st )~ ol
= —1 f(xa MO)
(g —up)? [F ey ten) = F (e, 0)] = Uy — o

The above equality can be rewritten in the following way

F(x,un) — F(x,u0) = (1 — ug)? /(;l </0Sfu(x, uo+1(up — uo))dt> ds

(6.52)
+ (un — o) f (x,u0).
Introducing relation (6.52) in (6.51) we get
@3 u0) — @3 ) = o (ol = ")+ [ (a0 )
+ N(u”—uo)z/ / Su(xyu + 1 (uy — uo))dtdsdx
| R (6.53)
< — (ol = ™)+ [ (= 0) )

+C / (tn — 1) >h(x) 42/ 4=P)gx,
RN

where the last inequality follows from (6.50) and C; = CpyA (P~2)/(P=9) It remains
to show that the last two integrals converge to 0 as n — co.
We define J : E — R by

V) :/ S (x,up) vdx.
RN
Obviously, J is linear. We shall show that J is also continuous. Indeed,
I [ 1f o)l bl dx
]RN

(6.54)
<2 [ ol ldx+ [ Aol idx.
]RN ]RN
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On the other hand, using Holder’s inequality, it follows that

[ ol e < o v

Since W!(RV) is continuously embedded in L(R") we deduce that there exists a

constant C > 0 such that
[vilg < Clvl[wim@ny forallve whm(RN),
Combining the last two inequalities with the fact that
Vllwim@myy < [VlE,
we deduce that there exists a positive constant ¢, > 0 such that
/ ol v] dx < V]| - (6.55)
RN
Applying again Holder’s inequality we obtain

[ Bl i = [ ("D o) ()
RN

RN

-1
< uolly, IIv] (6.56)

np < Collvilnp

<G|vle,

where () is a positive constant.
By (6.54), (6.55) and (6.56) we conclude that there exists a positive constant K
such that
V()| < x|v|g forallveE,

and so J is continuous.
Since {u, } converges weakly to ug in E and J is linear and continuous we deduce
that
J(un) = J(uo),

in other words
lim | f(x,u0)(un —uo) dx=0. (6.57)

n—eo JRN

In order to show that

im [ (u, —uo)*h(x) 42/ @=P)gx = 0, (6.58)

n—eo JRN
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we first note that for all R > 0

/ (tn — ug)*h(x) =2/ (a=P) gy = / (tn — o) *h(x) =2/ (a=P) gx
RN {|x|<R}

+/ (tn — ug)*h(x) =2/ (4=P)gx
{lx>R}

(4-2)/q 2/q
< </ h(x)"/(q”)dx> . (/ |utn — uo|"dx>
{lxl<R} {lxl<R}
(4-2)/q . 2/q
+ </ h(x)q/(qn)) . </ |Mn—bto|qu) )
{lk[=R} {lx[=R}

By hypothesis (6.44) we have

(6.59)

/ h@WWﬂwg/'m@Mme:H<m for all R > 0.
{|x|<R} RN

On the other hand, for all € > 0 there exists R > 0 such that

/ h(x)9/@ Py < ¢.
{[x[>Re}

Using the fact that m < g < m* we deduce that W!"(Bg_(0)) is compactly embed-
ded in LY(Bg,(0)) and thus

. 2/q
lim (/ vy — uo)? dx) =0.
n—ee \ J|x|<Re¢

Since {u, —up} is bounded in E, it is also bounded in L7(R") and so there exists a

positive constant M > 0 such that

2/q s
(/DR |u,,—u0|qu> < Jlutn — |2 < M.
g

Combining the above information with relation (6.59), we conclude that for any

€ > 0 there exists N > 0 such that for all n > N we have
/ (tn — 10)*h(x) =2/ 4Py < He + Mela=2)/4,
RN

Therefore, (6.58) holds true.

Since (uy), converges weakly to ug in W' (RY) we have

1i’gglf||un||$1,m(RN) = HuOH’vrll/l»V"(RN)'
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Passing to the limit in (6.53) and taking into account that (6.57) and (6.58) hold true,
we obtain
D, (up) < liminf @y (uy,).
n—eo

Thus, @, is weakly lower semicontinuous.

The proof of Lemma 6.13 is now complete. (]

Proof of Theorem 6.11 continued. Using Lemmas 6.12, 6.13 and Theorem 1.2 in
[188] we deduce that there exists a global minimizer u € E of @;, that is,

@;,(u) = inf @; (v).

veE

It is obvious that u is a weak solution of problem (6.42). We prove that u # 0 in E.
To do that we show that infg @, < 0, provided that the parameter A is sufficiently
large.

Let us set
A= g{ e+ el ||u||q—1}

We point out that A > 0. Indeed, for any u € E with ||, = 1 by Hélder’s inequality
and by (6.44) we have

(p—aq)/p q/p
1||u||q<< x)4/(a= ”dx> </ h(x |u|”dx>

=H" P |ullf ,

so that

2> 21glaerias

"B»Q

for H > 0 by assumption. Let A > A. Then there exists a function u; € E, with
llut|l4 = 1, such that

AMul[f=242> = ||u1||”‘ —HmHﬁ,p
This can be rewritten as

1 A 1
Dy (1) = E||M1||m* EHMHZJF;H“lHﬁ,p <0
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and consequently inf,cg @) (1) < 0. Therefore, there exists Ay = A > 0 such
that problem (6.42) has a nontrivial weak solution u; € E for any A > Ay, and
@, (u1) <0. Since @, (u1) = D, (Ju1|) and |u; | € E, we may assume that u; > 0 a.e.
in RV, O

In the following we are looking for the second nontrivial weak solution for prob-

lem (6.42).
Fix A > Ap. Set
0 if 1 <0,
g, 1) =< Ard= 1 — p(x)eP~! if0 <t <u(x),
Auy (x)4 1 — h(x)uy (x)P~1if > up(x),
and

1
G(x,t) = / g(x,s)ds.
0
Define the functional ¥ : E — R by

1
W)= Ju" ~ [ Glru)dx.
() = Mul™ = | | Gl u)dx
Clearly, ¥ € C'(E,R) and

<'1U'(u),v>:/ (|Vu|m*2Vqu+|u|m72uv)dxf/ g(x,u)vdx,
RN RN

for all u, v € E. Moreover, if u is a critical point of ¥, then u > 0 a.e. in RN,
Next, we are concerned with the location of critical points of the energy func-

tional V.
Lemma 6.14 If u is a critical point of 'V, then u < u;.

Proof. For a function v we define the positive part vt (x) = max{v(x),0}. Thenv* €
E whenever v € E. We have
0= (¥'(u)— D) (ur),(u—u)")
= /RN(|VM|”‘72VM — |Vuy |"2Vuy )V (u — uy) T dx
o [ a2 ) =)
RN
= [ Jgru) = A+ hGad - ),
RN

which yields
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0= [ (IVul"2Vu— |Vur " >Vuy ) (Vis — V) dx

{u>u1}

[l e ) ) d
{u>uy}

2/ (IVu™" = |Var ") (|Va| — |Vaan]) dx
{u>u}

+ (Jue™ " = Jug |1 (Jue| = |uy]) dx > 0.
{u>u1}

Thus, we obtain u < u; and the proof of Lemma 6.14 is complete. O

In the following, via the mountain pass theorem, we determine a critical point
up € E of ¥ such that ¥(uz) > 0. By the above lemma we shall deduce that 0 <

uy < uyp in £2. Therefore,
- _ A h
g(x,un) = Au = h(x)ub "and G(x,up) = Zud— ﬁLt”
q

so that
'P(I/lz) = (Dl (uz) and 'P,(I/lz) = (Déu (uz).

More precisely, we find
(D;L(uz) >0= (DA(O) > @;L(ul) and @;L(uz) =0.

This shows that u; is a weak solution of problem (6.42) such that 0 < up < uy, up #0
and u 75 up.

In order to find u, described above we prove the following result.

Lemma 6.15 There exists p € (0,||u1]]) and a > 0 such that
Y(u)>a forallueE with |ul| =p.

Proof. We have

Y(u)= i||u||’n_/{u>ul}G(x,u)dX—/ G(x,u)dx

m {u<ur}
1 .
= —||u||m—&/ u‘fdx—i—l/ h(x)uldx
m q {u>u1} [7 {u>u1}
A 1
-—= uldx+— h(x)uPdx
q J{0<u<u;} P J{0<u<u}
1 A

> = flul™ = Z flu)d
2 —lul qllullq
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On the other hand, the continuous Sobolev embedding of E into L(RY) implies

that there exists a positive constant L > 0 such that
vl <L|v|| forallveE.
The above inequalities yield
W) 2 " = Ll = ] (= = Ly
- m m )

where Ly = A L?/q is a positive constant. Since g > m it is clear that Lemma 6.15
holds true. (]

Lemma 6.16 The functional ¥ is coercive.

Proof. For each u € E we have

1 A 1
¥(u) = —|jul|"— —/ uldx+ — h(x)uldx
m q J{u>u;} P J{u>u;}
A 1
—-— uldx+— h(x)uPdx
q J{0<u<u;} P J{0<u<u;}
1
> -2 [ tax
m q JrRY
1
= —lul|" = La,
m

where L, is a positive constant, for u; # 0. The above inequality implies that

¥(u) — oo as ||ul| — o, that is, ¥ is coercive, as required. O

Proof of Theorem 6.11 continued. Using Lemma 6.15 and the mountain pass theo-

rem, there exists a sequence {v,} C E such that

¥(v,) = c>0 and ¥'(v,) =0, (6.60)
where
= inf Yiy(t
¢ = Inf max (v(2))
and

r={yec(0,1],E) : y(0) =0, ¥(1) = w1 }.

By relation (6.60) and Lemma 6.16 we obtain that {v,} is bounded and thus

passing eventually to a subsequence, still denoted by {v,}, we may assume that
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there exists up € E such that v, converges weakly to u,. Standard arguments based
on the Sobolev embeddings will show that

lim (¥ (v,), @) = (¥ (u2), 9)

n—oo

for any ¢ € C5(RY). Taking into account that E C W (R") and C5’(RY) is dense
in W1(RN), the above information implies that u, is a weak solution of problem
(6.42).

We conclude that problem (6.42) admits at least two nontrivial weak solutions
forall A > Ag.

Set

A :=inf{A > 0 : problem (6.42) admits a nontrivial weak solution}.

Then A** > A* > 0, where A* is the parameter defined in (6.48).

Let us consider the constrained minimization problem
Ac=inf e g =g (6.61)
" veE | m p' e TN ' '

Let {v,} C E be a minimizing sequence of (6.61). Then {v, } is bounded in E, hence
we can assume, without loss of generality, that it converges weekly to some v € E

with [|[v||¢ = g. Moreover, by lower semicontinuity arguments we have
1 1
A=—|p|"+ =[] .
b+ bl

Thus, @) (v) =A —A forall L > A.

To complete the proof of Theorem 6.11 it is enough to show the following crucial

facts:

(a) problem (6.42) has at least two distinct solutions for any A > A**.
(b) A** = A* and problem (6.42) admits a nontrivial weak solution if L = A*.

Claim (a) follows by standard monotonicity techniques; as for claim (b) we shall
use some arguments from Filippucci, Pucci and Radulescu [76].

Fix A > A**. By the definition of A**, there exists u € (A**,1) such that @,
has a nontrivial critical point uy, € E. Clearly, uy, is a subsolution of (6.42). In order
to find a supersolution of (6.42) which dominates u,, we consider the constrained

minimization problem
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(1] A
inf ¢ — [[wl|" + = [|w|[ — = [w[|Z : we Eandw > uy ¢
m p q

As before, one can show that the above minimization problem has a solution u) > uy,
which is also a weak solution of problem (6.42), provided A > A**. Thus, problem
(6.42) has a weak solution for all L > A** so A** = A *.

It remains to show that (6.42) has solutions for A = A*. To this aim, let {1, } be a
decreasing sequence converging to A* and let {u, } be a corresponding sequence of
nonnegative weak solutions of (6.42). By the properties of ¥, the sequence {u,} is
bounded in E, so that, without loss of generality, we may assume that it converges
weakly in E, strongly in LZ(.Q), and pointwise to some u* € E, with u* > 0.

Replacing u by u, in the definition of a weak solution and then passing to the
limit as n — o we find that U* is a weak solution of (6.42) for A = A*.

It remains to show that u* # 0.

A key ingredient in this argument is the lower bound energy given in (6.46).
Hence, since u, is a nontrivial weak solution of problem (7.2) corresponding to A,,
we have ||u,]|?, > (CrJAP)Y/=P) by (6.46), where C > 0 is a positive constant
independent of Zn. Next, since A, \(A* as n — oo and A* > 0, it is enough to show
that

lun —u*||ap — 0 asn—eo. (6.62)

Since u, and u* are weak solutions of (6.42) corresponding to A, and A*, we have
/ (IVuun|™ >Vt — VU [P2Vu*) -V (uy, — u*)dx
RN
+ /]RN (Jttn]™ 21ty — || 2u*) (g — u*)dx
POl = a2 =
R
- / (A it |92t — A% " 97200%) (1 — ¥,
RN
Elementary monotonicity properties imply that
/ h(x) (Junl P20 — [u* [P~ 2" (uy — u*)dx > 0.
RN

Hence
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/N (|Vu,,|m*2Vu,, - |Vu*|”72Vu*) -V(uy —u*)dx
R
+/ (Jtn|™ 21t — " 2u*) (tt — u*)dx (6.63)
RN

</ (Ao (14|20 — A% ™ [9720") (ty — " )dx — 0 as 1 — oo
RN

On the other hand, since m > 2, there exists a positive constant ¢ = ¢(m) > 0 such

that
&= LIm < (g2~ |EI" )€~ ¢) forallE,{ €RY.
Combining this fact with (6.63) we find
[ltn — ™| < c/IéN (P U721 — A% [u*|9720") (uy — u*)dx — 0 as n — oo
Therefore, u, — U* in E. Finally, from (6.47) we have

|| > CA =9 foralln > 1.

Passing to the limit in the above estimate we find ||u* || > C(A*)"™/("=49) 5o u* # 0.

This completes the proof of Theorem 6.11. O

We point out that (6.42) can be studied also in the case when p is supercritical us-
ing similar arguments, since the |u|? term in the energy continues to be coercive. In
these cases standard regularity results will lead to stronger results in what concerns

the smoothness of solutions, since W' is embedded into C'.



Chapter 7
Some Classes of Polyharmonic Problems

As for everything else, so for a
mathematical theory: beauty can be
perceived but not explained.

Arthur Cayley (1821-1881)

In this chapter we present several results concerning elliptic problems involving
the polyharmonic operator. The first section is devoted to the study of an eigenvalue
problem that exhibits a continuous spectrum. The second section of the chapter deals
with a boundary value problem with infinitely many solutions while the last section
is concerned with a biharmonic problem involving a singular nonlinearity. By taking
a different approach in each of these situations we emphasize the complex structure

of elliptic problems involving the polyharmonic operator.

7.1 An Eigenvalue Problem with Continuous Spectrum

Let B = Bg(0) be the ball in RN, N > 1, centered at the origin and having radius

R > 0. Consider the linear eigenvalue problem

{ (=AY u = Au in B 7.1

u=Du=--=D'y=0 onoB,
where K is a positive integer. Then the lowest eigenvalue A; of problem (7.1) is
simple, that is, the associated eigenfunctions are merely multiples of each other.

Moreover they are radial, strictly monotone in = |x| and never change sign in B. We

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 245
DOI 10.1007/978-3-642-22664-9_7, (©) Springer-Verlag Berlin Heidelberg 2012
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refer to Pucci and Serrin [163] for further properties of eigenvalues of polyharmonic
operators.

In this section we are concerned with the nonlinear eigenvalue problem

(=AY u =L f(x,u) inB (7.2)
u=Du=---=D"1y=0 ondB, '
where A is a positive parameter and the nonlinear function f is given by
t, ifr <0
flo1) = { h(x,r), ift>0, (7.3

where h: Bx R — R is a Carathéodory function, H(x,) := [jh(x,s)ds, and the

following conditions are fulfilled:

(Hy) There exists ¢ € (0,1) such that |h(x,t)| < ct forallt € R and a.a. x € B.
(Hp) There exists tg > 0 such that H(x,ty) > 0 for a.a. x € B.

. h(x,1)
(H3) hmT

= 0 uniformly in B\ O, where O is a set of zero Lebesgue measure.
f—ro0

Some examples of functions 4 verifying (H)—(H3) in B x R are as follows:

—tP0)=1] where ¢ € (0,1), p, g : B— (1,2) continuous
in B, maxg p(x) < mingq(x), g € L (B), ||g[l- = c.

The main result of this section is the following.

Theorem 7.1 Suppose that f is of type (7.3) and that (H,)—(H3) are fulfilled. Then
the first eigenvalue Ay of (7.1) is an isolated eigenvalue of problem (7.2) and the
corresponding set of eigenfunctions is a cone. Moreover, any A € (0,A1) is not an
eigenvalue of (7.2), while there exists [1] > A such that any A € (U;,o°) is an eigen-
value of (7.2).

Proof. Consider the standard higher order Hilbertian Sobolev space Hé< (B), en-

dowed with the scalar product
/(Amu)(Amv)dx, if K=2m,
B

(u,v)g = (7.4)
/(DAmu)(DAmv)dx, iftK=2m+1,
B
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and denote by || - || the corresponding norm. In case of higher order Sobolev space
HE(B), the decomposition in the positive and negative part of u € HX(B) is no

longer admissible in HX (B). However, we have the following result.

Lemma 7.2 For any u € HX(B) there exists a unique couple (uy,ur) € A x H’
such that u = uy +uy and (uy,uz)x = 0, where & is the convex closed cone of
positive functions

H ={veHE : v(x) >0a.e. in B},

while " is the dual cone of ¥/, that is
' ={we HE : (wv)k <0forallve x}.
Moreover, ¥ is contained in the cone of negative functions, that is,
A C{we HE : w(x) <0a.e. in B}.
Proof. Let u; be the projection of u onto .# defined by
=l = inf [l

and let up = u — uy. Then, for any v € JZ" we have

Juzllk = lJu—wl|x < flu—(u1+ev)[|x
= [|u—ur ||k —2e(u—ur,v)x +€*||v%-
This implies
2uy,v)x < €|v]|%  forallve 7.
By letting € — 0, it follows that u, € #”. Replacing v by €u; (note that u+ ev =

u; — euy € ) we deduce (uy,uz)x = 0. In order to prove the uniqueness, let
U=uy+u=vi+nrm

be two decompositions of u such that uj,vy € # and up, v, € %" and (uy,ur)x =
(vi,v2)k =0. Then
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0= (u;+up—vi—vo,uy+up—vi—wm)g
= ((ur = v1) + (w2 = v2), (ur —v1) + (w2 — v2))x
= [Jur = villg 4 luz = vallk = 2wy —vi,u2 —v2)x
= [Jur —villg + llua = vallk —2(u1,v2)k — (vi,u2)x
> [Juy —vil|x + |lua —v2| k-

Thus, u; = v; and uy = v;. It remains to prove the fact that || C —#". To this aim,
letw € ¢ and y € C7(B) N ¢ . Consider v € HX(B) that satisfies

(—A)Ky =y in B
u=Du=--=D1uy=0 ondB,

Using the fact that the Green function in any ball is positive (so that the maximum

principle holds) it follows that v € JZ". Thus

0> (w,v>K:/

w-(fA)dex:/wI//dx
B B

for all w € C5(B) N % . By density, the above inequality holds for all y € L*(B),

hence w < 0 a.e. in B. This concludes the proof. O

The number A > 0 is an eigenvalue of problem (7.2), with f of the type (7.3), if
there exists u € HE \ {0} such that

(u,v)g = ?L/Bf(x,u)vdx (7.5)

forany v € Hé{.
Lemma 7.3 IfA > 0 is an eigenvalue of (7.2), then A > Ay.

Proof. Assume that A > 0 is and eigenvalue of (7.2), with corresponding eigen-
function u € HE \ {0}. Letting v = u in (7.5), and putting B_ = {x € B : u(x) <0}
and By = {x € B : u(x) > 0}, we get by (H;)

]| = A {/ h(x,u)udx+/ uzdx] <A |:C/ uzder/ uzdx] < Alul3,
B, B_ B, B
for ¢ € (0,1). By the definition of 4,
Mauf3 < flullg < Alul3.

Since u # 0, then the above inequality shows that A > A;. O
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Lemma 7.4 The first eigenvalue Ay of (7.1) is also an eigenvalue of (7.2) and the

set of the corresponding eigenfunctions is a cone of Hé< .

Proof. As already noted in the introduction the lowest eigenvalue A; of (7.1) is
simple, so that there exists a first eigenfunction ¢ € HX \ {0}, with ¢ < 0 in B.
Hence ¢ is an eigenfunction also of (7.2), since clearly satisfies (7.5) with A = 4;

as
(@V)k =M /B gvdx = 4y /B Fx, @)vdx,

by (7.3). Moreover the set of the corresponding eigenfunctions lies in a cone of Hé{ .

a

Lemma 7.5 The first eigenvalue Ay of (7.1) is isolated in the set of eigenvalues of
(7.2).

Proof. Let A > 0 be an eigenvalue of (7.2) whose corresponding eigenfunction
u has Moreau’s decomposition with u; # 0. Then, for u; € Hé< , we take v =u; in
(7.5), and by the definition of A; and (H,) we get

Mlu5 < |lur]|% =2 [/B h(x,u)uldx—i—/B uuldx} < Acfuy 3.
JB, JB_

Hence A > A;/c > Ay, for ¢ € (0,1). In particular, any eigenfunction u correspond-
ing to an eigenvalue A € (0,A;/c) has decomposition u = u,, so that u is also an
eigenfunction of (7.1), since u = up < 0 a.e. in B. It is known, as noted in the in-
troduction, that A; < A, where A, is the second eigenvalue of (7.1). Hence any
A € (A1,6), with 8 = min{A; /¢, A, }, cannot be an eigenvalue of (7.1) and in turn is
not an eigenvalue of (7.2), by the argument above. This completes the proof. O

As already noted, A > 0 is an eigenvalue of the problem

(7.6)

(=AY u = Ah(x,uy) in B
u=Du=--=D1y=0 ondB,

if there exists u € H \ {0} such that (u,v)x = A [ph(x,u . )vdx for all v € HY, that
is if and only if u is a nontrivial critical point of the C' functional I : Hé‘ —-R
defined by

1
B0 = S lully =2 [ Hxu ).

If A > 0 is an eigenvalue of (7.6), with corresponding eigenfunction u = u; + us,

then taking as test function v = u; by (H;) we get, for (u;,uz)x = 0 and h(x,0) =0
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a.e.in B,

luz||% = (u,uz)x = A / h(x,up)updx=A [ h(x,u)udx <0,
B B,

for u, < 0a.e.in B, thatis u = u; > 0in B and u # 0. In particular, any eigenvalue A
of (7.6) is also an eigenvalue of (7.2). Assumption (H3) implies that for every A > 0
there exists C; > 0 such that

AH(x,1) < Cp +Mt?/4 foraa xcBandall 1 €R,

where A is the first eigenvalue of (7.1). Hence, by the definition of A;, we have that
forall u € Hf

1 A 1
() > 5|k — ZIMI%*CAIBI 2 leMH%*CAIBI,

in other words I, is bounded from below, weakly lower semicontinuous and coercive
on Hé< . O

Lemma 7.6 There exists A* > 0 such that infy Iy (u) <Oforall A > A*.

Proof. By (H,) there exists 7p > 0 such that H (x,7) > 0 a.e. in B. Let Q C B be

a compact subset, sufficiently large, such that
1
B\ Q| < — / H(x,10)dx,
cty Jo

where ¢ € (0,1) is given in (H;). Take ug € C;(B), with up(x) =19 if x € Q and
0 <up(x) <t if x € B\ Q. Hence, by (H,),

/H(x,uo(x))de/ H (x,t0)dx — ctf|B\ 2| > 0,
B Q

and so I) (ug) < 0 for A > 0 sufficiently large. The lemma follows at once. O

Now, we return to the proof of Theorem 7.1. Since I, is bounded from below,
weakly lower semicontinuous and coercive on Hé‘ , then Lemma 7.5 and [188, The-
orem 1.2] show that 7, has a negative global minimum for A > 0 sufficiently large.
This means that all such A are eigenvalues of problem (7.6) and, consequently, of

(7.2). This fact and Lemmas 7.3-7.5 complete the proof of Theorem 7.1. (]
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7.2 Infinitely Many Solutions for Perturbed Nonlinearities

Let Q ¢ RV, N > 1, be a smooth and bounded domain, K > 1 be a positive integer
such that N > 2K. In this section we study the problem

(=AY u = |uP2u+¢ in Q,
(7.7)
u=odwu=---=0"u=0 onoQ,
where ¢ € L?(€), v is the exterior unit normal at 9 and
; dlu
j,— ot i —
avu—avj, 0<j<K-1.
The exponent p satisfies
2(N-K)
2 —_—. 7.
<p< N_2K (7.8)

We say that u € HX () is a solution of (7.7) if
(u,v)g = /Q |u|”72uvdx+/g(])vdx forall v € HY (Q),

where (-, )k is the scalar product defined by (7.4).

Before stating the main result concerning (7.7), let us recall what is known re-
garding the case K = 1. If ¢ = 0 the problem (7.7) is symmetric and multiplicity
results can be obtained from the equivalent Lusternik—Schnirelmann theory. In turn,
if @ #Z 0, the symmetry of the problem fails to hold and different techniques are
needed. The classical critical point theory still applies provided p is close to 2. The
problem of whether (7.7) has infinitely many solutions for all exponents p in the
range 2 < p < 2N/(N —2) is still open. For a dense subset of function ¢ in L*(£)
a positive answer was given by Bahri and Lions [10].

In the study of (7.7) we shall employ a method devised by Bolle [22] as described
in Sect. 1.3.4.

The key is to exhibit a continuous path of functionals {Jg }o<g<1 such that Jp is

symmetric and J; is the functional associated to (7.7), that is,

1 1
hu) = gll— [ s [ ouds.

Further, as 0 varies, we wish to control the min-max critical levels of Jy, thus getting

estimates for critical points of J;. Due to the compact embedding of Hé{ (Q) into
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LP(Q) for all

N
2 K=
<P< N_2K

we would expect to formulate our result for all exponents p in the above range.
However, the method we employ requires a further restriction on p as stated in

(7.8). Our main result regarding (7.7) is the following.

Theorem 7.7 Assume p satisfies (7.8). Then, for all ¢ € L*(82) the problem (7.7)

has infinitely many solutions.

Proof. For all 0 < 8 < 1 consider the functional
K 1 » 1
Jo: HE(2) — R, Jo(u) = 5w~ [ Juldx—e6 [ pudx,
2 pJo Q

and let J(0,u) = Jg(u). Remark that @y is even and any solution u of (7.7) corre-
sponds to a critical point of @;.

We first wish to apply Theorem 1.15 to Jy. It is clear that Jy satisfies the hypothe-
ses (A1) — (A;) in Sect. 1.3.3. Since

J(/)(u)v:<u,v)1<—/ lu|P2uvdx  forallv € HY(Q),
Q

and the mapping

()%
)

HE(Q) L 1&/0-1 (0 — HE(Q), where T(u) = [u”2u,  (1.9)

is compact, it follows that Jy satisfies (A3).
For any k > 1, let ¢4 be the k-th eigenfunction of (—A)X with homogeneous

Dirichlet boundary conditions. Let

X =span{Qy,¢2,...,¢} sothat X =X (7.10)
k=1

For any k > 1, let R, > 0 be such that
Jo(u) <0 forall u€X, with [lullx>R.
Define
G =13 7eC(X,NB(0,Ry), HX(Q)) : yis odd and =1Id
(= {yecounBORL @) yisoddmar], -~ 1a)

and
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by = in<; sup  Jo(y(u)). (7.11)
Y€k ye X, NB(ORy)

By Theorem 1.15 there exists a sequence {u; } of critical points of Jy in HX (€) such
that
Jo(up) < by and m*(Jo,ux) >k (7.12)

Our next result provides a lower bound for by.

Proposition 7.8 There exists a positive constant A > 0 such that
b > AKPKPING=2)  for all k> 1. (7.13)

Proof. Fix k> 1 and let {u;} be the sequence of eigenvalues (repeated according

to their multiplicity) of the operator
(=A) = (p= Dl k> 1.

Since
T3 () (v, v) = (=8)K = (p= D )v,v)x

the definition of the large Morse index (see Definition 1.14) together with the second
relation in (7.12) imply

{j>1:1; <O} = m*(Jo,u) > k (7.14)

To derive an upper bound for the set [{j >0 : u; < 0}|, we state without proof a
more general result regarding spectral properties of higher order Schrodinger oper-

ators.

Lemma 7.9 LetN > 2K,V € LN/ PK)(Q) and let {u;} be the sequence of eigenval-
ues (repeated according to their multiplicity) of the operator (—A)X +V (x). Then,
there exists M = M(N,K) > 0 such that

{j=>1:u; <0} SM/ V= (x)V @) gy
RN

For the proof, we refer the reader to Rozenbljum [173, Theorem 3]. We apply the

above lemma for

—(p=Dlm/”?  nQ,
0 in RV \ Q.



254 7 Some Classes of Polyharmonic Problems

Using Lemma 7.9 together with (7.14) we find

/(2K)

, N(p—2
k<|{j>1:p;<0} < M||Mk”1vgi—2§/(zz<)

SO

N(p-2)/(2K)
el o2 ax 2 K

for some C > 0. On the other hand, from (J{,(ux), ux)x = 0 we find

1 1
bz o) = (5 )

Combining the last two estimates we find

1 1 2kp/(N(p—2
o= <§1_7) ol 2 Cllael -2y 2 AL 072

which proves (7.13). (]
We next prove that Jy satisfies conditions (B;) — (B4) in Sect. 1.3.4.
Lemma 7.10 Let {(6,,u,)} C [0,1] x HE(Q) be such that
{Jg,(un)} is bounded and Jiigo]én (un) =0.
Then, up to a subsequence, {(6,,u,} converges in [0,1] x HX(Q).
Proof. We have
Upy n).te) = 3~ [ ul7dx—6 [ guax.
Q Q

Since (Jg, (), un) = O([[un||k) as n — oo, for M > 1 large enough and 1/p < p <
1/2 we find

M+ pllullx = Jo, (1) = p(Jg, (1n) 0n)

/1 ) 1
= <§p> [lullz + (p;>/9|u|”dx9(1p)/g¢undx.

(7.15)

By Young’s inequality we obtain

. 1 ,
< — - P [7/ .
(1 p)/Q(bu,,dx_ (p p)/g|u| dx+C||¢||U) @’ (7.16)
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where p' = p/(p—1) and C > 0 is a positive constant depending on p and p only.
Combining (7.15) and (7.16) we derive

1
Me+pllic= (50 ) Il = C 10l ).

which shows that {u,} is bounded in HX (2). Since the mapping in (7.9) is com-
pact, it follows that {u,} converges strongly in HX(£2). This finishes the proof of

lemma. O

Lemma 7.11 For any b > 0 there exists C > 0 such that

9 (9.u)

20 < C(1+ Tp )N (1 + [lullx).

forall (6,u) € [0,1] x HX(2) satisfying |Jo(u)| < b.

Proof. From |Jg(u)| < b it follows that

9/ Qudx > £||u||%<f/ |u|pdx—(pfl)9/ udx — pb.
Q 2 Q Q

Hence X
~Uplu)) = [l + [ a6 | gudx

Q Q

P .

> (E — 1) ||u||%(— (p— 1)6/ dudx — pb.
Q
In particular

—(JTp(w),u) > ci|lullz — ez,

where c1,c, are two positive constants. On the other hand,

aJ '
}%(e,m < [ 1olluldx < (g 8]t ) < ellal +Cle.p, 6] g

Now the conclusion follows from the last two inequalities from above. (]
Lemma 7.12 There exist two flows 1; : [0,1] Xx R — R such that 1;(0,-) are Lisp-
chitz continuous for all 0 € [0,1] and

aJ

771(97]9(”)) < %(65“) < HZ(GaJG(M)) (717)

at each critical point u of Jg.

Proof. Letu e H({( (£2) be a critical point of J¢. By Holder’s inequality we have
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9 (0.u)

00 < ||M||LP(Q)||¢||LP’(Q)' (7.18)

On the other hand,
0= Up(wsw) = ulf~ [ uprdx—o | oudx=0,
Q Q
which yields
Il = Nk — 6 | ouds
2 3
:219(u)—|——/ |u|pdx+6/ dudx
rlae Q
2 3
<2g(u)+|e+— / ulPdx+C(e, p, o)
<2l + (642 [ Pdr-+Clep. 101,y
By taking € > 0 small, we deduce
lulZp () < Co(u) +1). (7.19)

Combining (7.18) with (7.19) we obtain

9 0.4

£5(6,)| < Cllullria) < CWo(w) + 1)'/7 < 2073 (w) + 7.

It is now enough to consider

nZ(eat)ZZC(t2+1)2/pv nl(eat)zfnZ(evt)'

Lemma 7.13 For any finite dimensional subspace W of Hé( (Q) we have

lim sup Jo(u) = —oo.
ueW [lullk—==ge|0,1]

Proof. By Hélder’s inequality and the continuous embedding of HX () into L7 (£2)
we can find C > 0 such that

Jo(u) < C(|lullg — llullg—1)  forall (8,u) € [0,1] x W.
This proves our lemma. (]

We are now able to complete the argument and finish the proof of Theorem 7.7. Let
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€= {g € C(HX(Q),HX (Q)): { isodd and & @R Id} ,
0 s

and
e = inf sup Jo(L(w)),

CG%MEX]{
where Xj, are defined in (7.10). In order to apply Theorem 1.16 we only have to

check that the sequence

{ — Che 1 — K } is unbounded,
M1 (cry1) +M2(cr) +1

where 1; are given by Lemma 7.12. Assuming the contrary, it follows that

Ck+1 — Ck .
{ I/P—I/P_H } 18 bounded,

Crr1~ Sk
so that

k+1 k

{ AP=1)/p C(,;q)/,;‘}
is bounded. Therefore, there exists a positive constant B > 0 such that
e < B/ P~V forall k> 1.

Combining this estimate with Proposition 7.8 and by < ¢; we reach a contradiction
in view of (7.8). Thus, one can apply Theorem 1.16, which implies the existence
of infinitely many solutions of problem (7.7). This concludes the proof of Theorem
7.7. (]

Remark 24 The approach in this section follows an idea from Lancelotti et al.
[127]. In fact, in [127] is obtained the existence of infinitely many solutions for

the nonhomogeneous problem

(=AU = u|P2u+¢ in Q,
Hu=0;,j=01,....K—1 ondQ,

where ¢ € L*(Q), ; € HKx-7-2(9Q), j=0,1,....K—1and2 < p < 2(N+K)/N.
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7.3 A Biharmonic Problem with Singular Nonlinearity
In this section we study the biharmonic elliptic problem

Au=u% u>0 inQ,
(7.20)

u=odu=0 on dQ,

where 0 < o0 < 1, Q C RV (N > 2) is a smooth bounded domain, v is the exterior
unit normal at Q2 and dy = aa—v is the outer normal derivative at 9.

We denote by G(-,-) the Green function associated with the biharmonic operator
A? subject to Dirichlet boundary conditions.

Throughout this section we assume that 2 C RN, N > 2 satisfies:

(A1) The boundary 9€Q is of class C'¢ if N = 2 and of class C'? if n > 3.
(A2) The Green function G(,-) is positive.

The assumption (A1) on the regularity of d€2 goes back to Krasovskii [122] (see
also Dell’Acqua and Sweers [55]) and allows us to employ some sharp estimates
for the biharmonic Green function (see Appendix B). The need for condition (A2)

will become more clear once we specify what it is understood by a solution of (7.20).

Definition 7.14 We say that u is a solution of (7.20) if
ueClQ), u>0 inQ,
and u satisfies the integral equation

u(x) = /QG(x,y)ufa(y)dy forallx € Q. (7.21)

The restriction 0 < o < 1 is needed in order to make the integral in (7.21) finite.
It will appear several times in the proofs in the following sections. Note also that
condition (A2) above implies the standard maximum principle for the biharmonic
operator in £2.

Let @ be the first eigenfunction of (—A) in H] (€2). It is well known that ¢; has
constant sign in €2, so by a suitable normalization we may assume ¢; > 0 in €.

Therefore, @, satisfies

*A(Plz/’Ll(Pla(Pl>0 il’l.Q,
(7.22)

=0 on €2,
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where 4; > 0 is the first eigenvalue of (—A). By the Hopf maximum principle [162]
we have dy @ < 0 on dQ. Also, by the regularity of  we have ¢; € C*(Q) and

e3() < i) < 15(x)  in @, (7.23)
for some 0 < ¢ < 1, where & (x) = dist(x,d Q).

Proposition 7.15 Let u be a solution of problem (7.20). Then, there exist c1,cp > 0

such that u satisfies
c18%(x) <u(x) < 28%(x)  in Q. (7.24)

Proof. Leta(x) = @7 (x), x € Q. Itis easy to see that since ¢ € C*(Q) then f := Aa
is bounded in Q, so, by the continuity of u there exists m > 0 small enough such
that

u(x)—ma(x):/QG(x,y) {Lf‘x(y)—mf(y) dy>0 forallxe Q.

Therefore,
u(x) > ma(x) > o82(x) in 2, (7.25)

for some cp > 0. This proves the first part of the inequality in (7.31). For the second
part, assume first N > 4 and let x € Q. Using Proposition B.1(iil), forall y € 2 we

have

G(x,y) < C|XY|2N52(x)min{1,—6(y) }2
B e =yl
200
<clx— y|2N52(x)min{1’M} (7.26)
e =yl

= ey EWE)
Now, from (7.25) and (7.26) we have
u(x) = /Q G(x,y)u~(y)dy
Scl/ G(x,y)5*20‘(y)dy Scz52(x)/ |X*y|272a7Ndy
¢ Q

< 28%(x) / |x —y|>~2* Nay (7.27)
0< |x—y|<diam(2)

diam(Q)
— 28%(x) /O 120

< c38%(x).
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Let now N = 4. We use Proposition B.1(ii2) to derive a similar inequality to

(7.26). More precisely, for all y € 2 we have

Gla) < clog (2+ 225 min{ 1. 227 }zmm{l’f(—wy'}m (728)

diam(Q
< el ol 22882 o) log (24 T ).

If N =3, let B = max{0,2c — 1/2} < 3/2 and by Proposition B.1(ii4) we have

G(x,y)Sc51/2(x)51/2(y)min{17%}3/2“{ M}m

=yl
S C|x7y|73/27ﬁ52(x)5ﬁ+1/2(y) (729)

< Che—y| P82 ()87 (y).

Finally, if N =2, let = max{0,2c — 1} < 1 and by Proposition B.1(ii3) we have

G(x,y)§63(x)3()’)min{ T y|} { T yl}

< o y[ 38 0)min {1 %} (730
<clx—y| P2 (x)5 P (y)
< Cle—y| 1 PR ()

We now use the estimates (7.28)—(7.30) to derive a similar inequality to that in
(7.27).
This completes the proof of Proposition 7.15. (]

Proposition 7.16 Let 0 < o < 1 and u € C(Q) be such that u(x) > co6%(x) in Q

for some co > 0. Consider
/ny y)dy forallx € Q.

Then

(i) we C*Q).
(ii) we C3(Q) forany 0 < o < 1/2.
Proof. With the same proof as in Proposition 7.15 it is easy to see that v is well

defined. For 0 < & < 1 small, define Q, = {x€ Q : §(x) < €}. Set ue = max{u,coe}

and
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/ny y)dy forallxc Q.

It is easy to see that we = w on Q\ ;. Since u; * is bounded in Q, by the estimates

in Proposition B.1 it follows that we € C3() and
Drwe(x) / DEG(x,y)u;%(y)dy forallxe Q,

for any N—dimensional multi-index k with |k| < 3. The proof of this fact is similar
to that of Lemma 4.1 in [99]. We employ in the following the same approach as in
[99] to show that w € C?() (resp. w € C3(Q) if 0 < o < 1/2).

Assume first N > 4 and let k be an N—dimensional multi-index with |k| < 2. Fix
B > 0 such that 2a < B < 2.

By Proposition B.1(il) (if |k| = 2) and (iil) (if |k| < 1) we have

- / D'iG(x,y)u“(y)dy‘
Q
< /Q DG (x,) | (= () + (coe?)~*)dy

3 6 2
gclsfza/ |x—y|4kNmin{1,L)|} dy
Qe

lx—y

. 50 18
gclsfzo‘/ |x—y|4kNmin{ ﬂ} dy

Qe "=yl
<aie @ [ eyt K Ve (y)ay
quﬁ*z"‘/ e — [P Nay

Q
§C18’372°‘/ ey K=B-N gy,

0<|x—y|<diam(€2)

diam (€2
- Clgﬁfzo‘/ iam( )t37‘k‘7ﬁdt
0

diam(€Q)
< 6283’2“/ 'Par
0
<ceP2 50 ase—o.

The case 2 < N < 4 can be analyzed in the same way. For instance, if N = 3 and

|k| = 1, we use Proposition B.1(ii2) to derive
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Dhwe(n)= [ DAGL )

. 2
gclsfz"‘/ log (2+—6(y) )min{l,—S(y) } dy
Q lx =l lx—y

<ce® [ sl PoP)tog (24 220 ) ay

lx =y

diam(Q
Sclgﬂ*m/g |x—y|7ﬁlog (24_&()) dy

Jx =yl
diam () di Q
< C2£ﬂ—2a/ >Plog (2 + %) dt
0
<c3eP 2 50 ase—0.

We have obtained that
Diwe — / DEG(-,y)u=%(y)dy uniformly as € — 0,
Q

for any N—dimensional multi-index k with 0 < |k| < 2. It follows that w € C*(Q)
and
Drw(x) = / DEG(x,y)u=%(y)dy forallxe Q,
Q

for any multi-index k with 0 < [k| < 2.
(ii) Let k be a multi-index with |k| =3 and 20 < 8 < 1. From Proposition B.1(il)

we have

Diwe(s) [ DRG0y < 2cue?) @ [ IDAG )y

S B

gclsfzo‘/ |x—y|1Nmin{l,ﬂ} dy

Q eyl
§C18ﬁ72°‘/ ey NBay

Q

diam (Q)

et [ g

0
<P 50 ase—o0,

since B < 1. With the same arguments as above we find w € C*(€). This ends the
proof. (]

Our main result concerning (7.20) is the following.
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Theorem 7.17 Assume 0 < o < 1 and conditions (A1), (A2) hold. Then, the prob-

lem (7.20) has a unique solution u and there exist c1,co > 0 such that
c18%(x) <u(x) <28%(x)  in Q, (7.31)
where §(x) = dist(x,0Q). Moreover, u € C*(Q) and if 0 < o < 1/2 thenu € C3(Q).

The existence of a solution will be obtained by means of the Schauder fixed point
theorem. To this aim, we employ the estimates for the biharmonic Green function
stated in Appendix B. The uniqueness relies heavily on the boundary estimate (7.31)
which is obtained by using the behavior of the Green function (see Proposition 7.15).

Let a(x) = @} (x), x € Q. Motivated by Proposition 7.15 we will be looking for

solutions u of (7.20) in the form

where v € C(Q), v > 0 in Q. This leads us to the following integral equation for v:

- G(x’y>v7°‘ orallxc Q
v(x) = ) /Q 20 (y)dy forallxe Q. (7.32)

We can now regard (7.32) as the fixed point problem
F(v) =,

where

Fy— L [ Gy o
J(V)— d(x)/() da(y) (y)dy

Remark that .% is an integral operator of the form

/ K(x,y)v=%(y)dy,
where the kernel K is given by
G
Lay) ifx,yeQ,
5 _ ) alx)a*(y)

K:QxQ —[0,], K(x,y)= 22G(x.y)
—_— if x € 0Q Q.
Faary)  TTETE

Note that K is well defined since d2a(x) = 2(dy@;(x))* > 0 on 9 Q.
We first need the following result.
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Lemma 7.18 (i) For any y € Q, the function K(-,y) : Q — [0,0] is continuous;
(ii) The mapping
Q>5x— / K(x,y)dy
Q

is continuous and there exists M > 1 such that
1 _
i < / K(x,y)dy<M forallxe Q. (7.33)
Q

Proof. (i) By the results in the Appendix B, G : Q x Q — (0,c0] is continuous
(in the extended sense). Therefore K(-,y) is continuous (in the extended sense) in
Q. It remains to prove the continuity of K(-,y) on d€. Let € > 0. Since G(-,y) €
CHQ\ {y}) and a € C*(Q), for any z € JQ we have

1
G(z+1v,y) =72 (E(?VZG(ZJ)-i-Gl (z7t)> ast N0,

1
a(z+1v,y) =1> (593a(z7y) +a1(z,t)> ast /0,

where

limGy(z,¢) =1i )=0 iformly f Q.
t% 1(z,7) t%al(z, ) uniformly for z €
Hence, as t /0 we have

%a\%G(Zay)""Gl(Zat) . a‘%G(Z,y)
39%a(z,y)+ai(zr)  dva(z.y)

< [G1zy)|9Fa(z.y) +|a (@ 0)[107G(x)|
T Jalzy)393a(z,y) +ai(z )|

|K(z+1v,y) —K(z,)| =

Thus, there exists 1; > 0 such that
|K(z+1v,y) —K(z,y)] < g forallz€ 9Q and — 1My <t <0. (7.34)
Also, by the smoothness of the boundary 9 there exists 1, > 0 such that
|K(z,y) —K(z,y)| < g forall 7,7 € 0Q,|z— 7| < ny. (7.35)

Define 1 = min{n;,n}/2 and fix z € dQ. Let now x € Q be such that |x —z| < 7.
Also, let X € dQ be such that |x — x| = § (x) =dist(x, Q). Then [x — x| < [x—z| <N
and |¥ —z| < |x —X| 4+ |z — x| < 21 < 12 so by (7.35) we have

K(EY) Ky < 5. (736)
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Now, from (7.34) and (7.36) we obtain
K (x,y) = K(z,y)| < [K(x,y) = K(%,y)|+ [K(%,y) = K(z,y)| < &

so K(-,y) is continuous at z € d€2. This completes the proof of (i).
(ii) Assume first N > 4. Using (7.23) and Proposition B.1(iil) we have

K(x,y) <1877 (x)8 % (y)G(x,y)

gcQIxyIZNfSM(y)mm{ "x (i|}

gcz|x—y|2N52“(y)min{l i (i|}

|>72¢=N" forall x,y € Q.

<clx—y

Since 0 < o < 1, the mapping x — |x —y|>~2%~V is integrable on £, so by means of
Lebesgue’s dominated convergence theorem we deduce that Q > x +— [ K(x,y)dy
is continuous. This fact combined with K > 0 in £2 proves the existence of a number
M > 1 that satisfies (7.33).

For 2 < N < 4 we proceed similarly with different estimates (as in the proof of
Proposition 7.15) to derive the same conclusion. This finishes the proof of Lemma
7.18. O

We are now ready to prove Theorem 7.17. Let M > 1 satisfy (7.33) and fix 0 <
€ < 1 such that

gl < pm1-e, (7.37)
Define
e ifr<e,
ge:R—=R, ge(t)=19 _
¢ ift > ¢,

and for any v € C(Q), v > 0 in Q consider the operator

T:(v)(x) = /QK(x,y)gg (v(y))dy forallx € Q.

If v € C(Q) satisfies v > 0 in Q, then g¢(v) < € % in Q so by (7.33) we find
T.(v) < Me~%in Q. Let now

_1- 2 _
vi=M ! Ged v =Me o,

)
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and

i, ={reC(@Q): vi <v<wn}

By Lemma 7.18 it is easy to see that Tz ([v{,v2]) C [v1,V;]. Further, by Lemma 7.18

and the Arzela—Ascoli theorem, it follows that

Tz : [vi,v2] = [v1,v2]  is compact.

Hence, by Schauder’s fixed point theorem, there exists v € C(£2), vi <v <, in
Q such that T, (v) = v. By (7.37) it follows that v > v| > £ in Q, 50 ge(v) = v~
Therefore, v satisfies (7.32), that is, u = av is a solution of (7.20). Now, the bound-
ary estimate (7.31) and the regularity of solution u follows from Proposition 7.15
and Proposition 7.16 respectively. In the following we derive the uniqueness of the
solution to (7.20).

Let uy, up be two solutions of (7.20). Using Proposition 7.15 there exists 0 < ¢ <
1 such that

c8%(x) < ui(x) < l52(x) inQ,i=1.2. (7.38)

c
This means that we can find a constant C > 1 such that Cu; > up and Cuy > u; in
Q.

We claim that #; > u, in €. Supposing the contrary, let
M =inf{A > 1:Au; > up in Q}.
By our assumption, we have M > 1. From Mu; > u, in €, it follows that
M%uy(x) —up(x) = /Q G(x,y) {M“u;“(y) - ufa(y)} dy>0 forallxe Q,
and then
M“zul(x) —up(x) = /Q G(x,y) {M“zufa(y) - u;“(y)} dy>0 forallxe Q.

We have thus obtained M“2u1 > up in Q. Since M > 1 and o < 1, this last in-
equality contradicts the minimality of M. Hence, u; > u, in 2. Similarly we deduce

u; < up in £, 8o u; = up and the uniqueness is proved. This finishes the proof of
Theorem 7.17. 0



Chapter 8

Large Time Behavior of Solutions
for Degenerate Parabolic Equations

The saddest aspect of life right now is
that science gathers knowledge faster
than society gathers wisdom.

Isaac Asimov (1902-1992)

8.1 Introduction

We are concerned in this chapter with degenerate parabolic problems of type
diu=a(6(x))u’ Au+ g(x,u) in Q x (0,00),
u=0 in dQ2 x (0,00), (8.1)
u(x,0) = up(x) in Q,

where Q C RV (N > 1) is a smooth bounded domain, §(x) = dist(x,d€2) and p > 1.
The initial data uq verifies ug € C*() and ug > 0 in Q.

Ifa=1, p=2and g(x,u) = u, problem (8.1) arises in a model for the resistive
diffusion of a forced free magnetic field in a plasma confined between two walls (we
refer to Friedman and McLeod [79] and the references therein for further details).
We mention here the works of Winkler [208-212] that deal with the case a = 1.
However, the case where a is not constant have been less investigated.

Our aim in this chapter is to provide conditions such that (8.1) admits solutions
which are global in time. If such solutions exist we also investigate their behav-

ior as t — oo. It turns out that both existence and behavior of global solutions is

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 267
DOI 10.1007/978-3-642-22664-9_8, (©) Springer-Verlag Berlin Heidelberg 2012



268 8 Large Time Behavior of Solutions for Degenerate Parabolic Equations

strongly related to the behavior of g (resp. a) at infinity (resp. around the origin).
These features are observed in our study by a close analysis of the associated el-
liptic equations whose solutions are the stabilizers for the time dependent problem
(8.1). In our subsequent analysis we shall distinguish between the superlinear and

sublinear case. The linear case will be considered in the last section of this chapter.

8.2 Superlinear Case

We are concerned in this section with the following parabolic problem
du=a(o(x))u Au+ g(u) in Q x (0,00),
u=0 in dQ x (0,00), 8.2)
u(x,0) = up(x) in Q.

We assume that g € C'(0,e0) NC[0,0) satisfies g > 0 in (0,) and

(g1) the mapping (0,00) > 5 —> Sgp(—j)l is nondecreasing.

As a consequence, g is increasing and g(0) = 0. Moreover, there exists

)
b= il\l})sﬁl

€ [0,00). (8.3)

The potential a : [0,00) — [0,0) is Holder continuous and nondecreasing such that
a(0) =0and a > 01in (0,e0).

The main result in this section is the following.

Theorem 8.1 Assume that the potential a fulfills the condition

Iy

Then, problem (8.2) has a unique solution u which, in addition, satisfies
; Up, (. +)_ o —
}L@H(l'i‘l’f) u(-,t) = W||=) =0,

where W € C*(Q)NC(Q) is the unique solution of
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—a(8(x)) AW + (W =W'P  inQ,
W >0 in Q, (8.5)
W=0 on dQ.

Condition (8.4) appears as a naturally one in the context of stationary problems

associated to (8.2). More precisely we have

Proposition 8.2 Assume that a satisfies (8.4). Then, for all { > 0 problem (8.5) has
a unique classical solution W € C*(Q)NC(Q).

In our setting we prove that condition (8.4) is also sufficient in order to ensure
the existence of global solutions to the parabolic problem (8.2). This requirement
enables us to determine the asymptotic profile of the unique solution to (8.2) as
t — oo,

Proof of Theorem 8.1. We divide the proof into several steps.
Step 1: Existence. Let (1, 0),>1 C C>(€2) be a positive smooth sequence such that
(n,0)n>1 is decreasing and ||u, 0 — uo || =) — 0 as n — oo.

For 0 < € < 1 consider the approximated problem
du=ag(6(x))fe(u)Au—g(u) in Q x(0,7),
{ u=1uyo+¢€ on X7,
where ag(6(x)) = a(8(x)) + € and f¢ : R — [0,0) is a C! function defined by
{ e’ if s <g/2,

sP if s > €.

fe(s) =

By standard parabolic arguments, for all 0 < & < 1 there exists a local solution

Une € CP1(Q x [0,T,,¢)) such that u, . > €. Hence, u, ¢ satisfies

Oittn g = as(S(x))uf,’ﬁAums —g(utng) inQ x(0,T,¢),
(8.6)

Upe = Upo+ € on ZTM.
We claim that 7;, ¢ = . To this aim, we provide uniform bounds for u, ¢. Let ¢
be a positive superharmonic function in  such that § > u, ¢ in ; for instance we

may consider { = M — |x|> with M > 0 large enough. Then @, » := { + ¢ satisfies

Upe > Uno+ € on Xy, and

Ortin,e — ag(8(x))uh ¢ Alhye + g(Une) >0 in 2 x (0,T,¢).
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By Theorem 1.5 we have
ne <Tine <C+1 i Qx(0,Te). 8.7)

Let now 1 > 0 be small enough and Qy, = {x € Q : dist(x,dQ) > n}. We denote
by A1y, @1, the first eigenvalue and the first eigenfunction of (—A) in ;. By (8.7)

we also may define

B:= sup max |fe(ue)(a(d )—l—l)ll,n—i-g(ug) < oo

0<e<12x(0,Te) Ug

Let now u, , = Ce P oy y, where C = C(n,m) > 0 is small enough such that
Co1n <uypin 5. Then u, . satisfies

Uy Suno+e  on (R x (0,Te)) U (2y x {0})

g(une)

Un e

ﬁ"f'fe(une)( (6 )"'1)}‘171"‘
>0 inQyx(0,Tpe).

By Theorem 1.5 we now derive
Une > Uy g = Ceiﬁ’(pl,’n in Q x (0,T¢).

This last estimate combined with (8.7) leads us to 7, ¢ = oo. Let v, ¢ = dty¢. By
(8.6) we obtain

Ivne = ae(8(x)) pube Ve Aty ¢ +ae(8(x))uh ¢ Avye — & (tn.c)Vne
PVne +pg(un,£) - Mn,sg,(un,e)

Une

=de (6(x))M£,SAVn,£ + Ve

in Q x (0,0),

and v, ¢ = 0 on X... Again by Theorem 1.5 and taking into account that V2v,,7‘S S
L7 (€ % (0,00)) we deduce ity ¢ = vne > 01in Q2 X (0,e0). In particular this implies
that Au, ¢ > 0 in € X (0,00). This allows us to apply Theorem 1.5 once more in
order to derive that {u, ¢ } ,>1 is nonincreasing in £ x (0, o).

For all (x,7) € 2 x (0,00), let u,(x,1) = limg g tn¢ (x,7). By standard parabolic
arguments u, € C>'(Q x (0,00)) NC(Q x [0,0)) and u, satisfies
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{ Oty = a(6(x))ub Auy, — g(uy) in Q x (0,00),

Uy = Up0 on 2.

(8.8)

Since upe > U411, on X, we may apply Theorem 1.5 in order to deduce that
{u,} is decreasing. Let now u(x,t) = lim,_e ttn(x,1), for all (x,z) € Q x (0,00).
Then, by standard estimates we deduce from (8.8) that u is a solution of (8.2). This
completes the proof of the existence part.

Step 2: Uniqueness. We first consider the case p > 1. Let v € C>'(Q x [0,T)) N
C(2 x [0,T]) be another solution of problem (8.2). By Theorem 1.5 we deduce
v <ug in Q x [0,T] so that, passing to the limit with € — 0 we obtain

v<u inQx|[0,T]. (8.9)

Let K be a compact subset of Q2 x (0,7) and fix £y CC  such that K CC €.
Also denote by 1, ¢ the first eigenvalue resp. the first eigenfunction corresponding
to the Laplace operator (—A) in H(} (£0). Subtracting the two equations correspond-

ing to u and v we find

d [vI=P(x,t) —u'=P(x,1)

dt | (p—1)a(8(x))

where h(s) = g(s)/s?, s > 0. We now integrate over [1,t], 0 <1 <t < T in the

]A(uv)+ in Q x (0,T),

above equality and then we let 1 — 0. We find

VP t) —u P () . h(u) —h(v) .
(p—1)a(8(x)) 7/0 -+ a8) Jas inax(m).

Next we multiply by ¢; and we integrate over €2y. We obtain

l p(x t) I/l (M)*h(v)
/90 = )a(3 ¢1dx—/ /Qo W}(pldxds. (8.10)
Setting
WP () —ul P (x
y(1) == /90[ P( Z()(S(x)) P( ’t)}q&ldx, 0<t<T, S0

from (8.10) we have

<c//QO W, —v;) %(x};gv)}(pldxds, 0<i<T.
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By Green’s identity and (8.9) we further obtain

1) <Cuy /t/ (v—u)¢1dxds+C/t/a.QO(v—u)%dc(x)ds

+Cl// ¢1dxds
o, af

_h (8.12)
<c// v—u) —do ds—i—C?L// ) oydnds
9 Q a x)
<c1tmaxw+C?L// —h()q)ldxds
99 (8(x))

where w = u — v. Using the hypothesis (g1) we have that the mapping (0,0) 5 s +——
h(s)/s is nondecreasing so that (h(s)/s)" < 0 for all s > 0. Thus,

sh'(s) <h(s) foralls>O0. (8.13)

By the mean value theorem we deduce

h(u) —h(v) _ 1'(6)67 _ sup{/'(s)s” : 0 <'s < |[ul|r=(axo.r]) } -
vl=p —yl=p p—1 = p—1

Hence, there exists a positive constant ¢ > 0 depending only on ||u/[z=(q [o,r]) sSuch
that
h(u) —h(v) <c('"P—u!"P) inQ x(0,T). (8.14)

By (8.11)—(8.14) we finally obtain
y(r) < clTrlglg())(w;L (x)+c2 /Oly(s)ds forall0 <r<T.
Now, Gronwall’s inequality leads us to
/K(vlfﬂ(x,t) () odx <3(0) < Cmao (1),

Since the right-hand side tends to zero as €2y — €2, it follows that u = v in K. Hence,
u = v and the problem (8.2) has a unique solution.

If p =1 we proceed in the same manner. We have only to replace the definition
of y(¢) in (8.11) by

W0) = /éo(lnu(x,t) CInv(xr)gidy, 0<t<T,

and then use (8.13) to derive the uniqueness of the global solution.
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Step 3: Large time behavior.
Fix 0 <& <1 andlet

ve(x,t) = (Ce+pt) P(W(x) &), (x1) € Q2x(0,20),
where W is the unique solution of (8.5) and C¢ > 0 is small enough such that

£ > G/ |luo|~(@)- (8.15)
Then v > u on X.. and
dhve—a(8(x))veAve +g(ve)
> Ohve — a(8(x))veAve + 60!
= (Cetpt) 7 [~(W + ) —a((x) (W +&)PAW + L(W + £)P*1]
— (Cetpt) P [~(We)+ (WP (WP — ew)+e<w+s)l’“}

1+p

> (Ce JFI”)?T

W+e
- &€ 8
(W+e)+(W+ >

>0 inQ x(0,).
By Theorem 1.5 we obtain u < ve in £ x (0,0). This yields

Cg+pt
1+ pt

/
(1+pt)1/”u(x,t)—W§< )IP(WJFg)—W

1
:[I—F@’(;)}(W—i—s)—W ast — oo
1
=0 " (WHe)+e ast—roo.
Hence, we can find 1, = 1, (&) > 0 such that

sup [(1 + ) Pu(x,) fw} <2¢ forallr>1. (8.16)
x€Q

According to Proposition 8.2, there exists Wy, € C?(Q2)NC(Q) aunique solution
of
—a(§(xX)AW +(L+n)W=W'""7  inQ,,

W>0 in Qy, (8.17)

W=0 on 9.
We claim that [|[Wy — W|[=(q,) — 0 as 1 — oo
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Indeed, extending W, by zero on Q \ ), by Theorem 1.2 we obtain that {Wj, } is
decreasing as 1 \, 0 and W;; <W in 2. By standard elliptic arguments the sequence
(Q) to a C2(Q)NC(Q) function which is a solution
of (8.5). Since (8.5) has a unique solution we find |[Wy —W{|;=(q,) — 0 as 1 — ce.

2
{Wy}o<n<1 converges in G,

This proves our claim.

In view of the above arguments, there exists 7 > 0 such that
[W—=Wyll=@, <& and [[W]=(\0, <&, (8.18)

where Wy, is the unique solution of (8.17).
Define
wi (6,8) = (Cy + pt) "VPW (), (x,1) € Q x (0,00),

where Cy > 0 is such that
wi (5,0) = Cp /PW (x) < uo(x)  in Q2. (8.19)

Furthermore, taking into account the hypothesis (g1) and (8.3) we may choose Cy, >
0 such that
glwn) < (C+mwh™  inQy. (8.20)
Then wyy <u on (92 x (0,00)) U (L5 x {0}) and
dwn—a(8(x))wyAwy + g(wn)
< dwy — a(8(x))wy Awy + (L+n )8!
1+
— (Cetpt)" 7 [~Wy —a(8(x))WEAWy + (L4 m)WPH]
—Lrp I=p p +1
— (Ce+pt)" 7 W [—Wn +a(S(x))WE AWy + L(W + £)? }
=0 inQy x (0,00).

Again by Theorem 1.5 we derive that wy < u in 2y x (0,0) which yields
Wy — (14 pt)/Pu(x,1) < [(Cn +pt) Y Pu(x,r) — (1 +pt)1/”} u(x,t) >0 ast—0.
Hence, we may choose t, =t (€,17) > 0 such that

sup {Wn(x)f(lert)l/”u(x,t)} <e forallt>n. (8.21)
x€Qy

By (8.18) and (8.21) we then obtain
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sup W(x)f(1+pt)1/”u(x,t)}
xeQy

<[IW = Walli=(a,) + sup [Wy () = (14 p)!/7ux,1)
x€Qy

<2¢ foralltr > 1.

Also by (8.18) we have
sup  [W(x) = (14 p0) Pu(x,)| < IWli=0\0,) <& forallr >0,
xX€EQ\Qp

Hence

sup [W(x) (1 +pt)1/”u(x,t)} <2¢ forallr>0. (8.22)
xeQ

Combining now (8.16) and (8.22) we obtain the conclusion. This completes the

proof. 0O

8.3 Sublinear Case

In this section we are concerned with the following parabolic problem
du=a(d(x))uf(Au+Lg(u)) in Q x (0,7),
u=0 indQ x (0,7), (8.23)
u(x,0) = up(x) in Q,

where Q C RY (N > 1) is a smooth bounded domain, §(x) = dist(x,0€), T > 0,

A >0, and p > 1. Here we assume that g € C'(0,0) NC[0,0) is a nondecreasing
function such that g > 0 in (0, ) and g has a sublinear growth, that is,

(g1) The mapping (0,0) > s — @ is nonincreasing.

(€2) limg o %) = oo and Tim, .. &9 = 0.

The standard example of function g that satisfies (gl) — (g2) is g(s) = s? with
0 < g < 1. We also may consider:

gls)=s9In(1+s"), g(s)=s7In"(1+s), g(s)=s?arctans”,

where g,r > 0 withO <g+r < 1.
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The initial data u satisfies ug € C! (5), up > 0in Q and
co0(x) <up(x) <c18(x) in Q, (8.24)

for some positive constants cgp,c; > 0.

The main result in this section is the following.

Theorem 8.3 Assume that conditions (g1) — (g2) hold. Then, for all .. > 0, problem
(8.23) has a unique global solution u; such that:

(i) The mapping (0,00) > A — u, (x,t) is increasing for all (x,s) €  x (0,e0).
(ii) We have:
lim fluz (-,1) = wall =) =0, (8.25)
where w; € C*(Q)NC(Q) is the unique solution of
—Aw = Ag(w) in Q,
w>0 in Q, (8.26)
w=0 on dQ.

The first step in proving Theorem 8.3 is the following.

Proposition 8.4 Assume that g € C'(0,0) NC[0,0) is positive on (0,0) and satis-
fies (g1) — (g2). Then, for all A > 0, problem (8.26) has a unique classical solution
wy, € C2(Q)NC(Q) such that

c10(x) <wy <c8(x) in Q, (8.27)

for some positive constants cy,c;.
Moreover, if for fixed A > 0 we denote by we € C2(Q)NC(Q), 0 < & < 1, the

unique solution of
—Awe = Ag(we) in Q,

we >0 in €, (8.28)
We =€ on 08,
then the sequence {wg}o<e<1 converges to w,_as € \, 0 uniformly in Q.

Proof. We divide the proof of Theorem 8.3 into several steps.

Step 1: Existence. Fix A > 0 and for 0 < € < I consider the approximated problem
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e = ag (8 (x)) fe (ue) (Aue +Ag(ue))  in Qx(0,7),
Ug =€ indQ x (0,7T),
ug(x,0) = up(x) +¢€ in Q,
where a¢(8(x)) = a(8(x)) + € and f; : R — [0,00) is defined by
eb ifs<e,
fS(S):{s” ifs > e.
By standard parabolic arguments, for all 0 < € < 1 there exists a local solution
ue € C*1(Q x [0,T¢)) and ue > €. Hence, u, satisfies
e = ag(8(x))ug (Aue +Ag(ue))  in2x(0,T;),
Ug =€ indQ x (0,T;), (8.29)
ug (x,0) = up(x) + € in Q.
We claim that T = oo. To this aim, we provide a uniform upper bound for u,.
Let w) and w, be the unique solutions of (8.26) and (8.28) respectively. Set ue :=

Mwe where M > 1 is large. In view of (g1) we derive that g(iig) < Mg(we) in Q.

Furthermore we have
Tie — ag(8(x))a’ (Aﬁg + lg(ﬁg))
= —ae(8(x))af (AT + Ag(me))

(8.30)
> —ae(8(x))MP L (Awe +Ag(we) )
=0 inQx(0,T;).
In view of (8.27) and Proposition 8.4, for all x € {2 we also have
e =Mwe >+ (M—1Dwe >+ (M—1)wy > e+ (M—1)c;6(x).
Letting M > 1 sufficiently large, by (8.24) we deduce
e (x,0) > up(x)+¢€  in Q. (8.31)

Combining (8.30) and (8.31), by virtue of Lemma 4.5 we find € < ue < Mwg in
Q x (0,T;). Hence, we may continue the local solution ue of (8.29) for all times.

This means that T, = e forall 0 < € < 1.
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Next, let u, := m@; + €. Using (8.24), we may find 0 < m < 1 small enough such
that m@; < up in Q. In © x (0,e0) we also have

O — as(3(0))uf (A + Ag(ay) )
= —ac(8(x))uf (Auy + Ag(u))
< ag(6(x)) g(rrlM(Pl lg(WPlﬂLE))
)

< as(8(x)uf (M (mpr +€) — Ag(moy +)).

(8.32)

Since limg o g(s)/s = oo, we may choose 0 < m, & < 1 sufficiently small such that

gmei ) M0 forall0<e < g (8.33)
m@; + € A

By (8.32) and (8.33) we deduce
Oty — ae(3(x))uf (Mg + Ag(g) ) SO in Q2 x (0,00).

Since u, = € on 2 and u, < €+4upin £, by Lemma 4.5 we obtain m@; + € < ug

in Q x (0,00). Hence, for all 0 < € < & we have
me,+€ < ug < Mwe in Q x (0,0). (8.34)

Now, interior Holder and Schauder estimates can be deduced in order to show
that (g )o<e<1 converges monotonically in any compact subset of £ x (0,e0) to a
function u; € C>'(Q x (0,50)) NC(L x [0,50)) which is a solution of (8.23). Fur-

thermore, from (8.34) we derive
me; <uy < MW}L in Q2 X (0,00) (8.35)

Step 2: Uniqueness and dependence on A. We first consider the case p > 1. Let
vy, € CH1(Q x[0,T)) NC(L x [0,T]) be another solution of problem (8.23). By
Lemma 4.5 we deduce v; < ug in 2 x [0,7] so that, passing to the limit and by
(8.35) we obtain

vy <uy <w, inQx[0,T]. (8.36)

Let K be a compact subset of €2 and fix €2y C Q such that K CC Qy CC €. Also
denote by i, ¢; the first eigenvalue resp. the first eigenfunction corresponding to

the Laplace operator (—A) in H(} (£0). Subtracting the two equations corresponding
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to u and v we find
vy P —uy ")
(p—1)a(8(x))
We now integrate over [17,7],0 < 1 <t < T in the above equality and then we let
n — 0. We find

=A(up —va) +Ag(up) —Ag(va) inQ2x(0,7T).

v;;p(x,t) - u;;p(x,t
(p—1a(é(x))

Next we multiply the last equality by ¢; and we integrate over €2y. We obtain

) _ /Ot (A(u/l —vy)+Ag(uy) —lg(vk))ds inQ x (0,7).

l-p l-p i p
vy, Plx,t) —uy P(x,1) o
/QO A = 1)a(§(x)) q)ldx_/o /Qo (A(u,l —v,l)—i—?tg(u,l)—?tg(vk)) ¢1dxds.

(8.37)
Since vy <uy in Q2 x (0,7) and p > 1, we deduce
1 P 1-p 1-p 1-p
at - at at - at .
v (et = Tt vy )~ T(x0) nQx(0,7).  (838)
a(8(x)) l|aodl1=q)
Setting
V1) = /Q W P0on) —ul P ) e (Wdy, 0<i<T,  (839)
0

from (8.37) and (8.38) we have
<C/ / (up, —va)+Ag(uy) — ?Lg(v;L))q)ldxds, 0<r<T,
QO

where C = (p — 1)||a o 8| ;=(q). By Green’s identity and (8.36) we further obtain

1) <Cuy /t/ (vy, —u,l)q)ldxds—i-C/(:/aQO(v;L —uk)%dc(x)ds
JrC/’L// g(uy) v;.))¢1dxds
<C/ /9 (vi—uy) —dG ds—i—Ck/ / gluy)—g(vy))o1dxds

<cpfmaxwy +C/'L/ / (g(uy) —g(vy))d1dxds.
EIoN 0 Jay
(8.40)
Using the hypothesis (g1) we have (g(s)/s)’ <0 for all s > 0. Thus,

sg'(s) <g(s) foralls>0, (8.41)
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and by the mean value theorem we deduce

glun) —glva) _ £(0)67 _ sup{g’(s)s” : 0 < s < [lup || = (ax (o, } -

vif”—uif’g - op-1 p—1

Hence, there exists a positive constant ¢ > 0 depending only on |[u || ;=(@ x 0,7]) Such
that
gluy)—glvy) < c(v;fp - u;;p) in Qx (0,7). (8.42)

By (8.39)—(8.42) we finally obtain
!
y(r) < clTrggxw;L (x)+ cz/ y(s)ds forall0<t<T. (8.43)
0 0
Now, Gronwall’s inequality leads us to

S5 ) 7001 () < 3(0) < Como (),

Since the right-hand side tends to zero as £y — €2, it follows that u; = v, in K.
Hence, u#) = v) and so problem (8.23) has a unique solution.

If p =1 we proceed in the same manner. We have only to replace the definition
of y(7) in (8.39) by

Y1) = /Qo(lnul(x,t)flnvl(x,t))(i)l(x)dx, 0<i<T.

Then, estimate (8.40) holds in our case. Also by (8.41) and the mean value property
we have

8(uz) —g(va)

iy, —lnv, ¢'(0)8 <sup{g(s)s: 0 <s < [lup [l =(@x[o,r)) } < o

Hence, there exists a positive constant ¢ > 0 depending only on [u || = (@ x 0,7]) Such
that
glup)—gvy) <c(lnuy —Invy) in Q2 x (0,7).

Therefore, we again obtain (8.43) and use Gronwall’s inequality which finally pro-
duces uy =v;.

In order to prove the dependence on 4 let us fix 0 < A; < A, and let uy, . and
uy, ¢ be the solutions of (8.29) corresponding to A; and A, respectively. By Lemma

4.5 we obtain uy, < uy, ¢ in  x [0,c0). Then, passing to the limit with € \, 0 we
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find uy, <uy, in Qx [0,°0). By the strong maximum principle we further deduce

uy, <y, in Q x(0,00).

Step 3: Asymptotic behavior. Fix A > 0. For all 0 < € < g (where & is defined by

(8.33)) let u; and u:{ be the unique solutions of

{ due = ae(8(x))(ue )" (Aug +Ag(ug))  in L x(0,00),
(8.44)
ug =mey+ e (1) on X,
and
dug = ag(8(x))(ud )" (Auf +2Ag(u)) i Q2 x (0,e0),
(8.45
ug =Mwe +y (1) on X.., )

where we is the unique solution of (8.28) and ng : [0,00) — R are continuous dif-

ferentiable functions such that
Ve (0) = ; » (W)’ 2 0in[0,e0), and lim y. (1) =&,
+

Y (0)=0. () <0in0,), and lim y (1) = (1 — M) <0.

It is easy to see that u € C*'(Q x [0,0)) and for all 0 < € < & there holds
moj —i—; <u; <ue <uf < Mw, in Q x [0,0).
Furthermore, letting v := d,u, by (8.44) and (8.45) we derive

+12
atvgi = as(S(x))(ug)i(Avg + lg/(uff)vff) +p (Vsi) in Q x (0,).  (8.46)
Ug

Also notice that the coefficients in (8.46) are bounded. Since :I:vjzt < 0on X, by
Lemma 4.5 we deduce +v¥ < 0 in Q x [0,c0). Thus, there exists w : Q — [0,0)
such that

ug (x,1) Swy (x)  and  uf(x,1) \ wi(x) ast— oo

Letting u;r (x,1) := ug (x,t +n), (x,1) € Q x [0,2], with the same arguments as
in [207, Theorem 3.2] we obtain

wre = wg  inCH (2 x[0,2)) as n — oo.
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This also yields

ul(-,t) —wg  uniformlyin Q as ¢ — co. (8.47)

Furthermore, w satisfies
—AwE = Ag(wY) in Q,
wg >0 in Q,
wi=¢ in 0Q.

By the uniqueness of (8.28) it follows that w; = wl = we.

Let 17 > 0. Since [[we —wy ||1=(@) — 0 as € \, 0, we can find & > 0 such that
we—wi| <1 inQ.

On the other hand, by (8.47) we can find Tj > 0 such that u} < we+1in Q x [T}, o).
Hence,

u<ue <uf <we+n<wy+20 inﬁx[Tl,oo). (8.48)

Let now Q CC Q be such that
lwi—wi| <n  inQ, (8.49)

where w) is the unique solution of (8.26) in Q. This yields w), < n on Q. Using
the asymptotic behavior of w;, described in (8.27) we obtain &(x) < 1)/c; on 9Q
and

Wy < E—f" in 2\ Q. (8.50)

Let Z.. = (9€2 x (0,0)) U(2 x {0}) and 0 < € < infs_u be such that for all
0 < & < € the solution &, of (8.44) in Q x [0,00) converges uniformly to some w,
as t — oo. As we have already proved, we is the unique solution of (8.28) in Q and
We — W, uniformly in £ as € \, 0.

Fix 0 < € < € and T» > 0 such that

We>Wy—N>wy—2n inQ and @ >we—n inQx[D,e). (8.51)

Furthermore, since u) > u, on i,o, by Lemma 4.5 we deduce u) > u, in Qx [0,0).

Combining (8.49)—(8.51) we obtain
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uy >y >we—1>wy—30  inQx [T, e0),

w, >0>wy — 20 in (@) Q) x [0,c0).

C1
Therefore,

up—wy > —cn inQ x[I,eo), (8.52)
for some ¢ > 0 independent of € and 17. Now, by (8.48) and (8.52) we finally obtain
Tim fluz (1) =wall=(@) = 0.

This finishes the proof. (]

8.4 Linear Case

In this section we study the parabolic problem (8.23) for g(u) = u. We also assume

that the potential a satisfies

1 S
/ S s < o, (8.53)
0 a(s)

Theorem 8.5 Assume that g(u) = u and condition (8.53) holds. Then, for all 0 <
A < Ay, problem (8.23) has a unique global solution u, which is increasing with
respect to A.

Moreover, if Uy (x,1) := uy (x,1) (1 + pt)'/P, (x,1) € Q x [0,00) then:

(i) Forall0 < A < A; we have
lim [[U3. (1) = WallL=(@) =0,

where W, € C?(Q)NC(Q) is the unique solution of

1
AW = ——W!'"P4 AW inQ,
a(8(x))
W >0 in Q, (8.54)
W=0 on 0Q.

(i) If 1 < p <2thenlimy q [|Uy(x,")||1=(0,0) = o uniformly on compact subsets
of Q.
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Before we start the proof of Theorem 8.5 we present some qualitative results

regarding problem (8.54). More precisely, let us consider

1
AW = —— WO LAW  inQ,
a(8(x))
W >0 in Q, (8.55)
W=0 on dQ,

where a satisfies (8.53) and o > 0. We have:

Proposition 8.6 Let o0 > 0, A > 0, and a satisfy (8.53). We have:

(1) Problem (8.55) has classical solutions if and only if L < A;.
(ii) Forall 0 < A < Aj problem (8.55) has a unique classical solution W).. In addi-
tion, Wy has the following properties:

(iil) The mapping (0,11) 2 A — W) (x) is increasing for all x € Q.
(ii2) There exists a nondecreasing function H : [0,00) — [0,0) such that for all

0 <A <A we can find 0 < m < M (depending on A) with the property
mo(x) <Wp, <MH(8(x)) in£Q. (8.56)
(ii3) If0 < o < 1 then limy_ny W, = oo uniformly on compact subsets of €.

Proof of Theorem 8.5. Let us remark first that u is a global solution of (8.23) if and
only if

U(x,t) = u(x,t)(1+pr)/?, (x,1) € Q% [0,%0)
satisfies
(14 pt)d,U = a(6(x))UP(AU +AU)+U in  x (0,00),
U=0 on dQ x (0,e),
U (x,0) = up(x) on Q.

Next, with the change of variable

1
t=—(e—1), s>0,
p

we find that V (x,s) := U (x, %(e’” — 1)) verifies
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oV =a(8(x))VP/(AVHAV)+V  inQ x (0,e0),
=0 on dQ x (0,), (8.57)
V(x,0) = up(x) on Q.

As in the proof of Theorem 8.3, for all 0 < € < 1 there exists a unique solution V;

of the approximated problem

oV =ag(6(x))VP(AV +AV)+V in Q x (0,s¢),
V=c¢ on 9 x (0, s¢), (8.58)
V(x,0) = up(x)+¢€ on Q,

in a maximal interval [0,s¢) with respect to the time variable. In order to prove that
s¢ = oo, let us consider V. := m@; + €. By (8.24) we can find m > 0 small enough
such that V. <up+ € in £2. We have

OV —ae(8(x))Ve(AV, +AVe) =V, < [(0(5(36)) +1)(me1+€)" (4 —4) = 1{mey,
in Q x (0,s¢). Thus, we can chose m, & > 0 small enough such that
OV —ae(8(x))VE(AVe +AV,) = Ve <0 inQx (0,5¢),

forall 0 < & < &. By Lemma 4.5 we deduce V; >V, in Q x [0, s¢).
Let We € C?(2) N C(Q) be the unique solution of

1
AW =—ov-———W ¢ in 2
w a(3(x))—|—£W +AW in Q,
W >0 in Q, (8.59)
W=¢ on dQ.

Due to the presence of the potential a(8(x))+ € in (8.59) we are not able to show
that {W; }g<e<1 is monotone with respect to €. However, we still have the following

result which is essential in our further analysis.

Proposition 8.7 The sequence (We)o<e<1 converges uniformly as € \, 0 to the

unique solution W), of problem (8.55).

It is now easy to see that Ve := MW, satisfies

Ve —ae(8(x))VE(AVe +AVe) = Ve >0 in Q2 x (0,s¢). (8.60)
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On the other hand, c@; + € is a subsolution of (8.59) for ¢ > 0 sufficiently small and
by Theorem 1.2 we deduce W > c¢; + € in Q. Hence, taking M > 1 large enough,

in view of (8.24) we have
Ve=MWe >M(co; +€)>up+e inQ. (8.61)

By (8.60), (8.61) and Theorem 1.5 we obtain

This shows that V; is actually a global solution of (8.58). From now on we can
employ the same technique as in the proof of Theorem 8.3 in order to show that for
all 0 < A < A; problem (8.57) has a unique global solution V; € C>!( x (0,0)) N
C(Q x [0,%0)) such that the mapping (0,4;) 3 A —— Vj (x,s) is increasing for all
(x,5) € Q x (0,00).

Next, the estimate (ii2) in Proposition 8.6 allows us to employ the same argu-

ments as in Step 3 of Theorem 8.3 in order to obtain
Tim [[V2 (-,5) = WallL=(a) = 0, (8.62)

where W) € C?(Q2)NC(Q) is the unique solution of (8.55). The only difference
is that due to the estimate (8.56), relation (8.50) should be replaced by W, <
MH (1 /m) in Q\ , where m, M > 0 are the constants from (8.56).

We now prove that asymptotic behavior in (ii) holds for V; . To this aim, assume
that 1 < p <2 and let @ CC Q be fixed. By Proposition 8.6 (ii3), for any M > 0
there exists 0 < Ay < A; such that Wi, > M+ 1in . In view of (8.62) we can find
so > 0 such that

Vie =Wl <1 in@ X [sg,0),

which yields V;, > W, — 1> M in @ x [sp,°). Since V}, is increasing with respect
to A we find that

Vi >M in o X [sp,%), forall lg <A < Ay.

Hence lim)_»;, [|[V3 (x,)||1=(0,e) = o uniformly on compact subsets of €.
Finally, since U, and V; are related by U, (x,1) = V, (x, %ln(l + pr)), the con-

clusion in Theorem 8.5 follows immediately. This completes the proof. O



Chapter 9

Reaction-Diffusion Systems Arising
in Chemistry

To accomplish great things, we must
not only act, but also dream; not only
plan, but also believe.

Anatole France (1844-1924)

9.1 Introduction

Many physical, chemical, biological, environmental and even sociological processes
are driven by reaction-diffusion systems. These are multi-component models involv-
ing two different mechanisms: on the one hand there is diffusion, a random particle
movement, and on the other hand there are chemical, biological or sociological re-
actions representing instantaneous interactions, which depend on the state variables
themselves and possibly also explicitly on the particles’ position.

In the early 1950s, the British mathematician Alan M. Turing [197] proposed
a model that accounts for pattern formation in morphogenesis. Turing [197] sug-
gested that under certain conditions, chemicals can react and diffuse in such a way
to produce steady-state heterogeneous spatial patterns of chemical or morphogen
concentrations. He showed that a system of two reacting and diffusing chemicals
could give rise to spatial patterns from initial near-homogeneity. The idea behind
Turing’s model is the existence of a low-range diffusing activator and a wide-
range diffusing inhibitor. The activator production is inhibited by the presence of

inhibitors and enhanced by the presence of the activator. In contrast, the inhibitor

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 287
DOI 10.1007/978-3-642-22664-9_9, (©) Springer-Verlag Berlin Heidelberg 2012
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is not self-enhancing, that is, its production is not linked to the presence of other
inhibitors, but to the presence of activators. Turing systems show a very rich behav-
ior from the pattern formation point of view, varying from spots to stripes and from
lamellar to chaotic structures.

Lately, many Turing-type models described by coupled systems of reaction-
diffusion equations have been used for generating patterns in both organic and inor-

ganic systems.

9.2 Brusselator Model

In this section we shall be concerned with Turing patterns in a general Brusselator
model for autocatalytic oscillating chemical reactions. An autocatalytic reaction is
one in which a species acts to increase the rate of its producing reaction. In many
autocatalytic systems complex dynamics are seen, including multiple steady-states
and periodic orbits. The study of oscillating reactions has only been the subject of
interest for the last fifty years, starting with the Belousov—Zhabotinsky chemical
reactions.

There is now a large number of real and hypothetical systems that provide insight
into the complex behavior of autocatalytic systems. Among them we mention the
Brusselator model [161], Gray—Scott model [100], Lengyel-Epstein model [133],
Oregonator model [73], Schnakenberg model [174], Sel’klov model [175].

The Brusselator model was introduced by Prigogine and Lefever [161] in 1968.

It consists of the following four intermediate reaction steps
A—=X, B+X—Y+D, 2X+4+Y — 3X, X —E.

The global reaction is A+ B — D+ E and corresponds to the transformation of input
products A and B into output products D and E.
Using the law of mass action, we can derive the reaction-diffusion system asso-

ciated to the above reactions as
w—diAu=a— b+ Du+ f(u)y inQx(0,T),
Vi —drAv = bu — f(u)v in Q x (0,7).
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The unknowns u, v in the above system represent the concentrations of two in-
termediary reactants having the diffusion rates d,d, > 0 while a, b > 0 are fixed
concentrations. The Brusselator system has been extensively investigated in re-
cent decades from both analytical and numerical points of view (see for instance
[9,32,69,84,113,124,157,159,198,217]).

In the following we shall be concerned with the more general system

w—diAu=a—(b+Du+ f(u)y inQx(0,T),

v —daAv=bu— f(u)v in Q2 x (0,7),

u(x,0) = uo(x),v(x.0) =vo(x)  on 2, e
du du

W(x,t)—m(x,t)—o on aQX(O,T),

where Q c RV (N > 1) is a smooth and bounded domain, a,b,d;,d, are positive
constants and f € C'(0,%0) N C[0,0) is a nonnegative and nondecreasing function
such that f > 01in (0, ). The initial data ug, v are nonnegative continuous functions
in Q.

Our further analysis will reveal the fact that the dynamics of (9.1) and its associ-
ated steady-state is strongly related to the behavior of the nonlinearity f. We shall
assume that f satisfies one of the following hypotheses:

either f is sublinear, that is,

(f1) the mapping (0,0) 55 —» LSS) is nonincreasing;

of f has a superlinear character, namely,

(f2) the mapping (0,0) > 5 —» L:) is nondecreasing.

Particular attention will be paid to the steady states of (9.1), that is, solutions of

—diAu=a—(b+ u+ f(u)yv inQ,

—drAv = bu — f(u)v in .Q, 9.2)
du dv
—==—=0 0Q.
v dv on
It is easily seen that there exists a unique uniform steady state of (9.2), namely
ab
u,v) = (a—) (9.3)
N

We shall also investigate the asymptotic stability of the above constant solution. In

particular, we shall see that if f has a sublinear growth, then the constant solution



290 9 Reaction-Diffusion Systems Arising in Chemistry

(u,v) defined by (9.3) is uniformly asymptotically stable. Moreover, in the sublinear
case on f we prove that (9.3) is the unique solution of system (9.2), so there are
no Turing patterns in this case. In turn, if f satisfies (f2), the analysis of (9.2)
is more involved. The existence of Turing patterns (and implicitly of nonconstant
solutions to (9.2)) is strongly dependent on the diffusion coefficients d;,d> and on
the parameters a,b. The most important issue in the study of steady-state solutions
are the a priori estimates. Using a similar approach to that in [84], we are able to
find precise upper and lower bounds for solutions to (9.2) in terms of a,b,d;,d, for
any dimension N > 1. This allows us to extend the study of the standard Brusselator
system started in [32, 84, 159]. As a consequence, we are able to provide existence

results in terms of a, b, di and d; in case where f has a superlinear growth.

9.2.1 Existence of Global Solutions

In this section we establish the existence of global solutions to (9.1). Our first result

concerns the case where f is sublinear.

Theorem 9.1 Assume that f satisfies (f1) and lims_,. f(s)/s = 0. Then, for any
a,b,dy,dy > 0 and any nonnegative continuous functions uo,vo, the system (9.1)

has at least one global solution.

Proof. The proof relies on the invariant region method (see, e.g., [182,215]). To

this aim, we rewrite the system (9.1) in the vectorial form
W, = (”f)l d02>Aw+F(w) in Q x (0,0), (9.4)

where w = (u,v)" and

fa—(b+Du+ f(u)y
Fw) = < bu— f(u)v ’
We claim that the rectangle X := [0,¢;] x [0,cz] is an invariant region for
(9.4) provided cy,c; > 0 are large enough. In view of (f1) we can choose ¢; >

max {2a, ||ugl| =} such that

(b+1/2)C1
fler)

> |vol|z=
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and define

We also write X as
S={w=(uv)T €C(Q)NC(Q):G;i(w)<0,1<i<4},
where
Gi(w) =—u, Go(w)=u—cy, G3(w)=—v, Ga(W) =v—c.

It is obviously that the initial data (ug,vo) belongs to the interior of X. If w =

(u,v)T € X, by the definition of ¢; and ¢, we have

VG, -F,_,=—a—f(0)y<0,

C1

<0
2—’

VGy-F,_, =a- b+ D+ fler)v<a—(b+1)c1+ f(c1)ca=a—

VG3-F _,=—bu<0,
VG4.F‘VZC2 :bu—f(u)v:u<b—@> §u<b—@cz) <0.
1

By Theorem 14.13 in [182] it follows that X is invariant for (9.4). Thus, there exists
a global solution of (9.4). (]

Next, we turn our attention to the case where f is superlinear. For the standard
Brusselator model, that is, f(u) = u?, the existence of a global solution to (9.1) was
obtained by Rothe [172]. Here, the existence of global solution to (9.1) is derived
for more general nonlinearities f under the restriction d| = d, and the initial data ug

is strictly positive in Q (see [96]).

Theorem 9.2 Assume that di = d > 0, the initial data ugy,vq are continuous func-
tions in Q such that ug > 0, vo > 0 in Q and the nonlinearity f satisfies (f2) and
limy_,0 f(s)/s = 0. Then, for any a,b > 0, the system (9.1) has a global solution.

Proof. With the change of variable we can assume d; = d, = 1. For € > 0 small

enough we consider the related problem
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w—Au=a— b+ Du+ f(u)v in Q x (0,00),

v —Av=bu— f(u)v in Q x (0,00),

u(x,0) = up(x),v(x,0) =vo(x) +& onQ, ©-5)
du v

W(X,I)ZE(X,I)ZO OHaQX(O7°°),

By standard parabolic arguments, there exists a classical solution (1, u®) of (9.5)
in a maximal interval (0, T;5,, ). We claim that 7;5,, = oe. First, by (9.5) we have that
U¢ satisfies

uy —Au+(b+1)u*>a>0 inQx(0,T5)-

Since ug > 0 in Q, there exists a constant k > 0 independent of & such that

W >k in Qx(0,TE,). (9.6)

? T max

Since lim,_,0 f(s)/s = 0, we can choose k > 0 small enough such that

bk .=
V()+1 < m in Q. (97)

The function v satisfies

V,E — AVE = buf — f(ug)vg in Q2 x (07 Tnﬁax)a

vE(x,0) = vo(x) + & on €2, 9.8)
t
?Tvv(x’t) —0 on 9 x (0,TE,).

Using (9.6) and that fact that f satisfies (f2) we can easily deduce that the interval
X :=[0,bk/ f (k)]

is an invariant region for (9.8). This means that

bk —
v(x,t) < 70 =const. in Q x (0,T%,,)- 9.9)
Adding the first two equations in (9.5) we have
(u® +u®) —A(u8+u£)+i(u8+u£)<a+ bk in Q x (0,T%5,,)
t dl — dlf(k) ’Tmax/ "

By maximum principle we deduce that u® +v¢ < M in Q x (0,TE,,), for some

constant M > 0 independent of €. Therefore, for € > 0 small enough, u?, u® satisfy
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This yields T2, = oo, so uf and V¢ exist globally. Also by standard parabolic argu-
ments and up to a subsequence, u® and v¢ converge to some functions u and v which

are global solutions to (9.1). This finishes the proof of Theorem 9.2. (]

9.2.2 Stability of the Uniform Steady State
The linearization of (9.4) at wy = (a,ab/f(a))" is

W, = (‘8 (?2>Aw+VF(wo)-w+ oW = woll). 9.10)

Denote by
O=to <y <ty <-or <y <o

the eigenvalues of —A with homogeneous Neumann boundary condition. For any

k > 0 we also denote by e() the multiplicity of p. Consider

— —. du Jv
_ _ 1 1 Lou _ov
X{w(u,v)EC (Q)xC (.Q).av 3y Oon&.Q} (9.11)
and decompose
X=PXq, 9.12)
k>0

where X, denotes the eigenspace corresponding to pig, k > 0.

Theorem 9.3 Assume that

fla) >

—b—1 (9.13)

and the first eigenvalue Ly of the Dirichlet operator subject to homogeneous Neu-

mann condition satisfies

1 (baf'a) )_M
“l>d1( ) b=1) == (9.14)

Then the steady-state Wy is uniformly asymptotically stable.
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Proof. Define £ : X — C(Q) x C(Q) by

B <d1A+%§”b1 f(a) )

b2 A fa)

Then X is invariant for .Z and &; is an eigenvalue of . on X, if and only if & is

an eigenvalue of the matrix

o [ RS b1 ()
‘ by fla))

The determinant and trace of A are

det(Ay) = [dldzﬂk+d1f(a) *dz(baf/(a) —b— 1)] + f(a),

fla)
bc}f(a() a ., — f(a) — (d+d>) .

Remark that for any k > 0 we have

9.15)
Tr(Ax) =

det(Ax) > 0> Tr(Ay).

Denote by & and & the two eigenvalues of Ay, k > 0.

If &, & are complex numbers, then by (9.14) we have

baf'(a)
f(a)

If &, & are real numbers, then by (9.14) we have

Re(§) =Re() = 3 T40) < 5 b-1-5(@)) <0

Gk —— >
- 2det(Ay)
Tr (Ap) — \/Tr (Ag) — 4det(Ag)
det(Ay)
Tr(Ay)
<0

Since Uy — oo as k — oo, from the above estimate we deduce élj — —ooas k — oo,
Hence, in both the above cases we can find § > 0 such that the spectrum of .¥

lies in the region {z € C : Re(z) < —6}. By Theorem 5.1.1. in [110] we obtain that

W is asymptotically uniformly stable for (9.4). This ends the proof. (]
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If f satisfies (1) then ”‘}’E’Cf)“’ —b—1< 0 so that both conditions (9.13) and (9.14)

are satisfied. In this case we obtain

Corollary 9.4 If f satisfies (f1) then wy is uniformly asymptotically stable.

9.2.3 Diffusion-Driven Instability

In this section we point out that under certain conditions on the parameters a and
b, the uniform steady state (ug,vo) defined by (9.3) can be linearly stable in the
absence of diffusion but unstable in the presence of diffusion. This is the well-known
phenomenon of diffusion-driven instability emphasized by Turing in his pioneering
work [197].

Let us consider the spatially homogeneous system corresponding to (9.1):

d
d—” =a—(b+ Du+ f(u)y, t>0,
o (9.16)
E:bu—f(u)v, t>0.
We have the following result.
Theorem 9.5 Assume that
baf'(a)
fla) > ———=—-b—1>0. 9.17)
9> T

Then, there exist d*,D* > 0 such that for all
0<dy<d" and d,> D",

the steady-state wo = (a,ba/f(a))" is uniformly asymptotically stable for the sys-

tem (9.16) and instable for the system (9.1), that is, Turing instabilities occur.

Remark that (9.17) does not hold if f satisfies (f1).

Proof. Using the same approach as in Theorem 9.3 we have that w is uniformly
asymptotically stable for (9.16) provided (9.17) holds. Also by (9.17) we can choose
D* > 0 large enough such that

w D* (%;()a) -b— 1) > f(a).
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Using (9.15), for all d, > D* we have

baf'(a)
f(a)

i < — w;D* —b— .
Jim det(Ar) < f(a) — D ( b 1) <0

Therefore we can find d* > 0 such that
det(A;) <0 forall0<d; <d*,dr, > D"

This implies that A}, and so the operator .Z, has at least one positive eigenvalue. By
[110, Corollary 5.1.1] it follows that wy is uniformly asymptotically unstable. This
finishes the proof. (]

9.2.4 A Priori Estimates

Using Theorem 1.1 we first derive that if f satisfies (f1) then (9.2) has no noncon-

stant solutions. More precisely we have.

Theorem 9.6 Assume that f satisfies (f1). Then, (u,v) = (a,%) is the unique
solution of system (9.2).

Proof. Let (u,v) be a classical solution of (9.2). Let also x; (resp. x;) be a max-
imum point of u (resp. v) and x3 (resp. x4) be a minimum point of u (resp. v) in Q.

Using Theorem 1.1(i) in the first equation of (9.2) we have
(b+Dulxr) <a+ f(ulxr))vix). (9.18)
Now, Theorem 1.1(i) applied to the second equation in (9.2) yields

bu(xz) > f(u(x2))v(x2),

that is, v(x) <b fgf&)))‘ By virtue of (f1) we next derive
ulxy) o, ulxi)

flulx2)) = f(ulxr))
)

v(xy) <v(x) <b <
Therefore (9.18) and (9.19) imply (b + 1)u(x;) < a+ bu(x), that is,

(9.19)

u<u(x;)<a inQ. (9.20)
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On the other hand, Theorem 1.1(ii) applied to the second equation of (9.2) leads us
to v(xs) > b4 Again by (f1) it follows that

Slulxg))
u(xy) - u(x3)

v(x3z) >v(xg) > b > . (9.21)
b =Y 2] = P luCe)
Next, Theorem 1.1(ii) applied to the first equation in (9.2) yields
(b+ Du(xs) > a+ flul(x))v(xs) > a+bu(x),
which implies
u>u(xz)>a in Q. (9.22)

Now (9.20) and (9.22) produce u = a in Q and by (9.2) we also have v = ab/f(a).
This ends the proof. O

When f satisfies (f2) the analysis of the steady state system (9.2) is more deli-
cate. In some cases, depending on the parameters a,b,d;,d, we obtain the existence
of nonconstant solutions to (9.1). We start this study with the following crucial result

that provides a priori estimates for solutions to (9.2).

Theorem 9.7 Assume that f satisfies (f2). Then, any solution (u,v) of (9.2) satis-

fies
a d> ab
—<u<agt+— - ——— in Q, (9.23
b+1 dy (b+1)f(b“?) )
and
ab ab
<v< in Q. (9.24)
d b _a
(b+1)f(a+3f'(b+l)af—'(,,$l)) (b+1)f(b+1)

Proof. Consider first a minimum point xy € Q of u. By Theorem 1.1(ii) it follows
a— (b+ Du(xo) + f(u(xo) )v(x0) <0

which implies u(xo) > a/(b+1). Hence

a

>
"=

in Q. (9.25)

At maximum point of v we have bu — f(u)v > 0, that is, v < bu/ f(u). By virtue of
(f2) and (9.25) we deduce
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ab

< in Q. 9.26
NIy yrer ©:20

Let w = dju+ dyv. Adding the first two relations in (9.2) we have

—Aw=a—u in Q, a—W:00n8.(.2.
av

Let now x; € Q be a maximum point of w. According to Theorem 1.1(i) we have

a—u(x;) >0, thatis, u(x;) < a. By virtue of (9.26), for all x € Q we have

ab .
dlu(x)gw(x) §w(x1)§d1a+d2~m in Q.
b+1
This yields
d2 ab .
u<a+t+— -——-—-— in Q. (9.27)
di (b+1)f(35)

We have proved that u satisfies (9.23). Again by Theorem 1.1(ii), at minimum points
of v we have bu — f(u)v < 0, which yields v > bu/ f (u). Combining this inequality
with (9.27) we obtain the first estimate in (9.24). This concludes our proof. O

From the estimates (9.23)—(9.24) in Theorem 9.7 we derive the following.

Proposition 9.8 Assume that f satisfies (f2) and let a,b,D1,D, > 0 be fixed. Then,
there exist two positive constants Cy,Cy > 0 depending on a,b,D1,D, such that for
all

di 2Dy, 0<dy <Dy,

any solution (u,v) of (9.2) satisfies
Ci<uyv<G inQ.

Furthermore, by standard elliptic arguments and Theorem 9.7 we now obtain:

Proposition 9.9 Assume that f satisfies (f2) and let a,b,D1,D; > 0 be fixed. Then,

for any positive integer k > 1 there exists a constant
C= C(a,b,Dl,Dz,k,N,.Q) >0

such that for all
di =Dy, 0<dy <Dy,

any solution (u,v) of (9.2) satisfies
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ullceg) + IVl ey < €.

In particular; any solution of (9.2) belongs to C*(Q) x C*(Q).

9.2.5 Nonexistence Results

Theorem 9.10 (i) Let a,b,dr > 0 be fixed. There exists D = D(a,b,d,) > 0 such
that system (9.2) has no nonconstant solutions for all dy > D.
(ii) Let a,d, ,dy > 0 be fixed. There exists B= B(a,d;,d,) > 0 such that system (9.2)

has no nonconstant solutions for all 0 < b < B.

Proof. (i) Remark first that if (u,v) is a solution of (9.2), then, integrating the

two equations in (9.2) over €2 and adding up we have
/ u(x)dx = a|Q)|. (9.28)
Jao

Lemma 9.11 Let a,b,d, > 0 be fixed and let {8,} C (0,e0) be such that 8, — o as
n — oo, If (up,vy) is a solution of (9.2) with dy = &, then

a_b in C2(Q 2(Q) asn — oo
(ttn,vn) — <a’f(a)) C7(Q) xC (Q) — oo,

Proof. By Proposition 9.9 the sequence { (u,,v,)} is bounded in C3(Q) x C*(Q).
Hence, passing to a subsequence if necessary, {(u,,v,)} converges in C*(Q) x
C*(Q) to some (u,v) € C*(Q) x C*(Q). We divide by §, in the corresponding equa-

tion to u, and then we pass to the limit with n — . We obtain that (u,v) satisfies

—Au=0 in Q,
—dhAv=">bu— f(u)v in Q, (9.29)
Ju dv
Z_Z"_p 09.
v dv on

Also, u, and u satisfy (9.28). Now, the first equation in (9.29) together with
du/dv = 0 on dQ implies that u is constant. Combining this fact with (9.28) it
follows that # = a. Thus, from (9.29), v satisfies

—dyAv=ab— f(a)vin Q, g—: =0 on dQ.
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Multiplying the above equality with ab — f(a)v and then integrating over 2 we

obtain
o 2, 2
0< —— [ |V(ab— f(a)v)|“"dx=— | (ab— f(a)v)°dx <O0.
fla) Ja Q
Hencev = f‘Z—z) and the proof follows. O

We first introduce the function spaces

Hg(g):{wewﬂ(g):‘;—tzo}, L(%(Q)z{weﬁ(g):/gw:o}.

Thus, letting w = u — a, by (9.28) and the standard elliptic regularity, system (9.2)
is equivalent to
—Aw=0(a— (b+1)(w+a)+ f(w+a)y) inQ,
—dyAv=b(w+a)— f(w+a)y in Q, (9.30)
wEH2(Q)NL3(Q), ve HA(Q),

where 0 = 1/d. Define

F Rx (HX(Q)NL3(Q)) x HX(Q) — L3(Q) x L}(Q),

Aw+0P(a— (b+1)(w+a)+ fw+a)v)
F(6,w,v) = )
dAv+b(w+a)— f(w+a)y

where & : L2(Q) — L3(£2) is the projection operator from L*(€2) onto L3(£2),
namely,
1 3
P(2)=z— —/ z(x)dx, forall z € L*(Q).
12| Ja

Now (9.30) is equivalent to
F(8,w,v) =0.

Indeed, if .7 (8, w,v) = 0, then
dAv+b(w+a)— f(wta)v=0inQ,  veHI(Q).

It is easy to see that the above relations imply b(w +a) — f(w+a)v € L3(£2). Since
w € L3(€Q), this yields
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a—(b+1)(w+a)+fw+a)yve L§(Q),
so that
Pla—(b+1)(w+a)+ f(w+ay)=a— (b+1)(w+a)+ f(w+a)v.

Therefore (9.30) is satisfied.
We have that the equation % (0,w,v) = 0 has the unique solution (w,v) =

(0,ab/f(a)). Next it is easy to see that
Dy, 7 (0,0,ab/ f(a)) : (Hy(2) NLH(R2)) x Hy (2) = L§(2) x L*(R),

is given by

A 0
D(w,v)y(oaoaab/f(a)) =

pHA ) g A — f(a)

Thus Dy,,,)-7(0,0,ab/ f(a)) is invertible and we are in the frame of the implicit
function theorem. It follows that there exists &, > 0 such that (0,0,ab/f(a)) is

the unique solution of

FEwy) =0 in[0,8] x By (o%) ,

where B,(0, %) denotes the open ball in (H2(2) NL3(£2)) x H2(£2) centered at
(0,ab/ f(a)) and having the radius r > 0.

Let now {9, } be a sequence of positive real numbers such that §, — o0 as n — o
and let (u,,v,) be an arbitrary solution of (9.2) for a,b,d; fixed and d; = &,. Letting

Wy = u, — a, it follows that

ﬁ(é,wn,vn) =0.

According to Lemma 9.11 we have

ab
fla)
This means that for n > 1 large enough there holds (1/8,,wy,v,) € (0,8) X

B,(0, %) which yields (wy,v,) = (0, %) Hence, for d; = 1/, small enough,
ab

system (9.2) has only the constant solution (a, m) The proof of (ii) is similar. [

(Wn,Vn) — (0, ) in C?(Q) x C*(Q) as n — oo.
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9.2.6 Existence Results

Let X be the space defined in (9.11) and let
X" ={(u,v) €X : u,y>0in C(Q)}.
We write the system (9.2) in the form
—Aw=%(w), weXT, (9.31)

where
a— b+ 1+ fupy)
G(w) =
L (bu— f(u)

It is more convenient to write (9.31) in the form
F(w) =0, weXT, (9.32)

where
Fw) =w—(1-4)""(Z(w)+w), weX". (9.33)

Let wo = (a,ab/f(a))” be the uniform steady state solution of (9.2). Then

V.Z(wo) =1—(I—A)"(I+A),

where

1 (pafla)—fla) fla)
dj (b f(a) 1) d

A= Vg(WO) =

_bafla-fl@  _ fla
d  f(a) d;

If V.Z (wy) is invertible, by [154, Theorem 2.8.1] the index of .% at wy is given
by
index(F,wp) = (—1)7, (9.34)

where y denotes the number of negative eigenvalues of V. (wy). On the other hand,
using the decomposition (9.12) we have that X; is an invariant space under V.% (wg)
and & € R is an eigenvalue of V.% (wy) in X; if and only if & is an eigenvalue of
(1 4+ 1)1 (I — A). Therefore, V.7 (wy) is invertible if and only if for any i > 0 the

matrix (I —A) is invertible.
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Let us define
H(a,b,dy,dp, 1) = det(uI—A). (9.35)

Then, if (uX— A) is invertible for any i > 0, with the same arguments as in [158]

we have

y= 2 e(l). (9.36)
>0,
H(a,b,dy dy,11;) <0

A straightforward computation yields

b% > (1 +y /Z—;f(a) )2, (9.37)

then the equation H (1) = 0 has two positive solutions u*(a,b,d;,d,) given by

If

wE(a,b,dy,dy) = (B(a,b,dl,dz) + \/B(a,b,dl,dz)z —4f(a)/(drd>) )

1
2

where . .
0(a,b,di,dy) = = f (a)dug(cg )f(a) 76:)'

We have the following result.

Theorem 9.12 Assume that condition (9.37) holds and there exist i > j > 0 such
that

(l) Hi < #+(a7b7dlad2) < Hit1 and 253 < l'li(avbvdlvdZ) < nuj+1~
(ii) i j. ek is odd.
Then (9.2) has at least one nonconstant solution.

Proof. The proof uses some topological degree arguments (see [23, 24]). By
Theorem 9.10(i) we can fix D > d; such that

(a) System (9.2) with diffusion coefficients D and d, has no nonconstant solutions,
(b) H(a,b,D,dy, 1) >0 forall u >0.

Further, by Proposition 9.8 one can find C;,C; > 0 depending on a,b,d;,d> such
that for any d > d,, any solution (u,v) of (9.2) with diffusion coefficients d and d,
satisfies

Ci<uyv<C in Q.
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Set
M ={(u,v) €C(Q)x C(Q):Cy <u,v<CyinQ},
and define
Y [0,1]x .4 — C(Q) xC(Q),
by

o) — (4 I)l u+(%+dt—l)(a7(b+l)u+f(u)v)
t,w)=(—-A+1I)"

v+ d—lz(bu — fu)v)
It is easy to see that solving (9.2) is equivalent to find a fixed point of ¥(1,-) in .#.
Further, from the definition of .# and Proposition 9.8, we have that ¥(z,-) has no
fixed points in d.# for all 0 < < 1. Therefore, the Leray—Schauder topological
degree deg(I—(z,-),.#,0) is well defined.
Using (9.33) we have I— (1, ) =.%. Thus, if (9.2) has no other solutions except
the constant one wy, then by (9.34) and (9.36) we have

deg(I—¥(1,-),.4,0) = index(F,wo) = (— 1) Z=m1¢M) = 1 (9.38)

On the other hand, from the invariance of the Leray—Schauder degree at the homo-

topy we deduce
deg(I-¥(1,-),.#,0) =deg(I—¥(0,-),.#,0). (9.39)

Remark that by our choice of D, we have that wy is the only fixed point of ¥(0, -).

Furthermore by (b) above we have
deg(I—(0,-),.#,0) = index(I— ¥ (-,0),wo) = 1. (9.40)

Now, from (9.38) to (9.40) we reach a contradiction. Therefore, there exists a

nonconstant solution of (9.2). This ends the proof. ]
Corollary 9.13 Let a,b,d, > 0 be fixed. Assume that
abf'(a) > (b+1)f(a) (9.41)

and all the eigenvalues [; have odd multiplicity. Then, there exists a sequence of
intervals { (kn,K,)} with 0 < k, < K, < k,—1 — 0 (as n — oo) such that the steady-

state system (9.2) has at least one nonconstant solution for all d\ € U, (kn, Ky).
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Proof. In view of (9.41), condition (9.37) holds for small values of d; > 0. Also for
a,b,d, > 0 fixed we have

f(a)?

u (a,b,dy,dr) — dy(abf'(a) — (b+1)f(a))

asd; — 0,

[.l+(a,b,d1,d2)*>°° asd; — 0.

Therefore we can find a sequence of intervals { (k,, K, ) },, such that

Y e(;) isodd (9.42)
i>0,
u(abdy,dy)<pi<u™ (a,b,dy.dy)

for all d; € U, (kn,Ky). Therefore, conditions (i)—(ii) in Theorem 9.12 are ful-
filled. O

Corollary 9.14 Let a,b,d; > 0 be fixed. Assume that (9.41) holds and

Z e(l;) isodd. (9.43)
i>0,
abf’(a)—(b+1)f(a)

O<Hi< =@

Then there exists D > 0 such that the steady-state system (9.2) has at least one

nonconstant solution for any d, > D.

Proof. By virtue of (9.41), for any d, > 0 large enough condition (9.37) holds. Also

for any a,b,d; fixed we have

abf'(a) = (b+1)f(a)
dif(a)

0<u(a,b,d,dy) < u*(a,b,dy,dy) <

and

abf'(a) = (b+1)f(a)
dif(a)

Therefore, for d, > 0 large, condition (9.43) implies (i)—(ii) in Theorem 9.12. This

/.li(a,b,dl,dz)—)o, /.1+(a,b,d1,d2)% as dp — oo.

concludes the proof. (]

Corollary 9.15 Let a,dy,d>» > 0 be fixed. Assume that af'(a) > f(a) and all the

eigenvalues U; have odd multiplicity. Then, there exists a sequence of intervals
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{(bn,Bn)} with 0 < b, < B, < by11 — oo (as n — o) such that the steady-state

system (9.2) has at least one nonconstant solution for all b € Uy>1(by, By).

Proof. We proceed similarly. Since af’(a) > f(a), for large values of b condition
(9.37) is fulfilled. Also for a,d;,d, > 0 fixed we have

u (a,b,dy,d>) =0, ut(a,b,dy,dy) oo asbh—oo.

Hence, we can find a sequence of nonoverlapping intervals {(b,,B,)} such that
by — oo as n — oo and (9.42) holds for all b € U~ (bn, Bn). O

If f(s) = s™, m > 1, then condition (9.41) is independent of a. We obtain

Corollary 9.16 Let f(s) = s™, m > 1. Assume that b(m —1) > 1 and

Y e(w) isodd. (9.44)
i>0,
0<p;<(b(m—1)—1)/d;

Then there exists A > 0 such that the steady-state system (9.2) has at least one

nonconstant solution for any 0 < a < A.

Proof. It is easy to see that (9.37) holds for small values of a > 0. As before

b(m—1)—1

O<ﬂ7(a,b,d1,d2)<,u+(a,b,d1,d2)< d
1

and

b(m—1)—1

a asa— 0.

nui(aabadlad2) %07 nu+(a7b7d17d2) -

Therefore, for a > 0 small, condition (9.44) implies (i)—(ii) in Theorem 9.12. This
ends the proof. (]

9.3 Schnackenberg Model

The Schnakenberg model [174] was introduced in 1979 to describe chemical reac-
tions with limit cycle behavior. This is a two-species model for trimolecular reac-

tions that reads as

A=X, B—Y, 2X +Y — 3X.



9.3 Schnackenberg Model 307

Using the law of mass action, one can derive the nondimensional equations for

the concentrations u and v of the chemical products X and Y as follows
u; —diAu = a—u+u*v and vy —dpAv = b—uv.

In the above equations dj,d, are the diffusion coefficients of the chemicals X, Y
and a, b are the concentrations of A and B. It is also assumed that A and B are in
abundance so a and b are approximately constant. The Schnackenberg model has
received considerable attention in recent decades from both qualitative and quanti-
tative points of view, see [15, 147,184,202, 203] and the references therein.

In this section we shall be concerned with the following general reaction-

diffusion system

u—d\Au=a—u+uv in 2 x (0,),

vi —dyAv=b—uPv in Q x (0,00),

u(x,0) = up(x),v(x,0) = vp(x) onQ, (9.45)
%(x,thg—z(x,t)zo on 92 x (0,),

where Q ¢ RV (N>1),a,b,dy,d, >0 and p > 1. For p =2 we obtain the stan-
dard model derived by Schnackenberg [174]. We will also investigate existence and

nonexistence of nonconstant steady-states, that is, solutions of

—diAu=a—u-+uv inQ,

—dhAv=b—uPy in Q, (9.46)
du Jdv
Fvini v 0 on Q.

9.3.1 The Evolution System and Global Solutions

We are concerned in this section with the parabolic system (9.45). Our main result

18 Theorem 9.17 below.

Theorem 9.17 Assume that 1 < p < (N+4)/N and the initial data ug, vy satisfy

gy, Vo ECl(ﬁ), uy>0,v9>0 inQ.
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Then, the system (9.45) has at least one solution which is bounded and global in

time.

Proof. We first recall the following useful result, the proof of which can be found
in [215].

Proposition 9.18 (see [215, Proposition 2.2]) Let w be a classical solution of
—Aw=f(x,w) inQx(0,T),
w(x,0) = wo(x) on Q,

ow
W(x,t)—o on dQ x (0,T),

where wy € C(Q) and f : Q x [0,%0) — R satisfies
flx,s) <C(1+s")  forall (x,s) € Q% [0,00),
forsomeC>0and 1 <y<1+2q/N,q>1.If
sup (1) <=,
then there exist C,c > 0 independent of T such that
sup [ w(-,) [ < Cmax{L, [w]}

By [172, Theorem 1, pag. 111] there exists a solution (u,v) of (9.45) defined in
a maximal time interval [0, Tiax ). Furthermore, if Tiax < oo, then

tim ()l 0] = o 9.47)

t

We divide our arguments into three steps.
Step 1: There exists m = m(up,a) > 0 such that u > m in Q X [0, Tipax ).
Indeed, let m = min{ming ug,a}. Since ug > 0 in £, we have m > 0. We multiply
by (m —u)™ in the first equation of (9.45) and integrate over 2. We obtain
_EE/ |(m —u)"*dx dl/ |V(m 2dx+/ (a—u)(m—u)*dx
+ /Q u? (m—u)tdx > 0.

Hence,
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/Q \(m — u(r, 1)) [Pdx < /Q |(m — u(x,0)) Pdx =0 forall 0<7 < Tpax,

that is, u > m in X [0, Tiax)-

Step 2: There exists M = M(uq, vo,a,b) > 0 such that v < M in Q x [0, Tynax).
Using the fact that u > m > 0 in Q X [0, Tinax ), from the second equation of (9.45)
we have
—drAv+mPv <b in Q x [0, Thax)-

By standard comparison results we find v < M = M (ug,vo,a,b) in £ x [0, Tax)-

Step 3: Tmax = °.
Adding the two equations in (9.45) we find

(w+v)—A(dwu+dyw)=a+b—u inQ x[0,Tnax)-

We multiply the above equality by (# + v) and then integrate over . We obtain

1
E%/ (u+v2dx+/ V(diu+dyv) - V(u+v)dx:/Q(a—kb—u)(u—&—v)dx,

that is,

i/ (u+v)2dx+2/ (119 + (e + o) Vit Vv V2] x
dt Jo Q (9.48)

= 2/ (a+b—u)(u+v)dx.
Q
Using the inequality

&Lt il
+ LEWE e

d
di|Vul? + (dy +do)Vu-Vv+do| Vv > 71|Vu|2

)

from (9.48) we find

d d 2yl
—/ (u+v)2dx+—1/ |Vu|27L/ |Vv|2dx§2/(aerfu)(quv)dx.
dt Jo 2 Ja d  Ja Q 0.49)

Next, we consider the second equation in (9.45) and we integrate it over £2. We find

bZ
—/ 2dx+2d2/ |Vv|? = 2/ b—u’v) vdx<2/ —mPv)vdx < 2—|.Q|
(9.50)
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We now multiply (9.50) with (d? +d3)/(2dd,) and add it to (9.49). We deduce

d , di+d?,
- et S’ < _
dr/g{(””) "2 v}dx—q”/g(“*b u)(u+v)dx,

where C; depends on a,b,d;,d>,uq,vo and |Q|. Hence

d 2, ditd; 2 '
E/ {(u—i—v) +WV }dx—i—Z/ (u+v) dngl—i—Z/ (a+b+v)(u+v)dx.
Q 1d> Q Q

<G +2lla+b+v|alutv]a
<Cotlla+b+v|5+ lutv|3

Using now the fact that v is bounded from above by M, we find

(1 + %) /Q [(u+v)2+ %vz}dx <G,
for some constant C3 > 0 independent of Tnax. Integrating the above inequality we
now obtain |lu+ v, is bounded from above by a positive constant independent of
Tmax- Since v < M in 2 X [0, Tyax) it follows that ||u||, < C for some constant C
independent of Tiax.
It remains now to apply Proposition 9.18 to deduce that sup, ||u(-,#)]|- < o= s0 by
(9.47) it follows that Tj,,x = oo. This concludes the proof. O

9.3.2 A Priori Estimates

Using Theorem 1.1 we can establish various a priori estimates for solutions to
(9.46).

Lemma 9.19 Any solution (u,v) of (9.46) satisfies

drb
a<u<atbt = in Q, 9.51)
dya?
and )
b\~
b(a—i—b—i— 2) <v<ba?  inQ. (9.52)
dya?

Proof. Let xg € Q be a minimum point of u. By Theorem 1.1(ii) it follows that

a—u(xg) +u” (xp)v(xp) < 0 which implies u(xg) > a. Hence

u>a in Q. (9.53)
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At any maximum point of v we have b — uPv > 0, that is, v < b/u"?. By (9.53) we

deduce

v< 2 wo (9.54)
aP

Let w = dju+ d,v. Adding the first two relations in (9.46) we have

—Aw=a+b—uin Q, 3—1‘::0 on 0Q.

Let now x; € Q be a maximum point of w. According to Theorem 1.1(i) we deduce
a-+b—u(x)) >0, thatis, u(x;) < a+ b. By virtue of (9.54), for all x € Q we have

drb
dlu(x)§w(x)§w(x1)§d1(a+b)+% in Q.
a
This yields
drb .
u<atb+ in Q. (9.55)
dyaP

We have proved that u satisfies (9.51). Again by Theorem 1.1(ii), at minimum points
of v we have b — uPv < 0, which yields v > b/u”. Combining this inequality with
(9.55), we obtain the first estimate in (9.52). This concludes our proof. O

From the estimates in Lemma 9.19 we derive the following.

Proposition 9.20 Let a,B,D,D, > 0 be fixed. Then, there exist two positive con-
stants C1,Cy > 0 depending on a,B, D, D, such that for all

0<b<B, d >D;, 0<dy<D,,
any solution (u,v) of (9.46) satisfies
Ci<uyv<QG in Q.

Furthermore, by standard elliptic arguments and Lemma 9.19 we now obtain:

Proposition 9.21 Let a,B,D,D; > 0 be fixed. Then, for any positive integer k > 1

there exists a constant
C=C(a,B,Dy,Dy,k,N,Q) >0

such that for all
0<b<B, d >D;, 0<dy<D,,

any solution (u,v) of (9.46) satisfies
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llull oy + VIl ey < C-

In particular, any solution of (9.46) belongs to C*(Q) x C*(L2).

For any solution (u,v) of (9.46) we denote by i and v the average over  of u

respectively v, that is

1 1 7
U=—— [ udx, 17:—/ vdx.
|Q] /Q Q| Jo
Integrating in (9.46) we deduce
i=a+b and / uPvdx = b|Q]. (9.56)
Q

Let now

O=u—il, Yy=v—.
Our next result provides energy estimates for ¢ and y.

Proposition 9.22 Let (u,v) be a nonconstant solution of (9.46). Then:

. 2 dr\2 Vo|? do\2
(1)2“—1(_2) | ¢H22§(_2) |
(2uf+2um+ D) Nd ) = ([Vy]3 = A,
g 2 b2 (IVOl2+lol2 1 dn2
(i) b, (22) < IVOIEHIOIE a1 (dye
(w1 Cuf+2u =D\ = VwE+vlE =\

Proof. (i) Adding the first two equations in (9.46) we obtain —A(dju + dpv) =
a-+b—uin Q, that is,
Aw=¢  inQ, (9.57)

where w = d; ¢ + d . Multiplying by ¢ in (9.57) and integrating over €2 we have

/Q VwVodx = — /Q ¢%dx,

which yields
dz/ Vq)Vl//dx:—/ q)zdx—dl/ Vo |*dx. (9.58)

Q Q Q

Now from (9.58) we have
og/ |Vw|2dx:/ V(di6 + doy)|?
Q Q
:d%/ |V¢|2dx+2d1d2/ V¢vwdx+d§/ \Vy2dx
Q Q Q

= —d%/|v¢|2dx—2d2/ ¢2dx+d2/ |V |?dx.
Q Q
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This implies
d%/ |Vl[/|2dx—d12/|V¢|2dx20,
Q

which proves the last estimate in (i). Next we multiply (9.57) by w and integrate

/|Vw|zdx=—/ wodx,
Q Q

d%/\Vd)\deJerldg/ V¢dex+d§/ |V1//\2dx:fd12/ ¢2dx7d1d2/. o wdx.
Q Q Q Q

over £2. We obtain

that is,

From (9.58) we have

d%/ |Vw|2dx=d%/ |V¢|2dx+d%/ ¢2dx—d1d2/ O wdx.
Q Q Q Q

On the other hand 2
Hidy - o
2 v,

where 1 is the first positive eigenvalue of the negative Laplace operator in £ sub-

—didagy < 3 4 ¢ +=2

ject to homogeneous Neumann boundary condition. Combining the last two esti-

mates we find

1 d3
d%/ |Vl//|2dx§d12<1+—>/ ¢2dx+d%/ |V¢|2dx+M/ wdx.
Q 2w ) Ja Q 2 Jo
(9.59)

By Poincaré’s inequality we have

/¢2dx< / Vo |dx, / Wzdx<“ / |V |dx. (9.60)

Therefore, from (9.59) to (9.60) we now obtain

2 2
& [ (vyPav< TEEEHED [ ggpg,
Q U Q

which completes the proof of (i).
(ii) The proof in this part follows directly from (i) together with the following

estimate which is a direct consequence of Poincaré’s inequality

o IVel3 - IVol3+19l3 PYURS! ||V¢H§'
mA LIV = IVl +wl3 = wm (IVy3

This finishes the proof. O
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9.3.3 Nonexistence of Nonconstant Steady States

Our first result in this part establishes that a nonconstant steady state may exist
only if the first eigenvalue u; of —A subject to Neumann boundary condition is

sufficiently small. We have:

Theorem 9.23 Let a,b,dy,dr > 0 be fixed. Then, there exists L= L(a,b,d,dy) >0

such that system (9.2) has no nonconstant solutions if |1y > L.

Proof. By Lemma 9.19, there exist two positive constants C;,C, depending only on

a,b,d,,d, such that any solution (u,v) of (9.2) satisfies
Ci<u,v<(C, inQ. 9.61)

We first multiply by ¢ = u — it in the first equation of (9.2) and integrate over 2. By

(9.61) and Poincaré’s inequality we obtain

dl/Q|V¢|2dx:—/quzdx—i—/gu”v(bdxg/gu”vq)dx
:/Qu”(bwdx—l—ﬁ./f‘z(u”—ﬁ”)q)dx

< c/ q)y/dx—i-p\?/ EP~192dx (with & between u and i7)
Q Q

Scl/g<|¢||w|+/g¢2>dxszcl/ngwzmx

26‘1
< —

o, (VOP £ [VyPax

where c1,c; depend only on Cy,C, from (9.61). Similarly we have
c
a [ (VwPdx< = [ (VgL + Vil
Q H1Ja
Adding the above two relations we find
in{d;,d Vol + [VyP)dx < < [ (Vo + Vi) 9.62
min{dy,da} | (VOI"+] ll/l)x_u1 VOl + [Vy[T)dx, (9.62)

where C depends only on a,b,d; and d. From (9.62) it follows that if u; is large
enough then [, [V¢[2dx = [, |Vw|*dx = 0, that is, u and v are constant functions.
This ends the proof. (]
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Theorem 9.24 (i) Let a,b,d > 0 be fixed. Then, there exists D = D(a,b,d,) > 0
such that system (9.2) has no nonconstant solutions for all di > D.

(ii) Let a,d,,dy > 0 be fixed. Then, there exists B= B(a,d,,d,) > 0 such that system
(9.2) has no nonconstant solutions for all 0 < b < B.

Proof. We first prove the following result.

Lemma 9.25 Let a,b,d, > 0 be fixed and let {8,} C (0,e0) be such that 8, — o as
n— oo If (un,vy) is a solution of (9.2) with d; = 6, then

up, —>a+b, v,— inC*(Q) asn — oo.

b
(a+b)P
Proof. By Proposition 9.21 the sequence {(u,,v,)} is bounded in C3(Q) x C3(Q).
Hence, passing to a subsequence if necessary, {(u,,v,)} converges in C>(Q) x
C*(Q) to some (u,v) € C?(Q) x C*(L). We divide by §, in the corresponding equa-

tion to u, and then we pass to the limit with n — . We obtain that (u,v) satisfies

—Au=0 in Q,

7d2Av:b7upv in .Q, (9.63)
Ju dv
—=—=0 09.
v dv on

Also, u, and u satisfy (9.56). Now, the first equation in (9.63) together with
du/dv =0 on dQ implies that u is a constant. Combining this fact with (9.56)
it follows that u = a + b. Thus, from (9.63), v satisfies

J
—dyAv=b—(a+b)’v in Q, % =0 on dQ.

Multiplying the above equality with b — (a + b)?v and then integrating over Q we

obtain

a—i—b /|V a+bpv)|2dx*f/g(bf(a+b)pv)2dx§0.

Hence v = b(a+ b) 7 and the proof of Lemma 9.25 is now complete. O

We first introduce the function spaces

H2(Q) = {weW”(g) ‘;v_o} L%(Q):{weLz(Q):/éwdx:O}.
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Thus, letting w = u— (a+b) and 6 = 1/d}, by (9.56) and the standard elliptic
regularity theory, the system (9.2) is equivalent to
—Au=06(-b—w+(w+a+b)Pv) inQ,
—dyAv=b— (w+a+b)Pv in Q, (9.64)
wEHZ(Q)NLH(Q), v H(Q).
Define
FRx (HX(Q)NL3(Q)) x HX(Q) — L§(Q) x L}(Q),

by
Aw+ 0P (—w+ (w+a+b)Pv)
F(6,w,v) = ,
dAv+b— (w+a+b)Py

where & : L?(Q) — L3(£2) is the projection operator from L*(£2) onto L3(£2),
namely,
1
P()=z— @ /z()c)dx7 forall z € LZ(Q).

Now (9.64) is equivalent to
F(8,w,v) =0.

Indeed, if .7 (8, w,v) = 0, then
dAV+b—(wH+a+b)Pv=0 inQ, veH(Q).

By integration, it is easy to see that the above relations imply b — (w+a+b)?v €
L3(Q). Since w € L(£2), this yields

—b—w+ (wHa+b)PveL}(Q),

so that
P(—w+ (wH+a+b)v)=—-b—w+ f(w+a+b)v.

Therefore (9.64) is satisfied.

With the same method as in the proof of Lemma 9.25 we have that the equation
F(0,w,v) =0

has the unique solution (w,v) = (0,b(a+ b)~P). Also remark that
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D(y,,) 7 (0,0,b(a+b)77) : (H (Q) NLG(Q)) x Hy(Q) — L§(2) x L*(Q),

is given by

A 0
D)7 (0,0,b(a+b)" ") =

— g A~ (a+Db)P

Thus Dy, % (0,0,b(a+b)~P) is invertible and we are in the frame of the implicit

function theorem. It follows that there exist &, > 0 such that (0,0,b(a+b)"?) is

the unique solution of
F(6,w,v)=0 in [0, 8] x B-(0,b(a+D)~P),

where B,(0,b(a+ b)~P) denotes the open ball in (H2(Q)NL3(2)) x H2(Q) cen-
tered at (0,b(a+ b)~P) and having the radius r > 0.

Let now {8,} be a sequence of positive real numbers such that §, — oo as n — oo
and let (u,,v,) be an arbitrary solution of (9.2) for a,b,d, fixed and d; = &, Letting
wn = u, — (a+ b), it follows that

1

ﬁ(g,wn,vn) =0.

According to Lemma 9.25 we have
(Wn,va) = (0,b(a+b)"P) in C*(Q) x C*(Q) as n — oo.

This means that for n > 1 large enough there holds (1/8,,wy,v,) € (0,8) X
B (0,b(a+b)~P) which yields (wy,v,) = (0,b(a+b)"?). Hence, ford; =1/5, >0
small enough, the system (9.2) has only the constant solution (a + b,b(a+b)~P).
The proof of (ii) is similar. [l

9.3.4 Existence Results
Let

X:{w:(u,v)ecl(ﬁ)xcl(ﬁ):3—323—52001189} (9.65)
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and decompose

X = Px, (9.66)
k>1

where X}, denotes the eigenspace corresponding to i, kK > 1. Also consider

Xt ={(u,v) €X : u,v>0in Q}.

We write the system (9.2) in the form

—Aw=9(w), weXT, (9.67)
where
d—ll (a—u+ulv)
G (w) =
d—lz(bf ulv)

It is more convenient to write (9.67) in the form
F(w)=0, weXt,

where
Fw) =w—(I1-4)" (4 (w)+w), weX". (9.68)

Furthermore, at the uniform stationary steady state wy we have

V.Z(wo) =1—(I—A)"(I+A),

where N
dy (a+b o ) d
A= Vg(WO) =
__bp  _(ath)?
d>(a+b) d

If V.7 (wy) is invertible, by [154, Theorem 2.8.1] the index of .% at wy is given
by
index(F,wp) = (—1)7, (9.69)

where 7y denotes the number of the negative eigenvalues of V.% (wg). On the other
hand, using the decomposition (9.66) we have that X; is an invariant space under
V.7 (wp) and £ € R is an eigenvalue of V.% (wy) in X; if and only if & is an eigen-
value of (y; + 1) "' (;1 — A). Therefore, V.7 (wy) is invertible if and only if for any
i > 0 the matrix (u;1—A) is invertible.
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Let us define
S(a,b,dy,dy, i) = det(uI—A). (9.70)

Then, if 1;I — A is invertible for any i > 0, we have

v= > () (9.71)

i>0, H(1;)<0

A straightforward computation yields

1/ bp (a+Db)P (a+b)?
S(a,b,dy,da, 1) = > — | — 1) - . 972
(Ch s U1, Zhu) u |:d1 (a+b ) d2 :|nu“+ dle ( )
If
b—p>(1+ d—l(a+b)l’)2 9.73)
a+b d> ’ '
then the equation S(a,b,d;,d,, 1) = 0 has two positive solutions u*(a,b,d,d>)
given by
1 4(a+b)r
+ _ 2 _ 7
Hu (avbvdlvdZ) - 2 (e(avbvdlvdZ) =+ \/e(avbvdlvdZ) d1d2 )
where
1/ bp (a+b)P
B(a,b,dl,dz):d—l(a—er—l)— o

Our main existence result is the following.

Theorem 9.26 Assume that condition (9.73) holds and there exist i > j > 0 such
that

(i) wi <ut(a,b,di,dy) < pivy and iy < = (a,b,dy,dy) < Wj1.
(ii) i j. ek is odd.
Then (9.2) has at least one nonconstant solution.
Proof. We follow a similar approach to that in the previous section. According
to Theorem 9.24 and the definition of S in (9.70) and (9.72), we can choose D > 0

large enough such that system (9.2) with diffusion coefficients D and d, has no

nonconstant solutions and

S(a,b,D,d>,pt) >0 forall u > 0. (9.74)
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Further, by Proposition 9.20 there exist Cy,C, depending on a, b, d;,d> such that any
solution (u,v) of (9.2) with diffusion coefficients d and d, (d > d) satisfies

Ci<uyv<GC inQ. (9.75)
We next consider
M ={(u,v) €C(Q)xC(Q):C; <u,v<Cyin Q},
and define

I M x[0,1] = C(Q) x C(Q),

u-+ (ld—’ll—i—%)(a—u—&—upv)
H(w,t) = (I—-A)"!
v+ d—ll (b—uPv)

Remark that 77 is a compact perturbation of the identity and by (9.75) we have
(W) # 0 on d.# . Therefore, the Leray—Schauder degree deg(77,.# ,0) is well
defined.

Further, it is easy to see that solving (9.2) is equivalent to finding a fixed point of
(-, 1) in .4 . According to the above choice of 0 we have that wy is the only fixed
point of #7(-,0). Furthermore by (9.74) we have

deg(I—72(-,0),.# ,0) = index(I — 5(-,0),wo) = 1. (9.76)

Using (9.68) we have I — 57°(-,1) = .%. Thus, if (9.2) has no other solutions except
the constant one wy, then by (9.69)—(9.71) we have

deg(1— (-, 1),.4,0) = index(:F,wo) = (— ) Zk=r1€0) — 1 (9.77)

On the other hand, from (9.76), (9.77) and the invariance of the Leray—Schauder

degree to the homotopy we deduce
1= deg(If%(,O),///,O) = deg(li‘%(? 1)5%70) = 715

a contradiction. Therefore, there exists a nonconstant solution of (9.2). This finishes
the proof. O

Corollary 9.27 Let a,b,d, > 0 be fixed. Assume that

b(p—1)>a (9.78)
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and all the eigenvalues [; have odd multiplicity. Then, there exists a sequence of
intervals {(ky,K,)}n with 0 < k, < K, < ky—1 — 0 (as n — o) such that system

(9.2) has at least one nonconstant solution for all dy € > (kn, Ky).

Proof. In view of (9.78), condition (9.73) holds for small values of d; > 0. Also for
a,b,d,» > 0 fixed we have

/.1+(a,b,d1,d2)%oo as dlﬁo,

and
(a+b)Pt!

dr(b(p—1)—a)
Therefore we can find a sequence of intervals {(k,,K,)}, with 0 < k, < K, <

[,Li(a,]%dl,dz) — as d; — 0.

k,—1 — 0 as n — oo and such that

Y, e(u;) isodd (9.79)
>0,
po<pi<pt

for all dy € U,> 1 (kn,K,). Now, conditions (i)—(ii) in Theorem 9.26 are fulfilled,

whence the conclusion of the corollary. O

Corollary 9.28 Let a,b,d; > 0 be fixed. Assume that (9.78) holds and

2 e(L;) isodd. (9.80)
>0,
b(p—1)—a

0<Hi<~ in)

Then there exists D > 0 such that the steady-state system (9.2) has at least one

nonconstant solution for any d, > D.

Proof. By virtue of (9.78), for any d, > 0 large enough condition (9.73) holds. Also

for any a,b,d; fixed we have

_ b(p—1)—a
0 b,dy,d *(a,b,dy,d _—
<H (aa ) 2)<[J (av y 41, 2)< dl(aer)
and
_ b(p—1)—a
b,dy,d 0, u*(a,b,d,d — dy — oo.
u (a,b,di,d2) =0, u"(a,b,d,dy) — di(@+b) as dy —

Therefore, for d, > 0 large, condition (9.80) implies (i)—(ii) in Theorem 9.26. This

concludes the proof. O
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Corollary 9.29 Leta,b,d,,d, > 0 be fixed such that 0 < a+b < 1 and all the eigen-
values ; have odd multiplicity. Then, there exists a sequence of intervals {(pn,Py) }n
with 0 < p, < P, < ppt1 — o (as n — o) such that system (9.2) has at least one

nonconstant solution for all p € \J,>(pn, Py).

Proof. The proof is similar to that of Corollary 9.27. It relies on the fact that for
large values of p > 1 condition (9.73) holds and for a,b,d> > 0 fixed we have

l'l+(a7b7dlad2)4)°o as p — oo,

and

/.f(a,b,dl,dz)—>0 as p —» oo,

9.4 Lengyel-Epstein Model

The Lengyel-Epstein model accounts for the chlorite—iodide—malonic acid and
starch reaction (CIMA) in an open unstirred gel reactor. There are five reactants
involved in the CIMA reaction, three of them having a slowly oscillating concen-
tration. In a first approach, one can assume that three of the concentrations remain
constant over the reaction process. Using this assumption, Lengyel and Epstein de-

duce the mathematical model of the CIMA reaction which, after a proper rescaling,

reads as
4
u,fAu:a—uf?uvuz in Q x (0,00),
uy
—dAv=b(u— in Q x (0,),
e aay (“ 1+u2) in €2 (0,) 9.81)
u(x,0) = up(x),v(x,0) =vo(x) on €,
%(x,t):%(x,t):o on € x (0,e0),

where Q c RV (N >1), a,b,d > 0. Here u and v represent the concentrations of
iodide and chlorite ions respectively. The parameters a, b > 0 are related to the
feed concentrations and to experimentally determined rate constants. In our case,

a shift towards higher values of a represents an increase in the supply of malonic
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acid relative to the supply of the chloride dioxide, and increasing b corresponds to a

higher supply of iodine.

9.4.1 Global Solutions in Time

We are concerned in this section with the parabolic system (9.81). The main result

is the following.

Theorem 9.30 Assume that ug,vo > 0 in Q. Then, system (9.81) has a unique solu-
tion (u,v) which is global in time.

Furthermore we have

(i) There exist two constants C1,Cy > 0 depending only on a, ug and vy such that
Ci<u,v<Cy inQ x(0,00). (9.82)

(ii) limsup,_,., H“('vt)”L‘”(Q) < aand limsup, _,., ||V('vt)||L"°(Q) <a*+1.

Proof. (i) The existence and uniqueness part follows once we exhibit an invariant

region for our system. To this aim, let

M, = max{a,maxup}, M, =max{2+ M7 maxvy}
Q Q

mp = min{%%,ngnuo} , My = min{%,ngnvo} .
It is easily seen that the rectangle (m;, M) x (m,M>) is an invariant region with
respect to the vector field generated by (9.81). Therefore, there exists a unique solu-
tion (u,v) of (9.81) which is global in time. The two constants in (9.82) can now be
chosen as
Cy =min{m;,mp}, Cp,=max{M;,M;}.

(i1) In view of (9.82), there exists € > 0 such that

e <4u/(1+u®) in Qx(0,c0)
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and let U be the unique global solution of

U[:a_g_U in(o,oo)7

(9.83)
U(0) =2[luo||=~(a)

that is,
Ul)=a—e+e! (2|\u0||m9> fa+£) , 120

By the maximum principle we find « < U in  x (0,0) so
i . oo <l =a— .
llggpllu( =) < lImU () =a—e <a

The proof of the second part in (ii) is more involved. To this aim, let us fix m > 0

such that (a — €)? +m < a* and define

V—m
HU,V)= sup é(l——).
Ci<é<U 1+§2

Let now V be the unique global solution of

V., =bH(U,V) in (0,0),
(9.84)
V(0)= 2||V0||L°°(.Q),
Let w =v—V. Then w satisfies
uv .
—w; +dAw =b [H(U,V) - <u ﬁ)} in Q x (0,00),
; tu (9.85)
a_VvV:o on 9 x (0,).

We claim that w < 0 in Q x (0,0). This is clearly true for # = 0. Assume that w < 0
is not true in £ x (0,0). Then, using the fact that w(x,0) < 0 in Q it follows that
there exists (xo,7)) € £ x (0,0) such that

w(x,r) <0 in Q% (0,79) and w(xp,f) =0.

This yields

wi(x0,20) >0 and  maxw(-,7) =0. (9.86)
Q

Further, from the fact that v(xo,%) = V (f9) we have
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V(tg) —m
H(U(x0,10),V (x0.00)) =  sup & (1 _ L)
C1<&E<U(x0:10)

> sup & (1 - )
C1<E<U(x0,t0) 1482
> sup & (1 - v(xo,to))
x0:10)

C1<§<M(
V(X(),t())
1+ uz(xo,to)

> u(xo,1) <1 -
Combining this last estimate with (9.85) we find
—W[(xO,to—i-dAW(xO,to) > 0. (9.87)

Our analysis splits up into two distinct cases.
Case 1. xp € Q. From (9.86) we find Aw(xp,%) < 0 so

—wy(x0,10) +dAw(xq,19) <0

which contradicts (9.87).
Case 2. xg € Q. Then, from (9.87) it follows that Aw(xp,%) > 0 so there exists a

smooth open set @ C € such that xy € d® and w satisfies
Aw(x,19) >0,w< 0 in o,
{ w(xp) = 0.
By Hopf’s boundary point lemma it follows now that

0
8_t(x°’t°) >0

which contradicts the fact that the outer normal derivative dw/d v vanishes on 0€2 x
(0,0).

Hence, in both the above cases we raise a contradiction, which means that v <V
in Q x (0,c).

Let us now remark that
(Up,Vo) = (a—&,1+ (a—€)*+m)

is the unique equilibrium point of the ODE system (9.83)—(9.85). Also, the above

equilibrium point is asymptotically stable and so
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limV(t) =1+ (a—ge)*+m< 1+d>

f—voo

The last estimates in (ii) follows now from the above relation and the fact that v <V
in ©Q x (0,0). This finishes our proof. O

9.4.2 Turing Instabilities

Remark that
(u,v) = (a,1 + o?), a0 = a/5 (9.88)

is the only equilibrium state of (9.81). In this subsection we discuss the Turing
instability of (9.88). this occurs when (9.88) is unstable for (9.81) but stable for the
associated ODE system, that is

du duy
gy
dt 1+u?

ﬂ*b u——uv
dr 14+u? )’

As in the previous section, we first rewrite (9.81) in vectorial form as follows:

(9.89)

wt:<(1)2>Aw+T(w) in Q x (0,00, (9.90)
where .
_ _ uy
w=(4) a7 >=l“b”_b1utu2]
14u?
Denote by

O=po <ty <ty <o <y <o

the eigenvalues of —A with homogeneous Neumann boundary condition and by
m( L) the multiplicity of t, k > 0. Consider also the space X and its decomposition
as in (9.65) and (9.66).

The linearization of (9.90) at the uniform steady state wo = (o, 1+ a?)7 is

Z:X=CQ)xC(Q), <= <(1)2)A+T(wo).

Then X is invariant for .Z and &; is an eigenvalue of . on X, if and only if & is

an eigenvalue of the matrix
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T B
a—| e 1+a?
2bo? J ba
1+ o2 He 1+ o2
Further, ,
300 —5 bo
det(A;) =d — 5
et(Ax) Hk(ﬂk T >+1+a2(.uk+ ),
b+4)a
Tr(Ay) = —(1+d ——<0.
HA) = —(1+ =

If u; > (3> —5)/(1+ o?) then det(A;) > O for all k > 0.
If 4y < (3> —5)/(1+ o?), then let p > 1 be the largest positive integer such

that
302—35

O:“0<“1SHZS"'SNP<WSlip+1§.up+2§----

and let
ba . Wi+ 5

= min .
2 | <k<p 302=5
I+o 17k7p1+7_uk

(9.91)

Following a similar approach to that in Theorems 9.3 and 9.5 we find:

Theorem 9.31 Assume bo. > 30> — 5.
(i) If one of the following holds:

(il) i > 32 =5)/(1+a?).
(i2) w < (3> —5)/(1+0?) andd < D.
then the uniform steady state (9.88) is asymptotically stable.

(ii) If iy < (30> —35)/(1+a?) and d > D then (9.88) is stable for the ODE system
(9.89) but unstable for (9.81), so Turing instabilities occur.

Proof. Remark first that condition bor > 3> — 5 is equivalent to the stability of
(9.88) for the ODE system (9.89).

(i) both conditions (il) and (i2) imply tr(A;) < 0 <det(Ay) for all k > 0 so the
spectrum of the linearized operator . lies in the region {z € C: Re(z) < —c},
where ¢ > 0 is a positive real number. By standard methods (see e.g. Theorem 5.1.1.
in [110, Theorem 5.11]) it follows that (9.88) is asymptotically stable for (9.81).

(ii) Let k > 1 be the index that achieves the minimum in (9.91). Then det(4;) < 0
which by Corollary 5.1 in [110] implies that (9.88) is unstable for (9.81). This con-
cludes the proof. O
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9.4.3 A Priori Estimates for Stationary Solutions

In this section we shall be concerned with the steady state system corresponding to
(9.81), that is,

—Au=a—u-— duy in Q,
1+u?
—dAv=b @%) in Q, (9.92)
%(x):%(x)zo on dQ.
Using Theorem 1.1 we have:
Lemma 9.32 Any solution (u,v) of (9.46) satisfies
_ % cu<a inQ (9.93)
5+ 4a? ’ '
and
a 2 2
1+<m> <v<l+a in Q. (9.94)

For any solution (u,v) of (9.46) we denote by i and v the average over  of u
respectively v. Then, by integrating the two equations in (9.92) we find i = a.

Let now
O=u—ii, y=v—v.

Our next result provides energy estimates for ¢ and y.

Proposition 9.33 Let (u,v) be a nonconstant solution of (9.46). Then:
(i) [y > O and [V¢ -Vy > 0;

(i) - 3d’ut Vel _ 1ea?
PG 151 120) [Vl = B
2 2
(iii) ui (d2) < IVoli3+ 119113 < .UHrl(@) '
(1 +1)2u7 +2m +1) \d Ve +wlE =~ m \d

Proof. (i) From (9.92) we have
—A(bu—4dv)=Db(a—5u)=—-5b¢ in Q. (9.95)
We next multiply this equality by bu — 4dv and integrate over £2. We obtain

/|V (bu— 4dv)| fbe/(p (bu— 4dv) = 5b2/¢ +20bd/q)1//
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This yields
b 2
> — 0. 9.96
Jov= o [o0*> 996)
We now multiply (9.95) by ¢ and integrate over £2. We have

—5b/¢2 _ /Vq)V(bu —4dv) = b/ Vo P —4d /V(Wy/,

SO
4d/V¢w:5b/¢2+b/|V¢|2 > 0. (9.97)
(ii) We multiply (9.95) by bu — 4dv and integrate over 2. Using (9.97) we find

16d2/|V1;/|2 =b2/|v¢|2+5b2/¢2+20bd/¢w
<b2/|V¢|2+5b2/¢ +20bd(3d /¢ 3d“1/w)
:b2/|V¢|2+ (5b2+3—m>/¢2+15d2u1/y/2.

Next, by Poincaré’s inequality (9.60) we derive

2 [ 2 1 ) | 4b? 2 2 [ 2
16d /|w| g G /|V¢| +15d /|vw|,

b*(3u? +15u; +20)
[ v L [1ver.
1

which implies the first inequality in (ii). For the second inequality in (ii) we start

SO

from

O§/|V(bu—4dv)|2: 16d2/|Vl[/|2— 10b2/¢2—b2/|V¢|2,

which yields
16d* [ vy~ 8 [ V9 > 0,

and so

(iii) By Poincaré’s inequality we find

e [IVOIE _ (VeI +1I913 _ su+1[Vel3
i+ 1Vyl3 — HVW||2+||1//H2 T Vvl
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It only remains to use (ii) and the above estimates to deduce (iii). This finishes the

proof. O

9.4.4 Nonexistence Results

Theorem 9.34 (i) Let a,b > 0 be fixed. Then, there exists D = D(a,b, ;) > 0 such
that if 0 < d < D then (9.92) has no nonconstant solutions.
(ii) Let a,d > 0, then there exists B = B(a,d, ) > 0 such that (9.92) has no

nonconstant solutions if b > B.

Proof. Assume that (u,v) is a nonconstant solution of (9.92). Let us first multiply

by v in the second equation of (9.92). Integrating over £2 we find

d/|w|2 /d)w /1+u2"’
/(M, /(1+u %)w_/(liﬁuz_%)w

/ / / (ua—1)v
=)oV 1+u2w 1+u?) 1+u)l”'

From Theorem 9.32, there exist C;,C; > 0 depending on a such that

a[wyPazc [lollvi-c: [ v

By Poincaré’s inequality and Theorem 9.33(ii) we now derive

(03 C r
d [ vuP<c —/2— 2—c/ 2
Jve<e(Z fvegd [et)-cfw
2 . 2 .
B ¢2§L/|V¢I2
4Gy

C 164>
< H—F/Wlﬂza

where C > 0 depends only on a. This last inequality yields

C 16d
d [ 1P < o [ Ivur

Now, it is clear that if d is small or b > 0 is large enough the above inequality
implies ¥ =const so u and v are both constant solutions, which contradicts our

assumption. O
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Theorem 9.35 Assume that a < 5v/3 and
b 8a 25

d 5 a’

Then, (9.92) has no nonconstant solutions.

Proof. Let (u,v) be a nonconstant solution of (9.92). We multiply the first equation
in (9.92) by (1 +u?)¢ and integrate over £2. We obtain

[V8V(0+120) = [(a—w(1+u)s—4 [wo,
and hence

J+200+2)99F = [(a=wo+ [(a=upg—4 [uo

7/‘(])2+/(a—u)u2(])—4/uv(]).

(9.98)

Remark that

2
1+2u¢+u2:3u2—?au+1

/afuu(]) /<u+4—a +4215>¢2
Joo—J(c-2)2 = oo

Thus, from (9.98) we find

/(3u2—25—au+1)|v¢|2:/(—u+4?a +4i—1) 4/v¢+ /W

From Theorem 9.33 we have v > 1 in Q so

) 2a 2 4a 4a ) 4a
/<3u ?u+1)|v¢| —/< u? +? +55>¢ Jr?/(i)l//. (9.99)

We next use the fact that

2a a? da 4a®>  8a?
2_= >l — Ty <=
3u Su—l—l_l 75 u—|—5u+ 75 =55

Sfov=gfe

Also, from (9.96) we find
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Using all these estimates in (9.99) we now obtain

a? 2 8a? ab 2
(1-5%) fivor < (S5 —5-2) [

It is now clear that under the condition on a, b and d stated in theorem 9.35 the left-
hand side of the above inequality is positive while the right-hand side is negative,

which is a contradiction. O

9.4.5 Existence

We first formulate the steady state system (9.92) in a framework in which the Leray—

Schauder degree theory can be easily applied. Remark first that (9.92) is equivalent

to
F(w)=w—I1-2A)" (D (w)+w), weX,
where .
uv
a—u-— 1+u?
G (w) =
i )

Further, if wy is the uniform steady state defined in (9.88), then

V.Z(wo) =1— (I—A)"H(I+A),

where
| 302 -5 —4a
A:=VY(wy) =
1+ a2 _ 2b0®  ba
d d

If V.Z (wy) is invertible, then the index of .# at wy is given by
index(F,wp) = (—1)7, (9.100)

where 7 denotes the number of negative eigenvalues of V. (wy).

To better quantify the index of .% at wy, let us introduce
P(a,b,d, ) = det(ul—A).

Then, it is easy to see that V.% (wy) is invertible if and only if ;I — A is invertible
for all k > 0, that is



9.4 Lengyel-Epstein Model 333
P(a,b,d, ) #0 forallk > 0.

Remark now that

3025 ba Sho’
2 2 )“Jr 2
1+02 d(1+a?) d(1+a?)

P(a,b,d,/.l) :‘IJZ* (

Therefore, if

b 5b
3a2—5>7°‘+2 70‘(1+a2), (9.101)

then the equation P(a,b,d,u) = 0 has exactly two positive solutions u*(a,b,d)
given by

1 20bo

+ 2
bd)== 6>+ ,]ct— ———_
“(aaa) 26 o d(1+oc2)’

where

302 -5 bo

=

T l+o? d(1+a?)

Our main existence result is the following.

Theorem 9.36 Assume that condition (9.101) holds and there exist i > j > 0 such
that

(i) Wi <pu*(a,b,d) < piyrand pj <u (a,b,d) < ;1.
(i) i jm(u) is odd,

Then (9.92) has at least one nonconstant solution.

The next results that follow from Theorem 9.36 show that the Turing patterns

may occur in the Lengyel-Epstein model (9.81) provided a, 1 /b and d are large.

Corollary 9.37 Let b,d > 0 be fixed. Assume that all the eigenvalues [ have odd
multiplicity. Then, there exists a sequence of intervals {(ay,Ay)}n with 0 < a, <
Ap < apy1 — o (as n — o) such that system (9.92) has at least one nonconstant

solution for all a € \J, > (an,Ap).

Proof. Note first that for large values of a > 0 condition (9.101) is satisfied. Further,
since

ut(a,b,d) — o asa-— oo,

and

W (a,b,d) — e as a—eo,
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one can find a sequence of intervals {(a,,A;) }» as in the statement of Corollary 9.38

such that
> m(w) isodd (9.102)
k>0,
u<m<pt
forall a € U, >1(an,An). The conclusion follows now from Theorem 9.36. (]

Corollary 9.38 Letd >0, a > %ﬁ be fixed and assume that

Y e(w;) is odd. (9.103)

302-5
1+o2

Then, there exists B > 0 such that the steady-state system (9.92) has at least one

nonconstant solution for any 0 < b < B.

Proof. It is easy to see that (9.101) holds for small values of b > 0. Also

302 -5
- +
0<‘LL (a,b7d)</.t (d,b,d)<m
and 5
u(a,b,d) =0, ut(a,b,d) — 310;—;25 as b — oo,
Therefore, for b > 0 small enough, conditions (i) and (ii) in Theorem 9.36 are satis-
fied. [l

Corollary 9.39 Let a > 54@, b > 0 be fixed and assume that (9.103) holds. Then
there exists D > 0 such that the steady-state system (9.92) has at least one noncon-

stant solution for any d > D.

Proof. First, let us remark that for large d > 0 condition (9.101) holds. Also for any

a,b fixed we have

302 -5
- +
0<p (ab,d)<p(ab.d)< T2
and 5
3o- =5
- +
u (a,b,d)—>0, u (a,b,d)%m as d — oo,

Therefore, for d > 0 large, conditions (9.103) and (i)—(ii) in Theorem 9.36 are ful-

filled. This implied the existence of a nonconstant solution for large d > 0. O
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Combining Corollary 9.39 with Theorem 9.35 we now obtain

Corollary 9.40 Let b > 0 be fixed.

(i) If 0<a< 54315 and 0 < % < g then (9.92) has no nonconstant solutions.
(ii) If a > # and (9.103) holds, then there exists D > 0 such that (9.92) has at

least one nonconstant solution for all d > D.



Chapter 10

Pattern Formation and the Gierer—Meinhardt
Model in Molecular Biology

Mathematics is a part of physics.
Physics is an experimental science, a
part of natural sciences. Mathematics
is the part of physics where
experiments are cheap.

Vladimir Arnold (1937-2010)

10.1 Introduction

In 1972 Gierer and Meinhardt [98] proposed a mathematical model for pattern for-
mation of spatial tissue structures in morphogenesis, a biological phenomenon dis-
covered by Trembley [196] in 1744. The mechanism behind the Gierer—Meinhardt’s
model is based on the existence of two chemical substances: a slowly diffusing ac-
tivator and a rapidly diffusing inhibitor. The ratio of their diffusion rates is assumed
to be small.

The model introduced by Gierer and Meinhardt reads as

4
” :dlAu—oercp':—q +pop in Q2 x(0,T), o
r .
V= dzAvfﬁerc’p'% in Q x (0,7),

subject to Neumann boundary conditions in a smooth bounded domain €2. Here the
unknowns u and v stand for the concentration of activator and inhibitor with the
source distributions p and p’ respectively. In system (10.1), dy, d are the diffu-

sion coefficients and o, 3, ¢, c’, po are positive constants. The exponents p,q,r,s > 0

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 337
DOI 10.1007/978-3-642-22664-9_10, (©) Springer-Verlag Berlin Heidelberg 2012
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verify the relation

gr>(p-1)(s+1)>0.

The model introduced by Gierer and Meinhardt has been used with satisfactory
quantitative results for modelling the head regeneration process of hydra, an animal
of a few millimeters in length, consisting of 100,000 cells of about 15 different types
and having a polar structure.

The Gierer—-Meinhardt system originates in the Turing one [197] introduced in
1952 as a mathematical model for the development of complex organisms from a
single cell. It has been emphasized that localized peaks in concentration of chem-
ical substances, known as inducers or morphogenesis, could be responsible for a
group of cells developing differently from the surrounding cells. Turing discovered
through linear analysis that a large difference in relative size of diffusivities for ac-
tivating and inhibiting substances carries instability of the homogeneous, constant
steady state, thus leading to the presence of nontrivial, possibly stable stationary
configurations.

A global existence result for a more general system than (10.1) is given in the
recent paper of Jiang [112]. It has also been shown that the dynamics of the system
(10.1) exhibit various interesting behaviors such as periodic solutions, unbounded
oscillating global solutions, and finite time blow-up solutions. We refer the reader
to Ni, Suzuki, and Takagi [150] for a description of the dynamics concerning the
system (10.1).

Many works have been devoted to the study of the steady-state solutions of

(10.1), that is, solutions of the stationary system

P
dlAu—om—i-cpu—q +pop =0 in 2,

v, (10.2)
dgAvfﬂanc'p’% =0 in Q,

subject to Neumann boundary conditions. The main difficulty in the treatment of
(10.2) is the lack of variational structure. Another direction of research is to consider
the shadow system associated to (10.2), an idea due to Keener [114]. This system is
obtained by dividing by d> in the second equation and then letting d, — oo. It has
been shown that nonconstant solutions of the shadow system associated to (10.2)

exhibit interior or boundary concentrating points. Among the large number of works
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in this direction we refer the interested reader to [151-153], [204], [205] as well as
to the survey papers of Ni [148], [149].
In the following, new features of Gierer—Meinhardt type systems are emphasized.

More exactly, we shall be concerned with systems of the type

P
Aufau+z—q+p(x):0,u>0 in Q,

‘
Av—Br+==0,v>0 in Q. (10.3)
.

u=0,v=0 on dQ,

in a smooth bounded domain 2 C RY (N > 1). Here u and v represent the concen-
tration of the activator and inhibitor and p € C%?(Q) (0 < y < 1) represents the
source distribution of the activator. We assume that p > 0 in Q, p # 0 and o, 3
are nonnegative real numbers. The case p = 0 is more delicate and involves a more
careful analysis of the Gierer—Meinhardt system. This situation has been analyzed
in the recent works [38], [39], [150], [153], [204], [205].

We are mainly interested in the case where the activator and inhibitor have dif-
ferent source terms, that is, (p,q) # (r,s).

Let us notice that the homogeneous Dirichlet boundary condition in (10.3) (in-
stead of Neumann’s one as in (10.2)) turns the system singular in the sense that the
nonlinearities ’3—5 and ’;—; become unbounded around the boundary.

The existent results in the literature for (10.3) concern the case of common
sources of the concentrations, that is, (p,q) = (r,s). f p=g=r=s=1and p =0,
the system (10.3) was studied in Choi and McKenna [38]. In Kim [116], [117] it
is studied the system (10.3) with p = r and ¢ = s. In the case of common sources,
a decouplization of the system is suitable in order to provide a priori estimates for
the unknowns u and v. More precisely, if p = r and g = s then, subtracting the two

equations in (10.3) and letting w = u — v we get the equivalent form

Aw—ow+ (f—a)wv+p(x) =0 in Q,
P
av—pr in 2, (104
1%
v=w=0 on 0Q.
Thus, the study of system (10.3) amounts to the study of (10.4) in which the first
equation is linear. This is more suitable to derive upper and lower barriers for  and

v (see [38], [116], [117]). For more applications of the decouplization method in
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the context of elliptic systems we refer the reader to [118]. We also mention here
the paper of Choi and McKenna [39] where the existence of radially symmetric
solutionsinthecase p=r>1,g=1,s=0and Q2 =B, C R2 is discussed. In [39],
a priori bounds for concentrations u and v are obtained through sharp estimates for
the associated Green’s function.

In our case, such a decouplization is not possible due to the fact that (p,q) # (r,s).
In order to overcome this, we shall exploit the boundary behavior of solutions of
single singular equations associated to system (10.3). In turn, this approach requires
uniqueness or suitable comparison principles for single singular equations that come
from our system. These features are usually associated with nonlinearities having a
sublinear growth and that is why we restrict our attention to the case p < 1. Our re-
sults extend those presented in [94], [93] and give precise answers to some questions
raised in Choi and McKenna [38], [39] and Kim [116], [117]. Also the approach
we give here enables us to deal with various type of exponents. For instance, we
shall consider the case p < 0 (see Theorems 10.15 and 10.16) which means that the
nonlinearity in the first equation of (10.3) is singular in both its variables u# and v.
Furthermore, these results can be successfully applied to treat the case —1 <s <0
(see Remark 26).

We are interested in the following range of exponents
—o < p <1,

q,r,s >0 and s > r—1. (10.5)

In our approach we do not require any order relation between the nonnegative
numbers ¢ and . Also we do not impose any growth condition on the source dis-

tribution p(x) of the activator. A major role in our analysis will be played by the

G_min{1,2+r}. (10.6)

number

145

10.2 Some Preliminaries

Throughout this section || - || denotes the L*(£2) norm. Also we denote by A; and
¢ the first eigenvalue and the first normalized eigenfunction of —A in H(} (Q) with

@1 = 1. As is well known, @; € C2(Q), ¢; > 01in €, and there exists C > 0 such
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that
1
Cd(x) < ¢ < Ed(x) in Q. (10.7)

We also recall the following useful result which is due to Lazer and McKenna.
Lemma 10.1 (Lazer and McKenna [130]) [, ¢fdx < e if and only if T > —1.

Proposition 10.2 Let 0< p<1,0<g<p+1landaec C¥(Q) (0<y<1) be
such that
a1, 1(x) <a(x) <axp; '(x)  in Q, (10.8)

for some ay,ay > 0. Then, the problem

Au—ou+a(x)u’+p(x) =0 in Q,
u>0 inQ, (10.9)
u=0 on dQ2,

has a unique solution u € C*(Q)NC(Q). Moreover; there exist my,my > 0 such that
m@ <u<me; inQ. (10.10)

Proof. Letw be the unique solution of

Aw—ow+p(x)=0 in Q,
w>0 in Q, (10.11)
w=0 on dQ.

By standard elliptic arguments and the maximum principle we have w € C?(Q).
Obviously u := w is a subsolution of (10.9). Furthermore, by virtue of (10.7) we can
find ¢, cp > 0 such that

1o <w<cyp inQ. (10.12)

Since ¢ < p+ 1, by aresult in Wei [206], there exists 1 € C2(0,1) NC'[0, 1] such

that
—h'(t)=t"nP(t), forall0<t<1,
h>0 in (0,1),
h(0) = h(1) =0.

Using the fact that 4'(0) > 0 we have
c3t < h(t) < cqt, (10.13)

for t > 0 small enough and for some c3,c4 > 0. Furthermore, we may find ¢ > 0
such that /' (c;) > 0 in Q.
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We are looking for a supersolution of (10.9) in the form u := Mh(c@;) + w, for
M > 1 large enough. For this purpose we have to check that the inequality —Au +
ot > a(x)uP 4 p(x) holds in Q provided that M > 1 is sufficiently large.

We have

—Au+ ou > —AMh(cor)) + p(x)

=Mc* 1 1P (c1) |V |* + MAicoi (cpr) +p(x)  in Q.
(10.14)

By (10.13) we may write
— Ali+ ot > McFP IS ol UV oy 2+ MAjcoi i (cor) +p(x)  in Q. (10.15)
On the other hand, by (10.8), (10.12) and (10.13) we have
a(x)iu” < ar@; ! (Mh(c@) +w)? < arf (Mccy+c2)”  in Q. (10.16)
Using Hopf’s maximum principle, there exist @ CC £ and § > 0 such that
[Voi|>6 inQ\w and ¢ >din . (10.17)
Since 0 < p < 1, we may choose M > 1 such that
Mc*P=4cl 8% > ay(Mces + c2)? (10.18)

MArcmin@ih'(cgr) > ax(Mccs + c)P max @f 7. (10.19)
w (0]

Combining (10.15), (10.16) and (10.18) we obtain
—Ali+ 0@ > M*P IR o Vi |2+ p(x) > a(x)a’ +p(x)  in Q\ . (10.20)
Furthermore, by (10.15), (10.16) and (10.19) we deduce
— AU+ ou > MAjc@ih (cor) + p(x) > a(x)u” +p(x)  in o. (10.21)

Now the claim follows by (10.20) and (10.21). Thus, the problem (10.9) has a solu-
tion u € C2(Q2)NC(Q) such that u < u < win Q. By (10.12) and (10.13) we obtain
the estimate (10.10). This also implies that

Ci (pf’fq <a(x)uf < Cz(pqu in Q,
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for some C;,C, > 0. Since p — g > —1, by Lemma 10.1 we get a(x)u” € L'(Q)
which finally yields Au € L'(Q). Now the uniqueness follows by Theorem 1.2.
This concludes the proof of Proposition 10.2. (]
We next consider the problem
Av—Bv+a(x)v 4+ b(x) =0 in Q,

v>0 in Q, (10.22)
v=0 on dQ,

where a € C7(Q) (0 < y < 1) satisfies
a10] (x) <a(x) <api(x) inQ, (10.23)

for some aj,a; > 0 and r € R. We also assume that b € C%7(Q), B > 0 and s > 0.

For convenience, let us introduce I, : (0,00) — (0,°0) defined by

t o ifs<r41,
Lo(t) =4 t(14|loge )+ | ifs=r41, (10.24)
1(247)/(145) ,ifs>r,

forall r > —2 and s > 0. It is easy to see that
I (1) >1t° forallt >0, (10.25)

where o is defined in (10.6). Moreover, for all m > 0O there exists m,my > 0 such
that
m I, (t) <Ij.(mt) <mpl;,.(t) forallz>0. (10.26)

Proposition 10.3 (i) If r < —2 then the problem (10.22) has no classical solutions.
(ii) If r > —2 then the problem (10.22) has a unique solution u € C*(Q)NC(Q).

Moreover, there exist cy,cy > 0 such that
cills(@r) <v<al(g) inQ. (10.27)

A general nonexistence result for singular elliptic equations with unbounded po-
tentials can be found in [66]. Also a nonexistence result in the case b =0, B =0
and r < —2 is presented in [214]*Theorem 1.2. Concerning the existence part in
Proposition 10.3, a similar result can be found in [107] in the case b =0, § = 0 and
r > 0. We shall give here a different proof which relies on a direct construction of a

sub and supersolution. This will provide the estimate (10.27).
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Proof. (i) Assume that there exist 7 > —2 and v € C*(2)NC(£2) a classical solution
of (10.22). For 0 < € < 1 consider the problem
Az—Bz+ai(Q1+€) (z+€)™° =0 in Q,
z2>0 in Q, (10.28)
z=0 on dQ.
Obviously, z = 0 is a subsolution and 7 = v is a supersolution of (10.28). Hence, for
all 0 < & < 1 there exists ze € C>(Q) a solution of (10.28) such that 0 < ze < v in Q.
Multiplying by ¢; in (10.28) and then integrating over £2 we get

(ﬁ""ll)/QZs(PldX:al /Q (pl((P1+8)r(Zg+8)7‘de,

Since ze < v in Q, the above equality yields

(B+2) [ vordr = ai(1+ ) [ gu(pri+eyar
JQ Q

This implies
/ o1(p1+¢€)'dx<M forallwCC Q,

()

where M > 0 does not depend on €. Passing to the limit with € — 0 in the above
inequality we find [, ¢ ""dx < M, for all ® CC Q, that is, [, ¢ "dx < . Since
r > —2, the last inequality contradicts Lemma 10.1. Therefore, the problem (10.22)
has no classical solutions if r > —2.
(ii) Let r > —2 and s > r — 1. According to [189]*Theorem 1, there exists H €
C%(0,1)NCI0, 1] such that
—H"(t)=1t"H*(t), forall0<r<1,
H>0 in (0,1), (10.29)
H(0)=H(1)=0.
Since H is concave, there exists H'(0+) > 0. Hence, taking 0 < 1 < 1 sufficiently
small, we can assume that H > 0 in (0,7). From [189]*p. 904 (see also Theorem
3.5 in [66]), there exist ¢1,cp > 0 such that

o1 (1) <H(t) < caI5.(r) in(0,7m). (10.30)
As a consequence of (10.30) and the fact that s > r — 1 we derive

H(t) ™ <c3t” in(0,7m), (10.31)
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for some positive constant c3 > 0. Let ¢ > 0 be such that c; < 1 in . We claim
that we can find 0 < m < 1 small enough such that v := mH (c@;) satisfies

1
2BV <a(x) inQ and —Av< Ea(x)ff in Q. (10.32)
Then, from (10.32) we deduce
Av—Byv+a(x)y * >0 inQ, (10.33)

that is, v is a subsolution of (10.22).
By virtue of (10.23) and (10.31) we have

2Bm1+scrc3

2B21+s _ ZBmlJrsHlJrs(C(Pl) < ZﬁmlJrXC}(C(Pl)r <
ai

a(x) inQ.

Let us chose now m > 0 such that 2B8m!'™¢"c3 < a;. This concludes the first in-
equality in (10.32).
In order to establish the second inequality in (10.32), a straightforward computa-
tion yields
—Av = —mc*|V o, [*H" (coy) +mAcoiH (cop)
= mc* @[V [P H S (cy) +mAicoiH' (coy) (10.34)
=m' QN Vo |2y + mAicoiH (cop)  in Q.
Since H' is decreasing on (0,1), it follows that tH'(r) < H(¢) for all ¢ € (0,1).

Furthermore, from (10.31) we deduce
coiH'(cor) <H(cor) < cz(copr) H *(cor)  in Q. (10.35)

Combining (10.34) and (10.35), for 0 < m < 1 we obtain

_AZS m1+sc2+’(p1r|V(p1|227S+m?qch3(pr*S(c(p1)
< mc2+r(p1r|V(p1|zyfs+mllcr63(p1ryﬂ
=mc" o[y (Vi [P + e3h)

mc", , 5 L
< a (| Vi ||z 4+ c3A)alx)y ™ in Q.
1
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Now, it suffices to choose 0 < m < 1 such that ";—Clr(c2||V(p1Hi +c3A1) < 4. This
establishes the second inequality in (10.32) and the fact that v is a subsolution of
(10.22).

Next we provide a supersolution v of (10.22) such that y <V in £2. To this aim

we first claim that there exists M > 1 large enough such that z := MH (c¢ ) satisfies
Az+a(x)z* <0 inQ. (10.36)

As before we have
Az =M@V |27 — MAjcoiH' (cp)  in Q. (10.37)

Let @ CC Q and § > 0 be such that (10.17) holds and let us consider M > 1
such that
M8 > ay, (10.38)
M1+‘YCA,1 n%n (le/(C(pl) > ap mEElX (peris(C(pl). (10.39)
Then, as in the proof of Proposition 10.2, by (10.17) and (10.38)—(10.39) we get
AZ+G(X)Z7‘Y < 7M1+‘Yc2+r(p1’|V(p1|zz"Y+a(x)z’x
< 7M1+sc2+r62q){’zfs + az(szfs
_ (M1+Sc2+’52 - az) P27 <0 inQ\o,

and

Az+a(x)z* < —MAjcoiH' (cor) +a(x)z™*
< —MAcoiH' (cr) +arpiz "
= —% (M chipuH (cor) — argiH(con))
<0 ino.
Hence, we have obtained the inequality in (10.36).
Let w € C?(Q) be the unique solution of

AW —BWw+b(x) =0 in Q,

Then v := z+ W satisfies v > 0 in Q, v = 0 on d€2 and by (10.36) we have
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AV —Bv+a(x)v " +b(x) <Az—Bz+a(x)z * <0 inQ.

Hence, v is a supersolution of (10.22) and clearly we have v < v in Q. It follows
that problem (10.22) has a classical solution v € C>(2) NC(Q) such thaty <v <v
in Q.

On the other hand, since w € C%(Q), we deduce that there exists ¢; > 0 such that
w < ¢1¢; in Q. This implies w < &1 (@) in £, for some &, > 0. Finally, using
the last inequality, the definition of v,v and (10.30), we get the estimate (10.27).

The uniqueness of the solution follows by Corollary 1.3. This finishes the proof of
Proposition 10.3. (]

10.3 Case 0 <p <1

10.3.1 Existence

The main existence result in this case is the following:

Theorem 10.4 Assume that 0 < p < 1, g6 < p+ 1 and q,r,s satisfy (10.5). Then
the system (10.3) has at least one classical solution and there exist c1,cy > 0 such

that any solution (u,v) of (10.3) satisfies the following estimates in Q:

and

cd(x) <v<cd(x) ifs<r+l,
c1d(x) (1+ Ind(x)) /9 < v < erd(x) (1 + | Ind () ifs=rt1,
e1d(x)PH/0H9) <y < rd (x) P/ UH)ir s> g1,
where d(x) = dist(x, 0 Q).
Proof. Let0 < g < 1 and set
Qe :={xeQ:dx)>¢e}, forall0<e<eg. (10.40)

For gy small enough, €2, remains a smooth domain. The existence of a solution to

(10.3) will be proved by considering the approximated system
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P
Aufocu+z—q+p(x):0,u>0 in Q,

.
Avfﬂv+%:0, v>0 in £, (10.41)

u=¢, v=1I;,(¢) on €.

The existence of a classical solution to (10.41) is obtained by using the

Schauder’s fixed point theorem. For 0 < € < & and m,m; < 1 < M{,M, con-

sider
mi @ < u < M@ in €2,
o = (u,v) € C(Qe) x C(Q¢) : mal; (1) <v < MoI; (1) in Qg,
u=¢g,v=I;,(g) on 0,

Next, we define the mapping .7 : &/ — C(Q;) x C(£¢) as follows. For (u,v) €
o/ we set

T (u,v) = (Tu,Tv), (10.42)
where Tu and T'v satisfy
Tu)?
A(Tu) — a(Tu) + ( :;) +p(x)=0, Tu>0 in €,
r
A(Tv) — B(Tv) + (T”v)x —0,Tv>0 in 2, (10.43)
Tu=¢, Tv=1I;,(¢) on d Q.

Using the definition of <7, by the sub and supersolution method combined with
Theorem 1.2 and Corollary 1.3, the above system has a unique solution (7Tu,Tv)
with Tu, Tv € C?(Q¢). Basic to our approach are the following two results which

allows us to apply Schauder’s fixed point theorem.

Lemma 10.5 There exist m; < 1 < My and my < 1 < M which are independent of
€ such that 7 (/) C o, for all 0 < € < &.

Proof. Let w € C2(Q) be the unique solution of problem (10.11). In view of
(10.7) and (10.12) we have

wx) < < %zd(x) = C_ng on 0Q2,.

Hence, if §; = min{1, %} then 6;w < € on 0d£2;. Furthermore,

A(Tu) — a(Tu)+p(x) SO < A(Sw) —o(O1w) +p(x)  in £,
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Tu=¢> 6w ondQ,.

By the maximum principle, we obtain Tu > &;w in . In view of (10.12), let us
choose m; = 8¢ in the definition of &« (where ¢y is the constant in (10.12)). Then,

(10.12) combined with the last estimates yields
Tu>mp@, in €. (10.44)
From the second equation in (10.43) and the fact that u > m; ¢, in €2, we have

r r
MO~ inQ,. (10.45)

A(Tv)—B(Tv)+ () =

Let us consider the problem

AS—BE+9iE =0 inQ,
£ES0 inQ, (10.46)
E=0 on d€Q.

Using Proposition 10.3 (ii), there exists & € C?(2)NC(Q) a unique solution of
(10.46) with the additional property

aslir(g) <& <ali (@) inQ, (10.47)

for some c3,c4 > 0. Moreover, by (10.47), (10.7) and the property (10.26) of I , we
can find c¢s,cg > 0 such that

esli(d(x) <& <cel3 (d(x)) inQ. (10.48)

. 1+
Let & = mln{l,mg/( Y), é} Then

A(3:8) ~ B(3:8) +mipf(828) > 82(AL P&+ {5 ) =0 i,
(10.49)
and by (10.48) we have

0& < &cel;  (d(x)) <I,(e) ond€y. (10.50)
Therefore, from (10.45), (10.49) and (10.50) we have obtained
A(Tv) = B(Tv) +myoi(Tv) " <0< A(88) — B(8:8) +mi[(8:8)™" in L,

Tv=1I;,(g) > &E ondQ.
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By Corollary 1.3 it follows that Tv > &,& in €. In view of (10.47), the last inequal-
ity leads us to T'v > &yc315 (1) in £2¢. Thus, we consider

my =min{1,8c3} >0

in the definition of the set <. Note that m; is independent of € and T'v > my I (@1 )
in Q.
The definition of <7 and (10.25) yield

v>moly(@1) > ma@l  in Q.
Using the estimate v > my@{ in the first equation of (10.43) we get
A(Tu) — o(Tu) +m; 1@ 9 (Tu)? +p(x) >0 in €. (10.51)

As above, we next consider the problem

AL —oal+m) e 0P +p(x) =0 inQ,
(>0 in Q, (10.52)
=0 on dQ.

Since go < p + 1, by Proposition 10.2 there exists { € C*>(2)NC(Q) a unique
solution of (10.52) such that

191 <& <cgpr inQ, (10.53)

for some ¢7,cg > 0. Note that go < p+ 1, (10.53) and Lemma 10.1 imply A €
L'(Q).Let Ay = max{1, ==}. Then

A(A18) — (A1) +my o (A1 L) +p(x) <O in Q.
Also by (10.7) and (10.53) we have
A1 >Ajc701 > A1Cerd(x) > € on dQ.
Define

W (x,t) = —ot+my 9,1 (x) (A1) +p(x), (x,1) € Qe x (0,00).

Then Y satisfies the hypotheses in Theorem 1.2 and
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AAIL)+P(x,A18) <O<A(Tu)+W¥(x,Tu) in £,

Tu,A1{ >0 inQe, Tu=¢€<A;{ on £,
A(A1§) € L' ().

By Theorem 1.2 it follows that Tu < A;{ in Q. In view of (10.53), let us take
M, := max{1,A|cg} in the definition of the set <. Then M; does not depend on &
and by (10.53) we have

Tu<Mi@; in£2.

The definition of 7 yields u < M@ in €. Then, the second equation of system
(10.43) produces
Miop -
A(Tv)—B(Tv)+ W >0 in Q. (10.54)

Let A, = max{1,M!, L} If & is the unique solution of (10.46), then

1’ cs
A(A28) — B(A28) +Mi@i(A28) ™ <0 in L,
and, by (10.48) we also have
ArE > AsesI;  (d(x) > I5,(e)  ond€e.

Therefore, by Corollary 1.3 it follows that Tv < A>& in Q.. Now, we take M, :=
max{1,A,c4} in the definition of the set <7 It follows that M, is independent of €
and, by virtue of (10.47), we obtain Tv < M,I; ,(¢;) in £,. This finishes the proof
of our Lemma 10.5. (]

Lemma 10.6 The mapping 7 : of — < definedin (10.42)—(10.43)is compact and

continuous.

Proof. Letus fix (u,v) € &7. Then u,v,Tu and Tv are bounded away from zero
in Q, which yields

ur

(TV)‘Y

<ce =c(&,mi,my,M;.M>,p,q,r,s).
L=(Qe)

)

L=(L)

=

Hence, by Holder estimates, for all 7 > N we obtain

(Tully2.e () 1TVIIw2r () < €1
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for some ¢ > 0 independent of u and v. Since the embedding W2T(Qe) —
CH(Q) ,0 < y<1—N/tis compact, we derive that the mapping .7 : &/ —
o C C(Q¢) x C(L;) is also compact.

It remains to prove that .7 is continuous. To this aim, let {(un,vy)}u>1 C &7 be

such that u, — u and v, — v in C(£2;) as n — . Since .7 is compact, there exists

(U,V) € o such that up to a subsequence we have
T (un,vn) = (U,V) ina/ as n— eo.

Using the L™(£2;) bounds of (w) and (—“z—y) , it follows that (Tup),>1
n n>1 (Tvn) n>1 -
and (Tv,),>1 are bounded in W>7(€2;) for all T > N. As before, this implies that
(Ttp)n>1 and (Tvy),>1 are bounded in C'7(Q,) (0 <y < 1 —N/1). Next, by
Schauder estimates, it follows that (7u,),>1 and (Tv,),>1 are bounded in C>7(Q,).
Since C>7(Q,) is compactly embedded in C?(Q¢), we deduce that up to a subse-

quence, we have that
Tu,—U and Tv,—V in Cz(ﬁs) as n — oo,
Passing to the limit in (10.43) we get that (U, V) satisfies

ur
AUfaU+v—q+p(x):0,U>0 in Q,,

u” .
AV =BV + =0,V >0 in Q,,
U=¢, V=I;,(¢) on d€2.

Using the uniqueness of (10.43), it follows that 7u = U and T'v = V. Thus, we have
obtained that any subsequence of {.7 (u,,vn) }n>1 has a subsequence converging to
7 (u,v) in 7. But this implies that the entire sequence {.7 (uy,vn) }n>1 converges
to 7 (u,v) in &7, whence the continuity of .7. The proof of Lemma 10.6 is now
complete. O

We now come back to the proof of Theorem 10.4. According to Lemmas 10.5
and 10.6 we are now in position to apply Schauder’s fixed point theorem. Thus,
for all 0 < € < g, there exists (ug,ve) € & such that J (ug,ve) = (ug,ve). By
standard elliptic regularity arguments, we deduce u,ve € C*(Q;). Therefore, for all
0 < & < g we have proved the existence of a solution (ue,ve) € C?(Q¢) x C>(Q¢)
of system (10.41). Next, we extend ug = €, ve =I5 ,(€) in Q \ Q.. Furthermore, by
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the definition of .«7 we have
mi@r <ug <MQ+e< M@ +¢& inQ, (10.55)

mol5  (@1) <ve <MoIG (1) +I5,(e) <My +cg,  in Q. (10.56)

As above, L™ bounds together with Holder estimates yield (ug)o<g<g), (Ve )o<e<g,
are bounded in sz)f(!)), for all T > N. With similar arguments, there exist u,v €
C%(Q) such that for all ® CC Q, (Ue)o<e<g, and (ve)o<e<g, coOnverge up to a sub-
sequence to u and v respectively in C?(@) as € — 0. Passing to the limit with £ — 0
in (10.41) and (10.55)—(10.56) we get

P
Aufoquru—qup(x):O in Q,
v

r

Avfﬂv+u—:0 in Q,
vS
and
mi@r <u<Mp@ inQ, (10.57)
mzl}’r((pl) <v< MZI—;,r((Pl) in Q. (1058)

Now, we extend u = v =0 on Q. From (10.57) and (10.58) we deduce that u,v €
C(£). Hence, the system (10.3) has a classical solution (u,v).

It remains to establish the boundary estimates of the solution to (10.3). This
follows essentially by using the same arguments as above. Let (u,v) be an ar-
bitrary solution of (10.3). Then Au — ou + p(x) < 0 in Q which implies that
u > w in €, where w is the unique solution of (10.11). By (10.12) it follows that
u > c1¢; in €. Using this inequality in the second equation of (10.3) we deduce
Av—Bv+cop{v™* < 0in £ for some ¢ > 0 (we actually have ¢ = ¢} > 0). Next,
let & be the unique solution of (10.46). A similar argument to that used in before
yields v > ¢3€ in Q. In view of estimate (10.27) in Proposition 10.3 we derive that
v > eyl (1) in Q for some ¢4 > 0. According to (10.25) it follows that v > c5¢f
in Q. This inequality combined with the first equation in system (10.3) produces
Au— o+ ce@y “CuP +p(x) > 0in Q.

Consider the problem

Az—oz+cep; 1072’ +p(x) =0 in £,
z>0 in Q, (10.59)
z=0 on dQ.
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Since go < p+ 1, by Proposition 10.2 there exists a unique solution of (10.59) such
that z < ¢7¢ in 2. Thus, by Theorem 1.2 we get u < z < ¢7¢; in Q. Using this last
inequality in the second equation of (10.3) we finally obtain Av — Bv+cgpjv™" >0
in Q for some cg > 0. By virtue of Proposition 10.3 we have v < coI ,(¢;) in .

Thus, we have obtained
m@r <u<m@ in L,

m (o) <u<ml; (@) in€Q,

for some fixed constants mj,my > 0. Now, the boundary estimates in Theorem
10.4 follows from the above inequalities combined with (10.7). This concludes the

proof. (]

10.3.2 Further Results on Regularity

Further regularity of the solution to (10.3) can be obtained using the same arguments
as in Gui and Lin [107]. More precisely, it is proved in [107] that if u € C? Q)N

C(Q) satisfies —Au = u~" in a smooth bounded domain 2 and u = 0 on d€2, then

u € C'=V(Q). Using the conclusion in Theorem 10.4 we have

Corollary 10.7 Assume that 0 < p < 1 and q,r,s satisfy (10.5).

(i) If g < p and s < r, then the system (10.3) has at least one classical solution.
Moreover, any solution of (10.3) belongs to C*(Q) x C*(Q).

(ii) If -1 < p—q<0and —1 <r—s <0, then the system (10.3) has at least one
classical solution. Moreover; any solution (u,v) of (10.3) satisfies u € C*(£) N
CH1HP=4(Q) and v € CH(Q)NCH 1+ =5(Q).

Proof. Let (u,v) be a classical solution of (10.3). We rewrite the system (10.3)

in the form
Au=fi(x)inQ, Av=f(x)inQ, u=v=0o0ndeQ,

where

uP (x)
ve(x)

—p(x), fo(x) =Bv(x) _L(x), forallx € Q.

fi(x) = ou(x) — )
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Note that in our settings we have 0 = 1 in (10.6) and by virtue of Theorem 10.4
there exist ¢1,c¢z > 0 such that ¢1d(x) < u,v < cpd(x) in Q. Hence,

[A1(xX)] <mdP™(x)+p(x) inQ and |[fHr(x)] <mpd*(x) inQ. (10.60)

(i) Since 0 < p—g and 0 < r—s, by (10.60) we get f1, f» € L (€Q). Next, standard
elliptic arguments lead us to u,v € C(Q).
(ii) Let us assume that —1 < p—¢g <0 and —1 < r—s < 0. From (10.60) we

derive

)

i) <ed”9(x) inQ and |fr(x)] <cd™(x) inQ

for some positive constant ¢ > 0.

If N =1 then, for all x;,x; € Q we have

<c < élaey —xo|' TP,

(1) — o (2)] < \ [ hwa

-
/ dP~9(t)dt
X1

where ¢ > 0 does not depend on x1, x, . This yields u € C1'*P~9(Q) and similarly
yeChHr=s(Q).

If N > 2, the conclusion follows exactly in the same way as in [107]. More pre-
cisely, let ¢ denote the Green’s function for the Laplace operator. Then for all x € Q

we have .
u) = [ Senhdy v = [ @) )y
and .
Vil = [ Gen)fit)dy Vo) = [ G0y
Then, for all x;,x; € Q, x| # x, we have
V() = V(o) | < [ [u(01.9) = Gl )y
<c [ [9001.0) - Sl ) ld" )y
Q

and similarly

V(1) — Vo(n)| < e /Q G (x1,5) — Gulx, ) [d" > (v)dy.
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From now on, we need only to employ the sharp estimates given in [107, Theorem
1.1]1in order to obtain u € C1'*P~9(Q) and v € C1!*7=5(Q). This finishes the proof
of Corollary 10.7. (]

10.3.3 Uniqueness of a Solution

The issue of uniqueness is a delicate matter even in one dimension. In this case the

system (10.3) reads
"o M_p N .
u" —au+ q—l—p(x)—O in (0,1),
1%
.
V' =Byt =0 in (0,1), (10.61)

In [38] it is proved that the system (10.61) has a unique solution provided that
p =¢q=r=s=1.The main idea is to write (10.61) as a linear system with smooth
coefficients and then to use the C?[0, 1] x C?[0, 1] regularity of the solution. This
approach has been used in [94] (see also [95] or [93, Theorem 2.7]) in the case
B<oa,0<g<p<landr—p=s5s—q>0.
We are able to show that the uniqueness of the solution to (10.61) still holds
provided that
—1<p—g<l, —-l<r—s<lI (10.62)

Note that for the above range of exponents, the solutions of (10.61) do not necessar-
ily belong to C2[0, 1] x C2[0, 1]. We prove that a C'*%-regularity up to the boundary

of the solution suffices in order to have uniqueness. Therefore, we prove

Theorem 10.8 Let Q = (0,1), 0 < p < 1 and q,r,s > 0 verify (10.62). Then the

system (10.61) has a unique classical solution.

Unlike the Neumann boundary condition, in which large multiplicities of solu-
tions are observed, the uniqueness in the above result seems to be a particular feature
of the Dirichlet boundary condition together with the sublinear character of the first

equation in the system (10.61).

Proof. Let (u,v) be a classical solution of (10.61). Then, by virtue of Corollary

10.7, we have
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u,v € C?[0,1] x C?0,1] if0<p—q,0<r—s,

and
ueCH0,1)nCch*r=4)0,1], v € C2(0,1)NnCH1H 50, 1],

if —1<p—¢g<0,—-1<r—s<0.Furthermore, by Hopf’s maximum principle we
also have that «’(0) > 0,1/(0) > 0, «/(1) < 0 and v'(1) < 0.
Assume that there exist (u1,v) and (u3,v;) two different solutions of (10.61).
First we claim that we cannot have up > u; or v, > vy in [0,1]. Assume by con-
tradiction that uy > u; in [0,1]. Then

uh u’
Vi—Bva+—2=0=2{-Bvi+-L in (0,1),
V2 Vi

and by Corollary 1.3 we get v, > vy in [0, 1]. This implies that

P 4
W — o + Lv’—; Fp()<0=ul— auz—i-z—é Yp(x) in (0,1).  (10.63)
2 2

On the other hand, the mapping ¥(x,t) = —out + \ﬂt_fx) +p(x), (x,7) € (0,1) x

2
(0,00) satisfies the hypotheses in Theorem 1.2. Hence u < u; in [0, 1], that is u; =
uy. This also implies vi = v,, which is a contradiction. Replacing u; by u, and v,

by v,, we also get that the situation u; > up or vi > v; in [0,1] is not possible.

Set U = up —u; and V = v, —v|. From the above arguments, both U and V

change sign in (0, 1). The key result in our approach is the following.
Proposition 10.9 U and V vanish only at finitely many points in the interval [0, 1].

Proof. Subtracting the corresponding equations for (u1,v;) and (u3,v,) we obtain

the following linear problem

{Wll(x) +AX)W(x) =0 in (0,1), (10.64)

W(0)=W(1)=0,
where W = (U, V)T and A(x) = (A;j(x))1<i j<2 is @ 2 x 2 matrix defined as

L w0 —uf()
H uz(x) —up(x
Ap(x)=—a+ Vz(x) u;(l)(x) 1(x)
1
vi(x)

s ur(x) # ua(x)

uy (x) = uz (x)
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ul (x vi(x) —vi(x
() ig; 1(§,v1(x)7évz(x)

—q q+1(x) , v1(x) =va(x)

Axp(x)=—B - Vi ()3 (%) v x)—vi(x)’

Lemma 10.10 We have

(i) Aj; €C(0,1), forall 1 <i,j<2.
(ii) A12(x) # 0 and Ay (x) # 0 for all x € (0,1).
(iii) d'=P=D(x)A1; € L(0,1) and d' =) (x)Ay; € L=(0,1), for j = 1,2.

Proof. The claims in (i) and (ii) are easy to verify. We prove only the statement
in (iii). To this aim, let us notice first that by the regularity of solutions, there exist

c1,c2 > 0 such that
c1d(x) <uj,vi <cpd(x) in (0,1), 1 <i<2. (10.65)
By (10.65) and the fact that
la? —b9| < gla—b|max{a?~",p4" "} foralla,b >0,

we have

ulf(

vi(x)v

=

)
()

max (! (), v (x)}

) e ()G

<ecdP79(x) forall 0<x<I.

d(x)|An(x)| < qd(x) 77—

NQ

< gqd’9(x

Hence d'~(P=9)(x)A;, € L”(0,1). We obtain similar estimates for d'~(?=9)(x)A;,
and d'~("=%)(x)A,,, j = 1,2. This concludes the proof. O
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Next, Lemma 10.10 (i)—(ii) allows us to employ the following result which is

proved in [38, Lemma 7].
Lemma 10.11 (see [38]) Let 0 < a < b < 1 and A = (A;j)1<i j<> be such that

(i) Aij € Cla,b), forall1 <i,j<2.
(ii) A12(x) # 0 and Azi(x) # O for all x € [a,b).

Assume that there exists W = (U,V)T € C*[a,b] x C*[a,b] such that W # 0 and
W (x) +A(x)W(x) = 0 in [a,b]. Then, neither U nor V can have infinitely many

zeros in |a,b).

As a consequence, we deduce that if W is a solution of (10.64) and W vanishes
for infinitely many times in an interval [a,b] C (0, 1) then, applying Lemma 10.11
n [e,1 — g] for all € > 0 sufficiently small, we get W = 0.

It remains to show that U and V cannot vanish infinitely many times in the neigh-
borhood of x = 0 and x = 1. We shall consider only the case x = O; the situation
where U or V have infinitely many zeros near x = 1 can be handled in the same
manner.

Without losing the generality, we may assume that V has infinitely many zeros in
a neighborhood of x = 0. By the continuity of V it follows that V(0) = 0. Further-
more, since V € C%(0,1)NC'[0, 1], by Rolle’s theorem we get that both V/ and V"
have infinitely many zeros near x = 0. Therefore, V'(0) = 0, that is, v} (0) = v5(0).

If U’'(0) = 0, then W(0) = W'(0) = 0. Let y = min{0, p — q,r —s}. Then —1 <
¥ < 0 and by Lemma 10.10 (iii) it follows that x' “7A;; € L=(0,1/2). Thus, we can
use Proposition 10.12 in order to get that W = 0 in [0, 1/2]. Then, by Lemma 10.11
we obtain W = 0 in [0, 1], which is a contradiction. Hence U’(0) # 0. Subtracting

the second equation corresponding to v; and v; in the system (10.61) we have

V//(x) _ ﬂV(X) + Ml(x) ug(x)

Vi) v(x)

t

) o (10.66)
o (Y oy (s ()
Since r—s < 1, (0) = v4(0) > 0 and / (0) # u5(0) we get
xlil(% {ﬁ‘;r(xs) + (ulx ) (Vl (x) ) ( ) (V;(Cx))x} (10.67)
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From (10.66) and (10.67) we derive that V" has constant sign in a small neighbor-
hood of x = 0 which contradicts the fact that V vanishes infinitely many times in the

neighborhood of x = 0. This finishes the proof of Proposition 10.9. (]

Proposition 10.12 Ler0 <a <1, —1 <y<0and A = (A;j)1<i j<2 be a2 x 2 matrix
such that for all 1 <i,j <2 we have

A;j €C(0,a] and x'77A;; € L7(0,q).
Assume that there exists W = (Wy,W»)T € (C2(0,a] N C'[0,a])? a solution of

{W”( AW(x) =0 in (0,d],
W(0) = W(0) =0.

Then W =0 in [0,d].

Proof. First we need the following result whose proof is a simple exercise of

calculus.

Lemma 10.13 Let f € C(0,a] NL'*9(0,a) for some a,86 > 0 and u € C*(0,a] N
C'10,a] be such that u(0) = u'(0) = 0 and u" = f in (0,a). Then

u(x):/Ox()c—t)f(t)dz‘7 forall0 <x<a.

Since W € C'[0,1] x C'[0, 1] we have AW € C(0,a] NL'+9(0,a) provided that
0 < & < —1—y . Therefore, by Lemma 10.13 we get

W(x)=— /Ox(x —1)A()W(t)dr forall 0 <x<a. (10.68)

Define B = (Bij)1<i <2 by Bij(x) = x!77A;j(x), 0 <x < a, 1 <i,j <2. Then
Bjj € C(0,a]NL=(0,a). Set

(W)

M = max ||Bjj||e, k:max{—;0<x§a},
1<i,j<2

where |[W(x)| = max{ [W(x)|,|W2(x)| }. Notice that both M and k are finite, since
W € C'[0,a]. From (10.68) we have

t’dt  forall 0 <x<a,

W()
o

which yields
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x Wiz
[W(x)| < M/ (x— t)uﬁtydt forall 0 <x<a. (10.69)
0

It follows that
x Mk
W(x SMk/ x—DtVdt = —— = 2
W (x)| 0( ) EreT)

Using (10.70) in (10.69) we obtain

forall 0 <x<a. (10.70)

W) < — Mk ) /Ox(x—t)tHszt

1+yQ2+y
Mk JaE
(1+72+7r2+27)(3+2y)
M’k 4
< - +2]/
=21+ 92"

forall 0 <x<a.

By induction, we deduce that for all n > 2 we have

M"k
W) <

=~ WJ\JH’IJH?Y forall O SX S a.
n:

Since —1 < y < 0, we can pass to the limit in the last inequality in order to get

W = 0. This completes the proof. (]

Proof of Theorem 10.8 continued. Let us define
It ={x€[0,1]:U(x) >0}, & ={x€]0,1]:U(x) <0},

I ={xe[0,1]:V(x) >0}, £ ={xe[0,1]:V(x) <0}

Since both U and V have a finite number of zeros, it follows that the above sets
consist of finitely many disjoint closed intervals. Therefore, .# = U™, I.". For our
convenience, let I denote any interval II.Jr and similar notations will be used for /—,
J* and J~. We have

Lemma 10.14 For all intervals I't, I, J* and J~ defined above, the following
situations can not occur:

(i) I-cJt, ()1~ cJ; (i) JtcI;  (iv)J CIT.
Proof. (i) Assume by contradiction that /™ C J*. This yields up > u; and v, > v;

in 1. Furthermore we have
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p p
u’l'—ocul—i—z—},—i—p(x)gO:u’z’—auz—i—z—g—i—p(x) inlt,
2 2

up,up >0 inl", uy=uy; =0 ondl", uf €L'(0,1).

Thus, by Theorem 1.2 with ¥ (x,1) = —at + -~ + p(x), (x,1) € It x (0,00), it

Vq X
follows that u, < u; in I". Since uy > u; in I*,Z(vxie deduce u; = uy in I, that is,
U = 0 which contradicts Proposition 10.9. Replacing u,v; with uy,v; in the above
arguments we deduce the statement (ii).
(iii) Suppose that J™ C I~. Then v, > v and u; > uy in J™ which yield

ut uf
s 72

S —
Vi

inJ*t.
vS
2

Hence V = v, — vy satisfies

r r

V' -y =1 D> in Jt,
Vi "

V=0 ondJ™t.

Therefore, by the maximum principle, we have V < 0in J*. Since V > 0 in J¥, it
follows that V = 0 in J* which again contradicts Proposition 10.9. The proof of (iv)

follows in a similar way. O

From now on, the proof of Theorem 10.8 follows in the same manner as in [38,

Theorem 6]. O

10.4 Case p <0

10.4.1 A Nonexistence Result

Theorem 10.15 Suppose —oo < p <0, q,r,s > 0 and one of the following hold

(i) g>2ands < 1.
(ii) g >2ands=1.
(iii) g > s+ 1l ands > 1.

Then the system (10.3) has no classical solutions.
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Proof. Assume that the system (10.3) has a classical solution (u,v) and set M =
||| Then v satisfies
Av—Bv+cv >0 inQ,

where ¢; = M" > 0. By Corollary 1.3 we get v < z, where z is the unique solution

of the problem
Az—Bz+c1z7°=0 inQ,
z>0 in Q,
z=0 on 0Q.

Furthermore, from the estimate (10.27) in Proposition 10.3 (with r = 0) there exists

c2 > Osuch that v < z < e2I50(¢@r) in £, which yields

VSCQ(plin.Q ifs <1,
v<cero(1+|logpi )/ inQ  ifs=1, (10.71)
v <0/ in @ ifs> 1.

If s=1andg > 2, we fix 0 < 0 < 1 such that g6 > 2. Let us set

1, if s<1,

k= 0, if s=1,

2/(s+1),if s> 1.
Then gk > 2 and by (10.71) we get v < C3(p{‘ in Q, for some c3 > 0. Using this
inequality in the first equation of (10.3) we deduce Au — ou+c@; *yp 4 px)<0

in , where c = ¢ . This means that u is a supersolution of the problem

Az—az+coy % +p(x) =0 in L,
z>0 in Q, (10.72)
z=0 on dQ.

Note that w € C?(£2) defined as the unique solution of (10.11) is a subsolution of
(10.72). By the standard maximum principle it is easy to get u > w in £2. Hence,
the problem (10.72) has classical solutions, but this contradicts Proposition 10.3 (i),
since gk > 2. Therefore, the system (10.3) has no solutions. The proof of Theorem

10.15 is now complete. (|
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10.4.2 Existence

Theorem 10.16 Assume that —eo < p < 0, q,r,s satisfy (10.5) and qo < 2. Then,
the system (10.3) has classical solutions. Moreover, if g < p+ 1 and s < r+1 any
classical solution (u,v) of (10.3) satisfies u,v € C*(Q)NC'(Q).

Proof. For all 0 < € < g let £, be defined as in (10.40). For m; < 1 < M; and
my < 1 < M, we set
ml(plgung(plv in Q¢
Be = (u,v) € C(Qe) x C(Qe) : maI; (1) <v< Mo in Qg, »,

u=Eg, V:R’r(g) on 8985
where
1, ifgo<l+p L if s<l4rv
v={ V2 ifqo=14p g ) 12 ifs=14rv 003
2—qgo . 24rv .
—— ifgo>1+p yif s> 14rv
1_p 1+S

In order to prove that %, is not empty, we first remark that v < 1. Therefore, we

only need to check that
I5 () <cot® forall0<r<l, (10.74)

for some fixed co > 0. To this aim we analyze the cases s < 1 +r, s =147 and
s>1+r.
If s<1+rsincer<1wehavel;,(t)=¢t<t"forall0 <t <I.

If s > 1+r, from v < 1 we have s > 1 +rv which implies T = 211’:’ < %z Hence

L (1) = tH0/0%9) < Q)09 — 47 forall 0 <1 < 1.

Finally, if s = 1 + r then s > 1 4 rv which implies T =1/2 or T = 21++er In both

cases we have 7 < 1. Then
Lo(t) = t(1+ [Ine) /0 < e forall0 <t <1,

and for some fixed ¢y > 0.
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Remark 25 Since t9(1 + |logt|)!/6*D) — 0 as t — 0, for all 6 > 0, we could re-
place the value 1/2 in the definition of v and T by any number 6 € (0,1) in the case
qo =p+ 1 and s =14 rv respectively.

Therefore, for small 0 < m,m, < 1 and for large values of M|,M, > 1 the set
By is not empty.
As in the previous section, for all (u,v) € %, let us denote by (Tu, Tv) the unique

solution of

(Tu)? .
A(Tu)fa(Tu)va—qup(x):O, Tu>0  in£,
u’ : 10.75
A(Tv)—B(Tv)+ Ty =0,Tv>0 in £, ( )
Tu=¢, Tv=1I;,(¢) on dQ2,.

In this way we have defined a mapping
T Be — C(Qe) x C(Q¢), T (u,v) = (Tu,Tv).

Now, we proceed as in the proof of Theorem 10.4. The main point is to show that

there exist 0 < mj,mp < 1 and My,M, > 1 which are independent of € such that

T (Pe) C Pe. This allows us to employ the Schauder’s fixed point theorem.
Following the proof of Lemma 10.5 we get the existence of m,m; € (0,1) which

are independent of € and such that
TuZml(pl, Tvazl';’r((pl) in Qg.

Since I (t) > t° for all 0 < ¢ < 1, the definition of A, yields v > my@{ in Q.

Furthermore, the first equation in (10.75) produces
A(Tu) — o(Tu) +m;y 7o 1 (Tu)? +p(x) >0 in Q.

Let { € C*(2)NC(Q) be the unique solution of (10.52). Since p < 0 and go < 2,
we shall make use of Proposition 10.3 (ii) instead of Proposition 10.2 as we did in

the proof of Theorem 10.4. Therefore, there exist ¢y, c, > 0 such that

Cllip!,qo-((pl) < C < C2F7p’7qo'((pl) in Q. (10.76)

Note that I, _,(¢) > forall 0 <t < 1. Hence, by (10.7) and (10.76) we get
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{>c10p > Ceid(x) in Q.
Let us fix A > 1 such that ACc; > 1. Since p < 0 we find
A(AL) — a(AL) +my o 0 (AD)P +p(x) <O in e,

AL >e=Tu ondQ.

In view of Corollary 1.3 we derive A{ > Tu in . and by (10.76) it follows that
Tu SACzl—Lp’,qG((pl) in Qg.

Note that I"_, _,s(r) < ¢ét¥ for all 0 <t < 1 and for some fixed constant ¢ > 0.
Therefore, we can find M; > 1 sufficiently large such that Tu < M@ in €.
Using the estimate u < M@, in £, from the second equation in (10.75) we
deduce
A(Tv)—B(Tv)+Mie["(Tv)™* >0 in €.

Since v < 1, we can easily prove that I; (t) < col5 v (), forall 0 <z < 1 and for

some positive constant cp. This implies that
Tv=1TI;,(¢) <col3,v(€) ond.

Next, similar arguments to those in the proof of Lemma 10.5 yield Tv < cI; v (¢1)
in Q. It remains to notice that I, (r) < &7 for all 0 < ¢ <1 and for some
¢ > 0. Hence, Tv < Mp¢f in Q; for some M, > 1 independent of €. Therefore
T (Be) C PBe. From now on, we proceed exactly in the same way as in the proof of
Theorem 10.4.

Assume next that ¢ < p+ 1 and s < r+ 1. Then, by (10.6) and (10.73) we get
o = v = 7 = 1. With the same arguments as in the proof of Theorem 10.4 we get
myd(x) < u,v < mpd(x) in Q, for some m;,my > 0 and for all solutions (u,v) of
(10.3). Then we use the same approach as in Corollary 10.7 in order to get that u,v €
C*(Q)NC"(Q), for some 0 < y < 1. This finishes the proof of Theorem 10.16. [J

Remark 26 The above approach can be employed to extend the study of system
(10.3) to the following class of exponents:

0<p<l,0<g<p+1,r>0,-1<s<0.
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In this sense, we need the smooth variant of Proposition 10.3 concerning the sublin-
ear case —1 < s < 0. Taking into account the fact that r > 0, if —1 < s <0 then the
problem (10.22) has a unique solution v € C* (5) One can show that system (10.3)

has classical solutions and any solution (u,v) of (10.3) satisfies
cd(x) <u,v<cod(x) in Q,

for some cy,cy > 0. Furthermore, with the same idea as in the proof of Corollary

10.7 we get

(i) if p> qthenu,v € C*(Q);
(i) if =1 < p—q<Othenue C*(Q)NCH7~4(Q) and v € C*(R).



Appendix A
Caffarelli-Kohn—Nirenberg Inequality

Inequality is the cause of all local
movements.

Leonardo da Vinci (1452-1519)
The Hardy—Sobolev inequality states that for any given domain Q C R¥, N >3
and any u € G5 (L),
/ —dx</ |Vu|*dx, (A.1)
where K = (N —2)/2. Though the constant K? is optimal, in the sense that

Jo |Vu|2dx

K = inf el
ey (@\{0} [ u?/|x[?dx

inequality in relation (A.1) is never achieved. This fact has led to the improvement
of the Hardy—Sobolev inequality in various ways. For instance, Brezis and Vazquez

[31] showed that if Q2 is bounded then for some y > 0,

2/p
y</ |u|”dx) +1<2/ —dx</ Vul?dx, (A2)
Q

with 1 < p < 2N/(N —2). One of the consequences of (A.2) is that the operator

—A — u/|x|? is coercive, in the sense that

MZ
inf /<|Vu|2— 2)>o
(e ||

whenever u < K?. For other improvements on the Hardy—Sobolev inequality we

refer to Adimurthi, Chaudhuri and Ramaswamy [1], Brezis and Marcus [28], Davies

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 369
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[58], Davila and Dupaigne [61], Filippas, Maz’ya and Tertikas [74], Radulescu,
Smets and Willem [170].

The Caffarelli-Kohn—Nirenberg inequality generalizes the Hardy—Sobolev in-
equality and was first obtained in 1984 (see [35]). We provide here a direct proof of

this basic inequality.

Theorem A.1 Let N > 1 and a,b and p be such that

N-2 2N
,a<b< landp= ———F—,
asbsatlandp= G b —a)

2
(ii) ifN:2:—oo<a<0,a<b§a+1andp:b ,

—da

(i) ifN>3: —o<a<

1 1 2
(iii) if N=1: 7m<a<—§,a+§<b§a+landp: 1 2(b—a)

Then, there exists a positive constant C,j, = C(a,b) > 0 such that

1/2

u? N7 [Vu?

(/RN de < Ca,b /RN de s (A3)
for any u € C3(RV).

Let us remark that inequality (A.3) contains as particular cases the classical
Sobolev inequality (if @ = b = 0) and the Hardy inequality (if a = 0 and b = 1);
we refer to [28,58, 170] for further details.

Proof. We shall consider here the case N > 3; the cases N =2 and N =1 are
similar. We divide the proof into three steps.

Step 1: b=a+ 1. Let
1 by

T 2b— N[ %

F(x)

By the divergence theorem we have

Jul? 24
/ dx= —/ |u|“divFdx
RN |x| 720 RN

:2/ \u[F - V]uldx (A4)
RN

2 LS 72/ |Vul?
<a /RNM BEZ dx+o o o dx

HF||2 _ 1 |x|72b
[x|*¢  (n—2—2a)? ’

On the other hand,
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so from (A.4) we obtain

o 2 "~ |Vaf?
1— dx < 4/ ——d
( (n22a)2)/nw a2 S0 f e

This implies

/‘ |u|? dx < (N —2—2a)? / |Vu|2dx
RN [x[2277 T a?(N—2—2a)?—a* Jry |x|>
4 / |Vul|?
dx
02(N—2—2a)2 Jgv |x|2@

Step 2: b = a. By the Sobolev inequality we have

|u|? 1/p y 12
(/]RN x| dx) <Cn,p (/RNV (|x|a) dx) . (A.5)
Also a direct computation and Step 1 yields
. - i |Vu|2 |“|2 u
/RNV (|x|a) dr= /RN |x|2@ dxta RN |x[2a+2 _ZG/RN |x|2a+ZX-Vudx

|Vu|2 .
SCa/RN _|x|2" —Za/RN x |2a+2x Vudx.

We next estimate the second integral in the right-hand side of (A.6). We have

72a/RN| |2a+2x Vudx<2|a|/ |2a+2x Vudx

u|2
<la |</N |x|2a+2 Jr/ |2a ) (A7)

|Vu?
RN |x|2a

(A.6)

<G,

Now, the inequality follows from (A.5) to (A.7).
Step 3: a < b < a+ 1. We obtain the Caffarelli-Kohn—Nirenberg inequality by in-
terpolation. Let p = 2(1 — 0) +2%60, where 2* = 2N /(N — 2) which implies

N6

b—ar1-— N0
TN 2120

From the Holder inequality and the two previous steps we obtain
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. » 2(1-6)+2*6
_|u| dx = i dx
RN |x|bp RN |x|2(1—6)(a+1)+2*6a
1-6 o 6
Jul? / |ul
< ————d Tad.
= (/]RN [x[2aT2 * By 2 *

. |VM|2
< Ca,b /RN |x|2a dx.

This finishes the proof. O

The best embedding constant appearing in (A.3) is given by

. 2 1/2
/ [Vw] dx
RN |x|72a

b)= inf A.
S(a,) weD\(o0} [ 1 |wl|? 1/p’ (A8)
[
( RY x| =57 )

where D is the completion of C (RY) with respect to the inner product

(u,v)z/ x| 72V u - Vvdsx.
RN

Remark A. 1. (see [36]). If one of the following conditions holds

()N>2anda<b<a+1.
(ii)N=1anda+ % < b < a+ 1, then the infimum in (A.8) is always achieved.

The extremal functions for (6.3) are ground state solutions of the singular Euler
equation

—div (|x| 2 Vu) = |x| 7P [u|P"2u in RV,

This equation has been recently studied (see [36,201]) in connection with a complete
understanding of the best constants, the qualitative properties of extremal functions,

the existence (or nonexistence) of minimizers and their symmetry.



Appendix B

Estimates for the Green Function Associated
to the Biharmonic Operator

We are what we repeatedly do.
Excellence then, is not an act, but a
habit.

Aristotle (384 BC-322 BC)

Higher order differential operators have been studied starting with the contri-
butions of Jacob Bernoulli [17], who tried to study the nodal line patterns of vi-
brating plates. He modeled this phenomenon by means of the fourth order operator
g—; + g_;t However, Bernoulli’s model was not accepted for reasons of lack of ro-
tationally symmetry. It seems that the first use of the biharmonic operator A? is
due to Lagrange about 1811, who corrected a manuscript by Sophie Germain on
the modeling of elastic plates. We refer to the recent book by Gazzola, Grunau and
Sweers [83] for an excellent overview of results in the theory of higher order elliptic
equations.

Let Q C RY (N > 2) be a bounded domain whose boundary 9 is of class C'°
if N = 2 and of class C'? if N > 3. Let also §(x) = dist(x, Q).

We denote by G(-,-) the Green function associated with the biharmonic operator
A? subject to Dirichlet boundary conditions, that is, for all y € Q, G(-,y) satisfies in

the distributional sense:
A’G(-,y) = §(") in Q,
{ G(-,y) =dyG(-,y) =0 ondQ.
The study of the Green function for the biharmonic equation goes back to Boggio

[20] in 1901. He proved that the Green function is positive in any ball of R". Boggio
[21] and Hadamard [108] conjectured that this fact should be true at least in any

M. Ghergu and V. Radulescu, Nonlinear PDEs, Springer Monographs in Mathematics, 373
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smooth convex domain of R”. In fact, Hadamard [109] already knew in 1908 that
this conjecture fails in annuli with small inner radius.

Starting in the late 1940s, various counterexamples have been constructed that
disprove the Boggio—Hadamard conjecture. For instance, if a domain in R? has a
right-angle, then the associated Green function fails to be everywhere positive (see
Coffman and Duffin [52]). A similar result holds for thin ellipses: Garabedian [81]
found that in an ellipse in R? with the ratio of the half axes ~ 2, the Green function
for the biharmonic operator changes sign (for an elementary proof, see also Shapiro
and Tegmark [179]). In turn, if the ellipse is close to a ball in the plane, Grunau
and Sweers [103] proved that the Green function is positive. Recently, Grunau and
Sweers [104-106] and Grunau and Robert [101] provided interesting characteriza-
tions of the regions where the Green function is negative. They also obtained that if
a domain is sufficiently close to a unit ball in a suitable C*?-sense, then the bihar-
monic Green function under Dirichlet boundary condition is positive.

Recall first that the biharmonic Green function
G:QxQ\{(z,2): z€ 2} — (0,00)
is continuous. Also, by the estimates in [102, Theorem 1] we have

lim G(x,y) =+, forall z€ Q.
(xy)—=(2,2)

Hence G : Q x  — (0,%0] is continuous (in the extended sense).
We recall here some useful estimates regarding the biharmonic Green function

presented in Dall’ Acqua and Sweers [55] (see also Krasovskit [122]).

Proposition B.1. (see [S5]) Let k be an N—dimensional multi-index. Then, there
exists a positive constant ¢ depending on €2 and k such that for any x,y € Q we

have
(i) For |k| > 2:

(il) if N > 4 — |k| then
5 2
IDAG(x,y)| Sc|x—y|4Nkmm{1,—| } ,
X

(i2) if N = 4 — |k| then
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) HORE
IDXG(x,y)| < clog <2+ ﬂ) min { 1, ﬂ} ,
b=yl b=yl

(i3) if N < 4 — |k| then

N+[k| -2
4G < ey Y Hmin {1, 2001

(ii) For |k] <2:

(iil) if N > 4 — |k| then

2| 2
4G < iy Himin {1, 224 min {1, 200
xX=Y

(ii2) if N = 4 — |k| then

IDXG(x,y)| < clog (2—|— Ly)) min{l S(x) }Zk min{l, ﬂ}z,

lx =yl "=yl

(ii3) if 2(2 — [k|) < N < 4 — |k| then

IDEG(x.y)] §c6(y)4Nkmin{1, O(x) }”mm{l, 5() }NH{

(ii4) if N < 2(2 — |K|) then

N/2 N/2
IDEG (x,y)| < 8% HN/2 () 82N/ () mm{l, M} min { | 80) } .
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convection, 101
convex
closed cone, 247
domain, 6
function, 60
set, 9
convex-concave nonlinearity, 227
critical
Caffarelli-Kohn—Nirenberg exponent, 212
level, 251
point, 13, 230, 251
value, 12
critical point theory, 12, 251
curvature
Gaussian, 29

decomposition
in HE(B), 247
Moreau, 249
degenerate parabolic problem, 267
degree theory
Brouwer, 15
Leray—Schauder, 16
Leray—Schauder for isolated solutions, 17
diffusion-driven instability, 295
Dirac mass, 195
Dirichlet boundary condition, 35
divergence theorem, 105
domain additivity, 16
dominated convergence theorem, 188
dual cone, 247

Ekeland’s variational principle, 9
elastic plate, 373
elliptic inequality, 19
embedding

Sobolev, 241
energy estimate, 312

Index

energy functional, 11, 214
entire bounded solution, 91
entire large solution, 91
equation
Euler, 372
Lane-Emden—Fowler, 118
logistic, 29, 30
Schrodinger, 211
semilinear elliptic, 6
equilibrium point, 325
exterior cone condition, 31
exterior unit normal, 258

finite rank operator, 16
finite time blow-up solution, 338
forced free magnetic field, 267
Fréchet derivative, 14
fractional Sobolev space, 164
function

asymptotically linear, 126

Bellman, 100

concave, 172

extremal, 372

Green, 373

harmonic, 19

Lipschitz, 6

radially symmetric, 80

regular variation, 44

slowly varying, 44

strongly increasing, 85

super-harmonic, 127
functional

coercive, 12

energy, 11

even, 12

lower semicontinuous, 9

Gaussian curvature, 29
Gierer—-Meinhardt model, 337
Gierer—Meinhardt system, 130
global solution, 308
Gray—Scott model, 288
Green formula, 3
Green function

for biharmonic operator, 258
Gronwall inequality, 113

Hoélder inequality, 7
Hardy—Sobolev inequality, 369
harmonic function, 19
Harnack inequality, 194
Hilbert space, 12
homotopy

invariance, 17
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Hopf boundary point lemma, 325 Lengyel-Epstein model, xiii, 288

Hospital’s rule, 22 Leray—Schauder topological degree, 304, 320
limit cycle behavior, xiii

linearized operator, 327

Liouville theorem, 19

implicit function theorem, 17
index of a mapping, 17
index of regular variation, 44

i : Lipschitz
inequality constant, 8
Caffarelli-Kohn—Nirenberg, 212, 219, 370 function. 6

elliptic, 19

Gronwall, 113, 272

Holder, 7, 164, 217, 255, 256, 371
Hardy—Sobolev, 369

Harnack, 194

mean curvature, 20

Poincaré, 313, 314, 329

logistic Equation, 29

logistic equation, 30

Lotka—Volterra system, 130

lower semicontinuous functional, 9
Lusternik—Schnirelmann theory, 251

Sobolev, 7, 215, 371 magnetic field, 267

Young, 230, 254 Malthusian model, 30
instability matrix

diffusion-driven, 295 invertible, 318

Turing, 295 Jacobian, 15
interpolation, 371 maximal solution, 36, 38, 104
invariance to homotopy, 17 maximum principle, 32, 33, 38, 102-104, 108
invariant region, 323 for small domains, 7
invariant space, 302 mean curvature inequality, 20
invertible method

matrix, 318 moving plane, 6

operator, 17 sub-super solution, 32
isolated eigenvalue, 246 minimal solution, 36
isolated solution, 17 minimality principle, 69
isothermal condition, 35 minimizing sequence, 11, 12

model
Jacobian matrix, 15 Brusselator, xiii, 288, 291
Gierer—Meinhardt, 337

Karamata Gray—Scott, 288

class, 45 Lengyel-Epstein, xiii, 288

regular vaqatlon theory, 43, 51 Malthusian, 30

representation theorem, 52 Oregonator, 288

theorem, 44

Schnakenberg, 288, 306, 307
Sel’klov, 288
Moreau decomposition, 249
morphogen concentration, 287
Morse index, 13, 253
mountain pass theorem, 11
moving plane method, 6

Keller—-Osserman condition, 31, 106, 118
Kelvin transform, 198
kernel, 263

Lagrange mean value theorem, 54
Lane-Emden—Fowler equation, 118
Lane-Emden—Fowler system, 130
Laplace operator, 164

eigenfunction, 164 Neumann boundary condition, 313
eigenvale, 164 nonlinearity
large solution, 100, 101 convex-concave, 227
law of mass action, 307 singular, 117
Lebesgue convergence theorem, 129 smooth, 117
lemma sublinear, 101
Brezis—Lieb, 216 superlinear, 35
Hopf boundary, 2 normal

Sard, 15 unit outward, 35



390 Index

operator slow, 44
p-Laplace, 19 theory, 44
biharmonic, 373 Riemannian metric, 29
finite rank, 16 Robin boundary condition, 35
fourth order, 373 Rolle theorem, 359
invertible, 17 rotationally symmetry, 373

Laplace, 164
linearized, 327

mean curvature, 20 Sard lemma, 15
polyharmonic, 245 Schauder fixed point theorem, 143, 144, 146,
Schrédinger, 253 348, 352, 365
self-adjoint, 30 Schnakenberg model, 288, 306, 307
Oregonator model, 288 Sel’klov model, 288
orthonormal system, 14 self-adjoint, 30
oscillating wave, xiii semilinear elliptic equation, 6
outer normal derivative, 258 set
bounded, 9
Palais—Smale condition, 11 compact, 9
parabolic problem convex, 9
degenerate, 267 of critical values, 15
partial order relation, 9 open, 15
perfect shadow system, 338
conductor, 211 sharpened Keller-Osserman condition, 61
insulator, 211 singular Euler equation, 372
perturbation slowly varying function, 44
asymptotically linear, 118 Sobolev constant, 7
compact, 320 Sobolev embedding, 240, 241
plasma, 267 Sobolev space, 228
Poincaré inequality, 313, 314, 329 solution
pomnt blow-up, 30, 107
critical, 15, 251 bounded, 91
regular, 15 concave, 171

po.siti.ve entire solution, 19 entire, 19, 26, 91
principle entire large, 19, 26, 91
comparison, 36, 132 explosive, 31
maximum, 32, 33, 38, 102-104, 108 finite timé blow-up, 338
mlmmahty,. 69 global, 323
strong maximum, 9 isolated, 17
weak maximum, 121 large 160 101
prol?lem . maximal, 36, 38, 104
bifurcation, 117 minimal, 36
positive entire, 19

quadratic form, 30 :
radially symmetric, 6

radially symmetric stationary, 328

solution, 69 uniformly asymptotically stable, 290
radially symmetric function, 80 weak, 213, 214, 229, 230, 237, 238, 241
reaction space

Belousov—Zhabotinsky, xiii Banach, 11

CIMA, 322 complete metric, 9
regular point, 15 fractional Sobolev, 164
regular value, 15 higher order Sobolev, 246
regular variation Hilbert, 12

function, 44 invariant, 302

index, 44 Sobolev, 228
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weighted Lebesgue, 228
weighted Sobolev, 214
spectrum, 245
sphere condition, 29
standing wave, 211
stationary solution, 328
steady-state

uniformly asymptotically stable, 293

strong maximum principle, 9

strongly increasing function, 85

subsolution, 81
super-diffusivity equation, 118
super-harmonic function, 127
supersolution, 49
symmetry
broken, 14
radial, 6
rotational, 373
system
Brusselator, 289, 290
Gierer—Meinhardt, 130
Lane-Emden—Fowler, 130
Lotka—Volterra, 130
orthonormal, 14
shadow, 338

theorem
Arzela—Ascoli, 266
divergence, 105
dominated convergence, 188
implicit function, 17
Karamata representation, 52
Lagrange mean value, 54
Lebesgue convergence, 129

391
Liouville, 19
mountain pass, 11, 12
Rolle, 359
Schauder fixed point, 143, 144, 146, 348,
352, 365

topological degree
Leray—Schauder, 304, 320
Turing
instability, 326
patterns, 326

uniformly asymptotically stable solution, 290
uniformly asymptotically stable steady-state,
293

value
critical, 12
regular, 15
variational method
Bolle, 14
variational principle
Ekeland, 9
vibrating plate, 373

wave
oscillating, xiii
standing, 211
weak maximum principle, 121
weak solution, 11
weighted Lebesgue space, 228
weighted Sobolev space, 214

Young inequality, 230
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