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Abstract In this paper, we introduce some concepts of convexity and semicontinuity
for real set-valued mappings similar to those of real single-valued mappings. Then,
we obtain different results on the existence of solutions of set-valued equilibrium
problems generalizing in a common way several old ones for both single-valued and
set-valued equilibrium problems. Applications to Browder variational inclusions, with
weakened conditions on the involved set-valued operator, are given.

Keywords Equilibrium problem · Set-valued mapping · Convexity · Semicontinuity ·
Variational inclusion
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1 Introduction

Browder variational inclusions appear in the literature as a generalization of Browder–
Hartman–Stampacchia variational inequalities. These inequality problems are pre-
sented as a weak type of multivalued variational inequalities, since they involve
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set-valued mappings in their definition. Browder variational inclusions have many
applications, including applications to the surjectivity of set-valued mappings and to
nonlinear elliptic boundary value problems. In recent studies, Browder variational
inclusions have been reformulated by means of set-valued equilibrium problems and
different results have been carried out; see [1–5].

Although set-valued equilibrium problems have already been considered in the lit-
erature, the authors have focused on the applications to Browder variational inclusions,
or to other areas such as fixed point theory and economic equilibrium theory. It should
be mentioned here that the results obtained in these papers on set-valued equilibrium
problems are very general and need to be improved. When these results are applied
to single-valued equilibrium problems, their assumptions become simple conditions
of continuity and convexity. On the other hand, single-valued equilibrium problems
have known in last decades several important and deep advancements.

Set-valued equilibrium problems have been recently investigated in [2,4] under
mild conditions of continuity and also under the notion of self-segment-dense subset
first introduced in [6]. We focus in this paper only on continuity and convexity. We are
aware of the rich development in last years of the field of equilibrium problems, which
has taken different directions and involved several tools such as vector equilibrium
problems. It is worthwhile noticing that equilibrium problems have many applications
in different areas of mathematics, including optimization problems, fixed point theory
and Nash equilibrium problems.

In this paper, we continue developing our approach and deal with equilibrium
problems involving (extended) real single-valued and set-valued bifunctions only.
Motivated by the importance of Browder variational inclusions, we have been attracted
by the gap between the level of the existing results on set-valued equilibrium problems
and that of single-valued equilibriumproblems. Then,we have decided to deeply inves-
tigate the convexity and the semicontinuity of (extended) real set-valued mappings in
details. In Sect. 2, we present different concepts of convexity and semicontinuity of
(extended) real set-valued mappings and obtain some results and characterizations. In
Sect. 3, we obtain three main results on the existence of solutions of strong and weak
set-valued equilibrium problems generalizing those for both set-valued and single-
valued equilibrium problems. Section 4 contains applications to Browder variational
inclusions in the realm of real normed vector spaces. Results on the existence of solu-
tions of Browder variational inclusions involving set-valued operators, with bounded
in norm values and satisfying a condition related to the existence of a maximum
rather than the weak* compactness, are presented. Results involving demicontinuous
set-valued operators are also given.

2 Notations and Preliminary Results

In all the paper, R =] − ∞,+∞[ denotes the set of real numbers and R =
[−∞,+∞] = R ∪ {−∞,+∞}. We also make use of the following notation:
R+ = [0,+∞[, R∗+ =]0,+∞[, R− = −R+ and R

∗− = −R
∗+.
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In the sequel,Rwill be endowedwith the topology extended from the usual topology
of R and with the usual operations involving +∞ and −∞. For a subset A of a
Hausdorff topological space X , we denote by cl A, the closure of A.

By a set-valued mapping F : X ⇒ Y , we mean a mapping F from a set X to the
collection of nonempty subsets of a set Y . In the present paper, a mapping f : X → Y
and the set-valued mapping F : X ⇒ Y defined by F (x) := { f (x)} for every
x ∈ X , will be identified and both will be called a single-valued mapping. That is, a
single-valuedmapping is a “classical”mapping or a set-valuedmappingwith singleton
values. By a real set-valued mapping, we mean a set-valued mapping with values in
R. A real single-valued mapping is a single-valued mapping with values in R. When
R is used instead of R, we talk about extended real single-valued or extended real
set-valued mappings.

In the sequel, for a real normed vector space X , we denote by X∗, the dual space
of X , and by 〈·, ·〉 the duality pairing between X∗ and X .

Let C be a nonempty subset of a real topological Hausdorff vector space in the
general settings, and Φ : C × C ⇒ R a set-valued mapping called a set-valued
bifunction. The strong set-valued equilibrium problem is a problem of the form

find x0 ∈ C such that Φ (x0, y) ⊂ R+ ∀y ∈ C. (Ssvep)

The weak set-valued equilibrium problem is a problem of the form

find x0 ∈ C such that Φ (x0, y) ∩ R+ �= ∅ ∀y ∈ C. (Wsvep)

In the special case where Φ is a single-valued mapping, the strong and the weak
set-valued equilibrium problems are the same and coincide with what is often called,
an equilibrium problem in the sense of Blum, Muu and Oettli or inequality of Ky Fan-
type due to their contribution to the field. Examples of equilibrium problems abound
in the literature since they encompass different kinds of problems such as problems
of optimization, hierarchical minimization problems, variational inequality problems
and complementarity problems.

In the case where Φ is a set-valued mapping, set-valued equilibrium problems also
encompass different other problems such as multivalued variational inequalities and
Browder variational inequalities. They also have applications to different problems
such as fixed point theory and economic equilibrium theory.

Example 2.1 Let C be a nonempty, closed and convex subset of a real normed vector
space X . Endowed with the weak topology, X is a real topological Hausdorff vector
space. Let F : C ⇒ X∗ be a set-valued operator. The problem

find x0 ∈ C such that
{〈x∗

0 , y − x0〉 : x∗
0 ∈ F (x0)

} ⊂ R+ ∀y ∈ C,

is an example of a strong set-valued equilibrium problem in the real topological Haus-
dorff vector space X . The problem

find x0 ∈ C such that
{〈x∗

0 , y − x0〉 : x∗
0 ∈ F (x0)

} ∩ R+ �= ∅ ∀y ∈ C,
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is an example of a weak set-valued equilibrium problem in the real topological Haus-
dorff vector space X .

In practice, examples are often taken in the settings of real normed vector spaces
which are special cases of real topological Hausdorff vector spaces. The following
example is an application of the strong set-valued equilibrium problems to fixed point
theory.

Example 2.2 Let C be a nonempty, closed and convex subset of a real normed vector
space X and F : C ⇒ X is a set-valued operator. Solving the strong set-valued
equilibrium problem

find x0 ∈ C such that dist (y, F (x0)) − dist (x0, F (x0)) + [0,+∞[⊂ R+ ∀y ∈ C,

provides us with a tool to obtain a version of Kakutani fixed point theorem on the
existence of fixed points of F ; see [2, Theorem 4.5].

The following example is an application of the weak set-valued equilibrium prob-
lems to economic equilibrium theory.

Example 2.3 Consider the simplex

Mn :=
{

x := (x1, . . . , xn) ∈ R
n+ :

n∑

i=1

xi = 1

}

and a set-valued mapping C : Mn ⇒ R
n . According to Debreu–Gale–Nikaïdo the-

orem, under some conditions and if the Walras law holds which states that for every
(x, y) in the graph of C we have 〈y, x〉 ≥ 0, then there exists x̃ ∈ Mn such that
C (x̃) ∩ R

n+ �= ∅. For every x ∈ Mn and y ∈ R
n , we set

σ (C (x) , y) := sup
z∈C(x)

〈z, y〉.

Solving the weak set-valued equilibrium problem

find x0 ∈ Mn such that ] − ∞, σ (C (x0) , y)] ∩ R+ �= ∅ ∀y ∈ C,

provides us with a tool to obtain a version of Debreu–Gale–Nikaïdo-type theorem
on the existence of x̃ ∈ Mn such that C (x̃) ∩ R

n+ �= ∅. This result is a Debreu–
Gale–Nikaïdo-type theorem, which extends the famous classical result in economic
equilibrium theory by weakening the conditions on the collective Walras law. It has
been obtained in [4, Theorem 5.1] under the weakened condition of assuming that the
Walras law holds only on a self-segment-dense subset D of Mn .
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2.1 Concepts of Convexity

The notions of convexity and concavity of set-valued mappings have been considered
in the literature as a generalization of convexity and concavity of real single-valued
mappings. However, these notions are not limited to real set-valued mappings and so,
they are not really adapted and very general. Applied to real single-valued mappings,
they are in fact too stronger than the convexity and concavity and produce a sort of
“linearity on line segments”.

Here, we develop weaker notions of convexity and concavity for real set-valued
mappings which generalize both those for set-valued mappings and those for real
single-valued mappings. For more details on the rich field about convexity and related
notions of real single-valued mappings, we refer to [7].

Let C be a nonempty and convex subset of a real topological Hausdorff vector
space. Recall that a real set-valued mapping F : C ⇒ R is said to be convex on C , if
whenever {x1, . . . , xn} ⊂ C and {λ1, . . . , λn} ⊂ R+ such that

∑n
i=1 λi = 1, we have

n∑

i=1

λi F (xi ) ⊂ F

(
n∑

i=1

λi xi

)

,

where the sum denotes here the usual Minkowski sum of sets. It follows that a set-
valued mapping is convex on C if and only if its graph is convex. We recall that a real
single-valued mapping is convex if and only if its epigraph is convex.

The real set-valued mapping F : C ⇒ R is said to be concave on C , if whenever
{x1, . . . , xn} ⊂ C and {λ1, . . . , λn} ⊂ R+ such that

∑n
i=1 λi = 1, we have

F

(
n∑

i=1

λi xi

)

⊂
n∑

i=1

λi F (xi ) .

We first introduce the notion of convexly quasi-convexity for real set-valued
mappings which generalizes both the convexity of set-valued mappings and the quasi-
convexity of real single-valued mappings.

A set-valued mapping F : C ⇒ R will be said convexly quasi-convex on C if
whenever {x1, . . . , xn} ⊂ C and {λ1, . . . , λn} ⊂ R+ such that

∑n
i=1 λi = 1, then

for every {z1, . . . , zn} with zi ∈ F (xi ) for every i = 1, . . . , n, there exists z ∈
F

(∑n
i=1 λi xi

)
such that

z ≤ max {zi : i = 1, . . . , n} .

For λ ∈ R, we set [F ≤ λ] := {x ∈ C : F (x) ∩] − ∞, λ] �= ∅}.
Proposition 2.1 Let C be a nonempty and convex subset of a real topological Haus-
dorff vector space. A set-valued mapping F : C ⇒ R is convexly quasi-convex on C
if and only if the set [F ≤ λ] is convex, for every λ ∈ R.

123

Author's personal copy



44 J Optim Theory Appl (2017) 175:39–58

Proof Let λ ∈ R. Let {x1, . . . , xn} ⊂ [F ≤ λ] and {λ1, . . . , λn} ⊂ R+ be such that∑n
i=1 λi = 1. For every i = 1, . . . , n, choose zi ∈ F (xi ) ∩] − ∞, λ]. Since F is

convexly quasi-convex, let z ∈ F
(∑n

i=1 λi xi
)
be such that

z ≤ max {zi : i = 1, . . . , n} .

Then z ≤ λ, and therefore,
∑n

i=1 λi xi ∈ [F ≤ λ].
Conversely, let {x1, . . . , xn} ⊂ C and {λ1, . . . , λn} ⊂ R+ be such that∑n
i=1 λi = 1. Take {z1, . . . , zn} with zi ∈ F (xi ), for every i = 1, . . . , n. Put λ =

max {zi : i = 1, . . . , n} ∈ R. We have xi ∈ [F ≤ λ], for every i = 1, . . . , n. By con-
vexity of [F ≤ λ], it follows that

∑n
i=1 λi xi ∈ [F ≤ λ] which means that there exists

z ∈ F
(∑n

i=1 λi xi
)
such that z ≤ λ. We conclude that z ≤ max {zi : i = 1, . . . , n}. ��

Now, we introduce the notion of concavely quasi-convexity for real set-valued
mappings which generalizes both the concavity of set-valued mappings and the quasi-
convexity of real single-valued mappings.

A set-valued mapping F : C ⇒ R will be said concavely quasi-convex on C if
whenever {x1, . . . , xn} ⊂ C and {λ1, . . . , λn} ⊂ R+ such that

∑n
i=1 λi = 1, then

for every z ∈ F
(∑n

i=1 λi xi
)
, there exist {z1, . . . , zn} with zi ∈ F (xi ) for every

i = 1, . . . , n such that

z ≤ max {zi : i = 1, . . . , n} .

For λ ∈ R, we set [F ⊆ λ] := {x ∈ C : F (x) ⊂] − ∞, λ]}.
Proposition 2.2 Let C be a nonempty and convex subset of a real topological Haus-
dorff vector space. If a set-valued mapping F : C ⇒ R is concavely quasi-convex on
C, then the set [F ⊆ λ] is convex, for every λ ∈ R.

Proof Let λ ∈ R. Let {x1, . . . , xn} ⊂ [F ⊆ λ] and {λ1, . . . , λn} ⊂ R+ be such
that

∑n
i=1 λi = 1. Take z ∈ F

(∑n
i=1 λi xi

)
. Since F is concavely quasi-convex, let

zi ∈ F (xi ) for every i = 1, . . . , n be such that

z ≤ max {zi : i = 1, . . . , n} .

Since max {zi : i = 1, . . . , n} ≤ λ and z is arbitrary in F
(∑n

i=1 λi xi
)
, then∑n

i=1 λi xi ∈ [F ⊆ λ]. ��
Note that, if f is a real single-valued mapping, then [ f ≤ λ] = [ f ⊆ λ], for every

λ ∈ R. We have the following result.

Proposition 2.3 Let C be a nonempty and convex subset of a real topological Haus-
dorff vector space. For a real single-valued mapping f : C → R, the following
conditions are equivalent

1. f is quasi-convex on C,
2. f is convexly quasi-convex on C,
3. f is concavely quasi-convex on C.
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Example 2.4 Consider a quasi-convex function f : R → R which is not convex, and
let F : R ⇒ R be the set-valued mapping defined by F (x) := { f (x)}, for every
x ∈ R. As mentioned before, f is identified to F in our purpose. By Proposition 2.3,
F is convexly quasi-convex and concavely quasi-convex single-valued mapping, but
it is neither convex nor concave in the sense of set-valued mapping.

2.2 Concepts of Continuity

Concerning concepts of continuity of set-valuedmappings, lower and upper semiconti-
nuity is themost known among them.However, these concepts applied to single-valued
mappings, they produce the continuity, which is too strong in many applications. For
more details on the large and rich field about semicontinuity of set-valued mappings
with different characterizations, we refer to [8].

Let X and Y be two Hausdorff topological spaces and F : X ⇒ Y a set-valued
mapping. For a subset B of Y , we define

F− (B) := {x ∈ X : F (x) ∩ B �= ∅}

the lower inverse set of B by F . We also define

F+ (B) := {x ∈ X : F (x) ⊂ B}

the upper inverse set of B by F .
Recall that the set-valued mapping F is said to be lower semicontinuous at a point

x ∈ X if whenever V is an open subset of Y such that F (x) ∩ V �= ∅, the lower
inverse set F− (V ) of V by F is a neighborhood of x .

The set-valued mapping F is said to be upper semicontinuous at a point x ∈ X if
whenever V is an open subset of Y such that F (x) ⊂ V , the upper inverse set F+ (V )

of V by F is a neighborhood of x .
Following [2], the set-valued mapping F is lower semicontinuous (resp. upper

semicontinuous) on a subset S of X if it is lower semicontinuous (resp. upper semi-
continuous) at every point of S. In particular, it is proved that a set-valued mapping
F : X ⇒ Y is upper semicontinuous on a subset S of X if and only if for every closed
subset B of Y , F− (B) ∩ S = cl

(
F− (B)

) ∩ S; see [2, Proposition 2.4.].
As for convexity and concavity, the notions of lower andupper semicontinuity of set-

valuedmappings as defined above are not limited to extended real set-valuedmappings,
and therefore, they may be too stronger than the lower and upper semicontinuity of
extended real single-valued mappings. Here, we develop weaker notions of lower and
upper semicontinuity for extended real set-valued mappings, which generalize those
for both set-valued mappings and extended real single-valued mappings.

Let X be a Hausdorff topological space and F : X ⇒ R an extended real set-valued
mapping. First, we derive two definitions from lower semicontinuity of set-valued
mappings.
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We say that F is l-lower semicontinuous at x ∈ X if for every λ ∈ R such
that F (x) ∩]λ,+∞] �= ∅, there exists an open neighborhood U of x such that
F

(
x ′) ∩]λ,+∞] �= ∅, for every x ′ ∈ U .
Clearly, the notion of l-lower semicontinuous generalizes both lower semicontinu-

ity of extended real single-valued mappings and lower semicontinuity of set-valued
mappings.

We say that F is l-lower semicontinuous on a subset S of X if F is l-lower semi-
continuous at every point of S.

Proposition 2.4 Let X be a Hausdorff topological space, S a subset of X and F :
X ⇒ R a set-valued mapping. Then, F is l-lower semicontinuous on S if and only if
for every λ ∈ R, we have

F+ ([−∞, λ]) ∩ S = cl
(
F+ ([−∞, λ])

) ∩ S.

Proof Assume that F is l-lower semicontinuous on S and let λ ∈ R. Let x ∈
cl

(
F+ ([−∞, λ])

) ∩ S. If x /∈ F+ ([−∞, λ]), then F (x) ∩]λ,+∞] �= ∅. Since
x ∈ S, then there exists an open neighborhoodU of x such that F

(
x ′)∩]λ,+∞[�= ∅,

for every x ′ ∈ U . It follows that U ∩ F+ ([−∞, λ]) = ∅, which contradicts the fact
that x ∈ cl

(
F+ ([−∞, λ])

)
.

Conversely, let x ∈ S and λ ∈ R be such that F (x) ∩]λ,+∞] �= ∅. Then
x /∈ F+ ([−∞, λ]), and therefore, x /∈ cl

(
F+ ([−∞, λ])

)
. Put U = X \

cl
(
F+ ([−∞, λ])

)
, which is an open neighborhood of x . For every x ′ ∈ U , we

have x ′ /∈ cl
(
F+ ([−∞, λ])

)
and then, x ′ /∈ F+ ([−∞, λ]). We conclude that

F
(
x ′) ∩]λ,+∞] �= ∅, for every x ′ ∈ U . ��

Example 2.5 Consider the extended real set-valued mapping F : R ⇒ R defined by

F (x) :=
{
[0,+∞] , if x = 0,[

1
|x | ,+∞

]
, otherwise.

Clearly, F is l-lower semicontinuous on R. However, F is not lower semicontinuous
at 0. Indeed, take V =]a, b[, a, b ∈ R+ and a < b. We have F (0) ∩ V �= ∅, but any
open neighborhood of 0 contains a small enough point x such that 1

|x | > b.

We say that F is l-upper semicontinuous at x ∈ X , if for every λ ∈ R such that
F (x) ∩ [−∞, λ[�= ∅, there exists an open neighborhood U of x such that F

(
x ′) ∩

[−∞, λ[�= ∅, for every x ′ ∈ U .
Clearly, the notion of l-upper semicontinuous generalizes both upper semicontinu-

ity of extended real single-valued mappings and lower semicontinuity of set-valued
mappings. Also, an extended real set-valued mapping F is l-lower semicontinuous at
x ∈ X if and only if −F is l-upper semicontinuous at x .

We say that F is l-upper semicontinuous on a subset S of X if F is l-upper semi-
continuous at every point of S.

By a similar proof to that of Proposition 2.4, we obtain the following result for
l-upper semicontinuous set-valued mappings.

123

Author's personal copy



J Optim Theory Appl (2017) 175:39–58 47

Proposition 2.5 Let X be a Hausdorff topological space, S a subset of X and F :
X ⇒ R a set-valued mapping. Then, F is l-upper semicontinuous on S if and only if
for every λ ∈ R, we have

F+ ([λ,+∞]) ∩ S = cl
(
F+ ([λ,+∞])

) ∩ S.

Example 2.6 Consider the extended real set-valued mapping F : R ⇒ R defined by

F (x) :=
{
[−∞, 0] , if x = 0,[
∞,− 1

|x |
]
, otherwise.

Clearly F is l-upper semicontinuous on R, but it is not lower semicontinuous at 0.

Now, we derive two other definitions from upper semicontinuity of set-valued map-
pings.

We say that F is u-lower semicontinuous at x ∈ X if for every λ ∈ R such that
F (x) ⊂]λ,+∞], there exists an open neighborhood U of x such that F

(
x ′) ⊂

]λ,+∞], for every x ′ ∈ U .
Clearly, the notion of u-lower semicontinuous generalizes both lower semicontinu-

ity of extended real single-valued mappings and upper semicontinuity of set-valued
mappings.

We say that F is u-lower semicontinuous on a subset S of X if F is u-lower
semicontinuous at every point of S.

Proposition 2.6 Let X be a Hausdorff topological space, S a subset of X and F :
X ⇒ R a set-valued mapping. Then, F is u-lower semicontinuous on S if and only if
for every λ ∈ R, we have

F− ([−∞, λ]) ∩ S = cl
(
F− ([−∞, λ])

) ∩ S.

Proof Assume that F is u-lower semicontinuous on S and let λ ∈ R. Let x ∈
cl

(
F− ([−∞, λ])

) ∩ S. If x /∈ F− ([−∞, λ]), then F (x) ⊂]λ,+∞]. Since x ∈ S,
then there exists an open neighborhood U of x such that F

(
x ′) ⊂]λ,+∞[, for every

x ′ ∈ U . It follows that U ∩ F− ([−∞, λ]) = ∅, which contradicts the fact that
x ∈ cl

(
F− ([−∞, λ])

)
.

Conversely, let x ∈ S and λ ∈ R be such that F (x) ⊂]λ,+∞]. Then
x /∈ F− ([−∞, λ]), and therefore, we have x /∈ cl

(
F− ([−∞, λ])

)
. Put U =

X \ cl
(
F− ([−∞, λ])

)
, which is an open neighborhood of x . For every x ′ ∈ U ,

we have x ′ /∈ cl
(
F− ([−∞, λ])

)
and then, x ′ /∈ F− ([−∞, λ]). We conclude that

F
(
x ′) ⊂]λ,+∞], for every x ′ ∈ U . ��

Example 2.7 Consider the extended real set-valued mapping F : R ⇒ R defined by

F (x) :=
{{0} , if x = 0,[

1
|x | ,+∞

]
, otherwise.
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Clearly, F is u-lower semicontinuous on R. However, F is not upper semicontinuous
at 0. Indeed, take V =]a, b[, a ∈ R− and b ∈ R+. We have F (0) ⊂ V , but any open
neighborhood of 0 contains a small enough point x such that 1

|x | > b.

We say that F is u-upper semicontinuous at x ∈ X if for every λ ∈ R such that
F (x) ⊂ [−∞, λ[, there exists an open neighborhood U of x such that F

(
x ′) ⊂

[−∞, λ[, for every x ′ ∈ U .
Clearly, the notion of u-upper semicontinuous generalizes both upper semicontinu-

ity of extended real single-valued mappings and upper semicontinuity of set-valued
mappings. Also, an extended real set-valued mapping F is u-lower semicontinuous at
x ∈ X if and only if −F is u-upper semicontinuous at x .

We say that F is u-upper semicontinuous on a subset S of X if F is u-upper
semicontinuous at every point of S.

By a similar proof to that of Proposition 2.6, we obtain the following result for
u-upper semicontinuous set-valued mappings.

Proposition 2.7 Let X be a Hausdorff topological space, S a subset of X and F :
X ⇒ R a set-valued mapping. Then, F is u-upper semicontinuous on S if and only if
for every λ ∈ R, we have

F− ([λ,+∞]) ∩ S = cl
(
F− ([λ,+∞])

) ∩ S.

Example 2.8 Consider the extended real set-valued mapping F : R ⇒ R defined by

F (x) :=
{{0} , if x = 0,[

−∞,− 1
|x |

]
, otherwise.

Clearly, F is u-upper semicontinuous on R, but it is not upper semicontinuous at 0.

As a summary, we have the following characterizations for extended real single-
valued mappings.

Proposition 2.8 Let X be aHausdorff topological space and x0 ∈ X. For an extended
real single-valued mapping f : X → R, the following conditions are equivalent:

1. f is lower semicontinuous at x0,
2. f is l-lower semicontinuous at x0,
3. f is u-lower semicontinuous at x0.

Proposition 2.9 Let X be aHausdorff topological space and x0 ∈ X. For an extended
real single-valued mapping f : X → R, the following conditions are equivalent:

1. f is upper semicontinuous at x0,
2. f is l-upper semicontinuous at x0,
3. f is u-upper semicontinuous at x0.
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3 Existence of Solutions of Set-Valued Equilibrium Problems

In this section, we deal with the existence of solutions of both strong set-valued equi-
librium problems and weak set-valued equilibrium problems. By using our notions
of convexity and continuity introduced in the paper, these results are more general
than both those obtained in [2] for set-valued equilibrium problems and most of the
corresponding results in the literature for single-valued equilibrium problems, includ-
ing our own results involving continuity on the set of coerciveness; see, for example,
[9–12].

We need in the sequel the notion ofKKMmappings and thewell-known intersection
lemma due to Ky Fan; see [13].

Let X be a real topological Hausdorff vector space and M a subset of X . Recall
that a set-valued mapping F : M ⇒ X is said to be a KKMmapping if for every finite
subset {x1, . . . , xn} of M , we have

conv {x1, . . . xn} ⊂
n⋃

i=1

F (xi ) .

It is well known by Ky Fan’s lemma [13] that if

1. F is a KKM mapping,
2. F (x) is closed for every x ∈ M and
3. there exists x0 ∈ M such that F (x0) is compact,

then
⋂

x∈M F (x) �= ∅.
We define the following set-valued mappings Φ+, Φ++ : C ⇒ C by

Φ+ (y) := {x ∈ C : Φ (x, y) ∩ R+ �= ∅} ∀y ∈ C.

and

Φ++ (y) := {x ∈ C : Φ (x, y) ⊂ R+} ∀y ∈ C.

We remark that Φ++ (y) ⊂ Φ+ (y), for every y ∈ C and

1. x0 ∈ C is a solution of the set-valued equilibrium problem (Wsvep) if and only if
x0 ∈ ⋂

y∈C Φ+ (y),
2. x0 ∈ C is a solution of the set-valued equilibrium problem (Ssvep) if and only if

x0 ∈ ⋂
y∈C Φ++ (y).

In the sequel, we set

clΦ+ (y) = cl
(
Φ+ (y)

)
and clΦ++ (y) = cl

(
Φ++ (y)

)
,

the closure of Φ+ (y) and Φ++ (y), respectively, for every y ∈ C .

Lemma 3.1 Let C be a nonempty and convex subset of a real topological vector
space. Let Φ : C × C ⇒ R be a set-valued mapping, and assume that the following
conditions hold:
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1. Φ (x, x) ⊂ R+, for every x ∈ C;
2. Φ is convexly quasi-convex in its second variable on C.

Then, the set-valued mappings clΦ++ : C ⇒ C and clΦ+ : C ⇒ C are KKM
mappings.

Proof It suffices to prove that the set-valued mapping Φ++ : C ⇒ C is a KKM
mapping. Let {y1, . . . , yn} ⊂ C and {λ1, . . . , λn} ⊂ R+ be such that

∑n
i=1 λi = 1.

Put ỹ = ∑n
i=1 λi yi . By assumption (2), for {z1, . . . , zn} with zi ∈ Φ (ỹ, yi ) for every

i = 1, . . . , n, there exists z ∈ Φ (ỹ, ỹ) such that

z ≤ max {zi : i = 1, . . . , n} .

We have z ≥ 0 since Φ (ỹ, ỹ) ⊂ R+ by assumption (1). It follows that there exists
i0 ∈ {1, . . . , n} such that Φ

(
ỹ, yi0

) ∩ R
∗− = ∅, which implies that Φ

(
ỹ, yi0

) ⊂ R+.
Otherwise, all the zi can be taken in R∗−, and therefore, z ∈ R

∗−, which is impossible.
We conclude that

n∑

i=1

λi yi = ỹ ∈ Φ++ (
yi0

) ⊂
n⋃

i=1

Φ++ (yi ) ,

which proves that Φ++ is a KKM mapping. ��
The following result generalizes both [2, Theorem 3.1] obtained for set-valued

equilibrium problems when the self-segment-dense set D is equal to C and [12, The-
orem 3.1] for single-valued equilibrium problems.

Theorem 3.1 Let C be a nonempty, closed and convex subset of a real topological
vector space. Let Φ : C × C ⇒ R be a set-valued mapping, and assume that the
following conditions hold:

1. Φ (x, x) ⊂ R+, for every x ∈ C;
2. Φ is convexly quasi-convex in its second variable on C;
3. there exist a compact set K of C and a point y0 ∈ K such thatΦ (x, y0)∩R

∗− �= ∅,
for every x ∈ C \ K;

4. Φ is l-upper semicontinuous in its first variable on K .

Then, the set of solutions of the set-valued equilibrium problem (Ssvep) is a nonempty
and compact set.

Proof Assumption (1) yields Φ++ (y) is nonempty, for every y ∈ C . Clearly,
clΦ++ (y) is closed for every y ∈ C , and clΦ++ (y0) is compact since it lies in
K by assumption (3).

The set-valued mapping clΦ++ : C ⇒ C is a KKM mapping by Lemma 3.1.
Then, by using Ky Fan lemma, we have

⋂

y∈C
clΦ++ (y) �= ∅.
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Since the subset Φ++ (y0) is contained in the compact K , then

⋂

y∈C
Φ++ (y) =

⋂

y∈C

(
Φ++ (y) ∩ K

)
.

and

⋂

y∈C
clΦ++ (y) =

⋂

y∈C

(
clΦ++ (y) ∩ K

)
.

We remark that for all y ∈ C , Φ++ (y) is the upper inverse set Φ+ ([0,+∞[, y) of
[0,+∞[ by the set-valued mapping Φ (., y) which is l-upper semicontinuous on K .
Then, by Proposition 2.5, we have clΦ++ (y) ∩ K = Φ++ (y) ∩ K . Therefore,

⋂

y∈C
clΦ++ (y) =

⋂

y∈C

(
clΦ++ (y) ∩ K

) =
⋂

y∈C

(
Φ++ (y) ∩ K

) =
⋂

y∈C
Φ++ (y) .

It follows that the set of solutions of the strong set-valued equilibrium problem (Ssvep)
is nonempty and compact since it is closed and contained in the compact set K . ��

Now, we turn to weak set-valued equilibrium problems. First, we obtain the fol-
lowing result which also generalizes [12, Theorem 3.1] for single-valued equilibrium
problems by using u-upper semicontinuity which is derived from upper semicontinu-
ity of set-valued mappings rather than l-upper semicontinuity in Theorem 3.1 which
is derived from lower semicontinuity.

Theorem 3.2 Let C be a nonempty, closed and convex subset of a real topological
vector space. Let Φ : C × C ⇒ R be a set-valued mapping, and assume that the
following conditions hold:

1. Φ (x, x) ⊂ R+, for every x ∈ C;
2. Φ is convexly quasi-convex in its second variable on C;
3. there exist a compact set K of C and a point y0 ∈ K such that Φ (x, y0) ⊂ R

∗−,
for every x ∈ C \ K;

4. Φ is u-upper semicontinuous in its first variable on K .

Then, the set of solutions of the set-valued equilibrium problem (Wsvep) is a nonempty
and compact set.

Proof Assumption (1) yields that Φ+ (y) is nonempty, for every y ∈ C . Clearly,
clΦ+ (y) is closed for every y ∈ C , and clΦ+ (y0) is compact since it lies in K , by
assumption (3).

The set-valued mapping clΦ+ : C ⇒ C is a KKMmapping by Lemma 3.1. Then,
by the Ky Fan lemma, we have

⋂

y∈C
clΦ+ (y) �= ∅.
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Since the subset Φ+ (y0) is contained in the compact K , then

⋂

y∈C
Φ+ (y) =

⋂

y∈C

(
Φ+ (y) ∩ K

)
.

and

⋂

y∈C
clΦ+ (y) =

⋂

y∈C

(
clΦ+ (y) ∩ K

)
.

We remark that for all y ∈ C , Φ+ (y) is the lower inverse set Φ− ([0,+∞[, y) of
[0,+∞[ by the set-valued mapping Φ (., y) which is u-upper semicontinuous on K .
Then, by Proposition 2.7, we have clΦ+ (y) ∩ K = Φ+ (y) ∩ K . Therefore,

⋂

y∈C
clΦ+ (y) =

⋂

y∈C

(
clΦ+ (y) ∩ K

) =
⋂

y∈C

(
Φ+ (y) ∩ K

) =
⋂

y∈C
Φ+ (y) .

It follows that the set of solutions of the set-valued equilibrium problem (Wsvep) is
nonempty and compact, since it is closed and contained in the compact set K . ��

In many applications, the set-valued Φ is concave in its second variable. We give
here the following result for concavely quasi-convex set-valued mappings.

Lemma 3.2 Let C be a nonempty convex subset of a real topological vector space. Let
Φ : C × C ⇒ R be a set-valued mapping, and assume that the following conditions
hold:

1. Φ (x, x) ∩ R+ �= ∅, for every x ∈ C;
2. Φ is concavely quasi-convex in its second variable on C.

Then, the set-valued mapping clΦ+ : C ⇒ C is a KKM mapping.

Proof Let {y1, . . . , yn} ⊂ C and {λ1, . . . , λn} ⊂ R+ be such that
∑n

i=1 λi = 1. Put
ỹ = ∑n

i=1 λi yi . By assumption (2), for z ∈ Φ (ỹ, ỹ), there exist {z1, . . . , zn} with
zi ∈ Φ (ỹ, yi ) for every i = 1, . . . , n, such that

z ≤ max {zi : i = 1, . . . , n} .

It follows that there exists i0 ∈ {1, . . . , n} such that Φ (
ỹ, yi0

) ∩R+ �= ∅. Otherwise,
all the zi are in R

∗−, and therefore, z ∈ R
∗−. Since z ∈ Φ (ỹ, ỹ), then Φ (ỹ, ỹ) ⊂ R

∗−,
which yields a contradiction sinceΦ (ỹ, ỹ)∩R+ �= ∅ by assumption (1).We conclude
that

n∑

i=1

λi yi = ỹ ∈ Φ+ (
yi0

) ⊂
n⋃

i=1

Φ+ (yi ) ,

which proves that clΦ+ is a KKM mapping. ��
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The following result generalizes both [2, Theorem 3.2] obtained for set-valued
equilibrium problems when the self-segment-dense set D is equal to C , and [2, Theo-
rem 3.1] for single-valued equilibrium problems. Here, we remark that the conclusion
is the same as in Theorem 3.2 for convexly quasi-convex set-valued mappings, but
with weaker first condition.

Theorem 3.3 Let C be a nonempty, closed and convex subset of a real topological
vector space. Let Φ : C × C ⇒ R be a set-valued mapping, and assume that the
following conditions hold:

1. Φ (x, x) ∩ R+ �= ∅, for every x ∈ C;
2. Φ is concavely quasi-convex in its second variable on C;
3. there exist a compact set K of C and a point y0 ∈ K such that Φ (x, y0) ⊂ R

∗−,
for every x ∈ C \ K;

4. Φ is u-upper semicontinuous in its first variable on K .

Then, the set of solutions of the set-valued equilibrium problem (Wsvep) is a nonempty
and compact set.

Proof By using Lemma 3.2 instead of Lemma 3.1, the proof follows step by step that
of Theorem 3.2. ��

4 Browder Variational Inclusions

In this section, we deal with Browder variational inclusions under mild conditions
on the involved data. Browder variational inclusions appear as a generalization of
Browder–Hartman–Stampacchia variational inequalities and have many applications,
including applications to nonlinear elliptic boundary value problems and the surjec-
tivity of set-valued mappings; see, for example, [5,14] and the references therein.

Let C be a nonempty, closed and convex subset of a real normed vector space X . In
the literature, a notion of coerciveness for set-valued operators exists and generalizes
that for linear operators and bilinear forms on Hilbert spaces. A set-valued operator
F : C ⇒ X∗ is said to be coercive on C if there exists y0 ∈ C such that

lim‖x‖→+∞
x∈C

infx∗∈F(x)〈x∗, x − y0〉
‖x‖ = +∞.

It is not hard to see that if F is coercive on C , then there exists R > 0 such that
y0 ∈ KR and 〈x∗, y0 − x〉 ⊂ R

∗−, for every x ∈ C \ KR and every x∗ ∈ F (x), where
KR = {x ∈ C : ‖x‖ ≤ R}. Clearly, KR is weakly compact whenever X is reflexive.
The set KR (which may not be unique) is called a set of coerciveness. In what follows,
we will need a compact set of coerciveness. Unfortunately, closed balls in X are not
compacts except if X is finite dimensional space.

In the sequel, for x ∈ X and a subset A of X∗, we set

〈A, x〉 = {〈x∗, x〉 : x∗ ∈ A
}
.
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Problems of the form: “find x0 ∈ C such that 〈A, x0〉 ⊂ R+” or “find x0 ∈ C such
that 〈A, x0〉 ∩ R+ �= ∅” are called Browder variational inclusions.

In order to generalize and make more precise [2, Theorem 4.1], we note that the
condition of either X is a Banach space or the set-valued operator F has convex values
on the set of coerciveness is required. This is because in the proof, we need that these
values are norm bounded. It is well known that a weak* compact set S of X∗ is norm
bounded whenever X is a Banach space or S is convex; see, for example, [15].

In our next result, we will never need the weak* compactness of the values of the
set-valued operator.Wewill say that a subset S of X∗ attains its pairwise upper bounds
on a subset A if for every z ∈ A, the set {〈x∗, z〉 : x∗ ∈ S} has a maximum in R. We
can easily see that if a subset S of X∗ is weak* compact, then the set {〈x∗, z〉 : x∗ ∈ S}
is compact, and therefore, it attains its minimum and a maximum, for every z ∈ X .

By using our notions of semicontinuity and convexity of real set-valued mappings,
we obtain the following result which generalizes [2, Theorem 4.1] and make it more
precise. Here, Theorem3.3will be used because the constructed real set-valued bifunc-
tion in the proof is concave in its second variable.

Theorem 4.1 Let X be a real normed vector space, C a nonempty, closed and convex
subset of X. Suppose that F : C ⇒ X∗ has the following conditions:

1. there exist a compact subset K of C and y0 ∈ K such that 〈F (x) , y0 − x〉 ⊂ R
∗−,

for every x ∈ C \ K;
2. F is upper semicontinuous on K ;
3. for every x ∈ K, F (x) is norm bounded and attains its pairwise upper bounds on

C − x.

Then, there exists x ∈ K such that 〈F (x) , y − x〉 ∩ R+ �= ∅, for every y ∈ C.

Proof Define the set-valued mapping Φ : C × C ⇒ R by

Φ (x, y) := 〈F (x) , y − x〉.

We will show that all the conditions of Theorem 3.3 are satisfied. We remark
that Φ is concave in its second variable, and then it is concavely quasi-convex in its
second variable. Except the last condition, all the other conditions hold easily from
our assumptions.

To prove that Φ is u-upper semicontinuous in its first variable on K , fix y ∈ C , and
let x ∈ K and λ ∈ R be such that Φ (x, y) ⊂] − ∞, λ[. That is, 〈F (x) , y − x〉 ⊂
] − ∞, λ[. Put λx := max (〈F (x) , y − x〉) < λ, δ := λ−λx

2 and

δ1 := min

{
δ

3 (‖x‖ + 1)
,

δ

3 (‖y‖ + 1)

}
,

where ‖.‖ denotes the norm of X . Put O := ⋃
x∗∈F(x) BX∗ (x∗, δ1), where

BX∗ (x∗, δ1) = {z ∈ X∗ : ‖z − x∗‖∗ < δ1}, and ‖.‖∗ denotes the norm of X∗. Clearly,
F (x) is contained in the open set O , and by the upper semicontinuity of F on
K , let η > 0 be such that F (w) ⊂ O for every w ∈ BX (x, η) ∩ C , where
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BX (x, η) = {w ∈ X : ‖w − x‖ < η}. Since F (x) is norm bounded, put ‖F (x) ‖∗ :=
sup {‖x∗‖∗ : x∗ ∈ F (x)} which is in R. Finally, put

η1 := min

{
δ

3 (‖F (x) ‖∗ + 1)
, η, 1

}
,

and U = BX (x, η1) ∩ C which is an open subset of C containing x .
We will show that Φ (z, y) ⊂] − ∞, λ[, for every z ∈ U . To do this, let z ∈ U and

z∗ ∈ F (z). Let x∗
0 ∈ F (x) be such that z∗ ∈ BX∗

(
x∗
0 , δ1

)
. We have

∣∣〈z∗, y − z〉 − 〈x∗
0 , y − x〉∣∣ = ∣∣〈x∗

0 − z∗, z〉 + 〈x∗
0 , x − z〉 − 〈x∗

0 − z∗, y〉∣∣
≤ ‖x∗

0 − z∗‖∗‖z‖ + ‖x∗
0‖∗‖x − z‖ + ‖x∗

0 − z∗‖∗‖y‖
<

δ (‖x‖ + η1)

3 (‖x‖ + 1)
+ δ‖x∗

0‖∗
3 (‖F (x) ‖∗ + 1)

+ δ‖y‖
3 (‖y‖ + 1)

<
δ

3
+ δ

3
+ δ

3
= δ.

It follows that 〈z∗, y− z〉 < 〈x∗
0 , y− x〉+δ ≤ λx +δ = λ+λx

2 < λ. Since z is arbitrary
in U and z∗ is arbitrary in F (z), then Φ (z, y) ⊂] − ∞, λ[, for every z ∈ U . That is,
Φ is u-upper semicontinuous in its first variable on K . ��

It is well known that beside the semicontinuity of set-valued mappings, there are,
in the literature, different notions of demicontinuous set-valued operators which may
be equivalent under suitable conditions. Now, we obtain the following results on the
existence of solutions of Browder variational inclusions under assumptions of demi-
continuity.

Recall that an open half-space in a real Hausdorff topological vector space E is a
subset of the form

{u ∈ E : ϕ (u) < r}

for some continuous linear functional ϕ on E , not identically zero, and for some real
number r .

Let X be a Hausdorff topological space and E a real Hausdorff topological vector
space. Following [16], a set-valued operator F : X ⇒ E is said to be upper demi-
continuous at x ∈ X if for every open half-space H containing F (x), there exists
a neighborhood U of x such that F

(
x ′) ⊂ H for all x ′ ∈ U . It said to be upper

demicontinuous on X if it is upper demicontinuous at every point of X . We say that
F is upper demicontinuous on a subset S of X if it is upper demicontinuous at every
point of S.

By applying a similar proof to that in Theorem 4.1 above and [2, Theorem 4.1], we
obtain the following result.

Proposition 4.1 Let X be a real normed vector space, C a nonempty, closed and
convex subset of X and S ⊂ C. Suppose that F : C ⇒ X∗ has the following conditions:
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1. F is upper semicontinuous on S to X∗ endowed with the weak* topology;
2. F has weak* compact values on S.

Then, F is upper demicontinuous on S to X∗ endowed with the weak* topology.

Now, by using the notion of demicontinuous set-valued operators, we obtain the
following result on the existence of solutions of Browder variational inclusions.

Theorem 4.2 Let X be a real normed vector space, C a nonempty, closed and convex
subset of X. Suppose that F : C ⇒ X∗ has the following conditions:

1. there exist a compact subset K of C and y0 ∈ C such that 〈F (x) , y − x〉 ⊂ R
∗−,

for every x ∈ C \ K;
2. F is upper demicontinuous on K to X∗ endowed with the weak* topology.

Then, there exists x ∈ K such that 〈F (x) , y − x〉 ∩ R+ �= ∅, for every y ∈ C.

Proof Define the set-valued mappingΦ : C×C ⇒ R byΦ (x, y) := 〈F (x) , y− x〉.
It remains just to prove that Φ is u-upper semicontinuous in its first variable on K .
Fix y ∈ C , and let x ∈ K and λ ∈ R be such that Φ (x, y) ⊂] − ∞, λ[. That is,
〈F (x) , y − x〉 ⊂] − ∞, λ[. Consider ϕ defined on X∗ by ϕ (u) := 〈u, y − x〉, for
very u ∈ X∗. Clearly, ϕ is not identically zero linear functional on X∗ which is weak*
continuous. It follows that F (x) is in the open half-space H = {u ∈ X∗ : ϕ (u) < λ}
in X∗. Since F is upper demicontinuous on K , let U be an open neighborhood of x
such that F

(
x ′) ⊂ H , for every x ′ ∈ U . That is, Φ

(
x ′, y

) ⊂] − ∞, λ[ for every
x ′ ∈ U , which proves that Φ is u-upper semicontinuous in its first variable on K . ��

5 Perspectives

Our investigations in this paper have led us to carry out some notions and obtain
different results which seem to be important, not only for set-valued equilibrium
problems, but for other areas of mathematics.

Firstly, the concepts of convexity and semicontinuity for (extended) real set-valued
mappings introduced in the paper and involving half intervals rather than open sets
are similar to those for single-valued mappings but produce results on set-valued
equilibrium problems generalizing those in the literature on single-valued and set-
valued equilibriumproblems.We really think that these conceptswill be also employed
in other problems involving (extended) real set-valued mappings.

Secondly, we have studied Browder variational inclusions in the realm of real
normedvector spaces andweakened the conditions on the involved set-valued operator.
When looking at the proof ofTheorem4.1 involving a upper semicontinuous set-valued
operator F , we remark that we construct by open balls an open set O containing F (x)
in order to apply the upper semicontinuity of F . We wonder whether it is possible
or not to find a definition of lower and upper semicontinuity of set-valued operators
involving half balls, like that for real set-valued mapping introduced in the paper,
in such a way that we obtain the same conclusion. On the other hand, our results on
Browder variational inclusions involving demicontinuous set-valued operators provide
us with an other way to further investigations and may be improved in the future.
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Finally, we point out that the constructed set-valued bifunction Φ in Theorems 4.1
and 4.2 is concave in its second variable. Applications where the constructed set-
valued bifunction Φ is convex in its second variable draw especially our attention.
The important case involving pseudo-monotone operators represents a challenge to
our future investigations.

6 Conclusions

In this paper, we have considered and studied set-valued equilibrium problems.
Intrigued by the level of the existing results on set-valued equilibrium problems,
we have decided to investigate the special case of (extended) real set-valued map-
pings and brought to light various concepts of convexity and semicontinuity involving
half intervals rather than open sets. We have applied our new notions and obtained
different results on the existence of solutions of set-valued equilibrium problems gen-
eralizing both those for set-valued equilibrium problems and those for single-valued
equilibrium problems. Two results for set-valued equilibrium problems involving a
convex set-valued bifunction in the second variable and a result for set-valued equi-
librium problems involving a concave set-valued bifunction in the second variable are
obtained. As applications, we have considered Browder variational inclusions in the
realm of real normed vector spaces and weakened different conditions including the
weak* compactness of the involved set-valued operator. Results on the existence of
solutions of Browder variational inclusions involving upper semicontinuous and upper
demicontinuous set-valued operators are obtained.
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11. Alleche, B., Rădulescu, V.: The Ekeland variational principle for equilibrium problems revisited and
applications. Nonlinear Anal. Real World Appl. 23, 17–25 (2015)
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