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Abstract: We consider a (p, 2)-equation, that is, a nonlinear nonhomogeneous elliptic equation driven by the
sum of a p-Laplacian and a Laplacian with p > 2. The reaction term is (p — 1)-linear, but exhibits asymmetric
behavior at +oco and at 0*. Using variational tools, together with truncation and comparison techniques and
Morse theory, we prove two multiplicity theorems, one of them providing sign information for all the solutions
(positive, negative, nodal).
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1 Introduction

Let Q ¢ RN be a bounded domain with a C2-boundary 0Q. In this paper, we study the following nonlinear
nonhomogeneous Dirichlet problem:

- Apu(z) - Au(z) = f(z, u(z)) inQ, ulpa =0, 2 <p. (1.1)
Here, A, denotes the p-Laplace differential operator defined by
Apu(z) = div(lDuP~2Du) forallu € WP (Q).

If p = 2, then A, = A the Laplacian.

In problem (1.1), the reaction term f(z, x) is a Carathéodory function such that f(z, 0) = 0. We assume
that f(z, -) exhibits (p — 1)-linear growth near +co. However, the growth of f(z, -) is asymmetric near +co.
More precisely, the quotient

f(z, x)

x[P=2x

crosses at least the principal eigenvalue fll(p) > 0of (Ap, Wé P (Q)) as we move from —co to +oo (crossing or
jumping nonlinearity). In the negative direction we allow resonance with respect to A;(p) > 0, while in the
positive direction resonance can occur with respect to any nonprincipal eigenvalue of (-A, Wé’p (Q)). We
have a similar asymmetric behavior when x — 0%. This time the quotient @ crosses ;11(2) > 0. Under this
double asymmetric setting, we prove a multiplicity theorem producing three nontrivial smooth solutions and
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provide sign information for all of them. A second multiplicity theorem is also proved without sign informa-
tion for the third solution.

Equations involving the sum of a Laplacian and a p-Laplacian arise in problems of mathematical physics;
see Cherfils and Ilyasov [9] (plasma physics) and Benci, D’Avenia, Fortunato and Pisani [6] (quantum physics).
Recently, there have been existence and multiplicity results for different classes of such equations. We men-
tion the works of Aizicovici, Papageorgiou and Staicu [3], Cingolani and Degiovanni [10], Gasinski and
Papageorgiou [13, 15], Papageorgiou and Radulescu [22, 23], Papageorgiou, Radulescu and Repovs [25],
Sun [30], Sun, Zhang and Su [31] and Yang and Bai [32]. In the aforementioned works, only Papageorgiou
and Radulescu [23] deal with an asymmetric p-sublinear reaction term. They consider a reaction term f(z, x)

such that the quotient

fz, x)

|x|P=2x
crosses only the first eigenvalue A;(p) as we move from —co to +co, and resonance is allowed at —co. At
zero, the behavior of the quotient I (Z)ZX) is symmetric. Finally, in [23] the multiplicity result does not produce
nodal solutions. Concerning asymmetric sublinear problems, we should also mention the semilinear works
of D’Agui, Marano and Papageorgiou [11] (Robin problems with an indefinite and unbounded potential) and
Recova and Rumbos [28] (Dirichlet problems with zero potential).

Our approach is variational, based on the critical point theory combined with suitable truncation and

comparison techniques and Morse theory (critical groups).

2 Mathematical background

Let X be a Banach space and X* its topological dual. By (-, -) we denote the duality brackets for the pair
(X*, X). Given ¢ € C1(X, R), we say that ¢ satisfies the “Cerami condition” (the “C-condition” for short) if the
following holds: Every sequence {u,}n>1 < X such that {¢(u,)}n=1 € Ris bounded and

(1 + lunl)e'(un) -0 inX*asn — oo

admits a strongly convergent subsequence.

This is a compactness-type condition on the functional. It leads to a deformation theorem from which
one can derive the minimax theory of the critical values of ¢. One of the main results in this theory is the
so-called “mountain pass theorem” of Ambrosetti and Rabinowitz [5], stated here in a slightly more general
form (see Gasinski and Papageorgiou [12]).

Theorem 2.1. Assume that ¢ € C'(X, R) satisfies the C-condition, ug, u; € X, |uy — upl >r >0,
max{@(u,), p(u1)} < inflo) : |lu —uol =r] = m,
and
¢ =inf max @(y(t)) withT = {y € C([0, 1], X) : y(0) = uo, y(1) = u}.
yel 0st<1
Then ¢ > m, and c is a critical value of ¢ (that is, there exists u € X such that p(u) = ¢, ¢'(u) = 0).
In the study of (1.1), we will use the Sobolev spaces Wé’p (Q) and Hé(Q) and the Banach space
CH(Q) = {u e CHQ) : ulyg = 0}.
By || - || we denote the norm of Wé’p (Q). By Poincaré’s inequality, the norm of Wé P (Q) can be defined by
lull = |1Dull, forallu e Wy*(Q).

The Sobolev space H(l)(Q) is a Hilbert space and, as above, the Poincaré inequality implies that we can
choose as inner product
(u, h) = J(Du, Dhygw dz forallu, h € H(Q).
Q
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The corresponding norm is
lullgqy = 1Dull,  forallu € Hy(Q).
The space C(l, (Q) is an ordered Banach space with positive (order) cone given by
C, ={ueCiQ):u(z)>0forallz € Q}.

This cone has a nonempty interior given by

intC+={ue C.:u(z)>0forallz € Q, ou

an|aQ < O}.

Here, by g—z we denote the normal derivative of u, with n(-) being the outward unit normal on 0Q. Recall
that C}(Q) is dense in both W,**(Q) and H}(Q).

We consider a function fy : Q x R — R which is Carathéodory function, that is, for all x € R the mapping
z & fo(z, x) is measurable and for almost all z € Q the function x — fy(z, x) is continuous. We assume that

Ifo(z, )| < ap(2)[1 + |x|"!] foralmostallz € Qandall x € R,

with ap € L*(Q) and

M ifp <N,
l<r<p*={N>P ‘p ’
+00 ifN<p

(the critical Sobolev exponent for p). We set
X
Fo(z,x) = Jfo(Z, s)ds
0

and consider the C'-functional ¢ : Wé’p (Q) — R defined by

1 1
Qo(u) = I—?||Du||§ + EIIDuII% - jFo(z, u)dz forallu e Wé’p(Q).
Q

The next proposition is a special case of a more general result of Aizicovici, Papageorgiou and Staicu
[2, Proposition 2]. See also Papageorgiou and Radulescu [21, 24] for corresponding results for the Neumann
and Robin problems. The result is essentially a byproduct of the regularity theory of Lieberman [18, Theo-
rem 1].

Proposition 2.2. Assume that ug € Wé’p (Q) is a local C(l)(ﬁ)-minimizer of @o, that is, there exists po > O such
that
Po(uo) < poluo +h) forall h € Co(Q) with |Ihll ¢ g < po.

Then ug € Cé’“(ﬁ) for some a € (0, 1) and uy is a local Wé’p(Q)-minimizer of @o, that is, there exists p1 > 0
such that
Po(uo) < Poluo +h)  forall h € WyP(Q) with | < p1.

Foranyr € (1, +00), let
A WET(Q) —» Wb (Q) = Wé’r(g)*(l + 1, = 1)
ror
be the map defined by
(A, (u), h) = JlDulr_z(Du,Dh)IRN dz forallu,h e Wi'(Q).
Q

From Motreanu, Motreanu and Papageorgiou [19, Proposition 2.72, p. 40] we have the following prop-
erty.
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Proposition 2.3. The map A, is bounded (that is, it maps bounded sets to bounded sets), continuous, strictly
monotone (hence, maximal monotone, too) and of type (S)., that is,

Uy S u in wy'(Q) and lim sup(A,(uy), un, —u) <0
n—oo

imply
Up—u in Wé’p(Q).

Note thatif p = 2, then A, = A ¢ f(Hé(Q), H1(Q)).

We will use the spectrum of (-Ap, Wé ’P(Q)) and the Fuéik spectrum of (-A, Hé(Q)). So, let us recall some
basic facts about them.

We start with the following nonlinear eigenvalue problem:

—Au(z) = Au@)2u(z) inQ, ulsg=0, 1<r<oo. (2.1)

We say that AeRis an “eigenvalue” of (-A,, Wé”(Q)) if problem (2.1) admits a nontrivial solution
ue Wé ’'(Q), known as an “eigenfunction” corresponding to A. There is a smallest eigenvalue fll(r) > 0 such
that the following conditions hold:

. ;Il(r) is isolated in the spectrum 6(r) of (-A,, Wé’r(Q)), that is, there exists € > 0 such that

A1(n), A1 (r) + €) N 6(r) = 0.

. 7(1(r) is simple, that is, if @, it € Wé’r(Q) are eigenfunctions corresponding to 7(1(r), then there exists
¢ € R\ {0} such that &t = &u.

e The equation
[Dull;

AL(r) = inf
10 ul?

pue WY'(Q), u+0] (2.2)

holds.

In (2.2), the infimum is realized on the one-dimensional eigenspace corresponding to il(r). The afore-
mentioned properties imply that the elements of this eigenspace have fixed sign. Moreover, the nonlinear
regularity theory (see, for example, Gasinski and Papageorgiou [12, pp.737-738]) implies that all the
eigenfunctions of (-A,, W(l)’r(Q)) belong in C(l)(ﬁ). By i1 (r) we denote the positive L"-normalized (that is,
i1 ()], = 1) eigenfunction corresponding to fll(r) > 0. The nonlinear strong maximum principle (see, for
example, Gasinski and Papageorgiou [12, p. 738]) implies that i11(r) € int C,. An eigenfunction @ € C(l)(ﬁ)
corresponding to an eigenvalue A # A1 (r) is necessarily nodal (sign-changing). It is easily seen that the set
0(r) is closed. Since 7(1()’) > 0 is isolated, the second eigenvalue ;\Z(r) > 0 is well-defined by

Aa(r) =min[A € 6(r) : A # A1(r)].

To produce additional eigenvalues, we can use the Ljusternik—Schnirelmann minimax scheme. In this
way, we obtain a whole nondecreasing sequence of eigenvalues {ik(r)},@l of (-A,, Wé"(Q)) such that
ﬁk(r) — +00 as k — oo. These eigenvalues are known as “variational eigenvalues”, and fll(r) and ﬁz(r) are
as described above. We do not know if the variational eigenvalues exhaust the spectrum of (-A,, Wé"(Q)).
This is the case if r = 2 (linear eigenvalue problem) or if N = 1 (ordinary differential equations). In the linear
case (r = 2), the eigenspaces E(Ax(2)), k € N, are finite-dimensional subspaces of C(l)(ﬁ) and we have the
following orthogonal direct sum decomposition:

Hy(Q) = B E(Ak(2)).
k=1
When r # 2 (nonlinear eigenvalue problem), the eigenspaces are only cones and there is no decomposi-
tion of the space W(l)’r(Q) in terms of them. This makes the study of problems driven by —A, and resonant at
higher parts of the spectrum difficult to deal with.
We will also encounter a weighted version of the eigenvalue problem (2.1). So, let m € L*(Q), m(z) >0
for almost all z € Q, m # 0. We consider the following nonlinear eigenvalue problem:

— Au(z) = im@)|u@)u(z) inQ, ulsq = 0. (2.3)
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Again A € R is an eigenvalue of (-A,, Wé"(Q), m) if problem (2.3) admits a nontrivial solution. We have
a smallest eigenvalue A1(r, m) > 0 which is isolated, simple and satisfies
- Dul”
A(r,m) = inf[M TuU€ Wé’r(Q), u+0|. (2.4)
IQ mlu|’ dz
As before, the infimum is realized on the corresponding one-dimensional eigenspace, the elements of
which do not change sign. This fact and (2.4) lead to the following monotonicity property of m — A, (r, m).

Proposition 2.4. Suppose m, m' € L°(Q) \ {0}, 0 < m(z) < m'(z) for almost all z € Q, and m £ m'. Then
A(r,m') < Ay (r, m).

Remark 1. For the linear eigenvalue problem (that is, r = 2), the spectrum consists of a sequence
A2, m) = A(m)}y
of distinct eigenvalues such that
A(m) = +00  as k — oo.

The eigenspaces E (Ax(2, m)) have the unique continuation property, that is, if u € E (Ax(2, m)) and u(-) van-
ishes on a set of positive Lebesgue measure, then u = 0. This property leads to the following strict monotonic-
ity property of A(2, - ):

m, m' € L*(Q) \ {0}, 0<m(z) <m'(z) foralmostallz e Q, mzm'

imply
A2, m') < A2, m) forall k € N.

Another related result is the following lemma, which is a consequence of the properties of A;(p) (see
Motreanu, Motreanu and Papageorgiou [19, Lemma 11.3, p. 305]).

Lemma 2.5. If9 € L*°(Q) and 9(z) < 7\1 (p) for almost allz € Q, 9 # ;\1 (p), then there exists ¢ > 0 such that

elul < 1Dl - j I)NulP dz forallu e WP(Q).
Q

Since our problem is also asymmetric at zero, in our analysis we will use the Fucik spectrum of (-A, H(l)(Q)).
So, we consider the following linear eigenvalue problem:

- Au(z) = au*(z) - Bu~(z) inQ, ulyq =0, (2.5)

where u*(-) = max{zu(-), 0} (the positive and negative parts of u). By £, we denote the set of points
(@, B) € R? for which problem (2.5) admits a nontrivial solution. The set %, is called the “Fucik spectrum”
of (A, H(l)(Q)). Let {ﬁk(Z)}keN be the sequence of distinct eigenvalues of (-A, H(l)(Q)). While the spectrum
of (-A, H(l)(Q)) is a sequence of points, the frame of the Fucik spectrum X, consists of a family of curves.
In particular, the lines ({11(2)} x R) U (R x {41(2)}) can be considered as the first curve of %,. In fact, this
curve is isolated in Z,. For every ¢ € N, ¢ > 2, there are two decreasing curves C, 1, C¢,2 (which may coin-
cide) which pass through the point (A,(2), A¢(2)) such that all points in the square Q; = (A¢-1(2), Ae+1(2))?
which are either in the region I, below both curves or in the region I, , above the curves, do not belong
to Z, (these are the regions of type I). The status of the points between the two curves (when they do not
coincide) is unknown in general. However, when ﬁg(Z) is a simple eigenvalue, points between the two curves
are not in X,. We mention that %, ¢ R? is closed with respect to the diagonal (that is, (a, ) € %, if and only
if (B, a) € X3). Also, (A, A) € £, if and only if A = Aa(2) for some n € N. As we have already mentioned the
lines {A;(2)} x R and R x {A;(2)} are contained in Z,. In the scalar case (that is, N = 1), we have a complete
description of the Fucik spectrum. For more information about X,, we refer to Schechter [29].
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Next, we recall some basic definitions and facts from Morse theory (critical groups). So, as before, X is
a Banach space, ¢ € C1(X, R) and ¢ € R. We introduce the following sets:

Ky ={ueX:¢'(u)=0},
Kg) ={ueky: o) =c},
e ={ueX:p)<cl

Let (Y, Y,) be a topological pair such that Y, € Y; € Xand k € Ny. By Hi (Y1, Y,) we denote the kth rel-
ative singular homology group with integer coefficients for the pair (Y1, Y3). Suppose that u € K, is isolated.
The critical groups of ¢ at u are defined by

Cr(p,u) = H(nU, p° n U\ {u}) forall k € Ny,

where U is a neighborhood of u such that K, n ¢ n U = {u}. The excision property of singular homology
implies that the above definition of critical groups is independent of the choice of the isolating neighbor-
hood U. Suppose that ¢ satisfies the C-condition and that inf ¢ (K,) > —oo. Let ¢ < inf ¢ (K). The critical
groups of ¢ at infinity are defined by

Ck((P, OO) = Hk(X, (PC) forall k e ]No.

This definition is independent of the choice of the level ¢ < inf ¢(K,). Indeed, suppose ¢’ < ¢ < inf p(Ky).
From Motreanu, Motreanu and Papageorgiou [19, Corollary 6.35, p. 115], we have that

c

0] "is a strong deformation retract of °,

which implies
Hy(X, ¢°) = Hi(X, goC’) for all k € Ng
(see [19, Corollary 6.15 (@), p. 145]). Therefore, indeed Ci(¢, co) is independent of the choice of the level

¢ < inf @(Ky).
Now suppose that ¢ € C'(X, R) satisfies the C-condition and that K, is finite. We define

M(t,u)= ) rank Cx(gp, u)tk forallt e Randallu € K,
keNg

P(t,c0) = ) rank Cr(p, co)tk forall t € R.
keNy

The Morse relation says that

Z M(t, u) = P(t,0) + (1 + )Q(t) forallt e R, (2.6)
uek,
where
At =Y Pt
keNg

is a formal series in ¢ € R with nonnegative integer coefficients f.
We conclude this section by fixing our notation and introducing the hypotheses on the reaction term
f(z, x). Recall thatif u € Wé’p (Q), we define

u*(z) = max{+u(z), 0}.

We know that u* ¢ Wé’p(Q), and we have u = u* —u~ and |u| = u* + u™. By | - [y we denote the Lebesgue
measure on RY, and given f(z, x) a measurable function (for example, a Carathéodory function), we denote
by Ny (-) the Nemitsky (superposition) map corresponding to f(-, - ) and defined by

Nru)(-) = f(-,u(-)) forallu e Wy (Q).
The hypotheses on f(z, x) are the following.
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Hypotheses H(f). f: Q x R — R is a Carathéodory function such that f(z, 0) = 0 for almost all z € Q and the
following conditions hold:
(i) Foreveryr > 0, there exists a, € L*°(Q), such that

If(z, x)| < a,(z) foralmostallz € Qandall|x| <

(ii) There existn € L®(Q), n(z) = ;\1 (p) for almostallz € Q, n # 7[1 (p), and 17, 9 > 0 such that

e f( Z, X ) f( Z, X )
-9< 1>1(Il>1 lcl;lof |x|P~ 2x s hxn_l,f&p |x|P- 2x Al(p)’
f( Z, X ) . f(Z, X) N
n(z) < hm 1nf hxrg 5(1)10 -1 ]

uniformly for almost all z € Q.
(iii) If F(z, x) = jgf(z, s)ds, then f(z, x)x — pF(z, x) — +00 as x — —co uniformly for almost all z € Q and
there exists My > O such that

flz, x)x — pF(z,x) >0 foralmostall z € Q and all x > M.

(iv) There exist 0 < a < A;(2) < B < A5(2) such that
fz,x)

. . Z, X
lim —— =qa, lim M
x—0* X x—0~ X

=p

uniformly for almost all z € Q, and for every p > 0O there exists ép > 0 such that for almost all z € Q the
mapping x — f(z, x) + 3pxp’1 is nondecreasing on [0, p].

Remark 2. Hypothesis H(f) (ii) implies that f(z, -) is a crossing nonlinearity. In fact, we can cross any finite
number of variational eigenvalues, starting with fll(p) > 0. Note that in the negative direction we can have
resonance with respect to A1 (p) > 0, while in the positive direction resonance is possible with respect to any
nonprincipal eigenvalue of (-A, Wé P (Q)). As we will see in the proof of Proposition 3.3, Hypothesis H(f) (iii)
guarantees that at —co the resonance with respect to A (p) > 0 is from the left of the principal eigenvalue in
the sense that

ﬁl(p)lxlp - pF(z,x) > +00 asx — —oo, uniformly for almost all z € Q.

This makes the negative truncation of the energy functional of (1.1) coercive. So, we can use the direct
method of the calculus of variations. Hypothesis H(f) (iv) implies that at zero, too, we have an asymmetric
behavior of the quotient /2 ")

3 Solutions of constant sign

In this section, using variational tools, we show that problem (1.1) admits two nontrivial smooth solutions
of constant sign (one positive and the other one negative).
So, let ¢ : Wé’p (Q) — R be the energy functional for problem (1.1) defined by

1 1
o) = 1Dul} + S1Dul} - jF(z, wdz forallu e WoP(Q).
p Q
Evidently, ¢ € C 1(Wé’p (Q), R). Also, we consider the positive and negative truncations of f(z, - ), that is,
the Carathéodory function
fi(z, ) = f(z, £x%).
We set Fy(z, x) = f; f+(z, s) ds and consider the C!-functionals . : W(l)’p (Q) — R defined by

1 1
p:() = IDulf + S 1Dul} - jFi(z, wdz forallu e WP(Q).
Q
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Proposition 3.1. If Hypotheses H(f) hold, then ¢ satisfies the C-condition.
Proof. We consider a sequence {up}ns1 < Wé’p (Q) such that
lo(un)l < M; forsome M; >0Oandalln € N,
(1 + unl)@'(un) » 0 in W' (Q) = WSP(Q)* as n — co.

From (3.2) we have

enlhl
1+ [lugl

(Ap(un), h) + (Alup), by - jf(z, unh dz| <
Q

In (3.3), we chose h = u, € Wé’p(Q). Then

— |Dunly - I1Dunl3 + Jf(z, Upu,dz < &, forallne N.
Q

Also, from (3.1) we have
IDunl + §||Du,.||§ - JpF(z, up)dz < pM; forallneN.
Q
We add (3.4) and (3.5). Recalling that p > 2, we obtain
J[f(z, Un)Un — pF(z, uy)] dz < M, forsome M, >0andalln e N,
Q
which implies
J[f(z, -uy)(-uy) - pF(z, -u;)| dz < M5 forsome M3 > Oandalln € N
Q
(see Hypotheses H(f) (i) and (iii)).

Claim 1. {u;}ns1 € Wi (Q) is bounded.

forall h e WyP(Q), with e, — 0*.

DE GRUYTER

(3.1)
(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

We argue by contradiction. So, suppose that Claim 1 is not true. By passing to a subsequence if necessary, we

may assume that
lu,ll = coasn — co.

Lety, = "z—"", n € N. Then |y, = 1 and y, > 0 for all n € IN. So, we may assume that

Yn—y inWeP(@Q and y,—y inLP(Q), y=>0.

In (3.3), we choose h = —uj, € Wé’p(Q). Then

IDUIE + 1D R - jf(z, up)(-up)dz< & forallneN,
Q

which implies
Nf (-uy) én

Yn dz < -
llun 1P

1
IDYal + ——— [Dyall? - j forall n € N.

lun[P=2 3 llun|IP-1
Hypotheses H(f) (i), (ii) and (iii) imply that
Ifiz,x) < c1[1+ |x|p‘1] for almost all z € Q, all x € R and for some c¢; > O.

From (3.10) it follows that

{Nf(—u;)
lun -1

!

}@1 c I”'(Q) is bounded (% + pi = 1).

(3.7)

(3.8)

(3.9

(3.10)

(3.11)
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On account of (3.11) and Hypothesis H(f) (ii), at least for a subsequence we have

Nf(-u;, ) . R
” ! E”:"l) 5 9(z)yPt in 1P (Q) with - 9 < 9(z) < A1 (p) for almost all z € Q (3.12)
Unll#~

(see Aizicovici, Papageorgiou and Staicu [1, proof of Proposition 16]). We pass to the limit as n — oo in (3.9).
Using (3.7), (3.8), (3.12) and the fact that 2 < p, we obtain

1Dyl < j ()P dz. (3.13)
Q

If 9 # A1 (p), then from (3.7) and Lemma 2.5 we have ¢|ly||P < 0, which implies
y =0. (3.14)

Then from (3.9), using as before (3.7), (3.8) and (3.12) (the last two relations with y = 0, see (3.14)) and
the fact that p > 2, we infer that |Dy,ll, — 0, which implies y, — 0in Wé’p (Q), which contradicts the fact
that [ly,|l = 1 forall n € IN.

Next we assume that 9(z) = A, (p) for almost all z € Q (resonant case). Then from (3.13) and (2.2) we have

IDyI5 = L ()lyllh,

which implies
y=9i1(p) withd>0

(recall that y > 0, see (3.8)).
If 9 = 0, then y = 0 and as above we have

Yn — 0 in WSP(Q),

again contradicting the fact that ||y,|| = 1 foralln € N.
If9 > 0, then y(z) > O forall z € Q, and so

U,(z) » +oo forallz € Q,
which implies
fn(z, —un(2))(~uy(2)) - pF(z, —u,(z)) - 0 foralmostallz € Qasn — co

(see Hypothesis H(f) (iii)), which implies

J[f(z, -uy)(-uy) - pF(z,-u,)] dz — +co  (by Fatou’s lemma). (3.15)
Q

We compare (3.15) and (3.6) and have a contradiction. This proves Claim 1.
Claim 2. {u}}ns1 € WoP(Q) is bounded.
Again we argue indirectly. So, suppose that Claim 2 is not true. Then at least for a subsequence we have
lupll = +co asn — co. (3.16)

Let vy, = %, n € N. Then |v,|| = 1 and v, = 0 for all n € N, and so we may assume that
vp v imWeP@Q) and vy, —v inLP(Q), vz0. (3.17)
From (3.3) and Claim 1 we have

(Apt), hy + (A, Y - jf(z, wphdz| < Myl
Q
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for some M, > 0,alln e Nandallh € Wé’p (Q) (see Hypothesis H(f) (i)), which implies

1 Np(uy) Mylh|
(Ap(va), B) + ——— (A(vy), h) - I l < forall n € N. (3.18)
P g p-2> " ) Pt s Pt
Using the growth condition from (3.10), we see that
Nf(u;) P .
{||u;||P—1 }@1 c LP (Q) is bounded. (3.19)

In (3.18), we choose h = v, — v € Wé’p(Q), pass to the limit as n — oo and use (3.13), (3.16), (3.17) and
the fact that p > 2. Then
dim (Ap(vn), vn = V) =0,

which implies
vn — vin WP (Q) (3.20)

(see Proposition 2.3).
From (3.19) and Hypothesis H(f) (ii) we see that at least for a subsequence we have

Nr(uy) v

bt Azv?~!  in IP'(Q) with n(z) < fi(2) < 7 for almost all z € Q (see [1]). (3.21)
n

So, if in (3.18) we pass to the limit as n — oo and use (3.16), (3.20), (3.21) and the fact that p > 2, then

(Ap(v), h) = Jﬁ(z)vp‘lh dz forallh e WP(Q),

Q
which implies
- Apv(z) = fi(z)v(z)P!  foralmostall z € Q, v]pg = O. (3.22)
From Proposition 2.4 we have
Mp, ) < Ai(p, A1) = 1. (3.23)

From (3.22) and (3.23) and since ||v]| = 1 (see (3.20)), it follows that v(-) must be nodal, contradict-
ing (3.17). This proves Claim 2.
From Claims 1 and 2 we deduce that

{Un}ns1 € Wy'P(Q) is bounded.

So, we may assume that
Uy — uin WyP(Q) and u, — uin L(Q). (3.24)

In (3.3), we choose h = u, —u € Wé’p(Q), pass to the limit as n — co and use (3.24) and the fact that
{Nf(un)tnz1 < L?'(Q) is bounded (see (3.10)). Then

Jim [(Ap(un), tn —u) + (A(Un), un —w)] = 0,

which implies
lim sup[(Ap(un), un — u) + (A(U), un — u)] <0
n—oo

(since A(-) is monotone), which then implies
U, > u in WeP(Q)

(see Proposition 2.3).
Therefore, the energy functional ¢ satisfies the C-condition. O

Next, we show that ¢, satisfies the C-condition, too.

Authenticated | vicentiu.radulescu@math.cnrs.fr
Download Date | 8/1/18 11:05 AM



DE GRUYTER N.S. Papageorgiou et al., (p, 2)-equations asymmetric at both zero and infinity =— 337

Proposition 3.2. If Hypotheses H(f) hold, then ¢ satisfies the C-condition.

Proof. We consider a sequence {un}n>1 € Wé’p (Q) such that

|+ (un)l < M5 forsome M5 > Oandforalln € N,

(1 + |lunl)@l(uy) - 0 in W‘l’p'(Q) asn — oo. (3.25)

From (3.25) we have

enllhl

forallh € Wé’p(Q), with e, — 0O*. (3.26)
1+ [lugll

(Ap(tn), h) + (A(un), h) - jf+(z, unh dz| <
Q

In (3.26), we choose h = —uj, € Wé’p(Q). Then
IDuplh + IDuyl3 <€, forallme N,

which implies
up; -0 inWyP(Q)asn — oco. (3.27)

From (3.26) and (3.27) it follows that

(Ap(ul), by + (AGLl), hY - If(z, uHh dz‘ <ellhl forallh e WhP(Q), with €, — 0.
Q

ut

n
luzll”?

Suppose that {u}f}ns1 € Wé’p (Q) is unbounded. So, we may assume that [|u}|| — co. We set v, =
n € N, and have ||v,| = 1 and v, > O for all n € IN. Hence we can say (at least for a subsequence) that

vp—v inWyP@Q) and v, —v inIP(Q).
Then, reasoning as in the proof of Proposition 3.1 (see the part of the proof after (3.17)), we show that
{Ullns1 € WyP(Q)  is bounded. (3.28)
From (3.27) and (3.28) it follows that
{Unkns1 € WoP(Q)  is bounded.
So, we may assume that
up —>u inWyP@Q) and  u, —u inLP(Q). (3.29)

In (3.26), we choose h = u, —u € Wé’p (Q). Passing to the limit as n — oo, using (3.29) and following
the argument in the last part of the proof of Proposition 3.1 (see the part of the proof after (3.24)), we obtain
U, — uin Wé’p (Q). We conclude that ¢, satisfies the C-condition. O

For the functional ¢_, we have the following result.
Proposition 3.3. If Hypotheses H(f) hold, then ¢_ is coercive.

Proof. Hypothesis H(f) (iii) implies that given any ¢ > 0, we can find Mg = Mg(é) > 0 such that

f(z, x)x —pF(z,x) > ¢ foralmostall z € Q and all x < —Ms. (3.30)
We have
i[F(z, X)] _ flz, 0IxIP - plxP~*xF(z, X)
dxl |xpp 1 |x|2P
_ flz, x)x - pF(z, x)
- |x|Px
< 5
|x|Px
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for almost all z € Q and all x < Mg (see (3.30)), which implies

F(z,y) F(z,w) &1 1 1
- >2|— - —| foralmostallze Qandally <w < -Ms. (3.31)
P WP 2 ol P g °
Hypothesis H(f) (iii) implies that
. F F R
~ 9 <liminf 2 2. %) < limsup pF(z, X) < A1(p) uniformly for almost all z € Q. (3.32)
X——00 |x|P X——00 |x|

If in (3.31) we pass to the limit as y — —oo and use (3.32), then
A (p)|wlP = pF(z, w) > ¢ foralmostall z € Q and all w < —Ms.
But & > 0 is arbitrary. So, we infer that
A(p)wlP - pF(z, w) - +00 as w — —oo, uniformly for almost all z € Q. (3.33)

We will use (3.33) to show that ¢_ is coercive. We argue by contradiction. So, suppose that ¢_ is not
coercive. Then we can find {uy,}n>1 € Wé’p (Q) and M7 > 0 such that

lunll — oo and ¢_(up) <M; foralln e N. (3.34)
Lety, = "Z:" ,n € N. Then |y,| = 1 for all n € N and so we may assume that
Yooy imWyP@Q and  y,—y inLP(Q). (3.35)
From (3.34) we have
b 2 pF_(z, uy) M
IDYnlE + —P—— Dy - J dz < foralln € N. (3.36)
T DT P Tunl?

From (3.10) we have
|F(z,x)| < c3[1 + |x|P] foralmostall z € Q, all x € R and some c3 > O,

which implies that
{F—(', un(-))

l[un P

By the Dunford—Pettis theorem and (3.32), we have (at least for a subsequence) that

} LS LY(Q) is uniformly integrable.
nz

% x, %3(2)(y‘)p in L1(Q) with - 9 < 9(2) < fll(p) for almost all z € Q. (3.37)
n

We return to (3.36), pass to the limit as n — oo and use (3.34), (3.35) and (3.37) together with the fact
that p > 2. Then

IDyIE < j )Y dz, (3.38)
Q
which implies
1Dy I < j I2)(y )P dz. (3.39)
Q

If 9 £ A1(p), then from (3.39) and Lemma 2.5 we have &|y~||I” < 0, which implies y > 0. Then (3.38)
implies that y = 0. So, from (3.36) it follows that

Yn — 0in WP (Q),
which contradicts the fact that ||ly,|| = 1 foralln € N.

Authenticated | vicentiu.radulescu@math.cnrs.fr
Download Date | 8/1/18 11:05 AM



DE GRUYTER N.S. Papageorgiou et al., (p, 2)-equations asymmetric at both zero and infinity

Next, assume that 9(z) = A1 (p) for almost all z € Q. From (3.39) and (2.2) we have

IDy-I5 = @y I},
which implies
y~ =9u(p) withd=o.
If9 = 0, then y = 0 and, as above, we reach a contradiction.
If9 > 0, then y(z) < O forall z € Q, and so
Up(z) - —oo forallze Qasn — oo,
which implies
U,(z) > +c0 forallze Qasn — oo,

thus
A (p)uy(2)P - pF(z, —uy(2)) — +oo for almost all z € Q
(see (3.33)), which implies
Va7 - pFez, 3] dz = 400
Q

by Fatou’s lemma.
Since fll(p)llugllg < IIDugllg forall n € N (see (2.2)), it follows that

pe_(up) » +00 asn — oo,

which contradicts (3.34). Therefore ¢_ is coercive.

— 339

O

Remark 3. From (3.33) we see that the resonance with respect to ;11 (p) > 0 at —co is from the left of the prin-

cipal eigenvalue.

From the above proposition we infer the following fact about the functional ¢_ (see [19]).
Corollary 3.4. If Hypotheses H(f) hold, then ¢_ satisfies the C-condition.

Next, we determine the nature of the critical point u = 0 for ¢,.

Proposition 3.5. If Hypotheses H(f) hold, then u = 0 is a local minimizer for ¢,.

Proof. Hypothesis H(f) (iv) implies that given € > 0, we can find § = §(¢) > 0 such that
F(z, x) < %(a +€)x? foralmostallz € Qandall 0 < x < 6.

Let u € Co(Q) with |[ull ¢y g, < 8. Then

1 1 a+e€
@+(u) > =|Dull, + = 1Dul3 - 13 (see (3.40))

p 2 2

> 21Dl + 210w i + 20Dut 2 - alut12] - —E—1Dut 2 (see (2.2))
p 2 2 2A1(2)
1 1 1 €

> = |IDulb + =IDu" |2 + =|c4 — = |Dut|3 for some c; > 0
ploul s It e glea g Jiowie

(recall that a < A1(2)).
Choosing € € (0, 7(1(2)c4), we have

1 —
o (u) > I—jIIDullg forall u € C5(Q), with |lull ¢y < 6,

which implies that
u=0 isalocal C}(Q)-minimizer of ¢,

(3.40)

Authenticated | vicentiu.radulescu@math.cnrs.fr
Download Date | 8/1/18 11:05 AM



340 —— N.S.Papageorgiou et al., (p, 2)-equations asymmetric at both zero and infinity DE GRUYTER

which then implies
u=0 isalocal W,"(Q)-minimizer of ¢,

(see Proposition 2.2). The proof is complete. O
Now we are ready to produce constant sign smooth solutions for problem (1.1).
Proposition 3.6. If Hypotheses H(f) hold, then problem (1.1) admits two constant sign smooth solutions

Upg €intC, and vg e —intC,.

Proof. We can easily check that K, < C,. So, we may assume that K, is finite or otherwise we already have
an infinity of positive solutions for problem (1.1). Then on account of Proposition 3.5 we can find small
p € (0, 1) such that

0 = ¢.(0) < inf[@.(u) : |ull = p] = m, (3.41)

(see Aizicovici, Papageorgiou and Staicu [1, proof of Proposition 29]). Hypotheses H(f) (i) and (ii) imply that
given € > 0, we can find c3 > 0 such that

1
F(z,x) > > [n(z) — €]x —cs foralmostall z € Qandall x > 0. (3.42)
Then for t > 0 we have

. tP . tP . tP
@ (tu(p)) < EAl(p) + EIIDu1(p)II§ ) J n@u(p) dz + Fe +C5|Q| N
Q

P4 2
= %[ J[/h(l’) -n(@)]i1(p)P dz + e] + %||Dﬁ1(p)||% +¢5|Qly
Q

(for the inequality, see (3.42) and recall that [|it; (p)l, = 1).
Since 11(p) € int C,, we have

ko = J[H(Z) - A (p)]it (p)P dz > 0.
Q

Choosing € € (0, ko), we have
R t 2 5
@ (tu1(p)) < —;cs + 3||Dul(p)||2 for some c¢ > 0.

Since p > 2, it follows that
@4 (ti1(p)) > —co0as t — +co. (3.43)
Also, from Proposition 3.2 we know that
@, satisfies the C-condition. (3.44)

Then relations (3.41), (3.43) and (3.44) permit the use of Theorem 2.1 (the mountain pass theorem). So,
we can find ug € Wé’p(Q) such that ug € Ky, and ¢,(0) = 0 < m, < ¢, (uo), which implies uo # 0.

Since Ky, < C,, we have that up € C, \ {0}. With p = |lugllc, let é“p > 0 be as postulated by Hypothesis
H(f) (iv), that is, for almost all z € Q the function

x = flz, X) + ExP

is nondecreasing on [0, p].
Consider the map a : RY — RY defined by

aly)=lyP2y+y forally e RV,
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Then a € CY(RY, RY) and
diva(Du) = Apu+Au forallu e Wé’p(Q),

which implies

. ® .
vaw) = Py [idy +(p - 27 | + i,

with idy being the identity map on RY. For all ¢ € RV, we have
(Va(y)é, gy > 182 >0 forall & € RV \ {0}.
Also, for 0 < x < v < p we have

flz,v) = flz, x) = &P~ - xP71)
z _gp (v-x)

for almost all z € Q and some fp > 0 (recall that p > 2). So, we can apply the tangency principle of Pucci and
Serrin [27, Theorem 2.5.2, p. 35] and have

Ug(z) >0 forallz e Q.
Then the boundary point theorem of Pucci and Serrin [27, Theorem 5.5.1, p. 120] implies that
up €intC,.

By the Sobolev embedding theorem, ¢_ is sequentially weakly lower semicontinuous. Also, from Propo-
sition 3.3 we know that ¢_ is coercive. Hence by the Weierstrass—-Tonelli theorem, we can find vy € Wcl) Q)
such that

©_(vo) = inf[p_(u) : u € W(l)’p(Q)], (3.45)

which implies
VO € K‘P— Q _C+.

Hypotheses H(f) (i), (ii) and (iv) imply that given € > 0, we can find ¢; = ¢;7(¢) > 0 such that
1
F(z,x) > 5(/3 —€)x? - c7|x|P foralmostall z € Q and all x < 0. (3.46)

Then for t > 0 we have
. L t? Pis P
p_(-tuy(2)) < ;IIDu1(2)IIp + 7/\1(2) - 3(/3 —€)+c7tPlur(2)lp
D 1 ~ p ~ p tz 3
= [ IDa @I + 1 @] - S (8- € - 1)

(see (3.46) and recall that ||t (2)]|> = 1).
We choose 0 < € < 8 - A1(2) (see Hypothesis H(f) (iv)). Then, since 2 < p for t € (0, 1) small, we can see
that

p-(-tu1(2)) <0,
which implies
$-(vo) <0 = ¢_(0),

(see (3.45)), which then implies
vo # 0.

Moreover, as for ug, using the nonlinear strong maximum principle, we have vy € —int C,, and this is the
second constant sign solution of (1.1). O
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4 Nodal solutions — multiplicity theorems

In this section, using tools from Morse theory (critical groups), we show the existence of a nodal (sign chang-
ing) smooth solution and formulate our multiplicity theorems.

To produce a nodal sign, changing solution, we will need one more hypothesis which is the following
one.

Hypothesis Hp. Problem (1.1) has a finite number of solutions of constant sign.
Remark 4. This condition is equivalent to saying that K, and K,,_ are finite sets.
We start by computing the critical groups of ¢ at infinity.

Proposition 4.1. If Hypotheses H(f) hold, then Ci(¢p, co) = O for all k € Ny.

Proof. LetA > 7(1(p), A ¢ 6(p), and consider the C'-functional ¥ : Wé’p (Q) — R defined by
_ 1 p A +1P 1,p
Y(u) = I—jIIDulll,J - 1_9"u [, forallu e Wy (Q).

We consider the homotopy
h(t,u) = (1 - typ(u) + t¥(u) forallt e [0, 1] and all u € WyP(Q).
Claim. There existy € Rand T > O such that
h(t, u) <y implies (1 + |lul)||h. (t, w)|. =T forallt € [0, 1].

We argue by contradiction. Since h(-, - ) maps bounded sets to bounded sets, if the claim is not true, then we
can find two sequences {t;}n>1 € [0, 1] and {up}n>1 < Wé’p(Q) such that

th > t,  lunll > 00, h(tp,up) » -0, (1+ ”un”)hz,;(tn, uy) — 0. (4.1)

From the last convergence in (4.1) we have

enllhll

(A (). B + (1= O(AGn). h) = (L= ) [ fiz umhdz At [0 2| < e 42)
Q Q "
forall h e Wy*(Q), with €, — O*.
From the third convergence in (4.1) we see that we can find ny € IN such that
Duyl? + L=MPpy 2 F(z, uy) dz - Atnlut|E < -1 foralln
[Dunll, + Tll unlly = (1 = tn) | pF(z, up) dz - Atplluyly < -1 foralln > no. (4.3)
Q
In (4.2), we choose h = u, € Wé’p(Q). Then
— Dunlhy - (1 = t))IDunl3 + (1 - ty) Jf(z, Un)up dz + Atgllujlh, < e, forallneN. (4.4)
Q
Adding (4.3) and (4.4), we obtain
(1-ty) J[f(z, Un)Un — pF(z,un)]dz<0 foralln=n; =ng (4.5)

Q

(recall that p > 2 and €, — 0" as n — +00).
We claim that t < 1. If t,, — 1, then let y, = ”z:”, n € N. We have |y,| = 1 for all n € N, and so we may
assume that

yn—y mWyP@Q) and  y,—y inIP(Q). (4.6)
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From (4.2) we have

Ny (un)
lun Pt

enllhl
(1 + lunlDllunlP~?

(4.7)

1-ty
<Ap(yrl), h> + W(A(yn), h) — (1 - tn) J
Q

hdz - Aty J(y;)p-lh dz| <
Q

foralln € N.
In (4.7) we choose h = y, -y, pass to the limit as n — oo and use (4.6), (3.10) and t, — 1, p > 2. Then
Aim (Ap(yn), yn -y) =0,
which implies
yn—y inWyP(Q), andso llyl = 1 (4.8)
(see Proposition 2.3). So, if in (4.7) we pass to the limit as n — co and use (4.8), then

(Ap(y), h) = A J(y+)”"1h dz forallhe Wé’p(Q) (4.9)
Q

(recall that t, — 1). Choosing h= -y~ € W(l)’p(Q), we have [|Dy~ ||§ =0, which implies y >0 and y # 0
(see (4.8)).
From (4.9) we have

-Apy(2) = Ay(z)P~!  foralmostallz € Q, ylog = O.
Since A > A; (p), A ¢ 6(p), from (4.9) we infer that
y=0,
which contradicts (4.8). Therefore, t < 1 and we have
j[f(z, Un)Un - pF(z,un)]dz <0 foralln > ny,
Q
which implies

j[f(z, ) (—up) - pF(z, —u)] dz < cg (4.10)
Q

for some cg > 0 and all n > n; (see Hypothesis H(f) (iii)).
Using (4.10) and reasoning as in Claims 1 and 2 in the proof of Proposition 3.1, we establish that

{Un}ns1 € Wi (Q) is bounded.

This contradicts (4.1). Therefore, we have proven the claim.
Then by the claim and Chang [8, Theorem 5.1.21, p. 334] (see also Liang and Su [17, Proposition 3.2])
we have
Cr(h(0,-), 00) = Cr(h(1,-),00) forall k € Ny,

which implies
Cr(p, ) = Cx (¥, 00) forall k € No. (4.11)
So, our task is now to compute Cx (¥, co). To this end, first note that since A > 7ll (p), we have

Ky = {0}. (4.12)

Consider the C!-functional A : [0,1] x Wé’p (Q) — R defined by

ﬁ(t, u)=Yu)-t J u(z)dz forallte[0,1]andallu € Wé’p(Q).
Q
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Suppose that u € Kieyp € (0, 1]. Then
(Ap(u), hy = A j(u*)p’lh dz+ tJ hdz forallh e WP (Q). (4.13)
Q Q

Choosing h = —u~ € Wy (Q), we obtain |Du"||} < 0, which implies u > 0 and u # 0.
From (4.13) we have

~Apu(z) = Au(z)? ! +t foralmostall z € Q, ulog = 0, (4.14)

which implies u € int C, by the nonlinear strong maximum principle (see [12, p. 738]).
Let v € int C, and consider the function

p
_ D _ p-2 v

R, u)(2) = 1DV - 1Du(2)P?(Du@), D( 5 ) @), -

From the nonlinear Picone’s identity of Allegretto and Huang [4] we have
0< JR(V, u)dz
Q
WP
- 1DV - J(—Apu)F dz

_ vP
=Dvly - | [Au?t + t]F dz

<DVl - | VP dz,

Dee— Oe—m ©

where the first equation uses the nonlinear Green’s identity (see [12, p. 211]), the second equation follows
from (4.14) and the last inequality holds since u, v € int C,.
Choosing v = 11 (p) € int C,, we have

0< ﬁl(p) -A<0
(recall that |lit1 (p)ll, = 1), a contradiction. Therefore,
Kjy=0 forallt € (0, 1]. (4.15)
From the homotopy invariance of singular homology, for r > 0 small we have
Hy(h(0,)° N B,, h(0,-)° n B, \ {0}) = Hy(h(1,-)° N B,, h(1,-)° n B, \ {0}) forall k € N. (4.16)

Then by (4.15) and the noncritical interval theorem (see Chang [8, Theorem 5.1.6, p. 320] and Motreanu,
Motreanu and Papageorgiou [19, Corollary 5.35, p. 115]), we have

Hy(h(1,-)°nB,, h(1,-)° nB,\ {0}) =0 forall k € No. (4.17)
Also, from the definition of critical groups we have
Hy(h(0,-)° nB,, h(0,-)° N B, \ {0}) = Hi(¥° N B,, ¥° N B, \ {0}) = Cx(¥,0) forallk e No.  (4.18)
From (4.16)—(4.18) we conclude that
Cx(¥,0) =0 forall k € Ng,

which implies
Crx(¥,00) =0 forall k € Np

(see (4.12) and [19, Proposition 6.61 (c), p. 160]), which then implies

Cr(p,00)=0 forallk e Ny (see(4.11)). O
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Next, we compute the critical groups at infinity for the functional ¢..
Proposition 4.2. If Hypotheses H(f) hold, then Ci(¢p+, 00) = 0 for all k € No.
Proof. Let¥ e C! (Wé "(Q), R) be as in the proof of Proposition 4.1 and consider the homotopy
hi(t,u) = (1 - )@, (u) + t¥(u) forallt e [0,1] and allu € W, (Q).
Claim. There existy € Rand T > O such that for all t € [0, 1],
hi(t,u) <y implies (1 + ull(hy) (¢, Wl > 7.
As in the proof of Proposition 4.1, we argue by contradiction. So, we can find two sequences
{tabis1 €10,1] and  {unlns1 € Wy (Q)

such that
th = t, fupl = 0o, hi(ty,up) - -oco, (1+ "un”)(h+)’(tn: up) — 0. (4.19)

From the last convergence in (4.19) we have

(Apun), 1) + (1= ) (AGun), ) = (1= t0) [ £z umhdz = Aty [P *hlz] < 16;""";" @20
Q Q "
forall h € Wy?(Q), with e, — 0*.
In (4.20), we choose h = —uj, € Wy**(Q). Then
IDugllb + (1 - O)IDuyll5 <€, foralln e N,
which implies
up, » 0 in Wy Q). (4.21)

From (4.20) and (4.21) we infer that

(Ap(uj), by + (1 - tp)(Auy), h) — (1 - tn) Jf(z, uphdz - Aty J(u’,;)p‘lh dz} < enllhll
Q Q

forall h € W, (Q), with €}, — 0*.
Suppose that |[u}]| — +co. We set v, = ﬁ, n € N. Then |vy|| = 1and v,, > O for all n € N, and so we may
assume that
vp v inWyP@Q) and v, —v inLP(Q).

Reasoning as in the proof of Proposition 3.1 (see the proof of Claim 2), we reach a contradiction, and so
we infer that
{Ullns1 € WoP(Q)  is bounded,

which implies that
{Untns1 € Wé’p(Q) is bounded

(see (4.21)).
But this contradicts (4.19). Hence the claim holds and, as before (see the proof of Proposition 4.1), we
have
Ck(h+(0,'),00)= Ck(h+(1,‘),00) fOI'aHkEN(),

which implies
Cik(@4,00) = Cx(¥, 00) forall k € No,

which then implies
Cr(p4,00)=0 forall k € Ny

(see the end of the proof of Proposition 4.1).
The proof is complete. O
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Proposition 4.3. If Hypotheses H(f) hold, then Ci(¢-, 00) = 8k,0Z for all k € No,.

Proof. From Proposition 3.3 we know that ¢_ is coercive. So, it is bounded below and satisfies the C-condition
(see Corollary 3.4). Hence [19, Proposition 6.64 (a), p. 116] implies that

Cx(p-,00) = 6x,0Z forall k € Ny,

as desired. O
Next, we compute the critical groups of ¢ at u = 0.
Proposition 4.4. If Hypotheses H(f) hold, then Ci(¢p, 0) = 8k 0Z for all k € No,.

Proof. Let a € (0,41(2)) and B € (A1(2), A2(2)) be as postulated by Hypothesis H(f) (iv). We consider the
C!-functional ¥, : H}(Q) — R defined by

B

. 1 a _
Wo(u) = 5||Du||§ - 5||u+||§ - E||u I3 forallu € Hy(Q).

Let ¥g = ‘i’olwé.p @ (recall that 2 < p) and consider the homotopy
h(t,u) = (1 - )p(u) + tWo(u) forallt € [0, 1] and all u € W, (Q).
Suppose that we can find {t,},>1 € [0, 1] and {un}ns1 € Wé’p(Q) such that
th - te[0,1], uy, —»0inWyP(Q), hl(ts,un)=0  forallneN. (4.22)
From the equality in (4.22) we have
(1 - tn)Ap(un) + A(un) = (1 - tn)Nf(un) + tp[au; — fuy,] in WP (Q)foralln € N. (4.23)
Lety, = "lﬁ, n € N. Then |y,|| = 1 for all n € N, and so we may assume that
Yn—y imWyP@Q and  y,—y inLP(Q). (4.24)

From (4.23) we have

(1- tn)"un"p_zAp(Yn) +A(yn) =(1- tn)—" + tn[ay; _ﬁ)’;] foralln € N. (4.25)

Note that Hypotheses H(f) (i), (ii) and (iv) imply that for some cg > O,

Ny(un)
Un

If(z, )| < co[lx| + |x|P7!] foralmostall z € Q and all x € R,

which implies that
N '
{M} cI”(Q) is bounded.
lunll 7 n=1
This fact and Hypothesis H(f) (iv) imply that
N /
||fliu|'|l) x, ay* -By” inLP (Q)asn — oo (4.26)
n

(see Aizicovici, Papageorgiou and Staicu [1, proof of Proposition 16]). From (4.25) we have

~(1 = tp)|unlP > Apyn(2) — Ayn(2) = (1 - ty) Il

+ tn[ayy(2) = By, (2)]

for almost all z € Q, ynlog =0, n € N.
Then by (4.22), (4.24), (4.26) (recall that p > 2) and [16, Theorem 7.1, p. 286] we can find Mg > 0 such
that
lynlloo < Mg forall n € N.
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Then invoking [18, Theorem 1], we can find 9 € (0, 1) and My > 0 such that

yn € Ce’(@ and lyalgog <Ms  forallneN.

From (4.5) and the compact embedding of Cé"g(ﬁ) into C(l) (Q), we have
Yn — yin C3(Q), (4.27)

which implies |ly| = 1, and so y # O.
If in (4.25) we pass to the limit as n — oo and use (4.22), (4.26), (4.27) and the fact that p > 2, we obtain

A)=ay* - By in WP (Q),

which implies
-Ay(z) = ay*(z) - By (2) foralmostallz € Q, y|sg = O.

Since 0 < & < A;(2) < B < A5(2) (see Hypothesis H(f) (iv)), we have (a, B) ¢ Z,, and so
y= 0,

a contradiction (recall that |y|| = 1). Therefore (4.22) cannot occur, and then the homotopy invariance of
critical groups (see Gasinski and Papageorgiou [14, Theorem 5.125, p. 836]) implies that

Ci(, 0) = Cx(¥o,0) forall k € No. (4.28)
Since Wé’p (Q) is dense in Hé(Q) from [20, Theorem 16] (see also Chang [7, p. 14]), we have
Ck(Wo, 0) = Cx(¥o,0) forall k € No. (4.29)
But [26, Theorem 1.1 (a)] implies that
Cr(¥o,0) = 65,07 forall k € Ny,

which implies
Ci(g,0) = 6x,02 forallk e Ny

(see (4.28) and (4.29)). O
Also, we have the following property.
Proposition 4.5. If Hypotheses H(f) hold, then Cy(¢_, 0) = O for all k € Ny.

Proof. In this case, we consider the C!-functional ¥ : H}(Q) — R defined by
V_(u) = %llDull% ~Blul5 forallu e H5(Q).
Weset ¥_ = ‘i’,lwé,p @ (recall that p > 2) and consider the homotopy
h_(t,u)=(1-t)¢p_(u)+t¥Y_(u) forallte[0,1]andallu ¢ Wé’p(Q).
As in the proof of Proposition 4.4, via the homotopy invariance of critical groups we have
Cr(p-,0) = Cx(¥-,0) forall k € No.

Recalling that the nonprincipal eigenfunctions of (-A, Hé(Q)) are nodal and since f§ > A1(2), we infer
that Ky_ = {0}. Moreover, as in the last part of the proof of Proposition 4.1, using Picone’s identity, we have

Cx(W_,0)=0 forallk € Ny,
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which implies
Cx(p-,0) =0 forall k € No.
This completes the proof. O

Now we are ready for our first multiplicity theorem. Recall that at the beginning of this section we have intro-
duced an extra Hypothesis Hy, which says that the constant sign solutions of (1.1) are finite. This is equivalent
to saying that

Ky ={vi}'; u{0} ¢ (~int C,) U {0},
Ky, = {u}l, u{0} cint C, U {0}.

From Proposition 3.6 we know that
m,n e IN.

Then we have the following multiplicity theorem.
Theorem 4.6. If Hypotheses H(f) and Hy hold, then problem (1.1) has at least three nontrivial smooth solutions
up €intCy, voe-intCy, yoe Co(Q)  nodal.
Proof. From Proposition 3.6 we already have two nontrivial constant sign smooth solutions
up €intC, and vpe-intC,.
By Hypothesis Hp, we have

Ky = (vill', U{0} < (~int C,) U {0},
Ky, = fu)L, U {0} Cint C, U {0}

We set

X-(vi) =Y (-D*rank Ci(p_,vi), i=1,...,m,
k=0

X+(u) = Y (-D¥rank Cr(@o, up), 1=1,...,n,
k=0

X(vi) = Y (-1)* rank Ci(e, vi),

k=0

x(up) = Y (-1)* rank Ci (@, up).
k=0

Since v; € —int C, and u; € int C,, we have
X-(vi) =x(v;) foralli=1,...,m and x+(up) =x) foralll=1,...,n. (4.30)

From Propositions 3.5, 4.4 and 4.5 we have
X+0) =1, x(0)=1, y_(0)=0. (4.31)

Let {yi}]‘.’lz1 <Ky < C(l,(ﬁ) (nonlinear regularity theory) be the set of nodal solutions of (1.1) (if there are
no nodal solutions, then d = 0). From the Morse relation (see (2.6)) we have

m m

x-(0) + Z)(_(vi) =0+ Z)((vj) =1 (see(4.30), (4.31) and Proposition 4.3), (4.32)
i=1 i=1
n n

X+(0) + ZX+(”1) =1+ Z)((ul) =0 (see(4.30), (4.31) and Proposition 4.2), (4.33)
=1 =1
m n d

Xx(0) + ZX(Vi) + Z)((ul) + Z)((yj) =0 (see Proposition 4.1),

i=1 =1 j=1
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where the last line implies

d
1+1-1+) x(y)=0

j=1
(see (4.31)-(4.33)), which then implies
d
Y xy) = -1,
j=1
andsod > 1.
This means that problem (1.1) admits at least one nodal solution yg € Ccl) Q). O

We can drop Hypothesis Hyp at the expense of strengthening the regularity of f(z, - ). Then we can still have
a three nontrivial solutions multiplicity theorem, but without providing sign information about the third non-
trivial smooth solution.

The new hypotheses on f(z, x) are the following.

Hypothesis H(f)'. f: Q x R — R is a Carathéodory function such that f(z, 0) = 0 and f(z, -) € C1(R \ {0}) for
almost all z € Q, and Hypotheses H(f)' (i)—(iv) are the same as the corresponding Hypotheses H(f) (i)—(iv).

Theorem 4.7. If Hypotheses H(f)' hold, then problem (1.1) admits at least three nontrivial smooth solutions
Vo €intCy, voe—-intCy, yoe CHQ).
Proof. Again, from Proposition 3.6 we already have two nontrivial constant sign smooth solutions
Up €intC, and vpe-—intC,.

From the proof of Proposition 3.6 we know that ug € K, is of mountain pass type. Since uo € int C,, we
have
Cik(@,uo) = Cr(p+,uo) forallke N and  Ci(p4,uo) #0

(see Motreanu, Motreanu and Papageorgiou [19, Corollary 6.81, p. 168]). Therefore,
C1(p, up) # 0. (4.34)
But ¢ € CZ(Wé’p (Q) \ {0}). Hence from (4.34) and Papageorgiou and Radulescu [22] we have
Cr(@, up) = 6x,17Z forall k € Np. (4.35)
The negative solution vq € K,_ is a global minimizer of ¢_. Since
@_l-c. =@l-c, and vpe-intC,,

it follows that vq is a local C})(ﬁ)-minimizer of ¢. Invoking Proposition 2.2, we infer that v, is a local
Wcl) P (Q)-minimizer of ¢. Therefore,

Cr(@,vo) = 6x,0Z forall k € Np. (4.36)
From Propositions 4.1 and 4.4 we have

Cr(p, ) =0 for all k € No, (4.37)
Cx(p,0) = 6,0z forall k € No. (4.38)

Suppose that K, = {uo, vo, 0}. Then the Morse relation with ¢ = -1 and (4.35)—(4.38) imply that
D'+ (-1)°+(-1)°=0,

which implies (-1)! = 0, a contradiction.
So, there exists yo € Ky, yo ¢ {uo, vo, 0}. Hence yq is the third nontrivial solution of problem (1.1) and
the nonlinear regularity theory implies that yo € Ccl) Q). O
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