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Abstract We consider a nonlinear boundary value problem driven by a nonhomo-
geneous differential operator. The problem exhibits competing nonlinearities with a
superlinear (convex) contribution coming from the reaction term and a sublinear (con-
cave) contribution coming from the parametric boundary (source) term. We show that
for all small parameter values A > 0, the problem has at least five nontrivial smooth
solutions, four of constant sign and one nodal. We also produce extremal constant sign
solutions and determine their monotonicity and continuity properties as the parameter
A > 0O varies. In the semilinear case we produce a sixth nontrivial solution but without
any sign information. Our approach uses variational methods together with truncation
and perturbation techniques, and Morse theory.
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1 Introduction

Let @ € RY be a bounded domain with a C?-boundary 3<2. In this paper we study
the following nonlinear, nonhomogeneous elliptic problem
P) —diva(Du(z)) = f(z,u(z)) in Q,
» ;’TM = AB(z, u) on 9.

In this problem, a : RN — R¥ is a strictly monotone, continuous map which
satisfies certain other regularity and growth conditions, listed in hypotheses H (a) in
Sect. 2. These hypotheses are general enough to incorporate in our framework several
differential operators of interest, such as, e.g., the p-Laplacian. The reaction term
f(z, x) is a Carathéodory function (that is, for all x € R, z — f(z, x) is measurable
and for almost all z € 2, x +— f(z,x) is continuous) which satisfies the well-
known Ambrosetti—-Rabinowitz condition (AR-condition for short) in the x-variable,
hence exhibiting (p — 1)-superlinear growth near +co. In the boundary condition, ;T“a
denotes the generalized normal derivative corresponding to the differential operator
u +— diva(Du) and is defined by

Y (@(Du), mgy forallu € WP (),
ong

with n(-) being the outward unit normal on 2. This kind of generalized normal
derivative is dictated by the nonlinear Green’s identity (see Gasinski and Papageorgiou
[13, p. 210] and it was also used by Lieberman [21]). The boundary function S(z, x)
is continuous on 92 x R and it satisfies certain other regularity and growth conditions
listed in hypotheses H (8) in Sect. 3. In fact, B(z, -) exhibits strict (p — 1)-sublinear
growth near +00. So, we see that problem (P ) has competing nonlinearities. We refer
to a convex (superlinear) input coming from the reaction term f(z, x) and a concave
(sublinear) input resulting from the source (boundary) term.

The study of problems with competition phenomena was initiated with the seminal
paper of Ambrosetti et al. [2] for semilinear Dirichlet equations. In their work, both
competing nonlinearities appear in the reaction term f(z, x), which has the form

F(z,x) = f(x) = Alx|?92x + |x|"x forall x € R,
LN >3

4o if N =1,2
a lot of work in this direction, extending the results of [2] to nonlinear equations. In

witht >0, 1 <g<2<r<2%= { . Since then, there has been
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contrast, in the present paper the concave term comes from the boundary condition.
The study of such problems is still lagging behind. In this direction, there are only the
semilinear works of Furtado and Ruviaro [11], Garcia-Azorero et al. [12] and Hu and
Papageorgiou [20].

In this paper, we prove a multiplicity theorem which says that for small values of
the parameter A > 0, the problem has at least five nontrivial smooth solutions, four
of constant sign and one nodal. We also show the existence of extremal constant sign
solutions, that is, a smallest positive solution u} and a biggest negative solution v},
and we investigate the monotonicity and continuity properties of the maps A +— uj
and A — vf. Finally, in the semilinear case, we generate a sixth nontrivial smooth
solution (without being able to provide any sign information).

Our approach uses variational methods based on the critical point theory, combined
with suitable truncation-perturbation and comparison techniques, and Morse theory.

2 Preliminaries: Hypotheses

In this section we present the main mathematical tools which we will use in the sequel
and we prove some auxiliary results which will be needed later. In this section we also
fix our notation and we have gathered all the hypotheses on the data of problem (P;)
which will be used to prove our results. We also state the main results of this work, in
order for the reader to have a feeling of what is achieved in this paper.

Let X be a Banach space and let X* be its topological dual. By (-, -) we denote the
duality brackets for the pair (X*, X). Let ¢ € C (X, R). We say that ¢ satisfies the
“Cerami condition” (the “C-condition” for short), if the following property holds:

Every sequence {u,},>1 € X such that {¢(u,)},>1 € R is bounded and
(A + lun D@ (uy) — 0in X* as n — oo, admits a strongly convergent subse-
quence.

This compactness-type condition on the functional ¢ is needed in the critical point
theory because the ambient space need not be locally compact (being in general infinite
dimensional). Using this compactness-type condition, one can prove a deformation
theorem describing the change of the topological structure of the sublevel sets of ¢
along the negative gradient or pseudogradient flow. The deformation theorem leads to
the minimax theory of the critical values of ¢. Prominent in that theory is the so-called
“mountain pass theorem” due to Ambrosetti and Rabinowitz [3]. Here we state it in a
slightly more general form (see, for example, Gasinski and Papageorgiou [13, p. 648]).

Theorem 1 Let X be a Banach space. Suppose that ¢ € C'(X, R) satisfies the C-
condition, and ug, uy € X satisfy |lu; —up|| > p >0

max{g(uo), p(u1)} < infleu) : |lu —uoll = pl = m,.

Let ¢ = in?omax o(y@) withT = {y € C(0, 1], X) : y(0) = uo, y(1) = uy}.
ye

<t<l
Then ¢ > m, and c is a critical value of ¢ (that is, there exists i € X such that
¢’ (1) = 0and (i) = c).
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Let ¢ € C1(0, 0o) with 9 (¢) > 0 for all 7 > 0 and assume that

()t
0<é< 198 <coand c;P7 <9 (t) < eyt + 1P Y forall 1 > 0,
withci,c0 > 0,1 < q < p. (1)

The hypotheses on the map y — a(y) involved in the definition of the differential
operator in problem (P;), are the following:
H(a) : a(y) = ap(|y])y forall y € RY, with ag(¢) > 0 forall r > 0 and

(i) ag € C'(0,400), t > ap(t)t is strictly increasing on (0, +00), ag(t)t — 0
ast — 07 and
ay (1)t
im
1—0+ ap(t)

(i) There exists ¢3 > 0 such that

1yl

IVa(y)| < c3 forall y € RM\{0};

(i) (Va(y)&, &)pn > %IEIZ forall y € RV\{0} and all &£ € R;
@v) If Go(t) = f(; ao(s)sds for t > 0, then there exists T € (1, p) such that
Go(1) Go(1) =

t— Go(tl/r) is convex, 0 < lim inf < lim sup <c,
t—0t tr t—0t T

cat? < ap(t)t — 1Go(¢) for all + > 0 and some ¢4 > 0,
—& < pGo(t) — ag(t)t? forall 1 > 0 and some & > 0.

Remark 1 Hypotheses H (a) (i), (ii), (iii) were motivated by the nonlinear regularity
theory of Lieberman [21] and the nonlinear maximum principle of Pucci and Serrin
[33, pp. 111, 120]. Hypothesis H (a)(iv) serves the particular needs of our problem.
However, this is a mild restriction and it is satisfied in all cases of interest, as the
examples below show.

Clearly, hypotheses H (a) imply that G¢(-) is strictly convex and strictly increasing.
We set
G(y) = Go(ly|) forall y € RV.

Then G(-) is convex, G(0) = 0, and

y
VG(0) =0,VG(y) = GE)(|y|)|y—| = ap(ly])y = a(y) forall y € RV\{0}.
So, G (-) is the primitive of the map a(-). Using the convexity of G(-) and G(0) = 0,
we have
G(y) < (a(y), y)pw forall y € R, @)
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Hypotheses H(a)(i), (ii), (iii) and (1), lead to the following lemma which sum-
marizes the main properties of the map y — a(y).

Lemma 1 If hypotheses H (a)(i), (ii), (iii) hold, then

(a) y +— a(y) is strictly monotone, continuous, hence also maximal monotone;
(b) la(y)| < ca(1 + |y|P~Y) forall y € RN and some c4 > 0;

(¢) (@), Ypy = ;2551yI forall y € RY.

This lemma and (2) lead to the following growth estimates for the primitive G (-).

Corollary 1 If hypotheses H(a)(i), (ii), (iii) hold, then ﬁlﬂp < Gy <
cs(1+ |y|P) forall y € RN and some c5 > 0.

The examples which follow illustrate that hypotheses H (a) cover many interesting
cases.

Example I The following maps satisfy hypotheses H (a):

(@) a(y) = |y|p_2y with 1 < p < oo. This map corresponds to the p-Laplacian
differential operator defined by

Apu = div (|Du|P>Du) for all u € WP (Q).

(d) a(y) = |y|P" 2y + |y|* 2y with | < T < p. This map corresponds to the (p, 7)-
differential operator defined by

Apu+ Acuforallu € WHP ().

Such differential operators arise in problems of mathematical physics. We mention
the works of Benci et al. [4] (in quantum physics) and Cherfils and Ilyasov [6]
(in plasma physics). Recently, there have been some existence and multiplicity
results for such equations. We mention the works of Cingolani and Degiovanni [7],
Gasinski and Papageorgiou [15], Marano et al. [22], Mugnai and Papageorgiou
[24], Papageorgiou and Réadulescu [26,28], Papageorgiou et al. [31], Sun [34],
and Sun et al. [35].

© a(y) =0+ |y|2)p%2y with 1 < p < oo. This map corresponds to the generalized

p-mean curvature differential operator defined by

. 2,122 1
div ((1 T Du2 Du) forall u € WP ().

) a(y) = |y|P2%y [1 + ﬁy‘p] for all u € WP (). This map corresponds to the
differential operator

|Du|?~2Du

A di
pu +div < I+ | Dul?

) forallu e Whr(Q).
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(e) a(y) = |y|P~2y +In(1 + |y|®)y with 1 < p < o0o. This map corresponds to the
differential operator

Apu + div (In(1 + | Du|*) Du) for all u € W'P(Q).

We will use the Sobolev space W17 (2), the Banach space C' (€2) and the boundary
Lebesgue spaces L7 (3S2); 1 < g < oo. The Sobolev space W7 (Q) is a Banach space
for the norm

all = [lullh + 1|1Dul|h 17 for allu € WP ().

The Banach space C () is an ordered Banach space with positive (order) cone

Cy={ueCl(Q):u(z) =0forallz € Q)}.
This cone has a nonempty interior given by

intCy = {u € Cy:u(z)>0forall z € 2, <0if 3 Nu~1(0) * VJ}.

ou
£|E)Qﬂu*1(0)
This cone contains the open set

D, ={uecCy:u(z)>0foralze Q.

In fact, note that D is the interior of C when C 1(€) is furnished with the relative
C(Q)-topology.

On C1(Q) the C'(Q)-norm topology is stronger than the C(£2)-norm topology.
Therefore we have

D+ - int C+.

On 02 we consider the (N — 1)-dimensional Hausdorff (surface) measure o (-).
Using this measure, we can define in the usual way the Lebesgue spaces L7 (9€2),
1 < g < oo. From the theory of Sobolev spaces we know that there exists a unique
continuous linear map yo : WHP(Q) — LT(0RQ), T = %’__; if p<N,andt > 1if
N < p, known as the “trace map”, such that

yo(u) = ulaq forallu € WHP(Q) N C(Q).

So, we can understand the trace map as an expression of the “boundary values” of
a Sobolev function. We know that

€ 1 1
imyy = W P (3R), where ; + ? = land ker yp = Wol’p(Q).

The trace map yp is compact into L7 (9€2) forallg € [1, /\1/\;):5) whenl < p < N

and for all ¢ > 1, when p > N. In the sequel, for the sake of notational simplicity we
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drop the use of the map yp. All restrictions of Sobolev functions on 92 are understood
in the sense of traces.

Introducing some more notation, for every x € R, we set x* = max{=x, 0}. Then
for u € WhP(Q) we define u™(-) = u(-)* and have

u=ut—u", ul=ut+u", ut, u e WHP(Q).

By | - |y we denote the Lebesgue measure on RY and if g : @ x R — R is
a measurable function (for example, a Carathéodory function), then we define the
Nemytskii map corresponding to g

Ng)(-) = g(, u(-)) forallu € WP ().

Let A : WhP(Q) — WP (Q)* be the nonlinear map defined by
(A(u), h) = / (a(Du), Dh)gndz forall u, h € WP (Q). 3)
Q

The next proposition establishes the main properties of this map. It is a special case
of Proposition 3.5 in Gasinski and Papageorgiou [14].

Proposition 1 Assume that hypotheses H(a)(i), (ii), (iii) hold and that A
Whr(Q) — WhP(Q)* is the nonlinear map defined by (3). Then A is bounded (that is,
maps bounded sets to bounded sets), continuous, monotone (hence also maximal mono-

tone) and of type (S) 4 (that is, if u, S uin WLP(Q) and lim sup (A(up), uy —u) <

n— oo

0, then u, — u in W-P(Q)).

Next, consider a Carathéodory function fy : & x R — R and a function By €
COQ x R) N C %I x R) with o € (0, 1] such that

loc

| fo(z, x)| <ap(z)(1 + |x|r71) for almostall z € Qand all x € R

v itp <N
400 if p >N

withag € L®°(Q)y, p <r < p* = { and

1Bo(z, x)| < ce(1+ |x|97 ") forall (z,x) € 9Q x R,

withcg > 0,1 < g < p. We set
X X
Fo(z,x) = / fol(z, s)ds, By(z, x) = / Bo(z, s)ds forall (z,x) € 9Q x R,
0 0
and consider the C!-functional ¢y : W7 () — R defined by

wo(u) = / G(Du)dz —/ Fo(z,u)dz —/ Bo(z, u)do forallu € WhHP(Q).
Q Q aQ
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From Papageorgiou and Radulescu [27,30] (the case of the p-Laplacian) we obtain
the following property.

Proposition 2 Assume that ug € WP (Q) is a local CY(Q)-minimizer of the func-
tional o, that is, there exists pg > 0 such that

9o (uo) < @o(ug + 1) for all h € C'(Q), 11hll¢1 g, < Po-

Then ug € CV*(Q) with € (0, 1) and ug is also a local WP (Q)-minimizer of o,
that is, there exists p; > 0 such that

9o (uo) < @o(ug + h) for all h € WP (Q), [Ih]] < p1.

Next, let us recall some basic definitions and facts from Morse theory (critical
groups) which we will need later.

Given a Banach space X, a function ¢ € C I(X,R) and ¢ € R, we introduce the
following sets:

¢° ={u € X : p(u) < c} (the sublevel set of ¢ at the level c),
Ky, ={u € X : ¢'(u) = ¢} (the critical set of ),
K; ={u € Ky : ¢(u) = c} (the critical set of ¢ at the level ¢).

Let (Y7, Y>) be a topological pair such that Y> C Y1 € X. By Hi (Y1, Y2), k € No,
we denote the kth relative singular homology group for the topological pair (Y7, Y2)

with integer coefficients. The critical groups of ¢ at an isolated point u € K, are
defined by

Cr(p, u) = Hy(p° NU, ¢ NU\{0}) for all k € Np.

Here, U is a neighborhood of u such that K, Ng“NU = {u}. The excision property
of singular homology implies that the above definition of critical groups is independent
of the choice of the neighborhood U of u.

Suppose that ¢ satisfies the C-condition and that inf ¢(K,) > —oo. Let ¢ <
inf ¢ (Ky). The critical groups of ¢ at infinity are defined by

Cr(p, 00) = Hp(X, ¢°) for all k € Ny.

The second deformation theorem (see, for example, Gasinski and Papageorgiou
[13, p. 628]) implies that this definition is independent of the level ¢ < inf ¢ (K,).

Suppose that ¢ € C'(X,R) satisfies the C-condition and that K, is finite. We
define

M(t,u) = rank Cy(p. u)t* forallt € R, u € K,
keNy

P(t,00) = Z rank Cy (¢, oo)t* forall 7 € R.
keNg
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Then the Morse relation says that

> M(t.u)=P(t.00) + (1+ Q) forall € R, 4)
uek,

with Q(r) = Y Bit* being a formal series in € R with nonnegative integer
kENO

coefficients B.

Next, we state a strong comparison principle. Our proof uses ideas from Guedda
and Véron [17], who were the first to prove a strong comparison principle for the
Dirichlet p-Laplacian. Recall that n(-) denotes the outward unit normal on 9€2.

Proposition 3 Assume that hypotheses H(a)(i), (ii), (iii) hold, ui,us € C 1(Q),
g1, 8 € L¥(RQ), u1(z) < ux(z) forall z € Q, and

21(2) < g2(2) for almost all z € Q, g1 # g2,

0 0
—diva(Dui(z)) = g1(z) for almost all 7 € 2, a >0o0 an 0,
on |yq on |yq
. oun ouy
—diva(Dus(z)) = g2(z2) for almost all 7 € Q, — >0o0r — < 0.
n |3 NPT

Then (us — u1)(z) > O forall z € @ and 2“2~V (z0) < 0 forall zo € £o = {z €
02 1 uz(z) = u1(2)}.

Proof By hypothesis we have
—div (a(Duz(z)) —a(Dui(z))) = g2(z) — g1(z) > Ofor almost all z € Q. (5)
Leta = (ak),i\/:1 with a; : RY — R for every k € {l,..., N}. Using the mean
value theorem, we have

N 1 9
a(y) —ar(y) =Y /O aiy’f(y/ 10y — YN i — Y ©)
i=1 !

forally = (y),, v = ()X, e RV andallk € {1,..., N}.
We introduce the following coefficient functions

'3
Ck,i(z)=/0 ai;(Dul(z)+t(Duz(Z)—Dul(z)))- @)

Using these coefficients, we introduce the following linear differential operator
N

L v 9 dv
L(v) = —div <ch’i(z)8_z) ==Y Fon (cu(z)a—z) . ®)
i=1 !

1
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Let v = us — uy. Then v # O (recall that g1 # g2) and from (5) to (8) we have

L(v)(z) = g2(z) — g1(z) > 0 for almost all z € Q. )
By hypothesis, we have % s’ aﬁ . > 0 or < 0. So, for small § > 0 we have
ID((1 = Dui(z) + tua(2))| = n > Oforall z € Qs, (10)

with Qs = {z € Q : d(z,9R) < 4}. It follows from (8) and (10) that the operator L
is strictly elliptic on £2;.

Suppose that u1|g, = uzlg;. Then gi1(z) = g2(z) for almost all z € Q5. We
consider a function ¥ € C1(Q) such that

1?(z) > Oforallz € Q, ¥pe =0, o\, = L. an

We have
/leﬁdzz(A(ul),ﬂ)zjg(a(Dul),Dﬂ)RNdz (see (11))
8
=/Q (a(Duy), DY)gndz (recall that uj|o, = uz|q,)
§
:/ngﬁdz (see (11)),

which is in contradiction with the hypothesis that g; % g (recall that ¥ > 0, see
(11)). So, we have us — u; € C+\{0}.

Then from (9) and the strong maximum principle (see, for example, Gasinski and
Papageorgiou [13, p. 738]), we derive

0(u2 —uy)

n

(up —u1)(z) > O forall z € Qs and < 0. (12)

o

It follows from (12) that the set S = {z € Q : u1(z) = u2(z)} is compact. Hence
Corollary 8.23, p. 215, of Motreanu et al. [23], implies that

0(u2 —uy)

(up —uy)(z) > Oforall z € Q and 5
n

o

This completes the proof. O

<0;,
%o

Remark 2 Consider the following order cone in C!(Q):

n _ — 0
Cy= {yeCl(Q):y(z)iOforallzeQ, —
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where Xo = {z € 92 : y(z) = 0}. This cone has a nonempty interior given by

dy

— <0y¢.
2o

inté+: {yeé+:y(z) > (O forall z € ,
n

Then Proposition 3 says that uy —uj € i ntCA‘+.

We will also use the next proposition, which essentially produces an equivalent
norm for the Sobolev space W7 (). The result is stated in a more general form than
the one we will need, because we believe that in this form it is of independent interest
and can be used in other circumstances.

Proposition 4 Assume that B € L°°(3K2), B(z) > O for almost all z € 922, B # 0,
1 <qg < A]’f:lf’ifp < Nyand 1 < pif N < p, and |u| = ||Dull, +
(f(mﬂ(z)luﬂda)l/q for all u € WHP(SQ). Then we can find 0 < ¢7 < cg such

that c7\u| < ||u|| < cglu| for allu € WhP(Q).

Proof Note that

1
lul < 1Dullp + 11811/ ey 1l o o)
< 11Dullp + 1Bl @10l 2 lull
< ¢9||u|| for some cg > 0. (13)

Next, we show that we find ¢1¢9 > O such that
[lullp, < ciolul forallu € Wl’p(Q). (14)
Suppose that (14) is not true. Then we can find {u,},>1 C Wl*p(Q) such that
[lunllp > nlu,| foralln € N.

Normalizing in L? (2) if necessary, we may assume that ||u,||, = 1 foralln € N.
Then

1
lu,| < — foralln € N,
n

= |uy| — 0asn — oo, (15)
= ||Duyll, — 0asn — oo,
= {un}n>1 C WP (Q) is bounded (recall that [lupllp = 1foralln € N).

Then by passing to a subsequence if necessary, we may assume that
Uy — uin WHP(Q), u, — uin LP(Q) and u, — u in L1(3) (16)
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(here we use the continuity of the trace map). It follows from (15), (16) that

1/q
[[Dul|, + ([ ﬁ(z)|u|‘1d0) < 0 (recall that 8 € L*°(Q)) (17)
a0

=su=£&elR.

If £ # 0, then by virtue of (17) we have

0< ISI"/ B(z)do <0,
Fle}
a contradiction. Hence & = 0 and so from (16) we have
uo — 0in LP(Q),

which is a contradiction to the fact that ||u,||, = 1 for all n € N. So, (14) holds and
this, combined with (13), implies that the assertion of the proposition is true. O

Remark 3 If B = 1, then Proposition 4 asserts that

u > |u|l = ||Dullp + [lullL1 a0

with g € [1, /\1/\;7_—;] if p < N,andg > 1if N < p, is an equivalent norm on the

Sobolev space W17 (Q) (see also Gasinski and Papageorgiou [13], Proposition 2.5.8,
p. 218).

Finally, we present all the conditions on the other data of (P,) (that is, for f(z, x)
and B(z, x)) which we will use to prove our results and then we give the statements
of our main results.

We start with the following hypotheses on the reaction term f(z, x).

H(f): f:Q xR — Risa Carathéordory function such that f(z,0) = 0 for
almost all z € 2 and

) |f(z,x)| < a1+ |x|’_1) for almost all z € Q2 and all x € R, with a €
L>®(Q)4, p <r < p%;
(G) If F(z,x) = f(f f(z, s)ds, then there exist n > p and M > 0 such that

0<nF(z,x) < f(z,x)x for almost all z € Q2 and all |x| > M;
f(z, x)x <cj|x|"—c5|x|? for almost all z € 2, all |x|> M, and some c7, ¢ > 0;

(iii) lim l-j: fjj;l = 0 uniformly for almost all z € .
X—>

Remark 4 Hypothesis H (f)(ii) is the well-known Ambrosetti—-Rabinowitz condition
and it implies that

ci1lx|" < F(z, x) for almost all z € , all |x| > M and some c¢1; > 0. (18)
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From (18) and hypothesis H(f)(ii), we infer that for almost all z € 2, f(z, ) is
(p — 1)-superlinear. It would be interesting to know if one can replace the Ambrosetti—
Rabinowitz condition by more general superlinearity conditions, like the ones used in
Papageorgiou and Rédulescu [29,30]. Below we give simple examples of functions
which satisfy hypotheses H ( f) (for the sake of simplicity, we drop the z-dependence):

f(x) = |x|""2x forall x € R, with p < r < p*,

1 2x if x| <1
f& = {2|x|r2x — |x|P2x if 1 < |x|

withl < p <n,r.

One of our main results is that for all small A > 0, problem (P,) admits extremal
constant sign solutions, that is, there is a smallest positive solution u; € D, and
a biggest negative solution vj € —D,. These solutions are crucial in our proof on
the existence of nodal (that is, sign changing) solutions (Sect. 4). To study the maps
A= uj and A — vjf and to prove the existence of nodal solutions, we will need to
strengthen hypotheses H (f) as follows.

H(f) : f: Q2 xR — Risa Carathéodory function such that f(z,0) = 0 for
almost all z € €, hypotheses H (f)’(i), (ii), (iii) are the same as the corresponding
hypotheses H (f)(i), (ii), (iii), and (iv) for almost all z € Q, f(z,-) is strictly
increasing.

Remark 5 The reason we impose this extra condition on f(z, -) is to be able to use
the strong comparison principle in Proposition 3. The fact that the parameter A > 0
appears in the boundary and not in the reaction term, leads to stronger conditions on

f(zv )

Finally, in Sect. 5, where we deal with the semilinear problem (that is, a(y) = y
forall y € RY), in order to make use of tools from Morse theory (critical groups), we
will need to introduce differentiability conditions on f(z, -). More precisely, the new
hypotheses on f(z, x) are:

H(f) : f:Q xR — Risameasurable function such that for almost all z € 2,
f(z,0)=0, f(z,-) € C'(R) and

@D 1z x| < a1+ |x|’_2) for almost all z € Q and all x € R, witha €
L®(RQ),2 <r < 2%
(i) If F(z,x) = f(f f(z, s)ds, then there exist n > 2 and M > 0 such that

0<nF(z,x) < f(z,x)x and f(z,x)x

< c¥|x|” = ¢4|x|? for almost all z €  and all |x| > M;

(i) f7(z,0) = )}13}) @ = 0 uniformly for almost all 7 € Q;

(iv) For every p > 0, there exists é o > 0 such that for almost all z € €2 the function

X f(z,x)+§px

is nondecreasing on [—p, p].
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Remark 6 Here, hypothesis H(f)”(iv) is much weaker than hypothesis H () (iv).
The linearity of the differential operator leads to a more general strong comparison
principle, which is a trivial consequence of the maximum principle.

It is clear from the above hypotheses that in this paper we deal with subcritical
reaction terms.

For the boundary function 8(z, x), we start with the following conditions.

HB):BeCOLxR)N Cloo’g(E)Q x R) for some « € (0, 1], B(z,0) = 0 for all
z € 902 and

(1) c12]x]? < B(z, x)x for all (z, x) € R x R and some ¢jp > 0, withg <7 < p
(see H(a)(iv));
(i) lim £%2 — 0 uniformly forall z € 9
x— oo 1XIP7x
RN B(z,x)
(iii) 111;1_5(1)1p s

< ¢13 uniformly for all z € 9€2, with ¢13 > 0;

@iv) If B(z,x) = f(f B(z, s)ds then c14]|x|9 < tB(z,x) — B(z,x)x forall (z,x) €
02 x R and some cg > 0 (see H(a)(iv)).

Remark 7 The above hypotheses imply that
1B(z,x)] < clslxlq*] for all (z, x) € 92 x R and some c15 > 0. (19)

So, the boundary term B(z, -) is strictly (p— 1)-superlinear. The typical example of a
function satisfying hypotheses H (8) above is the following (for the sake of simplicity
we again drop the z-dependence):

B(x) = x| 2x forallx € R, withl < g <7 < p.
Other possibilities are the functions

B(x) =|x|92x + |x|“ 2xforallx € R, withl <g <pu <71 <p
[ 1x]e2x iflx| <1 .
Bx) = {2|x|“2x R withl <g <pu<t<p,

T(2q — 1)
g <mn<2q p<—.

Later, to deal with the semilinear problem we will need a stronger version of these
conditions.

HB)Y :Be€ CONxR)N CZOO’Z"(BQ x R) with ¢ € (0, 1), for all z € 99,
B(z,0) =0, B(z,) € C'(R\{0}) and

(1) csolx|? < B(z,x)x forall (z,x) € 02 x R, some c50 > 0 and with g € (1, 2);

(ii) lilil EL2 = 0 uniformly for all z € 92;
X—> =00
(iii) lim sup lff;;’;l < ¢s1 uniformly for all z € 82, with ¢51 > 0;
x—0

@iv) If B(z,x) = f(f B(z,s)ds, then c5p|x|? < 2B(z,x) — B(z, x)x forall (z,x) €
02 x R and some c5p > 0.
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Now we state our main results.
Proposition A If hypotheses H(a), H(f), H(B) hold, then

(a) Forevery A € (0, A1) problem (Py) admits two positive solutions
ug, i € Dy;

(b) For every A € (0, A_) problem (Py) admits two negative solutions
V0,0 € —Dy;

(c) Forevery A € (0, 2o = min{A4, A_}) problem (P;) admits four nontrivial con-
stant sign solutions

uo,u € Dy and vg, v € —D4..

Proposition B If hypotheses H (a), H(f), H(B) hold, then

(a) Forevery A € (0, A4) problem (Py) has a smallest positive solution
ui € Dy;

(b) For every A € (0, A_) problem (Py) has a biggest negative solution
vy € —Dj.

Theorem C If hypotheses H(a), H(f), H(B) hold, then there exists .y > O such
that for every A € (0, Lg) problem (P,) has at least five nontrivial smooth solutions

uo, it € Dy, v, 0 € —D4, yo € C'(Q) nodal.
Moreover, for every A € (0, Ao), problem (P)) has extremal constant sign solutions
u; € Dy and vf € =D,

such that yo € [v}, u;]1N CY(Q) and the map » — uj is

e strictly increasing (that is, p < A = uj —uj, € int Cy),
e left continuous from (0, L) into C L),

while the map A — vy is

e strictly decreasing (that is, j» < A = v}, — v} € int Cy),
e right continuous.
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Finally, for the semilinear problem
Si,

—Au(z) = f(z,u(z)) in 2,
g—z = AB(z,u) on IR

we prove the following multiplicity result.

Theorem D If hypotheses H(f)", H(B)' hold, then we can find Ly > 0 such that for
every A € (0, Ag) problem (S)) has at least six nontrivial smooth solutions

uo,u € Dy, vy, 0 € —Dy
yo € C1(Q) nodal and § € C'(Q).

Concluding this section, we point out that we use the word “solution” instead
of “weak solution”, since our solution has a pointwise a.e. interpretation (like the
Carathéodory or strong solutions from the theory of ordinary differential equations).
This pointwise interpretation of the solutions is convenient for the use of strong com-
parison principles (Proposition 3).

3 Constant Sign Solutions

In this section, we show that for small A > 0, problem (P,) admits at least four
nontrivial constant sign smooth solutions (two positive and two negative). We also
establish the existence of extremal constant sign solutions u}, v; and determine the
monotonicity and continuity properties of the maps A +— u} and A — vj.

The energy (Euler) functional of problem (Py) is ¢ : whr(Q) — R (A > 0) and
it is defined by

o (u) = / G(Du)dz — / F(z,u)dz — A/ B(z, u)do forallu € WP (Q).
Q Q R

Evidently, ¢;, € CL(W!P(Q)).
Let ¢; € (0, ¢3) and consider the following truncation-perturbation of the reaction
term f(z,-):

Frem =10 ifx<0

O = F@x) + a0 < x

and (20)
2 . f(z,x)+&x|P2x ifx <0

f‘(z’x)_{o if0 < x.

Both are Carathéodory functions. We set Fy (z,x) = f(;c fi (z, s)ds. In addition,
we introduce the positive and negative truncations of the boundary term S(z, -):
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0 ifx <0
Bz x) = {ﬁ(z,x) if0 < x
and (21

| BGEx)ifx <0
B—(z,x) = {0 0 < x forall (z, x) € 92 x R.

Clearly, B+ € C(02 x R). We set Bi(z,x) = f(f Bi(z,s)ds for all (z,x) €
9 x R. We consider the C!-functionals (Z)Ai : Wl’P(Q) — R XA > 0, defined by

n c “
gof(u>=/ G(Du)dz+—2||u||§—/ Fazuydz -2
Q )4 Q

X / By (z,u)do forallu € WhP ().
Q2

Proposition 5 [fhypotheses H (a), H(f), H(B) hold and A > 0, then the functionals
(ﬁf satisfy the C-function.

Proof We give the proof for the functional g{AJ)T the proof for ¢, is similar.
So, we consider a sequence {u,} C WP (Q) such that

Iézr(unﬂ < M, for some M; and all n € N, (22)
(1 + [|unl D@5 (un) — 0in WHP(Q)* as n — oo. (23)

From (23) we have

‘(A(un),h) +/ &alun|P 2 uphdz —f f+(z,un)hd2—?»/ B+ (2, un)hdo
Q Q a0

énl|hll

< ——forallh € Wl’p(SZ) with €, — 0. (24)
L+ [lunll

In (24) we choose h = —u,; € whr(Q). Using (20) and (21), we obtain

/ (a(Duy), —Du,, )gndz + Ezllu;llg <e¢yforalln € N,
Q

Cl
p—1
= u, — 0in WhP(Q). (25)

= || Du;, || + éalluy |15 < €, foralln € N (see Lemma 2),

Using (19), (21), (20), (25) and hypothesis H (f)(i), we have

/ pG(Du,T)dz - f pF(z, u;ﬁ')dz - )\.f pB(z, u,“f)da (26)
Q Q aQ

< M, for some M, > 0, alln € N.
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In (24) we choose h = u;| € WP (). Then

- / (a(Du;h), Du pndz + / fouDutfdz + )»f Bz, uNHufdo < e,
Q Q a0
for alln € N. 27

Adding (26) and (27), we obtain

/ [pG(Du)) — (a(Du;), Du;)RN]dH/ [f @ uDut — pF(z,ul)]dz
Q Q

< Mz + Af [pB(z, u,‘f) — B(z, u;f)u,ﬂ do forsome M3 > Oandalln € N

Q2
= f [f G uuyf — pF(zu)]dz < ci6(1 4 ||u;7[]9) for some cy6
Q
> (0 and all n € N (see hypothesis H(a)(iv) and (19))
=>/ [z uHut —nF(z, u*)]dz+(n—p)/ F(z,u)dz
< ci6(1 + [ [|9) forall n € N,

= - p)/ F(z, u*)dz <ci7(l + ||u [|7) for some c;7 > Oand alln € N
(see hypotheses H (f)(i), (ii)). (28)

From (18) and hypothesis H (f)(i), we see that
ci1lx|T —c1g < F(z, x) for almost all z € 2, all x € R, and some cjg > 0. (29)

Using (29) in (28) and recalling that n > p, we obtain

Al

[u < c19(1 + ||, []9) for some cj9 > O and all n € N,

= 117 < el (L + [ |9)P/7
< cp(1 + [[u;F 174/ for czo—cf’/” and all n eN (note that £ e (0, 1)).
n

(30)

It follows from (22) and (25) that for all n € N

/ nG(Du,J{)dz—/ nF(Z,u,J{)dz—)»/ nB(z,u)do < My, for some My > 0.
Q Q a0
(31
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Adding (27) and (31), we have

/ [nG(Du;)) — (a(Du;}), Du;)gn | dz + / [fG@ wHut —nF(z,ul)]dz
Q Q

< Ms+ )»/ [nB(z, u}) — B(z, u; u; | do for some Ms > O and all n € N.
e

(32)

Note that

/Q [nG(Duf) — (a(Du)}), Du)pn]dz

= (n—p)/ G(Du:[)dz—i—/ [pG(Du;f) — (a(Du)), Duf )gn]dz
Q Q

- (n — p)ci

> 500 ||Du;f ||y — €|, (see Corollary 3 and hypothesis H (a)(iv)).
p(p—

(33)

Also, hypotheses H (f)(i), (ii) imply that

—cp < / [f(z uut —nF(z,u})]dz for some c2; > Oandalln € N.  (34)
Q

Moreover, from (19) we have

f [nB(z, u,‘f) — B(z, u:)u:]da < cz2||u;l"||q for some ¢y> > O and alln € N.
Q2

(35)
Returning to (32) and using (33), (34), (35), we obtain
[|Du |15 < c23(1 + ||u,}[]9) for some cp3 > 0 and all n € N. (36)
It follows from (30) and (36) that
[[1Du;f (15 + w112 < co4(1 4 ||u;f[|7) for some co4 > Oandalln € N, (37)
We can always assume that n < p* (see hypotheses H(f)(i), (ii)). We know that
u = [|Dullp + [lully

is an equivalent norm on the Sobolev space W7 (Q) (see Gasinski and Papageorgiou
[13, p. 227]). Therefore from (37) we can infer that
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[, 117 < cas(1 + ||u,} ||9) for some cz9 > O and all n € N,
= {uf}s1 C WP () is bounded (recall that ¢ < p).

This together with (25) imply that {u,},>1 € WP (Q) is bounded and so we may
assume that

up — uin WHP() and u, — uin L"(2) and in L7(dR) (recall that r < p*).
(38)

In (24) we choose h = u, —u € WP (Q), pass to the limit as n — o0, and use
(38). Then

lim (A(u,), u, —u) =0,
n— o0

= u, — uin W]’P(Q) (see (38) and Proposition 4),
= @, satisifes the C-condition.

Similarly for the functional ¢, . O
In a similar fashion, we prove the next property.

Proposition 6 If hypotheses H(a), H(f), H(B) hold and ) > 0, then the functional
@, satisfies the C-condition.

Next, we provide the mountain pass geometry for the functional @f

Proposition 7 If hypotheses H(a), H(f), H(B) hold, then there exists A+ > 0 such
that for every A € (0, A1) we can find p)jf for which we have

inf (@3 ) : [ull = p5) = 5 > 0= G (0).
Proof We again present the proof only for @r, since the proof for ¢, is similar.
Hypotheses H(f) imply that given € > 0, we can find § > 0 and cy¢ > O such

that

|F(z,x)| < %|x|p for almost all z € Q and all |x| < § (39)

C*
F(z,x) < ca6lx|” — —2|x|? foralmost all z € Qand all |x| > 8.  (40)
p

Similarly, hypotheses H (8)(i), (ii), (iii), imply that given ¢ > 0, we can find
c27 > 0 such that

B(z,x) < €|x|? + cp7|x|? for all (z, x) € 92 x R. 41
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Then for all u € W-P(Q), we have

R 2
Gt = ||Du||§+;||u||5—/ F(zut)dz
Q

cl

p(p—1)

— x/ B(z,u")do — c—2||u+||§ (see Corollary 3 and (20)). (42)
Q p

We have

/ F(z,u")dz =/ F(z, u*)dz—i—/ F(z,ut)dz
Q {ut>6} {ut <8}

*

c €
< co6llull” — —2/ W)Pdz + —||ull}, (see (39) and (40)).
P J{ut>s) V4
Also, we have
A/ B(z, ut)do < recag|lul|? + rcaol|u||9 for some cag, ca9 > 0 (see (41)).
Q2

Using these two estimates and choosing small € > 0, we obtain

cs ¢

N 2 2

@) = c3ollull? — cosllull” — Aeolul|? + —/ wHPdz — =[5
{ut>6} P

Note that

f @hPdz — |lu™||has§ — 0F.
{ut>8}

So, given ¢ > 0, we can find §yp > O such that
ck c
2 @hHPdz > 21 —9)|[ut||} forall 0 < § < &.
P Jut=s} p

Then we have

- 1 -
@i w) = e3ollull” — cagllull” — reaollull? + ;[03(1 — ) — &lllutlp.
Since ¢ > ¢ we choose small ¥ > 0 such that ¢} (1 — ©) > ¢>. Then
@3 (u) = [e30 — (casull™P + Aeaollul|77P)] ul|P. (43)

Consider the function

S (1) = cogt" ™9 4+ Aepot?7P forall t > 0.

Since ¢ < p < r, we see that 3, (t) - +ooast — 0t and t — 400. So, we can
find 7y > 0 such that
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S (tp) = inf 35,
Ry
= 3;.() =0,

L= |:(P —61))»029]* .
(r —q)coe

=< ‘

Then 3;.(fo) — 0 as A — 0T and so we can find small A, > 0 such that I, (19) <
c3o for all A € (0, A4). From (43) we see that

¢F ) > mf > 0= ¢ (0) forall u e WhP(Q) with |[u]| = p;} = to(R).

Similarly, we show that there exists A_ > 0 such that for every A € (0, A_) we can
find p,” > O for which we have

@, (u) >m; >0=¢, (0)forallu e whP(Q) with ||u|| = P, =1to(A).

It is immediate from hypothesis H (f)(ii) (see also (18)) that:

Proposition 8 If hypotheses H(a), H(f), H(B) hold, u € D, and . > 0, then
(,?J;'(tu) — —ooast — +oo.

Now, we are ready to produce constant sign solutions.

Proposition 9 If hypotheses H(a), H(f), H(B) hold, then

(a) Forevery ) € (0, Ay+) problem (Py) admits two positive solutions
ug, i € Dy;

(b) For every A € (0, A_) problem (Py) admits two negative solutions
V0,0 € —Dy;

(c) For every A € (0, Ao = min{A4, A_}) problem (P,) admits four nontrivial con-
stant sign solutions

ug, 4 € Dy and v, 0 € —Dy.

Proof (a) Let A € (0, A+) and let ,of be as postulated by Proposition 7. We consider
the set

B ={ue W@ : |lull < o).

This set is weakly compact in W17 (2). Moreover, using the Sobolev embedding
theorem and the compactness of the trace map, we see that @;‘ is sequentially weakly
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lower semicontinuous. So, by the Weierstrass theorem, we can find ug € WH7(Q)
such that

¢ (ug) = inf{@; (u) 1 u € Bp;r (o)} (44)

Hypotheses H (a)(iv), H(f)(iii) imply that we can find § € (0, 1) such that

G(y) < cai|y|* forall |y| < & with c31 > 0, (45)
|F(z,x)| < |x|? for almost all z €  and all |x| < §. (46)

Then for u € C\{0} with ||u||C1(§) < &, we have

A
o () < c387 — 871Qy — Z2289|Q| y for some c3p > 0 (47)
q
(see (45), (46) and hypothesis H (B)(i)).
Since ¢ < T < p, by taking § € (0, 1) even smaller if necessary, we infer from

(47) that
¢ (u) < 0and [[u]| < p;. (48)

It follows from (44) and (48) that

97 (o) < 0= ¢;(0), (49)
= uo # 0 and [[ug|| < p;" (see Proposition 10). (50)

From (44) and (50) we have
(@) (up) =0
= (A(up), h) + / c§|u0|p_2uohdz = / f+(Z, uog)hdz + k/ B(z, uar)hda
Q Q Q2

forallh € WhP(Q). (51)

In (51) we choose h = —u,, € WP (). Then, using Lemma 1 and (20), (21), we
obtain

cl —\P P
FHDMOHpﬂLC;HM I, <0,
= up > 0,ug #0.

Hence, Eq. (51) becomes

(Aug), h) =/ f(z, uo)hdz +kf B(z, ug)hdo for all h € WhP(Q),
Q Q2

d
= —diva(Dup(z)) = f(z,up(z)) for almost all z € €2, 3 - AB(z, ug) on 92
n

a

(see Papageorgiou and Raadulescu[28]). (52)
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From Hu and Papageorgiou [19] and Papageorgiou and Radulescu [30], we have
ug € L*(Q).

Then invoking the nonlinear regularity theory of Lieberman [21, p. 320], we can
infer that

uo € C\{0}.
Hypotheses H(f)(i), (iii) imply that given p > 0, we can find é'p > 0 such that
f(z, x)x +&,|x|P = 0 for almost all z € Q and all |x| < p.
If p = ||uol|so, we have from (52)
diva(Dug(z)) < é‘,ouo(z)”_1 for almost all z € Q. (53)
Let (1) = ap(t)t, t > 0. Then
W ()t = ab()t* + ap(0)t.

Performing integration by parts, we obtain

t t
/ W (s)sds = ()t — / J(s)ds
0 0

= ap()1* — Go(t)
> c4t? (see hypothesis H (a)(iv)).

We set H(t) = ag(t)t? — Go(t), Hy(t) = cat? forallt > 0. Let s € (0, 1) and
s > 0. We introduce the sets

Ci={te©,1):H@)>s}and Co = {t € (0, 1) : Hy(t) > s}.
Then C> C Cj and so inf C < inf C,. Hence

H _1(s) < H, ! (s) (see Gasinski and Papageorgiou [16, Proposition 1.55])

8 1 8 1 £, [°ds
= —AdS > —AdSI— — =4
0 Hfl(%sp) 0 H(;‘(%sp) pJo s

Because of (53), we can apply the nonlinear strong maximum principle of Pucci
and Serrin [33, p. 111], from which we obtain

0 < u(z) forall z € Q.
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Then the boundary point theorem of Pucci and Serrin [33, p. 120] implies that

up € D+.

Next, note that Propositions 5, 7 and 8 permit the use of Theorem 1 (the mountain
pass theorem) on the functional (;A);— (A € (0, 14)). So, we can find iz € WP (Q) such
that i € Ko and i < §if ). (54)
It follows from (54) that

i ¢ {0, ug} (see Proposition 10 and (49)).

As before, we can easily check that

K+ \[0) € Dy = i € Dy (see (54)).

(b) Similarly, working this time with the functional (;AJA_ (2 € (0, A_)), we produce two
negative solutions

Vo, v E —D+.
(c) This part follows from (a) and (b) above. O

In fact, we can show the existence of extremal constant sign solutions, that is, we
will show the following:

e Forevery A € (0, A1), problem (P;) has a smallest positive solution u} € D;
e Forevery A € (0, A_), problem (Pj) has a biggest negative solution v} € —D,.

To this end, note that hypotheses H () imply that
f(z,x)x > —c33|x|? for almost all z € Q and all x € R, with ¢33 > 0. (55)

This unilateral growth estimate on the reaction term f (z, -) and hypothesis H (8) (i),
lead to the following auxiliary nonlinear boundary value problem:

(Auz) 3% = Acialul?2u on 92

{ —diva(Du(z)) + c33|u(2)|?2u(z) = 0 in 2, }

Proposition 10 If hypotheses H (a) hold and ). > 0 then problem (Au,) has a unique
positive solution u) € D4 and a unique negative solution v) € —D.

Proof First, we establish the existence of a positive solution.
So we consider the C!-functional ¥;" : W!7(Q) — R defined by

1 AC
wﬁu):/ G(Du)dz+—||u||f,+<c33—1>||u+||£—lf wh)ido
Q )4 q I

forallu € WhP(Q).
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Evidently, we can always assume that ¢33 > 1 (see (55)). Then we have

‘1 1P +1P
Vi) = ————I1Du™ ||} + caallu™]
- p(p—1) r r
DU+ L1 = ress]ul?
p(p—1) Pop r

for some c34, ¢35 > 0 (see Corollary 3),
> c36l|ul|? — Aczs||ul|? for some c36 > 0,

= 1/fk+ is coercive (recall that g < p).

Moreover, the Sobolev embedding theorem and the compactness of the trace map,
imply that 1//;r is sequentially weakly lower semicontinuous. So, we can find i, €
WP (Q) such that

Vil ) = infly; ) s u e WHP(Q)]. (56)

As in the proof of Proposition 9, exploiting the fact that ¢ < T < p, we show that

Vi) < 0=, (0),
= u) #0.

From (56) we have

W) @) =0,
= (AG), h) + / liis|P~2iihdz + (c33 — 1) / @)~ hdz
@ Q

=x/ e hdo (57)
Q2

forall h € WhP(Q).
In (57) we choose h = —ii; € W!P(Q). Then
1Dt |1 + 115 11} = 0 (see Lemma 2.
p:>zzk >0, i1y, # 0.
Then Eq. (57) becomes

(A(iiz), h) +/ il hdz — ,\/ crit? ' hdo = 0 forall h € WP (Q),
Q a2

= —diva(Diiy(2)) + c33iix(2)? "' = 0 for almost all z € Q,
diy,

= xcpit! ™ on 99,
an, 12U
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As before, the nonlinear regularity theory (see Lieberman [21]) and the nonlinear
maximum principle (see [33]), imply that

I/_t)L € D+.

Next, we show the uniqueness of this positive solution. To this end, we introduce
the integral functional j : L'() — R = R U {400} defined by

ju) = {fg G(Du'/%)dz — %fag wl'tdo ifu > 0,u'T € WHP(Q)

58
+ 00 otherwise. (58)

Letdomj = {u € LY(Q) : j(u) < 400} (the effective domain of j) and let
uy, ur € dom j. We set

u=((1—=tu; +tuz)"/* forr € [0, 11.

From Lemma 1 of Diaz and Saa [9], we have

1/t
|Du(z)| < [(1 —O|Du; )V + z|Du2(z)1/T|f] for almost all z € .

Then

1/t
Go(IDu(2))) = Go ([(1 = 01D VI + 11Dux @) 77 )

(recall that Go(-) is increasing)
< (1= 1Go(|1Dui(2)"/*))
+1Go(|Dua(z)'/7|) (see hypothesis H(a)(iv))
= G(Du(z)) < (1 — )G(Du1(2)"/*) + tG(Duz(z)"/7) for almost all z € .

Also, recall that ¢ < 7 and so x — —x4/7 is convex on [0, +00). Therefore
it follows that j(-) is convex. Moreover, Fatou’s lemma implies that j(-) is lower
semicontinuous.

Now suppose that w; € W!?(Q) is another positive solution of problem (Au;).
As above, we can show that

IZ))L (S D+.
Then for all & € C'(Q) and for small enough |7| < 1, we have
i +th, wi +th € dom j (see (58)).
We can easily see that j(-) is Gateaux differentiable at ], w} in the direction .

Moreover, via the chain rule and the nonlinear Green’s identity (see Gasinski and
Papageorgiou [13, p. 210]), we have
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| [ —diva(Di

jam =+ [ —dvaDis) g,
TJQ u,

1/‘ —diva(Dw,)

J@I)(h) = — hdz forallh € C1(Q).
T

- 7—1
A

The convexity of j(-) implies that j/(-) is monotone. Hence

-7—1 - 7—1

0< /‘ —diva(Duy) B —diva(Dw,)
Q 7 w;

:| (] — wj)dz
= LC33[wf_T —al @ — wldz. (59)

Since x + xP 77 is strictly increasing on [0, +00) it follows from (59) that
i) = w.

This proves the uniqueness of the positive solution u#; € D4 of problem (Au;).
The fact that problem (Au;) is odd, implies that vy = —u) € —D is the unique
negative solution. O

In what follows, for every 1 > 0, let S; (1) (respectively, S_())) be the set of
positive (respectively, negative) solutions of problem (P;). From Proposition 9 and
its proof, we know that:

e If A € (0,A1),then Sy (A) # ¥ and Sy (A) € Dy.
e If A e (0,1_),then S_(A) #@and S_ (1) C —Dx.

We will use the unique constant sign solutions it; € D, (respectively, vy € —D_)
of the auxiliary problem (Au;) produced in Proposition 10, to provide a lower bound
(respectively, upper bound) for the elements of S; (A) (respectively, S—(1)).

Proposition 11 If hypotheses H(a), H(f), H(B) hold, then

(a) Forall A € (0, 1y) and allu € S (A), we have u) < u;
(b) Forall x € (0, A_) and all v € S_(L), we have v < v,.

Proof (a) Let A € (0, A4+) and u € S;(A). We introduce the following Carathéodory
functions

0 ifx <0

ki(z,x) =1 (=ex3+ DxP~1 if0 <x <u(z) (60)
(—c33 + Du@)Pifu(z) < x
0 ifx <0

3+(z,x) = cpxd™! if0<x <u(z) forall (z,x) € 9Q xR. (61)
cpu)? Vifu(z) < x

@ Springer



Appl Math Optim (2019) 80:251-298 279

We set K (z, x) = IS ki(z,s)ds and B, (z, x) = Iy B+ (z, s)ds and consider the
C'-functional ;" : W1P(Q) — R defined by

. 1
) = f G(Duydz + Lijull?
Q p
- / Ki(z,uydz — A/ By (z, u)do forallu € WhP(Q).
Q 0Q

From Corollary 1 and (60), (61), we see that @f is coercive. Also, from the Sobolev

embedding theorem and the compactness of the trace map, it follows that 1/7;r is
sequentially weakly lower semicontinuous. So, we can find i, € W7 () such that

Uih () = inf (s () u e WHP(Q)). (62)

In fact, since ¢ < T < p, as in the proof of Proposition 9 (see (47) with 6 < minu
Q
and recall that u € D), we have

Ui i) < 0= 9,7 (0) = i, #0.
From (62) we have
W) (i) =0,
= (A1), h) +/ |ii3,|P 20, hdz = / ki(z,ii)hdz + 21 | PBi(z, iy)hdo
Q Q

02
forallh € WhP(Q). (63)

In (63) we first choose h = —it, € WP (). Then

C1
p—1
=u; >0,u; #0.

||D17t;||§ + ||ﬁ;||£ < 0 (see Corollary 3 and (60), (61)),

Next, in (63) we choose & = (i1, — u)t € WP (). Then
(AGis). @ — w)*) + / il i, — uytdz
Q

= / (—c33 + Du? Yy, —u)tdz + )»/ cioud™ (i, — uw)ytdo (see (60), (61))
Q aQ

= / fz w)@;, —w)dz +/ uP~ @, —wytdz + )»/ Bz, u)(@iy —u)tdo
Q Q Q
(see (55) and hypothesis H(8)(i))
=(Aw), () —u)™) —i—f uP =Y, — u)tdz (since u € Sy (1)),
Q
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= (A@) — A@w), (1 —u)™) + / @~ —uP ™G —wytdz <0,
= u; <u. ¢
So, we have proved that

u), €[0,ul ={ye whr(Q):0< v(z) < u(z) for almost all z € 2}.

Therefore Eq. (63) becomes

(Aiy), h) + fQ C33ﬁf_]hdz =1 /39 C12L~tz_]/’ld0' forall h € WhP(Q),

= —diva(Diiy(2)) + ¢33t (z)?~" = 0 for almost all z € Q,
I

rralke Aclzﬂgfl on 02, i1y >0, i), #0 (see Papageorgiou and Raadulescu[28]),
Ng

= u; = u, (see Proposition 13).
Since u € Sy (1) is arbitrary, we conclude that
u) <uforallu € Sy(1).

(b) In a similar fashion, we show that if > € (0, A_), then v < vy, forall v € S_(A).
O

Using this proposition, we can produce the desired extremal constant sign solutions
for problem (P;,).
As in Filippakis and Papageorgiou [10] (see Lemmata 4.1 and 4.2), we have:

e S, (A)isdownward directed, thatis, ifu, uy € S4 (1), thenwecanfindu € S;(A)
suchthatu < uy,u < us.

e S_(A) is upward directed, that is, if vi, v € S_(4), then we can find v € S_(A)
such that v < v, vy <.

Proposition 12 If hypotheses H(a), H(f), H(B) hold, then

(a) Forevery A € (0, Ay) problem (P)) has a smallest positive solution
ui € Dy;

(b) For every A € (0, L_) problem (Py) has a biggest negative solution
v} € =Dy

Proof (a) Using Lemma 3.9, p. 178 of Hu and Papageorgiou [18], we can find a
decreasing sequence {u,},>1 € S+ (A) such that

inf S (1) = inf u,.
n>1
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We have forall h € WhP(Q) and alln € N

(Alun), h) = f o un)hdz + A / B(z. un)hdo. (64)
Q 02

Since 0 < u, < up for all n € N, using (64), Corollary 1, hypothesis H(f)(i) and
(19), we can infer that {u,},>1 C WP () is bounded.
So, we may assume that

iy = ulin WHP(Q) and u, — u¥ in L’ () and in L7 (3K). (65)

In (64) we choose h = u, — uj € whr(Q), pass to the limit as n — oo and use
(65). Then we obtain

nlingo <A(Mn)v Up — MI) =0,
= u, — u} in WHP(Q) (see Proposition 4). (66)

So, passing to the limit as n — oo in (64) and using (66), we have

(A3), h) =/ fz,u)hdz + )»/ B(z, uf)hdo forall h € WP (Q),
Q a0

= u} is a nonnegative solution of ().
From Proposition 11 we know that

i) <uyforalln e N,
= i, < uj (see(66)),
= uj € Sy (A) and u = inf S{(R).

(b) Reasoning in a similar fashion, we show that for all € (0, A_) problem (P, ) has
a biggest negative solution v} € S_(). O

In Sect. 4, using these extremal constant sign solutions, we will produce a nodal

(sign changing) solution for problem (P, ). For the moment, in the remaining part of
this section we examine the maps

A > uf from (0, A1) into C1(R), (67)
A > v} from (0, A_) into C'(RQ). (68)

The next proposition will be used to prove the monotonicity properties of the maps
in (67), (68).

Proposition 13 If hypotheses H(a), H(f)', H(B) hold, then
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(a) Given d, u € (0, Ay) with u < X and u; € Sy (1), we can find u,, € Sy (i) such

that

u) —uy €intCy;

(b) Given X, € (0, A_) with u < A and vy, € S_(X), we can find u, € S_(u) such

that
v, — vy € int é+.
Proof (a) We introduce the following Carathéodory functions

f@xH+aHr T ifx <ui(z)

o+ = {f(z, () + u ()P ifup(2) < x,

dt(z,x) = {“ﬁ(“) X = 0. o all (2, x) € 92 x R.

uB(z, us(z)) if u; (z) < x

We set

X

X
E+(z,x)=/ e (z,8)ds ande{(z,x):/ df (z, $)ds
0 0

and consider the C!-functional 9 (z, x) : WP (Q) — R defined by
"

1
viw = [ Gowdz+ - [ Evconds~ [ DiGnds
Q P Q 0

forallu € WhP(Q).

(69)

(70)

From Corollary 1 and (69), (70), it is clear that the function 19,1“ is coercive. Also,

it is sequentially weakly lower semicontinuous. So, we can find u,, € WP(Q) such

that
9 (uy) = inf (D, ) :u e WHP(Q)).

Since g < T < p, we have

19: (uy) <0= 19: (0) (see the proof of Proposition 12),
= u, #0.

From (71) we have

;) () =0,

(71)

:><A(uu),h)+/ qulpfzuuhdz=/ e+(z,uu)hdz+/ df (z,uy)hdo
Q Q a0

forall h € Wh?(Q).
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In (72) we first choose h = —u, € WP (). From Lemma 1 and (69), (70) we
have

C1 - _
FIIDuullﬁ + [luy Iy <0,

= uy >0,u, #0.

Next, in (72) we choose & = (u,, — u;)™ € WHP(Q). Then

(A, (uy — )t + /Q uh ™y — )tz
= /Q f @)y —up)tdz + /Q uP ™y —up)tdz
+M/m Bz, un)(uy — u)*do (see(69), (70))
< fo(z, ) (uy — up)tdz + /Q uP My —up)tdz
+1 /m Bz, u) (s, — uy)Tdo(since 1 < A, see hypothesis H(B)(i))
= (A, (uy — )™ +/Quf*‘(uﬂ — u)tdz (since u; € S4 (1)),

= (AGup) — Awy), (uy —up) )+ f h' — ul N, —up)tdz <0,
Q

= Uy = Up.

So, we have proved that
uy € [0, uy]. (73)

Invoking (69), (70), (73), Eq. (72) becomes

(Aww), h) = / f(zyuy)hdz + ,u/ B(z, uy)hdo forall h € WP (),
Q a0

0
— —diva(Du,(2)) = f(z, u,(2)) for almost all z € 2, —~
ng
= up(z, u,) on 32 (see Papageorgiou and Raadulescu[28]),
= uy € Sp(w). (74)

Evidently, u;, # u; (recall that u < A and use hypothesis H(8)(i)). Then hypoth-
esis H(f)'(iv) implies that

—diva(Duy(z)) = f(z, uu(z)) = gu(2)
< g:(2) = f(z,u;(2)) = —diva(Du;,(z)) for almost all z € 2,
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with g, g, € L*(R) and g,, # g,.. Also, we have

a
>0,

90 on

duy

5 > 0 (see hypothesis H(B)(i)).
n

Q2

Therefore, we can use Proposition 3 and infer that
w, —uy € int Cy (thatis, uy, € inter gy [0, 1z ).
(b) For this part, we consider the following Carathéodory functions
[ @0 (@) + [ @)P 20 (2) if x < v, (2)

fz, —x7) + x|P72(=x7)  ifvi(z) < x,

- _ Bz vn(2) ifx < (2)
A (@) = {Mﬂ(z, —x7) if () = x

e—(z,x) = { (75)

for all (z,x) € 02 x R. (76)

We set E_(z, x) = [ e—(z,s)ds and D, (z,x) = Io d; (z, s)ds and consider the
C!-functional 19,: : WLP(Q) — R defined by
_ 1 p
O, (w) = [ GDwdz+ —|lullp — | E-(z,u)dz
Q p Q

_/ D,:(Z, u)do forall u WI»I’(Q).
0

Reasoning as in part (a), we produce some v, € S_(u) such that
vy — vy € int Cy (thatis, vy, € intea g (v, 0]).

O

Now we can establish the monotonicity and continuity properties of the two maps
defined in (67) and (68).

Proposition 14 If hypotheses H(a), H(f)', H(B) hold, then

(a) The map ) — uj from (0, ) into C LQ) is strictly increasing in the sense that
n<XA=uj— uz € int é’+ and is left continuous;

(b) The map i +— vy from (0, A_) into C Y(Q) is strictly decreasing in the sense that
K <Xi= v, — vy €int é+ and is right continuous.

Proof (a)Let u, A € (0, A4) with u < A. From Proposition 12, we know that problem

(Py) has a smallest positive solution #} € Sy (1). Invoking Proposition 13, we can
find u,, € S (u) such that
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ui —u, €intCy,
= uj —u,, €int C (see Proposition 15)

= A > uj is strictly increasing, as claimed by the proposition.
Next, let {A,, A},>1 € (0, A+) and assume that A, — A~. We have
O<)~L§kn§i<k+forallneN.
Then from Proposition 12 and the first part of the proof, we have
Ofuifujn 514}‘ foralln € N. (77)

Hence the nonlinear regularity theory of Lieberman [21] implies that there exist
a € (0, 1) and ¢37 > 0 such that

uf, € C1(Q) and [|u}, |lc1egg) < c37 foralln € N. (78)

Exploiting the compact embedding of C%(Q) into C'(Q2) and by passing to a
subsequence if necessary, we can say that

i — ii; in C'(Q). (79)
Evidently, we have
ur < uy and ity € S+(A) (see(77), (79)).

Suppose that i, # u}. Then we can find zg € €2 such that

u3(z0) < i (20),
= u5(20) < uy, (z0) foralln > ng (see(79)).

This contradicts the first part (that is, the “monotonicity” part) of the proof. So,
it;, = u} and now by Urysohn’s criterion we conclude that for the initial sequence we
have

uy — ujin cl(Q),

=> A ui‘ is left continuous from (0, A4) into C 1 Q).

(b) In a similar fashion we show that the map A — v} from (0, 2_) into cl(Q)is
strictly decreasing (in the sense described in the proposition) and right continuous.
O
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4 Nodal Solutions
In this section we turn our attention to the existence of nodal solutions. To do this, we

will use a combination of variational methods and Morse theory. So, we start with the
computation of the critical groups at the origin of the energy (Euler) functional ¢, .

Proposition 15 If hypotheses H(a), H(f)', H(B) hold, }. > 0, and K, is finite, then
Ci(¢;.,0) =0 forall k € Ny.

Proof Hypothesis H(a)(iv) and Corollary 1 imply that
G(y) < e3g(|y|® + |y|?) forall y € RY and some c3g > 0. (80)
Also, hypotheses H (f)'(i), (ii), (iii) (see also (18)) imply that

F(z,x) > c39|x|" — cq0|x|? for almost all z €  and all x € R, with c39, c49 > 0.

(81)
Moreover, from (19) we have

|B(z, x)| < cq1]x|? for all (z, x) € 02 x R and some c4; > 0. (82)

Foru € WhP(Q) and t > 0, we have

oy (tu) = / G(tDu)dz —/ F(z,tu)dz — )L/ B(z, tu)do
Q Q IR
< esg (|| Dull} + 17 (| Dullp) — czot"|[ul|] + caot”||u]|}

- )»C4ltq||u||iq(39)(see (80), (81), (82)). (83)

Since g < T < p < n, from (83) we see that we can find t* = *(u) € (0, 1) such
that
@;.(tu) < 0 forall ¢ € (0, ). (84)

Now, let u € WP (€2) with 0 < ||u|| < 1 and ¢, () = 0. Then

= (¢} (u), u) (by the chain rule)
=1

d
— o (t
dtw(u)

= / (a(Du), Du)pndz —f f(z,wudz — k/ B(z, u)udo
Q Q 02

= / [(@(Du), Du)gny — tG(Du)ldz
Q

+/[TF(z,u)—f(z,u)u]dz+)\/ [tB(z, u)
Q

02
— B(z, w)uldo (since @ (1) = 0). (85)
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Hypothesis H (a)(iv) implies that
/ [(@(Du), Du)gn — tG(Du)ldz > c4]| Dul|}. (86)
Q

Also, hypotheses H(f) (i), (iii) imply that given € > 0, we can find cgp =
c42(€) > 0 such that

tF(z,x) — f(z,x)x > —€|x|? — cqp|x|" for almost all z € Q and all x € R,

= /Q[TF(Z’ u) = f(z, wuldz > —ellully — callull}. 87)

Finally, from hypothesis H(8)(iv), we have

[ 108G 0 - B wuldo = dcuslullf gy
Q

Since ¢ < p, for all ||ul|rs3q) < 1 we have

q p
||u||Lq(ag) . ||u||Lq(39),

= f [tB(z.u) — B(z. wuldo = herallull o o0 (88)
Q2

From Proposition 7 (see also the remark following that proposition), we know that
v 1Dl + [ullzsey. v e WH(S),

is an equivalent norm on the Sobolev space W7 (Q).

So, returning to (85) and using (86), (87) and (88) and choosing small € > 0, we
see that for all u € WP () with 0 < ||u|| < 1 and lullLaae) < 1, @i(u) =0, we
have

> cg3l|ul|? — caallul|” for some c43, ca4 > 0. (89)
t=1

d (tu)
—_— u
dt(pk

Recall that p < r. Choosing p € (0, 1) small, we have

>0 forall 0 < ||u]| < p,or(u) =0 (90)

=1

d (tu)
—_— u
dt‘PA

(recall that via the trace map, WP () is embedded continuously into L7(9£2)).
Now consider u € WP (Q) with 0 < [|u|| < p, @ (u) = 0. We will show that

¢, (tu) <Oforallt € [0, 1]. ©n
If (91) is not true, then we can find ¢y € (0, 1) such that

@i (tou) > 0.
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Since ¢; (1) = 0 and @, (+) is continuous, we have
t, = min{t € [to, 1] : gy (tu) =0} > 1o > 0.
We have

o (tu) > Oforallr € [ty, ) . 92)

We set y = t,u. Then 0 < ||y|] < ||lu|] < p and ¢, (y) = 0. So, it follows from
(90) that

d
—pn(ty) > 0. (93)
dt =1

From (92) we have

0. (v) = @i (tsu) = 0 < @y (tu) forall t € [tg, t,)

and this implies that

d d . (tu)
——@(ty) =ty —@i(tu) =1, lim pa i) <

0. (94)
dt =1 dt 1=t, (>t T — 1ty

Comparing (93) and (94), we obtain a contradiction. This proves (91).

We can always choose p € (0, 1) small enough so that K, N B’p = {0} (here,
l:ip ={v e W_LP(Q) 2 lvll < p}). We consider the deformation % : [0, 1] x (gog N
B,) — @) N B, defined by

h(t,u) = (1 — t)u for all (£, u) € [0, 1] x () N B,).

Using (91), we can easily see that this is a well-defined deformation and it implies
that the set <p2 N B, is contractible in itself.

Let u € B, and assume that @, (u) > 0. We will show that there is a unique
t(u) € (0, 1) such that

@.(t(wu) = 0. 95)

From (84) and Bolzano’s theorem, we see that there exists #(u) € (0, 1) such that
(95) holds. We need to show that #(u#) € (0, 1) is unique. Arguing by contradiction,
suppose we can find

0 <ty =t(u)) <t =t(u)y < 1suchthat g, (t1u) = @y (t2u) = 0. (96)
From (91) we have

¢, (tthu) < Oforallt € [0, 1],

= t_l € (0, 1) is a maximizer of the function ¢t > ¢, (ttru),
2

LA o D o (t110) 0
_ u = — u =0,
h dt(pk 2 1 dt(pk 1 -

2
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which contradicts (90). Therefore 7 (#) € (0, 1) for which (95) holds is indeed unique.
Then

o) (tu) < Oforallt € (0, t(u)) (see (84)) and ¢; (tu) > O for all t € (t(u), 1].
Consider the function ¥ : Bp\{O} — [0, 1] defined by

S = 1 ifu e B,\{0}, gp(u) <0
T ) it u € B\{O}, @5(u) > 0.

It is easy to see that ¥/(-) is continuous. Now let d : B,,\{O} - (p; N Bp)\{O} be
the map defined by

dw) =1{" ifu € B)\{0}, ¢2(u) <0
YT @ ifu € B0} ¢1.(u) > 0.

The continuity of ¥ (-) implies the continuity of d(-). Note that

dl(ponB,n0) = 11005\ (0}

Hence ((pg N Bp)_\{O} is a retract of Bp\{O} and the latter is contractible. Thus
so is the set (gog N B,)\{0}. Recall that we have established earlier that (pg N B, is
contractible. Therefore we have

Hk(<p2 N B, (wﬁ N B,)\{0}) = 0 for all k € Ny
(see Motreanu et al. [23, p. 147])
= Cr(py, 0) = 0 forall k € Np.

]

Recall that Ag = min{A4, A_}. Next, we show that for every A € (0, X¢) problem
(Py) admits a nodal solution.

Proposition 16 [fhypotheses H(a), H(f)', H (B) hold and ) € (0, Ao), then problem
(Py) admits a nodal solution yy € [v}, u;]N clQ).

Proof Let ui € Dy and vi € —D, be the two extremal constant sign solutions of
problem (P) produced in Proposition 12. We introduce the following Carathéodory
functions

F(z,v5(2) + [vi (@) P72i(2) if x < vi(2)

k(z,x) =1 f(z.x) + |x|P~%x if v} (2) < x < ui(2) 97)
f@oui (@) +ui@)P! if uf(z) < x
Bz, v} (2)) if x < v}(2)

e(z,x) =1 B(z,x) if v} (z) <x <uj(z) forall (z,x) € 92 x R. (98)
B(z, ui(2)) if ui(z) <x
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We set K (z, x) = [y k(z, s)ds and E(z, x) = [ e(z, s)ds and consider the C'-
functional y,, : W7 () — R defined by

1
n(u)=/ G(Du)dz+—||u||£—/ K (. u)dz
Q V4 Q

—x/ E(z,u)do forallu € WhP(Q).
Q2

Also, we consider the positive and negative truncations of k(z, -), e(z, -), that is,
the Carathéodory functions

ki (z, x) = k(z, £x¥) and e+ (z, x) = e(z, £x7).

We set K+ (z, x) = [y k+(z, s)ds and E+(z, x) = [y e+(z, s)ds and consider the
C!-functionals yf : WLP(Q) — R defined by

1
yE(u) = / G(Duydz + Lijull?
Q P

—/ Ki(z,u)dz — A/ E+(z,u)do forallu € WP ().
Q 02

Claim 1 K,, C [v],uj], KV; = {0, u3}, KV{ = {0, v }.

Suppose that u € K, . Then

(A(u),h)—i—/ |u|f’—2uhdz=/ k(z,u)hdz—i—k/ e(z, u)hdo forallh € WhP ().
Q Q Q2

99)
In (99) first we choose h = (u — ui)Jr e WLP (). We obtain

(A@), u —up)T)+ /Q P 2u(u — u)tdz
= /Q [f (2. u}) + )P 1w — uf)tdz
+ A /m Bz, ul)(u — ui)tdo (see(97), (98))
= (A@}), (u — u)*) + /Q WP~ (w — u)tdz (since uf € S1.(1),

= (Aw) — AWD), (w —ul) )+ / [ul?2u — @) —u)tdz <0,
Q

*
= U =1u,.
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Similarly, if in (99) we choose h = (v;k —u)T e wlP(Q), then we can show that
vy < u.
So, we have proved that

u € [vy, uil,
= K,, C vy, ujl.

Similarly, we show that
* *
Ky;r C [0, uy] and ny— C [vy, 0].
The extremality of the constant sign solutions u} and v}, implies that
Ky; = {0, u}} and Ky_; = {0, vi}.

This proves Claim 1.
Claim 2 u} € D, and vi € —Dy are local minimizers of ;.

Corollary 1 and (97), (98) imply that y)\+ is coercive. Also, it is sequentially weakly
lower semicontinuous. So, we can find i1, € W' () such that

v, i) = inf{ya(u) :u € WHP(Q)). (100)
As before (see the proof of Proposition 9), since ¢ < t < p < n, we have

v < 0= y5(0),
=1, #0. (101)

From (100) we have i1, € K v Then Claim 1 and (101) imply that
l:t’)L = I/t;i (S D+.
Note that

wles = vy ley
= u is a local C'(£2) —minimizer of y;,
= u} is alocal WP (€2) —minimizer of y, (see Proposition 4).

Similarly, for v} € —D., using this time the functional y, . This proves Claim 2.
Without any loss of generality we may assume that

Y (V) < ya(uy).
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The reasoning is similar if the opposite inequality holds.

We assume that K, is finite. Otherwise, on account of Claim 1 and (97), (98),
we already have an infinity of nodal solutions in C!(Q) (by the nonlinear regularity
theory of Lieberman [21]). Then since u} € D is alocal minimizer of y; (see Claim
2), we can find p € (0, 1) so small that

Y (W) = vauy) < inf{ya@) @ llu —uill = p} = my (102)

(see Aizicovici et al. [1], proof of Proposition 29).
The functional y; is coercive (see (97), (98)). So, we have that

y,. satisfies the C-condition (103)

(see Papageorgiou and Winkert [32]). Then (102), (103) permit the use of Theorem 1
(the mountain pass theorem). So, we can find yp € WP (Q) such that

yo € Ky, and m;. < yy(yo). (104)
From (102) and (104) we see that
yo & {u},vi}and yo € C '(Q) (nonlinear regularity theory). (105)

Moreover, Corollary 6.81, p. 168 of Motreanu, Motreanu and Papageorgiou [23]
implies that
Ci(ya, yo) # 0. (106)

Claim 3 Ci (v, 0) = Cr(¢a, 0) for all k € Ny.

We consider the homotopy A (#, u) defined by
h(t,u) = (1 — )@ () + ty, () for all (z, u) € [0, 1] x WP ().
Suppose that we could find {t,},>1 C [0, 1] and {u,},>1 < WP () such that
tn — tin [0, 1], u, — 0in WhP(Q) and 1/, (t,, u,) = Oforalln € N.  (107)

From the equality in (107), we have

(A, h) + 1y / 4P~ 2uphdz
Q

=(1- t,,)/ f(z,up)hdz + t,,/ k(z,up)hdz +)~/ [(1 —1,)B(z, up)
Q Q a0

+ tpe(z, up)ldo foralln e N, h € WhP(Q).
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It follows (see Papageorgiou and Rédulescu [27]) that

—diva(Duy(2)) + talun ()17 2un(2) = (1 — ty) £ (2, n(2)) + tak(z, un(2))
for almost all z € €2,

Grz = (1 = 6Bz, u) + ez, up)]on 32, n € N,
(108)

From (107), (108), we see that we can find c45 > 0 such that
[unlloo < ca5 foralln € N (109)
(see Hu and Papageorgiou [19] and Papageorgiou and Radulescu [30]). This L°°-
bound permits the use of the nonlinear regularity theory of Lieberman [21], hence
there exist @ € (0, 1) and c46 > 0 such that
un € CH*(Q) and [[un] c1.a gy < ca6 forall n € N. (110)
From (107), (110) and the compact embedding of C'*(2) into C!($2), we have

up, — 0in C1(Q),
= u, € [v;, uj] forall n > ny. (111)

It follows from (97), (98), (108), (111) that
u, € Ky, foralln > no,
which contradicts the assumption that K, is finite. So, (107) cannot occur and we can
use Theorem 5.2 of Corvellec and Hantoute [8] (the homotopy invariance of critical

groups) and obtain

Ce(h(0, ), 0) = Cr(h(1,-), 0) for all k € No,
= Cr(px, 0) = Ci(yy, 0) for all k € Ny.

This proves Claim 3.
From Claim 3 and Proposition 15, we have

Cr(yx,0) = 0 for all k € Np. (112)

Comparing (106) and (112), we see that

Yo # 0,
= yo € [v},u;]1N C'(Q) is a nodal solution of (P;) (see 105).

Summarizing the situation for problem ( Py ), we can state the following multiplicity
theorem.

@ Springer



294 Appl Math Optim (2019) 80:251-298

Theorem 20 If hypotheses H(a), H(f)', H(B) hold, then there exists Ag > 0 such
that for every A € (0, Ao) problem (P;) has at least five nontrivial smooth solutions

uo, it € Dy, vy, 0 € =Dy, yo € C'(Q) nodal.
Moreover, for every A € (0, Ag), problem (P;) has extremal constant sign solutions
u; € Dy andvi € =D,

such that yo € [v}, 1N C'(Q) and the map A — u is

e strictly increasing (thatis, u < A = uj —uj, € int é+),
e left continuous from (0, A¢) into C! (),

while the map A — v} is

e strictly decreasing (thatis, 4 < A = v}, — v} € int Cy),
e right continuous.

In the next section, we show that in the semilinear case, we can improve this
theorem and produce a sixth nontrivial smooth solution y, but we cannot provide any
sign information for it.

5 Semilinear Problem

In this section we deal with the semilinear problem
(5) —Au(z) = f(z,u(z)) in Q,
* Bu = 2B(z, u) on Q.

We strengthen the regularity hypotheses on the reaction term f(z, -) and on the
boundary (source) term S(z, -) and by using Morse theory we are able to generate a
sixth nontrivial smooth solution. However, we cannot provide any sign information
for this new solution.

In this case the energy (Euler) functional of problem (S)) is ¢, : H L) - R
defined by

1
@i (u) = §||Du||% —/ F(z,u)dz — )»/ B(z, u)do forallu € H' ().
Q Blo)

Hypotheses H(f)” and H(B) imply that ¢; € C?(H'()\{0}). Under these
hypotheses we can show that problem (S,) has six nontrivial smooth solutions for
all small A > 0.

Theorem 21 If hypotheses H(f)”, H(B)' hold, then we can find 19 > 0 such that
for every A € (0, Xp) problem (S;) has at least six nontrivial smooth solutions
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uo, uc D+, V0, Ve —D+
yo € C1(Q) nodal and € C'(Q).

Proof From Theorem 20, we know that we can find ¢ > 0 such thatforall A € (0, Ap)
problem (S, ) has five nontrivial smooth solutions

ug, it € Dy, vo, € —D4 and yg € [vo, uo] N C'(Q) nodal.

From the proof of Proposition 9, we know that ug € D4 and vgp € —D are local
minimizers of ¢, and so we have

Ci(pn, uo) = Cr(@a, vo) = 8,0% for all k € No. (113)

Let p = max{||uo|loo, ||V0]|loc} and let ép > 0 be as postulated by hypothesis
H(f)(iv). We have

—Ayo(2) +£,30(2) = £ (2. 50(2)) + £, 0(2)
< f(z,uo(2)) +§puo(z) = —Auy(z)
+ épuo(z) for almost all z € €2,

= Alug —y9)(z) < ép(uo — y0)(z) for almost all z € €2,
= up — yo € D1 (by the strong maximum principle).

Similarly, we show that
yo—vo € Dy.
Therefore we can assert that
Yo € intCl(ﬁ)[vo, upl. (114)
Keeping the notation of the previous section (see the proof of Proposition 16), and

assuming without any loss of generality that i, vg are extremal constant sign solutions
(see Proposition 12), we have

Yaltvo,uol = @2 l{vo,uo0l-

Then it follows from (114) that

Ce("2lc1g)» Y0) = Cr(@rlci(g)» Yo) forall k € No,
= Cr(¥x, y0) = Ci(ea, yo) forall k € Ng

(since C1(Q) is dense in H'(L2), see Chang [5, p. 14] and Palais [25]),

= Ci(@n. yo) #0 (115)

@ Springer



296 Appl Math Optim (2019) 80:251-298

(since yy is a critical point of mountain pass type of yy).
Since @5, € CZ(H'(Q)\{0}), it follows from (115) that

Cr(@. y0) = 81 Z for all k € Ny (116)

(see Motreanu et al. [23], Corollary 6.102, p. 177).
Similarly, from the proof of Proposition 9 and keeping the notion introduced there,

ii € Dy is a critical point of mountain pass type of ¢;,

v € — Dy is a critical point of mountain pass type of ¢, .
Since @fla, =@ilc, and @, | ¢, = ¢s|-c, . as above we have
Cr(¢y, 1) = Cr(px, V) = 8k 1Z for all k € Np. 117)

From Proposition 15, we know that

Ci(¢;.,0) =0 for all k£ € Np. (118)
Finally, hypothesis H ()" (ii) implies that

Ci(¢;.,00) =0 forall k € Ny (119)

(see Papageorgiou and Radulescu [29, Proposition 13]). Suppose that
Ky, =10, uo, it, vo, ¥, yo}.

Then using (113), (116), (117), (118), (119) and the Morse relation (see Eq. (4)) with
t = —1, we obtain

21" +2(-D"+(=D' =0,
= (—1)! =0, a contradiction

So, there exists y € Ky, _)3 ¢ {0, ug, u, vo, 0, yo}. Then ¥ is the sixth nontrivial
solution of (S;) and y € C'(Q) (by regularity theory). O
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