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1 Introduction

Let O ¢ RY be a bounded domain with a C*>-boundary 9Q. In this paper, we study the following semilinear
Robin problem:

-Au(z) = f(z,u(z)) inQ, %(z) + B(z2)u(z) =0 onoQ. (1.1)

In this problem, n( - ) is the outward unit normal on 0Q and the reaction f(z, x) is a Carathéodory function
(thatis, forall x € R, z — f(z,x)is measurable and fora.a.z € Q, x — f(z, x) is continuous). The interesting
feature of our analysis of problem (1.1) is that on the nonlinearity x — f(z,x) we do not impose any global
growth condition. Instead, we assume that f(z,-) admits z-dependent zeros of constant sign. Using vari-
ational methods coupled with suitable truncation and perturbation techniques and Morse theory (critical
groups), we prove a multiplicity theorem producing four nontrivial solutions, all with sign information
(two of constant sign and two nodal (sign changing)). A second multiplicity theorem establishing three
nontrivial solutions is also proved.

Recently a similar problem was investigated by Zhang, Li and Xue [20], who deal with a semilinear Robin
problem driven by the differential operator u — —Au + au with a > 0. Therefore their differentiable opera-
tor is coercive and this makes easier the use of the direct method. Also their reaction f is z-independent
(autonomous) and the zeros are constant functions. Their main multiplicity theorem (see [20, Theorem 1.1])
produces four nontrivial solutions, but without providing sign information for all of them. On the other
hand, we should mention that in [20] it is assumed that f € C'(R \ {0}) and so f'(-) can have jump disconti-
nuities at x = 0. We should also mention the recent work of the authors [14] who studied a parametric Robin
problem driven by the p-Laplacian. They proved that if A, >0 is the second eigenvalue of the negative
Robin p-Laplacian and A > A, (A > 0 being the parameter), then the problem has at least three nontrivial so-
lutions and in the semilinear case (p = 2) four nontrivial solutions, all with sign information. Our framework
here is more general and recovers as a special case the setting of [14] (see Section 5).

In the next section, for easy reference, we present the main mathematical tools which will be used in
this paper.
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2 Mathematical background

We start with critical point theory. Let X be a Banach space and X* be its topological dual. By (-, -) we denote
the duality brackets for the pair (X", X). Let ¢ € C'(X). We say that ¢ satisfies the Palais—Smale condition
(PS-condition for short) if the following holds:

Palais-Smale Condition. Every sequence {x,},.; € X such that {p(x,)},>; € R is bounded and ¢'(x,) — 0
in X* as n — co, admits a strongly convergent subsequence.

This compactness-type condition on the functional ¢ compensates for the fact that the ambient space is not
in general locally compact. It leads to a deformation theorem, from which we can derive the minimax theory
for the critical values of ¢. One result in this direction is the so-called “Mountain Pass Theorem”.

Theorem 2.1. Assume that X is a Banach space. Let ¢ € C'(X) satisfy the PS-condition, and let x,, x, € X
with ||x; — x,ll > r > 0 and max{(x,), ¢(x;)} < inf{p(x) : |x — x|l = r} = m,. Set

¢ = inf max @(y(t)) whereI = {y € C([0,1],X) : y(0) = x,, Y(1) = x;}.

yel 0<t<1
Then ¢ > m, and c is a critical value of ¢.

In the analysis of problem (1.1), in addition to the Sobolev space H'(Q), we will also use the Banach
space C'(Q), which is an ordered Banach space with positive cone

C,={ueC'(Q):u(z)=0forallz € Q}.
This cone has a nonempty interior given by
intC, = {ueC, :u(z) >0forall z € OQ}.
In what follows, by || - | we denote the norm of H'(€2). We have
lull = [l + 1Du)?]"?  forallu ¢ H'(Q).

Let o(-) denote the (N - 1)-dimensional Hausdorff measure on 0Q. Then we can consider the Lebesgue
space L*(0Q) and the Sobolev space of fractional order H2"*(9€2). From the trace theory, we know that there
exists a unique continuous linear map y, : H'(Q2) — L*(99), known as the trace map, such that

rangey, = H%’z(BQ) and kery, = Hé Q).
Consider a Carathéodory function f, : QO x R — R such that
lfo(z,x)| < a(z)(1+ |x|") fora.a.z e Qandallx € R

with a € L*(Q), and

2N .

= ifN >3,
l1<r<2=4{N=2

+oo ifN=1,2.

We set Fy(z, x) = j: fo(z, s)ds and consider the C'-functional v, : H'(Q) — R defined by
Volu) = %uDun; . % j B()u(z)do - jpo(z,u(z))dz forall u € H'(Q).
0Q Q
Hereafter, we assume the following for the boundary weight function (- ):
Hypothesis H(B). We have 8 € C**(Q) with0 < a < 1and (z) > 0forallz € Q, 8 # 0.

The next result is a special case of a result in Papageorgiou and Radulescu [14]. It is an outgrowth of the
regularity theory for Robin problems (see Lieberman [12]).
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Proposition 2.2. Assume that hypotheses H(f) holds and u, € H'(Q) is a local C* (Q2)-minimizer of v, that is,
there exists g, > 0 such that

Vo(tg) < Yolug +h)  forall h € C'(Q) with [|h]l i g, < -

Then u, € C"*(Q) for some y € (0,1) and u, is a local H'(Q)-minimizer of v, that is, there exists g, > 0 such
that
Vo(thy) < Wolug +h)  forallh € H'(Q) with ||| < .

Remark 1. We should point out that the first such result relating local minimizers was proved for the
space Hé(Q) by Brezis and Nirenberg [6].

Next we recall some basic facts about the spectrum of the negative Robin Laplacian. So, we consider the
following linear eigenvalue problem:

-Au(z) = Au(z) inQ, Z—Z(z) +B(z)u(z) =0 ondQ.

From the spectral theory for compact self-adjoint operators, we know that this eigenvalue problem has
a sequence of eigenvalues {ik}k>1 such that 1, — +co as k — oo and this sequence exhausts the spectrum of
the negative Robin Laplacian.

We know that 1 1 > 0 and it is simple (that is, the corresponding eigenspace is one-dimensional),

. Dul? + (2)uldo
Alzinf{u 15+ [, B

cue H'(Q), u# 0}. 1)

fleell3
The infimum in (2.1) is realized on the one-dimensional eigenspace E(;ll) corresponding to ;\1 > 0. It is clear
from (2.1) that the elements of this eigenspace do not change sign. By i;, we denote the L*>-normalized (that
is, [liy I, = 1) nonnegative eigenfunction corresponding to )11 > 0. The regularity theory of Lieberman [12] and
the maximum principle of Vazquez [18] imply i, € intC,. We mention that )11 > 0 is the only eigenvalue with
eigenfunctions of constant sign. All the other eigenvalues have nodal eigenfunctions.

For every integer k > 1, by EQA ) we denote the eigenspace corresponding to the eigenvalue A - From the
regularity theory (see Lieberman [12]), we have

E(Ay) cC'(Q) forallk > 1.

Moreover, these spaces have the so-called unique continuation property (UCP for short), namely, if u € E(A )
vanishes on a set of positive Lebesgue measure, then u(z) = 0 for all z € Q. We set

m —
—_ ~ ~ P ~
H,=PEN) and H,=H,= P ENy.
k=1 k>m+1
Using these spaces we have the following variational characterizations of the higher eigenvalues (1 > 2):

N {uDau; + [, B do D&l + [, Bz)id*do

lzall3 llzll3

= :ﬁeﬁm,ﬁqéo}zmin{ :aeHml,a;eo}. (2.2)
Both the maximum and the minimum in (2.2) are realized on E(im).
The next lemma is an easy consequence of the UCP (see also Gasinski and Papageorgiou [10]). In what

follows, we set &(u) = || Dull3 + Jan B(z)u’do forallu € H'(Q).

Lemma 2.3. The following statements hold.
(@) If9 e L®(Q)and 9(z) < A,,,, fora.a.z € O, 9 # A,,,,, m > 0, then there exists &, > 0 such that

Eu) - I z)uldz = & llul®> forallu e H,, (H,=H"'(Q)).
Q
(b) If9 € L*®(Q) and 9(z) < ;\m fora.a.z € Q,9+ im, m 2 1, then there exists &, > 0 such that

E(u) - jS(z)uzdz <& ul® forallu T,
Q
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Let X be a Banach space and let ¢ € C'(X), ¢ € R. We introduce the following sets:
- ={xeX:px)<c} K(Pz{xeX:(p'(x)zo} and K;:{xeK(p:(p(x)zc}.

Let (Y,,Y,) be a topological pair such that Y, € Y; ¢ X. For every integer k > 0 by H,(Y;,Y,) we denote the
kth relative singular homology group with integer coefficients for the pair (Y,,Y,). Recall that H,(Y;,Y,) =0
for k < 0. The critical groups of ¢ at an isolated x ¢ K; are defined by

Cile,x) = Hi(¢" NU, 9" NU \ {x}) forallk >0,

where U is a neighborhood of x such that K, n ¢° nU = {x}. The excision property of singular homology im-
plies that the above definition of critical groups is independent of the particular choice of the neighborhood U.

Suppose that ¢ € C'(X) satisfies the PS-condition and inf @(K,) > —oco. Let ¢ < inf ¢(K,). The critical
groups of ¢ at infinity are defined by

Ci(p,00) = Hi(X, ¢°) for all integers k > 0.

The Second Deformation Theorem (see, for example, Gasinski and Papageorgiou [10, p. 628]) implies that the
above definition of critical groups at infinity is independent of the particular choice of the level ¢ < inf ¢(K,).
Suppose that K|, is finite. We define

M(t,x) = z rank C, (¢, x)tk forallt e Randall x € K,»
k=0

P(t, 00) = z rank C, (¢, oo)tk forallt € R.
k=0
Then the Morse relation says
Y M(t, x) = P(t,00) + (1 + )Q(t), (2.3)
xEK(P
where Q(t) = Y- ﬁktk is a formal series in t € R with nonnegative integer coefficients.

Suppose that X = H is a Hilbert space, x € H, U is a neighborhood of x and ¢ € C*(U). If x € K,, then
the Morse index of ¢ at x, denoted by u = u(x), is defined as the supremum of the dimensions of the vector
subspaces of H for which go"(x) is negative definite. The nullity of ¢ at x, denoted by v = v(x), is defined to
be the dimension of the subspace ker ¢" (x).

Suppose that H = V @ Y with dim V < +c0. We say that ¢ € C'(X) has a “local linking at 0” with respect
to the decomposition (V,Y) if we can find ¢ > 0 such that

o) <0 forallv eV with || <o,
¢(y) =0 forall y e Y with |y| < o.
From [17, Proposition 2.3], we have the following result.

Proposition 2.4. If H is a Hilbert space, U is a neighborhood of u = 0, ¢ € C>(U), u = 0 is an isolated critical
point of ¢, ¢ (0) is a Fredholm operator and ¢ has a local linking at 0 with respect to the decomposition (V,Y)
withH=V eY,d =dimV < +oo, then Ci(¢,0) = & ,Z for all k > 0 if d = y with u the Morse index of ¢ at 0,
and Ci(¢,0) = 8 ., Z for allk > 0if d = p + v with v the nullity of ¢ at 0.

In the sequel, A : H'(Q) — H'(Q)* denotes the bounded linear operator defined by

(Aw), y) = J(Du, Dy)gudz forallu, y € H'(Q).
Q
Moreover, if x € R, then we set x* = max{0, +x}. For u € H'(Q), we define
wi(-) =u(-)"

We know that
ute HI(Q), u=u"—-u, |ul=u"+u.
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Also, given a measurable function 4 : O x R — R (for example a Carathéodory function), we set
Ny () = h(-,u(-)) forallu e H'(Q)

(the Nemytskii operator corresponding to h(-,-)). In what follows, by | - | p We denote the norm of the
Lebesgue space L?(Q) or of L?(Q, RY). Finally, by | - |y we denote the Lebesgue measure on RY.

3 Constant sign solutions

In this section we establish the existence of solutions constant sign for problem. To this end, we introduce
the following conditions on the reaction f(z, x) :

Hypothesis H,. Assume that f: O x R — R is a Carathéodory function such that f(z,0) = 0 for a.a. z € Q
and
(i) forevery g > 0, there exists a, € L*(Q), such that

|f(z,x)| < a,(z) fora.a.ze Qandallx e [-o,0]
(ii) there exist functions w, € H'(Q) n L°(Q) such that

w_ (z)<c. <0<¢ <w,(2) foraa.zeQ,
flz,w,(2)) <0< f(z,w_(2)) a.e.in Q,
Aw.) + B )u_ <0< A(w,) + B()u, in H'(Q)*,

(iii) there exist an integer m > 2 and &, > 0 such that
imxz < f(z,x)x fora.a.z € Qandall x € [-§,,0,].

Remark 2. Note that the above hypotheses do not impose any growth restriction on f(z,-) near +oco.
Hypotheses H, (ii)—(iii) imply that near zero, f(z,-) exhibits an oscillatory behavior. Evidently, hypothe-
sis H, (ii) is satisfied if we can find £_ < 0 < &, such that

f(z,E,)<0< f(z,&) ae.inQ.

Hypothesis H, (iii) permits for resonance to occur asymptotically at zero but it also incorporates reactions
which are concave near zero. Clearly, in H, (iii) we can always assume that &, € (0, min{c,, —c_, 1}). As we
will see in the proof of the next proposition, hypotheses H, (i) and (iii) imply that given ¢ > 0, r > 2, we can
ﬁndf > 0 such that

fz, x)x + Ex">0 fora.a. zeQandallxe [—0, 0].

For the boundary weight function j3( - ), we keep the hypothesis H(3) introduced in Section 2.
Proposition 3.1. Assume that hypotheses H(f3) and H, hold. Then problem (1.1) admits at least two nontrivial

constant sign solutions
uy € intC, and v, € —intC,.

Proof. First we produce a positive solution. To this end, we introduce the following truncation-perturbation
of f(z,-):
0 ifx <0,
9.(z,%) = 1 f(z,x) + x if0 < x <w,(2), (3.1)

flz,w,(2) +w,(2) ifw,(2) < x.

This is a Carathéodory function. We set

G,(zx) = Jg+(z, o)ds
0



208 —— N.S.Papageorgiouand V.D. Radulescu, Multiplicity theorems for semilinear Robin problems DE GRUYTER

and consider the C'-functional ¢, : H'(Q) — R defined by

¢Aw=§aw+§wﬁ—jcxzman for all u € H'(Q),
Q

where

&) = |Dull} + J B(2)u(z)*do  forallu e H'(Q).
90

As before, for the sake of notational simplicity, we drop the use of the trace map y, to denote the restriction
of a Sobolev function on 0Q.

From (3.1) it is clear that ¢, is coercive. Also, using the Sobolev Embedding Theorem, we show easily
that ¢, is sequentially weakly lower semicontinuous. So, by the Weierstrass Theorem, we can find 4, € H'(Q)
such that

¢, (1y) = inf{g, (1) : u € H'(Q)}. (3.2)

Let t € (0, 1) be small such that tit, (z) € (0,8,] forall z € Q (recall that i, € intC,). We have

2
@, (thy) = %E(ﬁl) - JF(z, ti,)dz (see (3.1))
Q

VAN
(=] lem

M, -1, (see H, (iii) and recall |1 ||, = 1)
< (since m > 2),

which implies ¢, (4,) < 0 = ¢, (0) (see (3.2)), hence u, # 0. From (3.2) we have (p’+(u0) = 0, which shows

(Alug) h) + j B(2)ughdo + Juohdz - jg+(z, u)hdz forall h e H'(Q). (33)

0Q Q Q

In (3.3), first we choose h = —u; € H'(Q). Then
IDug I3 + llug I3 < 0 (see H(B) and (3.1)),

hence u, > 0, u, # 0. Next, in (3.3) we choose (1, — w,)" € H'(Q). Then

(Al tg = w,)) + [ Bleglug —w,)dor+ [ ulug - w,)"dz

20 Q
- [Ufew,) + w, ) - w,d (see 3.1)
Q
<{AW,), (g —w,)") + J B2)w, (uy — w,) do + Jer(u0 -w,)"dz (see H, (ii))
20 Q

and thus

(Aluy — w,), (uy —w,)"y + J[u0 —w,(uy - w,)"dz <0
Q

showing [|(4, — w,)*||* < 0, hence u, < w, . So, we have proved that
uy € [0,w,] ={ue H(Q): 0<u(z) <w,(z)fora.a.z e Q}, uy+0. (3.4)
Because of (3.1) and (3.4), (3.3) becomes

(Alug), h) + J B2 ughdo = J f(z,u)hdz forallh e H'(Q). (3.5)

0Q Q
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From Green’s identity (see, for example, Gasinski and Papageorgiou [10, p. 211]), we have

(Alug), hy = (~Aug, by + <%,h>ag forall h € H'(Q), (3.6)

with (-, )5 denoting the duality brackets for the pair (H 32 (0Q),H 22 (09)). We know that
Auy = divDuy € H'(Q) = Hy(Q)*
(see, for example, Gasinski and Papageorgiou [10, p. 212]). Hence from (3.5) and (3.6) it follows that

(~ug, by = J Fleuhdz forallh e H(Q) < H'(Q)
Q

and thus
—Auy(z) = f(z,uy(z)) a.e.inQ.

Then from (3.5) and (3.6) it follows that

) + ﬁ(z)u,h> =0 forallhe H'(Q).
on 20

Recall that the trace map is surjective on H %’2(80). Hence

ou,
a—n" +B(2)uy =0 onodQ.

Therefore u, is a nontrivial positive solution of (1.1) such that 0 < u, < w,. From the regularity result of
Lieberman [12], we have u, € C, \ {0}. Hypotheses H; (i) and (iii) imply that we can find ¢; > 0 such that

flz,x)x 2 A,,x" —¢lx|” fora.a.z e Qandall x| < g = max{||w, [, lw_ll}
with r > 2. Then we have
—A yuy(2) + que(2) " = flz,uy(2)) + qug(z) ' 20 ae.inQ,
which implies
Auy(2) < ¢ llupl uy(2) < o “uplz) ae.inQ,

hence (see Vazquez [18])
u, €intC,.

To produce a negative solution, we introduce the following Carathéodory function:

flz,w_(2) +w_(z) ifx<w_(z),
9-(z,x) = 1 f(z,x) + x ifw_(z) < x < w,(2),

0 if 0 < x.

We set
G (z,x) = Jg,(z, s)ds
0

and consider the C'-functional ¢_ : H'(Q) — R defined by

¢_(u) = %f(u) + %nuui - JG_(Z, u(z))dz forallu e H'(Q).
Q

Reasoning as above, using this time the functional ¢_, we produce a negative solution

vy € [w_,0] N (—intC,). O
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Next we show that in fact we can produce extremal solutions of constant sign namely the smallest positive
solution and the biggest negative solution. To this end, we introduce the following solution sets:

S,={uce HY(Q):u#0,uc [0, w,], uis a solution of (1.1)},
S ={fve HY(Q):v#0, v e [w_,0], vis a solution of (1.1)}.

We introduce the following Carathéodory function:

flz,w_(2)) +w_(z) ifx <w_(2),
9(z,x) = | f(z,x) + x ifw_(2) < x < w,(2), 3B.7)

flz,w,(2)) +w, (z) fw,(z) <x.
From (3.7) and hypotheses H, (i) and (iii), we see that given r € (2,2") we can find ¢, > 0 big such that
g(z,x)x 2 (A, + )x* —g|x|” fora.a.z e Qandall x € R. (3.8)

This unilateral growth estimate for g(z, - ) leads to the following auxiliary Robin problem:
—Au(z) = A, u(z) - ¢ |u(z)| u(z) inQ, g—u(z) +B(z)u=0 onoQ. (3.9)
n

For this auxiliary problem, we have the following existence and uniqueness result.

Proposition 3.2. Assume that hypothesis H(f3) holds. Then problem (3.9) has a unique positive solution
it € int C, and since (3.9) is odd, v = —i1 € —int C, is the unique negative solution of (3.9).

Proof. First we establish the existence of a positive solution for problem (3.9). To this end, let 7, : H ) > R
be the C'-functional defined by

1 1 A 1 .
Ty ) = 3800 + Sl = =21 = Sh I+ 2l forallu € H().

Since r > 2, it is clear that 7, is coercive. Also, it is sequentially weakly lower semicontinuous. So, we can
find &2 € H'(Q) such that

7,(@1) = inf{r, (1) : u € H'(Q)}. (3.10)
For t € (0,1) we have
. . o A £ o A
T, (i) = SE@) + 2l - =2 iyl = S - 4]+ Z-lil] (recall that i, I, = 1.

Since im > )11 (recall m > 2) and r > 2, choosing ¢ € (0, 1) small we have 7, (ti;) < 0 and so 7, (@) < 0 = 7,(0)
(see (3.10)), hence i # 0. From (3.10), we have 7| (1) = 0, which implies

(AG@), hY + j B(z)ithdo + Iﬂhdz - I(im + Di*hdz - ¢, J(a*)f‘lhdz forallh e H'(Q).  (311)

oQ Q Q Q

If in (3.11) we choose h = —ii~ € H'(Q), then we obtain @ > 0, @i # 0. Hence

(A(@), h) + J B(z)ihdo = A, J ithdz — ¢, J i 'hdz forallh e H'(Q). (3.12)
0Q Q Q

From (3.12) as in the proof of Proposition 3.1, via Green’s identity, we obtain

il
on
So i is a positive solution for the auxiliary problem (3.9). From Winkert [19] we know that &z € L*°(Q). Then
applying the regularity result of Lieberman [12, p. 320], we have that @ € C, \ {0}. Also, we have

—Aii(z) = Ai(z) - qi(z)”" ae.inQ, +B(z)ii=0 onoQ.

Ai(z) < gllall a(z) ae.inQ

and thus # € int C, (see Vazquez [18]).
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Next we prove the uniqueness of this positive solution. To this end, we introduce the integral func-
tional y, : L'(Q) — R = R U {+0o} defined by

@ HDU13 + 3 [ Bu(z)do  ifu >0, u'? € H'(Q),
Yilu) =
* +00 otherwise.
From Benguria, Brezis and Lieb [5], we have that y, is convex. Also, via Fatou’s lemma, we check that y, is
lower semicontinuous.

Let u be a positive solution of the auxiliary problem (3.9). From the first part of the proof, we have

thatu € intC,.Henceu* € domy, andifh € C'(Q), thenfort € (-1, 1) with |¢| small, we have ui* + th € domy,.
So the Gateaux derivative of y, at u in the direction h exists. Moreover, via the chain rule, we have

rm) = (A, ™) + [ seermdo

20
h ou .. .
= <—Au, ;> + J [a + ﬁ(z)u]hdo (by Green’s identity)
30
= J[;\m - ou' ?|hdz (since u is a solution of (3.9)).

Q
Similarly, if v € H'(Q) is another positive solution of (3.9), then v € int C, and we have
i (*)(h) = J[im - v 2 hdz.
Q
The convexity of y, implies the monotonicity of y| . Therefore
0<¢q J[vr_2 U)W - v¥)dz <0,
Q

hence u = v and this proves the uniqueness of &1 € intC, .
Since problem (3.9) is odd, o = - € — int C, is the unique negative solution of (3.9). O

Proposition 3.3. Assume that hypotheses H(f3) and H, hold. Then it < uforallu € S, andv < o forallv € S_.

Proof. Letu € S, and consider the following Carathéodory function:

0 ifx <0,
ko (z,x) = {(A,, + Dx — ,x"! if0 <u(z) < x, (B.13)
A+ Du(2) — qu(z) ™ ifu(z) < x.

We set

K.(zx) = j k,(z,5)ds
0

and consider the C'-functional g, : H'(Q) — R defined by

w () = %E(u) N %Ilulli - JK+(z, u(z)dz forallu e H'(Q).
Q

It is clear from (3.13) that u, is coercive. Also, it is sequentially weakly lower semicontinuous. So, we can
find @1, € H'(Q) such that

(i) = influ, (u) : u € H'(Q)}. (3.14)
As before (see the proof of Proposition 3.1), using hypothesis H, (iii), for ¢ € (0, 1) small we have y_(ti1;) < 0,
which implies p, (#1,) < 0 = pu,(0) (see (3.14)), hence i1, # 0. From (3.14) we have y;(a*) = 0and so

(A(,), hy + j B(z)it, hdo + j i1, hdz = jk,r(z,a*)hdz forall h e H'(Q). (3.15)

0Q Q Q



212 — N.S. Papageorgiou and V.D. Radulescu, Multiplicity theorems for semilinear Robin problems DE GRUYTER

In (3.15), first we choose h = i1, € H'(Q). Theni, > 0, i, # 0.Also, in (3.15) we choose h = (i1, — u)* € H'(Q).
Then

(AGL,), (@, —w)*) + j B2, (i, —u)*do + j i1, (i1, —u)*dz

oQ Q

= j[(im + Du -’ (@, —u)tdz (see (3.13))

Q
< Jg(z, Wi, —u)'dz + j B(2)i, (i1, — ) do (see (3.8) and H(RB))

Q 0Q
- j Flzw)(it, —u)dz + j B(2)it. (@, - u)*do + ju(ﬂ* —w'dz (see (37)and recall u < w,)

Q 0Q Q
= (Aw), (@1, —u)") + J- B2)i, (&1, —u) do + Iu(ﬂ* —u)'tdz (sinceu € S,),

0Q Q

which shows
(A@,) - Aw), (@, —w)") + j(ﬂ* —u)(it, —u)'dz <0
Q

implying ||(&1, — u)*||*> < 0, hence ii, < u. So we have proved that
e[0,ul ={y e H(Q): 0< y(z) Su(z)ae.inQ}, i, #0. (3.16)
From (3.13) and (3.16), we see that (3.15) becomes
(A(@) b + J B(2)ii, hdo = j[ima* — i hdz forallh e H'(Q). (317)
0Q Q

From (3.17), as in the proof of Proposition 3.1, via Green’s identity, we obtain

-Ait, (2) = A,,i1,(2) - 6, (2)"" ae.inQ, aaﬁ + B(z)ii, =0 ondQ.
n

It follows that &1, = @ € int C, (see Proposition 3.2), thus & < u (see (3.16)). Similarly we show that v < ¢ for
allvesS._. O

Now we are ready to produce extremal nontrivial constant sign solutions for problem (1.1).

Proposition 3.4. Assume that hypotheses H(3) and H, hold. Then problem (1.1) admits a smallest positive
solutionu, € intC, and a biggest negative solution v, € —intC,

Proof. From Dunford and Schwartz [9, p. 336], we know that we can find {u,,},.5; € C such that

inf S, =infu,.
n>1

We have 3
% +B(u, =0 ondQ, u,cintC,,n> 1. (3.18)
n

From Lieberman [12, p. 320], we know that we can find € (0,1) and M, > 0 such that

-Au,(z) = f(z,u,(z)) a.e.inQ,

u, € C*(Q) and ltllcrnggy < M;  foralln > 1.

By virtue of the compact embedding of C*(Q) into C*(Q) and by passing to a subsequence if necessary,
we may assume that
—u, inCY(Q). (3.19)

u,

From (3.18) and Green’s identity, we have

(A(u,), hy + J B(z)u,hdo = J f(z,u,)hdz,
Q

0Q
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which implies
(A(u,),h) + J B(z)u, hdo = If(z, u,)hdz (see (3.19)),
20 Q

hence

(~Au,, b + <aa”* + ﬁ(z)u*,h> - J f(z,u,)hdz (using again Green’s identity). (3.20)
n 2Q

Q
From (3.20) as in the proof of Proposition 3.1, we obtain

ou, +B(z)u, =0 onoQ. (3.21)

-Au,(2) = f(z,u,(z)) ae.inQ, .

Moreover, from Proposition 3.3, we have @ < u,, for all n > 1, which implies @ < u, (see (3.19)), hence u, # 0
andsou, €S, (see(3.21)). Evidently u, = inf S, .

Similarly, working with the set S_ we produce v, € —intC, (v, < ¥) the biggest negative solution of
problem (1.1). O

Remark 3. Suppose that instead of H, (iii) we assume that
imxz < fz,x)x < 17(z)x2 fora.a.z € Qandall |x| < &, (3.22)

with 7 € L*(Q), . Evidently (3.22), in contrast to H, (iii), excludes from consideration reactions which are
concave near zero. Using (3.22) the proof of the nontriviality of u, is much easier and we do not need to
go through Propositions 3.2 and 3.3. Indeed, as before we argue by contradiction and assume that u = 0.

We set y, = ﬁ, n>1.Then |yl = 1, y, = 0 for all n > 1 and so we may assume that
%y inH(Q),
In =Y R @) asn — oo with y > 0. (3.23)
y, — y inL(Q),
From the proof of Proposition 3.4, we have
(A(y,), h) + J B(2)y,hdo = J f("Z’ Llj")hdz foralln > 1. (3.24)
un
20 Q

By virtue of (3.22) and H, (i), we see that {W}@l < L*(Q) is bounded. So, we may assume that
W 5 Moy in L*(Q) with im < 1o(2) <i(z) ae.in Q  (see (3.22)). (3.25)
un

In (3.24) we choose h = y, — y € H'(Q), pass to the limit as n — oo and use (3.23) and (3.25). Then we obtain
Jim (A(y,), v, = y) = 0,
which implies ||Dy,|l, — [|Dyll, and so
v, — y in H'(Q) (by the Kadec—Klee property, see (3.23)), hence |y| = 1. (3.26)

So, if in (3.24) we pass to the limit as n — oo and use (3.25) and (3.26), then

(A(y), h) + j B(z)yhdo = I noydz forallhe H '(Q) (recall that the trace map is continuous).  (3.27)
20 Q

From (3.27) it follows that
. dy
-Ay(z) =ny(2)y(z) a.e.inQ, 3 +B(z)y=0 onoQ, y=0,y#0,
n

a contradiction to the fact that ,(z) > ;\m a.e. in Q, with m > 2 (see Section 2).
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4 Nodal solutions

In this section, we produce nodal (that is, sign changing) solutions for problem (1.1). To do this, we need to
strengthen our hypotheses on the reaction f(z, x). So, we assume the following:

Hypothesis H,. Assume that f: QO x R — R is measurable function such that for a.a. z € Q, f(z,0) =0,
f(z,-) € C'(R) and
(i) forevery g > 0, there exists a, € L*®(Q), such that |f;(z, x)| < ay(z) fora.a. z € Qandall x| < o,
(ii) there exist functions w, € H'(Q) n L*(Q) such that
w_(z)<c.<0<c¢ <w,(z) foraa.zeQ,
flz,w,(2) <0 < f(z,w_(2)) fora.a.z € Q,
Aw. ) + B()w_ <0< Aw,) + f(-)w, in H'(Q)Y,
(iii) there exist an integer m > 2 and §, > 0 such that
imxz < fz,x)x < ﬁ(z)x2 fora.a.z € Qandall |x| < §,
with 7 € L®(Q),, /i(z) < A, a.e.in Q, 7 # A,,,, and
f(z,x)
X

fl(z,0) = lim uniformly for a.a. z € Q.

Remark 4. It is clear from hypothesis H, (iii) that
Am < fl(2,0) <7i(z) foraa.ze Q. (4.1

We observe, by hypotheses H, (i) and (iii) and the differentiability of f(z,-), that if ¢ = max{[w, ||, lw_lls}s
then we can find £, > 0 such that fora.a. z € Q, x — f(z, x) + £,x is nondecreasing on [—g,, g,]-

Let g(z, x) be the Carathéodory function introduced in (3.7). Let
G(z,x) = Jg(z, s)ds
0

and consider the functional ¢ : H'(Q) — R defined by

() = %E(u) + 2l - JG(z, w)dz forallu ¢ H'(Q).
Q

Recall that
E(u) = |Dull? + J B(2)u(z)*do  forallu e H'().
0Q

We have that ¢ € C*"°(H'(Q2)).

Proposition 4.1. Assume that hypotheses H(p) and H, hold. Then we have Cy(¢,0) =&, 4 Z for all k >0
withd,, = dim @, EQA)).

Proof. Lety : H'(Q) — R be the C*-functional defined by

1

w(u) = %E(u) -3 J fl(z,0)u(z)’dz forallu e H'(Q).

Q

Note that by virtue of hypothesis H, (iii), given ¢ > 0, we can find § = §(¢) > 0 such that
-ex < f(z,%) - fi(z,0)x < ex fora.a.z € Qandall |x| <9,

that is,

1
—gxz <F(zx) - S (20" < Sx* foraa.z € Qandall x| <.

€
2
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So, if By = {u € C'(Q) : |ullc: g, < 6}, then
lo =l <e

Choosing ¢ > 0 sufficiently small and using the continuity of the critical groups with respect to the C*-topology
(see Chang [7, p. 336]), we have

Ce(@lei@y 0) = Ce(¥le gy, 0)  forallk > 0. (4.2)
But from Palais [13] and Bartsch [4], we know that
C(@lei@)y 0) = Cile,0)  and  Cy(y|e ), 0) = Ciy, 0) forallk > 0. (4.3)
From (4.2) and (4.3) it follows that
C(,0) = C(y,0) forallk > 0. (4.4)
LetH = @}, EAy) and H = m = H". We have the orthogonal direct sum decomposition
H'(Q)=HeoH.

Then for u € H we have

y(u) = %E(u) - % Jf,’c(Z, 0)u’dz (l‘él) %E(u) - %"Iluﬂg (252) 0.
a
Also, if i1 € H, then
y) = 8w - 3 [ fl(z onldz
a
> %f(u) - % jﬁ(z)uzdz (see (4.1))
Q

> i—ollull2 forsome &, >0 (see Lemma 2.3).
So, we can apply Proposition 2.4 and infer that Ci(y, 0) = & 4, Zforallk > 0withd,, = dim P}, E(A,), which
implies Cy(9,0) = §; 4 Zforallk >0 (see (4.4)). O

Using this result, we can produce nodal solutions. In what follows, u, € intC, and v, € —intC, are the two
extremal constant sign solutions produced in Proposition 3.4.

Proposition 4.2. Assume that hypotheses H(f3) and H, hold. Then problem (1.1) has at least two nodal solutions

Yo» ¥ € inte gy v, 14, ].

Proof. Using the extremal constant sign solutions u, € intC, and v, € —intC, produced in Proposition 3.4,
we introduce the following Carathéodory function

f(zv,(2) +v,(z) ifx<v,(2),
h(z,x) = 4 f(z,x) + x ifv,(2) < x <u,(2), (4.5)

flz,u,(2) +u,(z) ifu,(z)<x

Let H(z,x) = f Ox h(z, s)ds and consider a C*-functional 7 : H'(Q2) — R defined by

w0 = ) + %llu”; - JH(Z, w)dz forallu ¢ H'(Q),
Q

where
E(u) = |Dull? + J Bu(z)’do forallu e H'(Q).
o0Q
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Also, we consider the positive and negative truncations of h(z, - ), namely the Carathéodory function
h,(z,x) = h(z, +x%).
Let H,(z,x) = f Ox h, (z, x)ds and introduce the C!-functionals 7, : H'(Q) — R defined by

7,(u) = %E(u) + %nuug - JHi(z, u(z))dz forallu e H'(Q).
Q

As in the proof of Proposition 3.1, we can check that

K, clv,,u], K, <[Oul, K <[v,0]
The extremality of u, and v, implies that

K. < v,u,l, K, ={0u}, K. ={0v,} (4.6)
Claim 1. The functions u, € intC, and v, € —intC, are local minimizers of t.

From (4.5) it is clear that 7 is coercive. Also, it is sequentially weakly lower semicontinuous. So, we can
find u, € H'(Q) such that
7,(1,) = inf{r, (1) : u € H'(Q)}. (4.7)

As in the proof of Proposition 3.1, using hypothesis H, (iii) and the fact that i, € intC,, for t € (0,1) small,
we have 7, (ti1;) < 0 and so

7,(m,) <0=1,(0) (see(47)), henceu, #0. (4.8)

From (4.7) we have u, € K, = {0,u,} (see (4.6)), hence u, = u, (see (4.8)). Since 7|, = 7,|c, and u, € intC,,
it follows that u, is a local C'(Q)-minimizer of 7, hence by Proposition 2.2 it is also a local H' (Q))-minimizer
of 7. Similarly, for v, € —intC, using this time the functional 7_. This proves the claim.

Without any loss of generality, we may assume that 7(v,) < 7(u,) (the analysis is similar if the opposite
inequality holds). By virtue of the claim, we can find ¢ € (0, 1) small such that

T(v,) < 7(w,) <inf{t(w) : lu—u,| = ¢} =m, v, —u.ll >¢ (4.9)

(see Aizicovici, Papageorgiou and Staicu [1, proof of Proposition 29]). The functional 7 is coercive (see (4.5))
and so it satisfies the PS-condition. This fact and (4.9) permit the use of Theorem 2.1 (the Mountain Pass
Theorem). So, we can find y, € H 1(Q) such that

¥ € K, € [v,,u,] (see(4.6)) and m, < (o). (4.10)
From (4.9) and (4.10) it follows that y, ¢ {v,,u,} and 7' (y,) = 0. We have
(A(y,),v) + J B(z) yovdo + Jyovdz = Jh(z, yo)vdz forallv e H'(Q). (4.11)
20 Q Q

From (4.5), (4.10), (4.11) as before, we infer that y, € [v,,u,] N C'(Q) is a solution of (1.1). Since y, is a critical
point of 7 of mountain pass-type, we have
Ci(1,yy) #0. (4.12)

On the other hand, since 7|, , ; = ¢l,_.. (see (4.5)) and v, € —intC,, u, € intC,, we have
Ci(1,0) = Ci(9,0) forallk =0 (see the proof of Proposition 4.1),

hence
Ci(7,0) =0, 4 2 forallk >0 (seeProposition 4.1). (4.13)

Comparing (4.12) and (4.13) and since d,,, > 2 (recall m > 2), we infer y, # 0. Because y, € [v,,u,] \ {v,, u.},
by virtue of the extremality of v, and u,, we conclude that y, € C'(Q) is nodal.
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To produce a second nodal solution, we will use Morse theory. This requires that we improve (4.12)
and compute the critical groups of 7 exactly. We assume that K, = {0, u,,v,, y,} (otherwise we already have
a second nodal solution of (1.1) and so we are done, see (4.6)). Note that because of the truncations at u,(z)
and v, (z), the functional 7 is not C?, it belongs to C*"°(H"(€))). So, we cannot apply directly the results of
Morse theory for critical points of mountain pass-type. For this reason, we proceed as follows. We have

-Ayy(2) = f(z, yy(2)) a.e.inQ, % +B(z)y, =0 onoQ.

Recall that u,,v, € [w_,w,] and let &, > 0 such that for a.a. z € Q, the function x — f(z, x) + {,x is nonde-
creasing on [—g,, g,] with g, = max{[|w, [l lw_|,} (see the remark after hypotheses H,). Then we have
—Ay(2) + & o(2) = f(2, ¥5(2)) + &y yo(2)
< fz,u,(2) + &u,(z) (since y, < u,)
= -Au,(2) + &yu, (2) a.e.in Q,
which shows A(u, — y,)(z) < & (u, — y,)(z) a.e. in Q, hence u, — y, € intC, (see Vazquez [18]). Similarly,

we show that y, — v, € intC,, hence y, € into g, [v,, u,].
Let 0 < & < min{ming(u, — y,), ming(y, — v,)} and consider the multifunction L, : Q — 2 ® defined by

L(2) = {9 € C'(R) : [z, ) - Ol < & iz, x) = 9(x) for |x —u, (2)] > & |x - v,(2)] > &}.

Since h(z,-) need not be differentiable at v,(z) and u,(z), by a smooth modification of h(z,-) near v, (z)
and u, (z), we see that L(z) # 0 forall z € Q. Clearly Gr L, € £(Q) x B(C'(R)), with £(€) being the Lebesgue
o-field of Q and B(C*(R)) the Borel o-field of C'(RR). Since C'(R) is a separable Fréchet space, we can apply
the Yankov-von Neumann-Aumann Selection Theorem (see Hu and Papageorgiou [11, pp. 158-159]) and
obtain a Borel measurable map 9:0 — C'(R) such that 9(z) € L,.(z) for a.a. z € Q. We set h(z, x) = 9(z)(x)
for all x € R. Then IZ( -,+) is jointly measurable and for a.a. z € Q, h(z, - ) € C}(R). We set

H(z, x) = Iiz(z, x)ds
0

and consider the functional 7 : H'(Q) — R defined by

#(u) = %E(u) + %uunﬁ - IH(z, u(z))dz forallu e H'(Q).
Q

Evidently # € C*(H'(Q)) and y, € K;. Choosing ¢ > 0 small, by virtue of the continuity of the critical groups
in the C'-topology, we have
Ci(t,y,) = C(z,y,) forallk =0, (4.14)

which implies C, (%, y,) # 0 (see (4.12)), hence C,(%, y,) = 8, ,Z for all k > 0 (see Bartsch [4]), and so
Ci(t,3y) =612 forallk >0 (see (4.14)). (4.15)
By virtue of the claim, we have
Ci(t,u,) = Ci(t,v,) = 8 (2 forallk > 0. (4.16)
Moreover, since 7 is coercive (see (4.5)), we have
Cy(1,00) = 8,2 forallk > 0. (4.17)

Recall that K, = {0,u,,v,, ,}. From (4.13), (4.15), (4.16), (4.17) and the Morse relation (see (2.3)) with t = —1, we
have (-1)% +2(-1)° + (-1)! = (-1)° and so (-1)* = 0, a contradiction. So, we can find y € K, \ {0,u,,v,, y,}.
Then y € [v,,u,] N CL(Q) (see (4.6)) and so it is the second nodal solution of (1.1). As we did for Yo, We show
that y € int, g [v,, u,]. O
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Summarizing the situation for problem (1.1), we can state the following multiplicity theorem.

Theorem 4.3. Assume that hypotheses H(f3) and H, hold. Then problem (1.1) has at least four nontrivial solu-
tions
uy €intC,, vy €—-intC, and Yy, y € inte g, vy, uol nodal.

A careful reading of the above proof leads to another multiplicity theorem producing three nontrivial solu-
tions all with sign information and without imposing any differentiability condition on the reaction f(z,-).
So, the new hypotheses on the reaction f(z, x) are the following:

Hypothesis H;. Assume that f: Q x R — R is a Carathéodory function such that f(z,0) = 0 for a.a. z € Q
and

(i) forevery g > 0, there exists a, € L*(Q), such that | f(z, x)| < a,(z) fora.a. z € Q, all |x| < g,

(ii) there exist functions w, € H'(Q) N L*(Q) such that

w_(z) <c.<0<c¢ <w,(z) forae.zeQ,
flz,w,(2)) <0< f(z,w_(2)) fora.e.z € Q,
Aw )+ (- )w_ <0< Aw,) + (- )w, inH'(Q),

(iii) there exist an integer m > 2 and functions 5,7 € L*°(Q), such that

Ay <) <i(z) S Ay aeinQ, n# A, 7# A,

and

n(z) < liminf

x—0

m sup <#(z) uniformly fora.a.z € Q,

x—0

f(z,x) i f(z,x)
x x
(iv) if oy = max{||lw, [l lw_ll,}, then there exists &, > 0 such that fora.a. z € Q, the function x — f(z,x) + &x

is nondecreasing on [—g,, g,]-

Remark 5. Now, in contrast to the previous setting, we do not allow resonance at zero, only nonuniform
nonresonance.

In this case, hypothesis H; (iii), the homotopy invariance of critical groups and the results of Dancer [8] imply
that Ca, (1,0) # 0 and C, (, 0) = 0, with 7 as in the proof of Proposition 4.2 and with d,, = dim EBkm:l EQA K = 2.
Then the argument in the proof of Proposition 4.2 remains valid and we have.

Theorem 4.4. Assume that hypotheses H() and H, hold. Then problem (1.1) has at least three nontrivial solu-
tions
uy € intC,, vy €—-intC, and y, € intu g [vy, uol nodal.

5 Parametric equations

We consider the following parametric semilinear Robin problem:
—Au(z) = \u(z) - f(z,u(z)) inQ, g—u(z) + B(z)u(z) =0 onoQ. (P)
n

Here A > 0 is a parameter and f(z, x) is a Carathéodory perturbation. The precise conditions on the nonlin-
earity f(z, x) are the following:

Hypothesis H,. Assume that f: Q x R — R is a measurable function such that for a.a. z € Q, f(2,0) =0,
f(z,-) € C'(R) and

(i) forevery g > 0, there exists a, € L*(Q), such that |f(z, x)| < a,(z) fora.a. z € Qandall |x| < g,
f(z,x)

x—+00  x

(ii) lim = +oo uniformly for a.a. z € Q,
(iii) lim, _,, @ = 0 uniformly fora.a. z € Q,

(iv) there exists § > 0 such that f(z,x)x 2 0fora.a.z € Qandall |x| < 5.
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Remark 6. The above hypotheses imply that given ¢ > 0, we can find &, > 0 such that for a.a. z € Q the
function x — (A + & )x — f(z, x) is nondecreasing on [-g, ¢].

Theorem 5.1. Assume that hypotheses H(f) and H, hold and A > 12. Then problem (P,) admits at least four
nontrivial solutions

uy €intC,, v, € —intC, and Yy, y € int g, vy, o] nodal.
Proof. Hypothesis H, (ii) implies that given 9 > 0, we can find M = M(9) > 0 such that
f(z,x) >9x fora.a.z e Qandallx > M.
Since i1, € intC,, fort > 0 large we will have ti1, (z) > M for all z € Q. Then
f(z,ti(2)) = 9t (z)) fora.a.z € Q. (5.1)
We have

o(tii

anl) + B(z)(ti;) =0 onoQ. (5.2)

—A(tiny)(z) = A, (ti,)(z) a.e.inQ,

For every h € H'(Q), h > 0, we have
(-atti). ) = [ 4,)hdz
)

and so St
(A(tit,), hy — < (t”l),h> - Iil(tal)hdz (by Greer’s identity),
on 0Q a
hence
(A(tit,), h) + j B(2)(til,)do = jil(tﬁl)hdz (see (5.2)). (3)
0Q Q

Choosing 9 = A — A, > 0, from (5.1) and (5.3), we have
j[}t(tal) ~ f(z tiy)hdz < Jil(tal)hdz — (A(ti), by + J B()(ti)hdo forall h € H'(Q) with h > 0.
Q Q 0Q

Then w, = tii; € intC, satisfies hypothesis H, (ii). Similarly, we produce w_ = —tii; € —intC, which also
satisfies hypothesis H, (ii).
Finally note that by virtue of hypothesis H, (iii) given & > 0, we can find & = 8(¢) € (0, 8] (see H, (iv)) such
that
|f(z,x)| < elx|] fora.a.z e Qandall |x| <9, (5.4)

Then for a.a. z € Q and all |x| < §,, we have
AP = fz,x)x 2 (A - )x.
Choosing € € (0, A — )12], we see that
Ax* - f(z,x)x = A,x* fora.a.z € Qandall |x| < §,.
Also by hypothesis H, (iv) we have
Ax? - f(z,x)x < Ax? fora.a.z € Qandall |x| < 8-

So, we have satisfied hypothesis H, (iii). Therefore, we are within the framework of Theorem 4.4. Applying
that theorem, we produce four nontrivial solutions

uy €intC,, v, € —intC, and y,, J € inte g, lvy, 4] nodal. O

Remark 7. Theorem 5.1 above extends Papageorgiou and Riadulescu [14, Theorem 14], since here we do not
impose a global growth condition on f; (z,-) (see H, (i)). Moreover, it extends analogous results for the semi-
linear Dirichlet problem by Ambrosetti and Lupo [2], Ambrosetti and Mancini [3] and Struwe [15, 16], where
the authors produce only three nontrivial solutions, without obtaining nodal solutions.
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