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Abstract. We study a nonlinear Robin problem driven by the p-Laplacian and with a reaction term depending on the gra-
dient (convection term). Using the theory of nonlinear operators of monotone-type and the asymptotic analysis of a suitable
perturbation of the original equation, we show the existence of a positive smooth solution.
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1. Introduction

Let Q € RY be a bounded domain with a C2-boundary 3. In this paper we deal with the following
nonlinear Robin problem with gradient dependence:

{—ApM(Z) = f(z,u(2), Du(z)) in €, } 0

et B@)ulP 2 =0 on 92
In this problem, A, denotes the p-Laplacian differential operator defined by
Apu = div(|Du|""*Du) forallu € W"P(Q),1 < p < oo.
The reaction term f(z, x, y) is gradient dependent (a convection term) and it is a Carathéodory func-
tion (that is, for all (x,y) € R x R" the mapping z — f(z, x, y) is measurable and for almost all

z € Qthe map (x, y) — f(z, x, y) is continuous). In the boundary condition, ;’T“ denotes the conormal
P
derivative defined by extension of the map

_ 3
C'(Q)5ur |Du|1”28—u — | Du|P~*(Du, n)g,
n
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with n(-) being the outward unit normal on d€2. The boundary coefficient 8(-) is nonnegative and it can
be identically zero, in which case we recover the Neumann problem.

We are looking for positive solutions of problem (1). The presence of the gradient in the reaction term
precludes the use of variational methods. In this paper, our approach is based on the nonlinear operator
theory and on the asymptotic analysis of a perturbation of problem (1).

Positive solutions for elliptic problems with convection were obtained by de Figueiredo, Girardi and
Matzeu [2], Girardi and Matzeu [6] (semilinear equations driven by the Dirichlet Laplacian), Ruiz [13],
Faraci, Motreanu and Puglisi [3], and Huy, Quan and Khanh [7] (nonlinear Dirichlet problems). For Neu-
mann problems we refer to the works of Gasinski and Papageorgiou [5], and Papageorgiou, Radulescu
and Repovs [12], where the differential operator is of the form div(a(x)Du). In all the above works,
the method of proof is different and it is based either on the fixed point theory (the Leray—Schauder
alternative principle), on the iterative techniques, or on the method of upper-lower solutions.

2. Mathematical background and hypotheses

Let X be a reflexive Banach space. We denote by X* its topological dual and by (-, -) the duality brack-
ets for the dual pair (X, X*). Suppose that V : X — X™ is a nonlinear operator which is bounded (that is,
it maps bounded sets to bounded sets) and everywhere defined. We say that V () is “pseudomonotone”,
if the following property holds:

u, = uin X, V(u,) — u* in X* and limsup(V(un), u, — u) <0 =

n—o0

u* = V(u) and (V (u,), u,) = (V(u), u).

Pseudomonotonicity is preserved by addition and any maximal monotone everywhere defined opera-
tor is pseudomonotone. Moreover, as is the case of maximal operators, pseudomonotone maps exhibit
remarkable surjectivity properties.

Proposition 1. IfV : X — X* is pseudomonotone and strongly coercive (that is, % — 400 as
lu|| = oo), then V is surjective.

From the above remarks we see that if A : X — X* is maximal monotone everywhere defined and
K : X — X* is completely continuous (that is, if u, 2 uin X, then K (u,) — K (u) in X*), then
u — V(u) = A(u) + K (u) is pseudomonotone.

A nonlinear operator A : X — X™ is said to be of type (§), if the following property holds:

u, — uin X and limsup(A(u,), u, —u) < 0 = u, — u in X.
n—>0oo

For further details on these notions and related issues, we refer to Gasinski and Papageorgiou [4].

In the analysis of problem (1) we will use the Sobolev space W!?(Q), the Banach space C' (Q) and
the boundary Lebesgue space L”(9€2).

We denote by || - || the norm of the Sobolev space W7 () defined by

Il = [l + 1 Du)2]" forallu € WP ().
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The Banach space C'(Q) is an ordered Banach space with positive (order) cone defined by
Ci={ueC'(Q):u) >0foralze Q}.

This cone has a nonempty interior given by

0
intCy, = {u €Cy :u(z) >0forall z € 2, o <0if a2 Nu='(0) #* @}.
1 aQnu=1(0)

This interior contains the open set
D, = {u €C,:u(z) >0forall z € 5}

In fact, D, is the interior of C; when C'(Q) is endowed with the C(£2)-norm topology.

On 02 we consider the (N — 1)-dimensional Hausdorff (surface) measure o (-). Using this measure
on 02 we can define in the usual way the “boundary” Lebesgue spaces L?(£2) (1 < g < 00). From the
theory of Sobolev spaces, we know that there exists a unique continuous linear map yy : Wh?(Q) —
L?(92), known as the “trace map”, such that yy(u#) = u|yq for all u € WLP(Q) N C(Q). So, the trace
operator extends the notion of “boundary values” to all Sobolev functions. We have

1 1 1
imyy = Wp/’p(89)<— + == 1> and keryy = Wol’p(Q).
p P

The trace map is compact into L9(9€2) for all g € [1, %) if p<Nandforallg > 1if N < p.

In the sequel, for the sake of notational simplicity, we drop tﬁe use of the trace map yy. All restrictions
of Sobolev functions on 9£2 are understood in the sense of traces.
Let A : W'P(Q) — W!P(Q)* be the nonlinear operator defined by

(A(u),h):/ |Du|P~2(Du, Dh)gn dz forallu, h € WhP ().
Q

Proposition 2. The operator A : WP () — WP (Q)* is bounded, continuous, monotone (hence also
maximal monotone) and of type (S) .

Given x € R, we define x* = max{=x, 0}. Then for u € W"?(Q) we set u=(-) = u(-)*. We have
ut e WhP(Q), u=ut—u", ul =ut +u".

Given a measurable function g : Q x R x R¥ — R (for example, a Carathéodory function), we denote
by N, (-) the Nemitsky (superposition) map defined by

Ny(u)(-) = g(- u(), Du()) forallu € W"7(Q).

Evidently, z — N, (u)(z) is measurable. We denote by | - |y the Lebesgue measure on RN
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Consider the following nonlinear eigenvalue problem

—A,u(z) = Au(2)[P2u(z) inQ, o
;T“p+/8(z)|u|1’_2u=0 on 9.

We make the following hypothesis concerning the boundary coefficient 8(-).
H(B): B e C* Q) witha € (0, 1) and B(z) > 0 forall z € IQ.

Remark 1. If g = 0, then we recover the Neumann boundary condition.

An “eigenvalue” is a real number A for which problem (2) admAits a nontrivial solution i € W'7(Q),
known as the “eigenfunction” corresponding to the eigenvalue A. From Papageorgiou and Radulescu
[11] (see also Winkert [14]), we have that

i e L®Q).
So, we can apply Theorem 2 of Lieberman [8] and infer that
ieCl ().
From Papageorgiou and Réadulescu [10] we know that problem (2) admits a smallest eigenvalue MeR

with the following properties:

° Al >0, 1n fact)q = 0if 8 = 0 (Neumann problem) and Al >0if 8 #£0.

° Al is isolated in the spectrum & (p) of (2) (that is, we can find € > 0 such that (Al, kl +e)Naé(p) =
7).

o A is simple (that is, if I, b € C'(Q) are eigenfunctions corresponding to Ay, then fi = &0 for some

§ € R\{0}).

[ ]
. Dull, + [. Pd
M:inf{ | Dul fﬂnf(”'”' ? :uer’p(Q),u;ﬁO}. 3)
ullp

The infimum in (3) is realized on the corresponding one-dimensional eigenspace. From the above
property it follows that the elements of this eigenspace do not change sign. Let i, be the L?-normalized
(that is, [lit,]|, = 1) positive eigenfunction corresponding to A1. We know that i, € C,. In fact, the
nonlinear strong maximum principle (see, for example, Gasinski and Papageorgiou [4, p. 738]), implies
that i; € D,. An eigenfunction & corresponding to an eigenvalue b * A1, is necessary nodal (that
is, sign changing). For more on the spectrum of (2) we refer to Papageorgiou and Radulescu [11]. The
next lemma is an easy consequence of the above properties of the eigenpair (A1, Gy) (see Mugnai and
Papageorgiou [9, Lemma 4.11]).

Lemma 3. Ifv € L®°(Q), ¥(z2) < Alfor almost all z € Q, ¥ # A1, then there exists co > 0 such that
iutg+ [ p@Wulrdo ~ [ @l dz > coul?
a0 Q

forallu e Whr(Q).
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Our hypotheses on the reaction term f(z, x, ¥) are the following:

H(f): f: Q2 xR xRY — Ris a Carathéodory function such that f(z,0,y) = 0 for almost all
ze€Q, forall y e RV, and

Q) | f(z,x, )| <a@[l +xP~1 +|y|P~!] for almost all z € Q, all x > 0, all y € RV, with
a € L*(2);
(i1) there exists a function ¥ € L°°(£2) such that

9(z) <Ay foralmostallz € Q, ¥ 2 A,
[z x,y)

lim sup — < ¥(z) uniformly for almostall z € 2, and all y € RY:
x—+00 xpP=

(iii) for every M > 0, there exists 1y, € L°(2) such that ny(z) > ):1 almost everywhere in
2, ny # Ay and

f(z,x,y)

lim ir+1f % > ny(z) uniformly for almost all z € €2, and all |y| < M.
x—0 xXr—

Remark 2. Since we are looking for positive solutions and the above hypotheses concern only the
positive semiaxis R, = [0, +00), we may assume without loss of generality that

f(z,x,y) =0 foralmostallz € Q,allx <0, andall y € R". 4)

Example 1. The following function satisfies hypotheses H (f) (for the sake of simplicity we drop the
z-dependence):

P! x| ifOo<x <1

xX,y) = .
Sy OxP V(= )x 4 xT yP ifl < x

with1<t,q<p<r<ooand15‘<):1<n.

3. Positive solution

We introduce the following perturbation of f(z, x, y):

F@x ) = fxy+ ()"

Also, let € > 0 and e € D,. We consider the following auxiliary Robin problem:

—Apu(2) + u@)|"2u(z) = f(z,u(z), Du(z)) + €e(z) in L, } 5)

2+ B@Nul"u =0 on 992.
P

Proposition 4. If hypotheses H(B), H(f) hold and € > 0, then problem (5) has a solution u. € D,.
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Proof. Let N; be the Nemitsky map corresponding to the function f (z,x,y). We have N;

wWhr(Q) — LI’/(Q)(% + # = 1) (see hypothesis H (f)(i)). By Krasnoselskii’s theorem (see, for exam-
ple, Gasinski and Papageorgiou [4, Theorem 3.4.4, p. 407]) we deduce that

Nf(‘) is continuous. (6)
Also let ¥, : W?(Q) — L” () be defined by
)
Yp) () = [u@)|" "ul).
This map is bounded, continuous, monotone, hence also maximal monotone (recall that also

L (Q) = WP (Q)").
Finally, let A : W7 (Q) — W!'?(Q)* be defined by

(A, h) = (Aw),h)+ | B@Iul"uhdo,
Q2

where, as before,

(A(u),h):/ |Du|P~2(Du, Dh)gn dz forallu, h € WhP(Q).
Q

Evidently, A(-) i1s bounded, continuous, monotone, hence also maximal monotone.
We introduce the operator V : W'P(Q) — W!7(Q)* defined by
V() = A@) + v, ) — Nju) — ee.
Clearly, V (-) is bounded.
Claim 1. V (.) is pseudomonotone.

We need to show that the properties

u, = u in W'P(Q) and limsup(V(u,), u, —u) <0 )

n— o0

imply that
V() = V@) inW(Q)* and (V(u,), un) — (V (), u).
We have
(V) uy — u)

= (A(”n)a U, — l/l> +/ |”n|p_2un(un - u) dZ - / f(z’ Up, Dun)(un - M) dZ
Q Q

— 6/ e(u, —u)dz. (®)
Q
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Note that since W!'?(Q) < L?(Q) compactly, we have
u, — u in LP(Q).

Also, we have
{lunl”?un}, 5, S LP(R)  is bounded.

Hence, because of Holder’s inequality and (9), we have
/Q un|” 2up(u, —u)dz — 0 asn — oo.

Also, hypothesis H(f)(i) implies that
{N;@n},5, S L7 (Q) is bounded.

Therefore we also have
/Q]?(Z’ u,, Duy)(u, —u)dz — 0 asn — oo.

Finally, we clearly have

/e(un—u)dz—>0 asn—>oo(see(9)).
Q

Thus, if in (8) we pass to the limit as n — oo and use (7), (10), (11), and (12) we obtain

lim sup(A(u,,), U, — u> < 0.

n—oo

By the compactness of the trace map, we have

| p@tl e, ~wdo -0
IQ
= lim sup(A (u,), up —u) <0
n— oo
= u, - u in W"P() (see Proposition 2).
On account of this convergence, we have
¥p(u,) = Y,(u) and Np(u,) — Np@) in LP(Q) asn — oo (see (6)),

A(u,) — A(w) in W'P(Q)* asn — oo.

249
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So, we can finally assert that

V(u,) > V) inW'P(Q)* and (V(u,), u,) — (V), u)

= V() is pseudomonotone.

This proves the claim.
For all u € W!7 () we have

(V(u), u>
= [ Dull} +f B@)|ul” do + ||u7||z —f f(z,u, Du)udz —6/ eudz. (13)
a0 Q Q
Hypotheses H (f)(i), (ii) imply that given € > 0, we can find ¢; = ¢1(¢) > 0 such that
fz, x,»x < (9(2) +€)x” +¢; foralmostall z € Q,allx >0,andall y € RV, (14)
Using (14) in (13), we obtain
(V(u), u>
> |pu |4 [+ 10w |5+ [ p@)do — [ 9@) dz et
aQ Q
—co|lull — 1|2y for some ¢, > 0
= (V),u) > [|u=|" + (o — o u™||” — callull — c11QInx  (see Lemma 3).
Choosing € € (0, ¢p), we see that

(V(u), u> > c3||lul|? — ¢4 forsome cz, cy >0

= V(-) is strongly coercive (recall that p > 1). (15)

Then the claim and (15) permit the use of Proposition 1. So, we can find u, € W"?(Q), u. # 0 (since
e # 0) such that

Vu,) =0 in WHP(Q)*

= (A, h)+ | B@Iuel’*uchdo — / (u;)pilh dz
90 Q
= f f(z, ue, Due)hdz—l-ef ehdz forallh e W'P(Q). (16)
Q Q

In (16) we choose h = —u_ € WP(Q) and use (4) and hypothesis H (8). Then
| DuZ ||+ Jus | <O (recall thate € D)

= uc 2 0,u. #0.
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Then from (16) we have
(Awo), )+ | B@ul'hdo
Q2

=ff(z,ue,Due)hdz+efehdz forallh € W'P(Q)
Q Q

= —Apue(z) = f(z, ue(2), Duc(z)) + €e(z) foralmostall z € ,

du,

™ + B(uP"" =0 on dQ (see Papageorgiou and Ridulescu [10]).
p

By Winkert [14] and Papageorgiou and Radulescu [11], we have
u. € L*(Q).
Applying Theorem 2 of Lieberman [8], we obtain

ue € C;\{0}.

Let M = |lucll 1) Hypotheses H (f)(1), (iii) imply that we can find é u > 0 such that

f(Z’x’y)-i_éMxp_l 2 0

for almost all z € 2, all x € [0, M], and all |y| < M.
Using this in (17), we have

Apuc(z) < éMue(z)p’1 for almost all z €

:>ME€D+

(by the nonlinear strong maximum principle, see [4, p. 738]). U

Next, we show that for some & € (0, 1) and all 0 < € < 1, we have that u, € C"*(Q) and

{ucto<e<t C C"*(Q) is bounded.

Using this fact and letting € — 0", we will generate a positive solution for problem (1).
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A7)

Proposition 5. If hypotheses H(B), H(f) hold, then there exist i € (0, 1) and c* > 0 such that for all

0 < € <1 we have

ue € CY(Q) and uelloreg < .
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Proof. Lete € (0, 1] and let u, € D, be a solution of (5) produced in Proposition 4. We have
(Ao, )+ | B@ul'hdo
e
= / f(z,uc, Du)hdz +e/ ehdz forallh e W' (Q). (18)
Q Q

Hypothesis H (f)(ii) implies that given € > 0, we can find M; = M,(¢) > 0 such that
flz,x,y)x < (ﬂ(z) + e)xl’ for almost all z € 2,all x > My, and all y € RV, (19)
Also, hypothesis H (f)(i) implies that

f(z,x,»)x <cs(l+|y[”~") foralmostall z € Q,

all0 < x < My, all y e R, and some ¢s5 > 0. (20)
Then from (19), (20) and since ¥ € L°°(£2), it follows that

[z, x, 9)x < (9(2) + €)x” 4+ c6lyl” ™" + ¢ foralmostall z € Q,

allx > 0,all y € RY, and for some ¢5 > 0. 21

In (18) we choose & = u, € W'7(2). We obtain
| Ducll? —I—/ B(ul do < /[l?(z) + e]uf dz + C7[||Du€||§_l + |luell + 1] for some ¢ > 0
2 Q

= || Duc|l) + /Bgﬂ(z)ué’ do — /Q V(ul dz — ellucll” < Cg[lluellf’_1 + 1] for some c5 > 0
= [co — €lllucll” < cs[lucll”™ +1] (see Lemma 3).
Choosing € € (0, cp), we infer that
{uctoe<: € WHP(Q)  is bounded. (22)
From (18) we have

{ —Apuc(z) = f(z,uc(z), Duc(z)) + €e(z) foralmostall z € 2, } (23)

g%ikﬂ(z)uf_l =0 on 92
P
(see Papageorgiou and Radulescu [10]).
From (22), (23) and Winkert [14] (see also Papageorgiou and Rédulescu [11]), we see that we can find

c9 > 0 such that

luelloo < co forall0 <e < 1.
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Invoking Theorem 2 of Lieberman [8], we know that there exist u € (0, 1) and ¢* > 0 such that
uc € CH(Q) and luellcrug) < ¢* foralle € (0, 1].
This completes the proof. [l
Now letting ¢ — 07, we will produce a positive solution for problem (1).
Theorem 6. If hypotheses H(B), H(f) hold, then problem (1) has a positive solution it € D..

Proof. Let {€,},>1 C (0, 1] and assume that ¢, — 0". We set u, = u,, for all n € N. On account

of Proposition 5 and since C*() is embedded compactly into C'(2), by passing to a subsequence if
necessary, we may assume that

u, > 0 inC'(Q)asn — oo. (24)

Suppose that # = 0. Let M = sup, > llunll 1 )- Hypothesis H (f)(iii) implies that given € > 0, we
can find § = §(¢) > 0 such that

fz,x,y) > [nM(z) - e]x”_l for almost all z € @2, all0 < x < 6, and all |y| < M. (25)

Consider the function

~p
U

R(ity, uy)(2) = | Dity (2)]" — |Dun(z>|”‘2(Dun(z>, D( p_l)(z)> :
Un RN

From the nonlinear Picone’s identity of Allegretto and Huang [1], we have

0< f R(ity, u,)dz
Q

. iy
:”Dulllﬁ_/ |Dun|p_2(DunaD( 1_1>> dz
Q uy RN

R a? _,ou?
= ||DL£1 ”i — / (—A,,u,,)(ﬁ) dZ + ,B(Z)I,tfl7 1 pll do
Q Uy Q2 n

(by the nonlinear Green’s identity, see Gasinski and Papageorgiou [4, p. 21 1])

~p ~D
~ ~Ap—1 u u

= ||Di |l + B()i? da—f f(z,un,Dun)ﬁdz—en/e pl_l dz
o) Q Un Q U

(see (23) with u, replaced by u,)
i

—1
ul

dz+¢€ foralln > ng

<A - / nu()ul™!
Q

(see (25), (24) and recall that &t = 0 and ||ii; ]|, = 1)
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=\ — / nu(2)iy dz + €
Q

= / [Xl —n(@]aydz+e foralln > ng (recall that ||, ]|, = 1). (26)
Q

Let £* = [,[nm(z) — Ai1i} dz. Since @iy € D, hypothesis H (f)(iii) implies that

£ > 0.

Then from (26) and by choosing € € (0, £*) we have

0 < R(@uy,u,) <0 foralln > nog,

a contradiction. So, iz # 0. Therefore, & > 0 is a positive solution of (1) and as before, via the nonlinear
strong maximum principle, we have u € D,. O

Acknowledgements

This research was supported in part by the Slovenian Research Agency grants P1-0292, J1-7025, J1-
8131, and N1-0064. V.D. Rddulescu acknowledges the support through a grant of the Romanian Ministry
of Research and Innovation, CNCS-UEFISCDI, project number PN-III-P4-ID-PCE-2016-0130, within
PNCDI 111

References

(1]
(2]
(3]

(4]
(3]

(6]
(7]
(8]
(9]
[10]
[11]

[12]

W. Allegretto and Y.X. Huang, A Picone’s identity for the p-Laplacian and applications, Nonlinear Anal. 32 (1998),
819-830. doi:10.1016/S0362-546X(97)00530-0.

D. de Figueiredo, M. Girardi and M. Matzeu, Semilinear elliptic equations with dependence on the gradient via mountain-
pass techniques, Diff. Integral Equations 17 (2004), 119-126.

F. Faraci, D. Motreanu and D. Puglisi, Positive solutions of quasilinear elliptic equations with dependence on the gradient,
Calc. Var. 54 (2015), 525-538. doi:10.1007/s00526-014-0793-y.

L. Gasinski and N.S. Papageorgiou, Nonlinear Analysis, Chapman & Hall/CRC, Boca Raton, FL, 2006.

L. Gasinski and N.S. Papageorgiou, Positive solutions for nonlinear elliptic problems with dependence on the gradient,
J. Differential Equations 263 (2017), 1451-1476. doi:10.1016/j.jde.2017.03.021.

M. Girardi and M. Matzeu, Positive and negative solutions of a quasilinear elliptic equation by a mountain pass method
and truncature techniques, Nonlinear Anal. 59 (2004), 199-210. doi:10.1016/j.na.2004.04.014.

N.B. Huy, B.T. Quan and N.H. Khanh, Existence and multiplicity results for generalized logistic equations, Nonlinear
Anal. 144 (2016), 77-92. doi:10.1016/j.na.2016.06.001.

G. Lieberman, Boundary regularity for solutions of degenerate elliptic equations, Nonlinear Anal. 12 (1988), 1203-1219.
doi:10.1016/0362-546X(88)90053-3.

D. Mugnai and N.S. Papageorgiou, Resonant nonlinear Neumann problems with indefinite weight, Ann. Sc. Norm. Super.
Pisa CI. Sci. (5) 11(4) (2012), 729-788.

N.S. Papageorgiou and V.D. Radulescu, Multiple solutions with precise sign information for nonlinear parametric Robin
problems, J. Differential Equations 256 (2014), 393-430.

N.S. Papageorgiou and V.D. Réddulescu, Nonlinear nonhomogeneous Robin problems with superlinear reaction term, Adv.
Nonlinear Studies 16 (2016), 737-764.

N.S. Papageorgiou, V.D. Réadulescu and D.D. Repovs, Nonlinear elliptic inclusions with unilateral constraint and depen-
dence on the gradient, Appl. Math. Optim., to appear. doi:10.1007/s00245-016-9392-y.


http://dx.doi.org/10.1016/S0362-546X(97)00530-0
http://dx.doi.org/10.1007/s00526-014-0793-y
http://dx.doi.org/10.1016/j.jde.2017.03.021
http://dx.doi.org/10.1016/j.na.2004.04.014
http://dx.doi.org/10.1016/j.na.2016.06.001
http://dx.doi.org/10.1016/0362-546X(88)90053-3
http://dx.doi.org/10.1007/s00245-016-9392-y

N.S. Papageorgiou et al. / Positive solutions for nonvariational Robin problems 255

[13] D. Ruiz, A priori estimates and existence of positive solutions for strongly nonlinear problems, J. Differential Equations
199 (2004), 96-114. doi:10.1016/.jde.2003.10.021.

[14] P. Winkert, L°°-estimates for nonlinear elliptic Neumann boundary value problems, Nonlin. Diff. Equations Appl.
(NoDEA) 17 (2010), 289-302. doi: 10.1007/s00030-009-0054-5.


http://dx.doi.org/10.1016/j.jde.2003.10.021
http://dx.doi.org/10.1007/s00030-009-0054-5

	Introduction
	Mathematical background and hypotheses
	Positive solution
	Acknowledgements
	References

