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Variational analysis of anisotropic Schrodinger equations without
Ambrosetti-Rabinowitz-type condition

G. A. Afrouzi, M. Mirzapour and Vicentiu D. Radulescu

Abstract. This article is concerned with the qualitative analysis of weak solutions to nonlinear stationary Schrodinger-type
equations of the form

N
I
- Z Oz, ai(x, Oz, u) + b(@)|u|T+ “2u = Af(z,u)  in Q,
i=1
u=20 on 012,

without the Ambrosetti-Rabinowitz growth condition. Our arguments rely on the existence of a Cerami sequence by using
a variant of the mountain-pass theorem due to Schechter.
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1. Introduction

In quantum mechanics, the Schrodinger equation is a partial differential equation that describes how the
quantum state of a quantum system changes with time. It was formulated in late 1925, and published in
1926, by the Austrian physicist Schrédinger [31]. In classical mechanics, Newton’s second law (F' = ma) is
used to make a mathematical prediction as to what path a given system will take following a set of known
initial conditions. In quantum mechanics, the analogue of Newton’s law is Schrédinger’s equation for a
quantum system (usually atoms, molecules, and subatomic particles whether free, bound, or localized).
It is not a simple algebraic equation, but in general a linear partial differential equation, describing the
time-evolution of the system’s wave function (also called a “state function”). The nonlinear Schrodinger
equation also describes various phenomena arising in the theory of Heisenberg ferromagnets and magnons,
self-channeling of a high-power ultra-short laser in matter, condensed matter theory, dissipative quantum
mechanics, electromagnetic fields, plasma physics (e.g., the Kurihara superfluid film equation). We also
refer to the pioneering paper by Gamow [13] who was particularly interested in the tunneling effect, which
lead to the construction of the electronic microscope and the correct study of the alpha radioactivity.
The notion of “solution” used by him was not explicitly mentioned in the paper, but it is coherent with
the notion of weak solution introduced several years later by other authors such as Leray, Sobolev and
Schwartz. We refer to Ablowitz et al. [1], Cazenave [9], Sulem [32] for a modern overview and relevant
applications. Recent contributions to the analysis of nonlinear Schrédinger equations may be found in
[14,16,22].

Our main purpose is to consider the nonlinear Schrodinger equation in a new setting corresponding
to anisotropic spaces of Sobolev-type. More precisely, the standard linear Laplace operator A is replaced
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with the non-homogeneous differential operator Zil Oz, a;(x,05,u). This is an anisotropic operator with
a complicated structure, in which different space directions have different roles.

2. Abstract setting

In the present paper, we are interested in the study of the anisotropic nonlinear problem

N
=Y Oniailw, O w) + ()l P = M (ww) in O 1)
i=1 ’

u =0 on 012,

where Q@ C RY (N > 3) is a bounded domain with smooth boundary. We assume that \ is a positive
parameter, b € L>®(Q), f: Q x R — R, the functions a;(x,t) : @ x R — R are of the type |t|P!(*)~2t with
pi(z) € C(Q), pi(x) > 1 and minp;(x) > 1 for all i = 1,...,N. Let P{" = max;e(1,. n} Supgeq pi(®)
and assume that P > 2 (see also the basic assumption (3.2)). We denote by a;(z,7) the continuous
derivative with respect to 1 of the mapping 4; : @ x R — R, A; = A;(z,n), that is, a;(z,n) = (%Ai (z,m)
foralli e {1,...,N}.

The study of this kind of nonlinear problems described by non-homogeneous differential operators has
been an interesting topic in relationship with several relevant applications, such as electro-rheological
fluids (see Ruzicka [29]). The first major discovery in electro-rheological fluids was due to Willis Winslow
in 1949. These fluids have the interesting property that their viscosity depends on the electric field in the
fluid. Winslow noticed that in such fluids (for instance, lithium polymethacrylate) viscosity in an electrical
field is inversely proportional to the strength of the field. The field induces string-like formations in the
fluid, which are parallel to the field. They can raise the viscosity by as much as five orders of magnitude.
This phenomenon is known as the Winslow effect. We refer to the monograph [27] for more details.

Throughout this paper, we assume that the following hypotheses are fulfilled for all i = 1,..., V:

(Ag) Ai(2,0) =0 for a.e. z € Q.
(A1) The mapping a; is continuous and satisfies the growth condition

pi(x)fl,

lai(z,n)| <1+n

for all z € Q and n € R.
(A2) The inequalities

@) < ay(z,m)n < pila) Ag(z,n)

In

hold for all x € Q and n € R.
(As) There exists k; > 0 such that

m(r)7

1 1
A (2. 58) < S Ao + G A6~ el - &

for all z € Q and 7, ¢ € R, with equality if and only if n = £.
(B) be L*(£2) and there exists by > 0 such that b(z) > by for all z € Q.
(f1) f: 2 xR — Ris a Carathéodory function and

flz,t) _

t—0 |t|P++*1 B

uniformly in z € Q.
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(f3) f satisfies the subcritical growth condition
(2, 0)] < a+b[t]1™ ™ V(x,1) € A xR,

where a and b are positive constants and ¢(x) is a continuous function such that Pjrr <qg <qt<
P*, (P* is defined in (3.3) while ¢~ and g1 are defined as in (2. 2))
F(x,t)

WT = +oo, uniformly in 2 € 2, where F(z,t) ff x,s)

(f3) limypy— 400
(f4) There exists a constant C, > 0 such that
G(z,t) < G(x,s) + C.,
for each 2 € Q, 0 <t < sor s <t <0, where G(z,t) :=tf(z,t) — F(x,1).
The differential operator in problem (2.1) is the anisotropic p’(z)-Laplace type operator (where
P (z) = (p1(z),...,pn(x)) because, if we take

Pz‘(z)*Qn’

ai(xan) = |77
for all i € {1,..., N}, then A;(z,n) = pi%z) |nPi®) for all i € {1,..., N}, that is,

N
=S 0, (100, @20, 4).
w) ;&E(W Jul? 0] u)

Obviously, there are many other operators deriving from Zfil Ox,a;(x, 0y, u). Indeed, if

ai(z,m) = (1+p)™% "y, forallic{l,...,N},

m(r)

then we have A;(z,n) = - (x) (14 |n*) "=
variable mean curvature operator

— 1] for all 4 € {1,..., N} and we obtain the anisotropic

ZNjazi (L4102, u®) 57 0,0,
1=1

Anisotropic type problems have received specific attention in recent decades. We refer to [3-8] and
[12,17,21,24,26,28]. In a recent paper [10], the authors have studied the following anisotropic quasilinear
elliptic problem

N
=Y 0., (0@ 20,0) = fz,u) i Q,
i=1
u=0 on 012,
with non-standard growth conditions. By using variational methods, they obtained existence and multi-
plicity results. Our results in the present paper extend to a general abstract setting the existence property
obtained in [10].

Now, we recall some definitions and basic properties of the variable exponent Lebesgue and Sobolev
spaces LP(®)(Q) and W P(#)(Q), where Q is a bounded domain in RY. We will also introduce an adequate
functional space where problems of type (2.1) can be studied. Such a space will be called an anisotropic
variable exponent Sobolev space, and it can be characterized as a functional space of Sobolev’s type in
which different space directions have different roles.

For any Q C RV, we set

€1 (@) = {h(@) € C(@) : 1 < minh(a) < maxh(z) < oo},

and we define ht =sup{h(z): € Q}, h~ =inf{h(x): z€Q}. (2.2)
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For any p € C;(2), we define the variable exponent Lebesque space

LP@(Q) = {u : u is a measurable real-valued function and / Ju(z) [P de < oo}7
Q
endowed with the Luzemburg norm

p(x)

we) dxgl}.

T
o

[l oo @ = ey = inf {0 >0 /
Q

As established by Kovacik and Rékosnik [19], (LP*)(Q),| - Ip(z)) is a Banach space.

Proposition 2.1. (see Edmunds and Rékosnik [11]) For all p(x) € C4 (), we have the following properties:

(i) The space (LP@(Q),| - |pw)) is a separable, uniformly convexr Banach space and its dual space is
L) (Q), where ﬁ + ﬁ = 1. For any u € LP®)(Q) and v € L1)(Q), we have

11
‘/uvdxl < (p + q) [ulp@)[Vla(e) < 2fulp@[Vlge)-
Q

(i) If p1(z), p2(z) € CL(Q), pr(x) < pa(z), Vo € Q, then LP2®)(Q) — LP'(@)(Q) and the embedding is

continuous.

Proposition 2.2. (see Riadulescu and Repovs [27]) For all u € LP®)(Q), (u,) C LP®)(Q), we have
(1) [ulp@y <1 (respectively =1; > 1) <= / [uP@ dz < 1 (respectively = 1; > 1);
Q

p(z)

de =1;

(2) for u#0, |ulpe) = A <= / ‘;
Q
. - N .
(3) if Julyay > 1, then [ul’, < /|u|p< de < 7l
Q
‘ + N -
(4) if |ulpy <1, then |u|§(z) < /|u|p( ) dz < |U|Z(I);
Q

(5) [tnlp@) — 0 (respectively — oo) <= / [un|P® dz — 0 (respectively — o).
Q

The Sobolev space with variable exponent WP(#)(Q) is defined by
WhPE(Q) = {u € LP@(Q): 9,,uec LPP(Q), ie{l,...,N}}.
Then, WP(#)(Q) is a Banach space equipped with the norm
[ullp(zy = [u(@)|pa) + V(@) |pea)-

As shown by Zhikov [33], smooth functions are in general not dense in WP(*)(Q). This property is
related to the Lavrentiev phenomenon, which asserts that there are variational problems for which the
infimum over the smooth functions is strictly greater than the infimum over all functions that satisfy the
same boundary conditions. An equivalent formulation asserts that a Lagrangian L exhibits the Lavrentiev
phenomenon if the infimum taken over the set of absolutely continuous trajectories AC|0, 1] is strictly
lower than the infimum taken over the set of Lipschitzian trajectories Lip[0, 1], with fixed boundary
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conditions. We refer to [27, pp. 12-13] for more details. Zhikov [33] also established that if the exponent
variable p in Cy () is logarithmic Holder continuous, that is, there exists M > 0 such that

M 1
p(x) —ply)] < ————— for all z,y € Q such that |z —y| < =,
(o) = 0] < 'ES

then smooth functions are dense in W?(®)(Q). The Sobolev space with zero boundary values WO1 P (I)(Q)
is defined as the closure of C§°(£2) with respect to the norm || - [|,(5). Of course, also the norms [ju|,,) =
|Vulpmy and |lullp@) = Zfil |0z, u|p(z) are equivalent norms in Wol’p(g:)(Q). Note that when s € C(Q)
and s(x) < p*(z) for all z € Q, where p*(x) = ]\J,Vf’;"(bi) if p(x) < N and p*(z) = oo if p(x) > N, then the
embedding WO1 P (m)(Q) — L**)(Q) is compact. Details, extensions and further references can be found
in [15,19].

Finally, we introduce a natural generalization of the function space I/VO1 2(®) (), which will enable us to
study with sufficient accuracy problem (2.1). For this purpose, let us denote by p : & — R the vectorial

function P (x) = (p1(x), p2(2),...,pn (7)) with p; € C(Q), i € {1,...,N}. We define Wol’?(m)(Q), the
anisotropic variable exponent Sobolev space, as the closure of C§°(€2), with respect to the norm

N
lull =) 10s,u
i=1

As it was pointed out in [25], Wol’ﬁ(x)(Q) is a reflexive Banach space.

The above definition shows that the anisotropic variable exponent Sobolev space I/VO1 P (w)(Q) is a
function space of Sobolev’s type in which different space directions have different roles.

As pointed out in [27], the function spaces with variable exponent have some striking properties, such
as:

() If1<p” <p" <ooandp:Q— [l,00) is smooth, then the formula

o0

/\u(:c)|pdx = p/tp*1 Hz € Q; |u(x)| >t} dt
Q 0
has no variable exponent analogue.

(ii) Variable exponent Lebesgue spaces do not have the mean continuity property. More precisely, if
p is continuous and nonconstant in an open ball B, then there exists a function u € Lp(‘”)(B) such that
u(z 4+ h) ¢ LP®)(B) for all h € RN with arbitrary small norm.

(iii) The function spaces with variable exponent are never translation invariant. The use of convolution
is also limited, for instance the Young inequality

|f * g|p(m) <C ‘flp(z) Hg”Ll

holds if and only if p is constant.
We refer to the books [2,24,27] for related results and complements.

3. Notations and auxiliary results

A central role in our analysis will be played by the vectors ]_3>+7 1—5, € RY and by the positive numbers
P, Pt P, P~ defined as follows (see (2.2) for notations):

—> — _ _ _

Pr:(pTapé:a+7pE)7+P— :+(p17p2a"'_7p]\i)7 _

P+ :max{plap27"'7pN}a P :max{plap27"'7p]\]}a (31)
P. =min{pf,p3,....p}, P- =min{p;,p5,...,05}
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Throughout this paper, we assume that
N

> 1o (3.2)

i=1 Pi

By [27, Theorem 1, p. 13], this condition ensures that the anisotropic space Wol’?(m)(Q) is embedded into
some Lebesgue space L" (). If hypothesis (3.2) is no longer fulfilled, then one has embeddings into Orlicz
or Holder spaces.

Define P* € R* and P_ o, € RT by

N
Pr=—g——,
Zi:lf_l

It should be noticed that if p; = p then P* gives the usual Sobolev conjugate p*.

P_ o = max{P*, P*}. (3.3)

Now we recall a theorem concerning the embedding of the anisotropic Sobolev space VVO1 ’?(z)(Q) into
the Lebesgue space with variable exponent LQ(”C)(Q).

Proposition 3.1. (see [20]) Let @ C RY (N > 3) be a bounded domain with smooth boundary. Assume
that relation (3.2) is satisfied and that q € C(2) verifies

1 <g(z) < P_ o, for all x € Q.
Then, the embedding
Wy T (@) = L1 ()
s compact.
It should be noticed that, due to the condition ij < P* imposed by (fz2), we have
P_ . =max{PT, P} = P". (3.4)
We give some definitions and results stated in a general Banach space X. Of course, in our setting,
X =Wy 7).
Definition 3.2. Let (X, ||-|/x) be a real Banach space with its dual space (X*, ||| x~) and I € C*(X,R).
For ¢ € R, we say that I satisfies the Cerami condition at level ¢ if for any sequence (u,) C X with
Iup) = ¢, I'(un)llx=(1+ llunlx) =0 as n— oo, (3.5)

there is a subsequence (u,) such that (u,) converges strongly in X. Any sequence (u,) C X for which
(3.5) holds true is called a Cerami sequence at level c.

The following version of the mountain-pass theorem, which can be found in [30], gives us the existence
of a Cerami sequence at the mountain-pass level.

Lemma 3.3. Let X be a real Banach space, I € C*(X,R) satisfies the Cerami condition at level ¢ for any
ceR, I(0) =0 and
(i) there are constants p, o> 0 such that I|sp, > a;
(ii) there exists e € X \ B, such that I(e) < 0.
Then,

— > .
co = Inf max I (v(t) = @ (3.6)

is a critical value of I where

I'={yeC’[0,1],X): v(0) =0, v(1) =e}.
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We refer to the survey paper by Pucci and Riadulescu [23] for various applications of the mountain-pass
theorem.

In the present paper, we choose X = VV1 P (z)(Q). In order to associate a variational framework with
problem (2.1) and to associate an energy functionad7 we introduce A; : X — R, i € {1,..., N}, defined

on Wol’y(z)(Q) by setting
= /Ai(x,aziu) dz
Q
for all u € X.

Proposition 3.4. (see [18]) Fori € {1,...,N},
(1) A; is well defined on X,
(ii) A; € CY(X,R) and
Wi 9) = [ aw,0r,0)00da.
Q
for all u,p € X. In addition, A} is a continuous, bounded and strictly monotone operator.

(#i1) A; is weakly lower semi-continuous.
Denote by A : X — R the functional
N N
Alw) = Ai(u) = /ZAi(:z:,&ciu) da
i=1 o =1
Note that, by (Az) and since p;(z) < P}, we have
N

Au éZ/au
Py

=1

Pil¥)q (3.7)

We recall the following result concerning the functional A and which establishes that A fulfills the
Kadec-Klee property.

Lemma 3.5. (see [21]) Assume that hypotheses (A1) and (Ag) hold. Let (u,) be a sequence that weakly

converges to u in X and

lim sup(A’ (u,,), U, fhmsup/Zal X, Op,Un,) (Og,; Un — Oz, u) dx < 0.

n—oo n—oo

Then, (u,) strongly converges to u in X.

In the sequel, we use ¢;, to denote a generic nonnegative or positive constant (the exact value may
change from line to line).

4. Main result

This section is devoted to the statement and to the proof of our main results. Given A > 0, let us define
the energy functional I, : X — R by

/{ZA v Ou) 1 )I [PE = AP (w,u) fda.
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7
We recall that F(x,t) ff (z,s)ds and A(z,n) = [ a;(z,2)dz.
0
By hypotheses (Ag), (Al), (f1) and (f2), the functional I associated with problem (2.1) is well defined

and of C! class on X. Moreover, by Proposition 3.4 (ii) we have
(I (u /{Zal 2, 0, 0) Dy, p + b(a) || FF ~2up — )\f(x,u)cp}dx,

for all u,p € X. Thus, weak solutions of problem (2.1) are exactly the critical points of the functional
Iy, so by means of Lemma 3.3, we intend to establish the existence of critical points in order to deduce
the existence of weak solutions.

Our main result is the following existence property.

Theorem 4.1. Assume that hypotheses (Ao)—(As), (f1)—(f4) and (B) are fulfilled. Then, problem (2.1)
has a weak solution.

For the proof of Theorem 4.1, we show that the energy functional I satisfies hypotheses of Lemma 3.3.
To this end, we proceed with the following auxiliary result, which establishes that I satisfies the geo-
metrical configuration required by Lemma 3.3.

Lemma 4.2. If the conditions (Ag), (Az), (B) and (f1)-(f3) hold, then

(a) there exist p,a > 0 such that In(u) > a > 0 for any u € X with |jul| = p.
(b) there exists e € X with ||e|| > p such that I(e) < 0.

Proof. (a) By hypothesis (B), we get

i/ b@)uf dz > —|u| >0 (4.1)

P P
+ 4 + (@)

forallu € X. Since P{ < ¢~ < ¢ < P*, it follows that the embeddings X — LPY(Q) and X — L1@)(Q)
are continuous. Thus, there exist positive constants ¢; and co such that

lell o g < erllulls Nullzae @) < eallul. (4.2)

In view of (f1) and (f2), we see that for any € > 0, there exists ¢z > 0 such that
|F(,t)] < elt| ¥ + ealt|?® (4.3)

for any (z,t) € Q x R. Fix € > 0 small enough to get

1
e >0
PINP+_1

Next, we focus our attention on the case when u € X and |lu| < 1. Then, by taking into account
2.3), we have |0y, ul, ) <1, i € {1,..., N} and by Proposition 2.2, we obtain
i YIpi(z)

N
3 [0z e = Z|amlu| D MR
1= IQ =1 N (44)
Ziﬂ |0, u pi(x) Pf HUHP+
> = | v A\ —
> V(S

NPI—l ’
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Considering (4.1)—(4.4), thanks to (Ag) we can write

In(u) = / { f:l Ai(z, 0y,u) + %W’I AP u) b

J +
1 N
iZ/Wﬂw“
P+ i=1

1 Q Q
S W —/\e/|u| & dx—)\03/|u\Q(‘”) do
PNPE

Y

b —+
-(x)dﬁ%\uﬁ; )—)\/F(x,u)dx
+(

1 + _
T prNPil |+ —/\601+ ull ¥ = Aeged [Jul|f
+
1 + -
§ <P+NPI—1 _)\661> lull ™ = Aeaflul|® .
+

Since ¢~ > PI, we can choose a > 0 and p > 0 small enough such that Iy(u) > o > 0 for all u € X with
||u|| = p- This proves (a).
(b) By (f3), for all M > 0 there exists ¢5 = ¢(M) depending on M, such that

|F(x,t)] > M|t|" T e (4.5)
for any x € Q and ¢t € R. From (Ap) and (A7), we have

Awan) = [[aletn)nae < o+ sl (1.6
0

for all z € Q and n € R.
Take ¢ € X with ¢ > 0 on Q. Using (4.5) and (4.6) for ¢t > 1, we have

/{ZA z, 0, 1) + b(+)|t 7 ARG ) Yo

N
Dy, t|Pi(®) 1
< /@mm'%’>m++/UW|MAMN¢Wx
i=1g pi(@) Py a
+cs5 Ql
N Az
P [ 1 Pt
<t™ 1> (10m0] + o c1gc+P+ b(x)|o|F do — AM \¢| T dx
i=1g - +
+C5|Q|.

If M is chosen large enough to have

o|pi(@) 1
Z/ <|8m M) dz + —+/ |g0|P+ dz — )\M/|30\P+ dz <0,
P- Pf

i=1 Q
then
m Ix(tp) = —o0.
Take e = top with tg large enough that I (top) < 0. This proves (b). O

Lemma 4.3. Let (u,) be a Cerami sequence for the functional Iy. If (Ao)—(Az) and (f1)—(f3) hold, then
(un) is bounded.
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Proof. Fix ¢ > 0 and assume that (u,) C X is a Cerami sequence at level ¢ for I (u) (see Definition 3.2).
Then, (3.5) shows that

¢ =Ix(un) +o(1), (Ii(un),un) = ofluall) (4.7)
where o(1) — 0 as n — oo.
Suppose by the contrary, that
[tn]] = +o0 as  n — +oo. (4.8)

[unll’
weakly in X. Since Q is bounded, using the Sobolev embedding theorem (Proposition 3.1), see also
assumption on ¢(x) given in (f2) and equality (3.4), we get

Let wy(x) = then (wy) C X with ||w,| = 1. Therefore, up to a subsequence, we have w,, — w

wy(x) = w(xz) ae. in Q,
Wy — W strongly in L) (Q), (4.9)
Wy, — W strongly in P+ ().

We claim that w(z) = 0 a.e. in Q. For this goal, set QO = {z € Q : w(z) # 0} and show that

|22| = 0. Considering (4.9), we have |u,(z)| = |wy(2)|||un| — +o00, as n — +oo for all z € Q. Taking

into account (f3), we see that
F
lim M =+oo a.e. in Q.
" g ()] 7

In particular, since w,, — w # 0 a.e. in Q, we deduce

lim F(z,un(x))

pPf .
wy(z)| "+ =400 a.e.in Q. 4.10
i S S o) . (4.10)

Now, we prove that F(x,t) is bounded from below V(z,t) € Q x R. Indeed, by (f3), there exists ng > 0
such that

F(x,t)

|t P¥

>1 forall z € Qand t € R with |¢| > ng.

On the other hand, F(xz,t) is continuous on § x [—ng,ng], then there exists cg > 0 such that
|F(z,t)] < cg

for any (z,t) € Q x [—ng, ng]. Thus, we see that there exists a constant ¢; (not necessarily positive) such
that

F(z,t) > ¢; forall (z,t) € Q x R.
Therefore, by (4.8) for n large enough

F _
Pl @) =cr o ypeq,
n |7+
This means that
F
an(m)ﬁi _ L+ > 0. (4.11)
[un ()| [

For each 7 € {1,2,..., N} and n, we define

Pi if ‘8a:iun‘pi(z) <1,
P-if ‘@mun‘pi(w) > 1.

ai,n =
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Using Proposition 2.2 and Jensen’s inequality (applied to the convex function i : RT — RT, A(t) =

[t|P~, P~ > 1) or the generalized mean inequality, for n large enough we have

N
S [ > Sl
1= 1Q 1=1
al P” P Py
= ol = D (0wl Ol )
i=1 (i ai,n;fr} (4.12)
S [Oestinlpa) \
> N | Zizt!%einlp. N
> ( -
™
B NP--1

We point out that in the second inequality we used the fact that if «; ,, = Pi7 then |0,,u,| <1 and so
0 < |00, tn] P~ — [0, un|FF < 1.

Using (4.1), (4.7), (4.12), (A2) and (B) for sufficiently large n,

N
b
:/{ZAi(x,amun)‘F(iﬁ)Wﬂpi —)\F(x,un)}dx+o(1)
- f’+
Q 1=1
>1§:/|8 u pi(z)dx+b70|u |PI dx—A/F(xu)dx+o(1)
- Pj — me Pj_’ "LPI(Q) o
=10
1 - N
> ool — 5 - A/ (.uy) da + of1),
PINP- J
So
A F dz > 1 PZ 1
(z,un) dz > T il nll - —c— I +0(1) — +o0
Q +
thus
/F(m,un) dr — +o0. (413)

Q

Similarly, for each i € {1,2,..., N} and n € N we define

B, = P~ if |8wiun|pi(m) <1,
o P i |0ptn |py ) > 1.
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Using Proposition 2.2, for n large enough we have

N N 4
- [0 < i,
=1 Q =1
al P Pt P
— +
= ; |azmun|pl(x) - Z <|89c,un|p7 ‘axzun‘p (z)) (414)

{i: Bs,n=P_}

Also, from (4.6), (4.7) and (4.14), b € L™ and since 9,,u,, € LPi®) — L' we deduce that [ |0y, u,|dz <
Q

[0z, |Pi®) dz and therefore, by (4.14) we have
)

N
Z/Iaﬂﬂzunl < (HunHPir + N).
i=lq
We deduce that
¢ = Ix(un) + o(1)

a b(x) pt
_ / IS A 0uu) + e unl ¥ — AF (2, ) } dz + o(1)

o =1 +
<§: (19 I+M)d +— b(@)un|F dz = A | Fw,u,)de + o(1)
=2 2 Un, i) U, T (z,un)dz+ 0
=ta
1
< (es + =) (Iunl ™ +N)+;;Hﬂ|+—a/Fxmmdx+d>
- Q

< cloHunHPI +ci1N — )\/F(x,un)dcv+o(1),
Q

or

N
[ 7/ 2, un) do + — — L (1) (4.15)

C10 €10

for n large enough.
If [Q4| # 0, using relations (4.10), (4.11), (4.15) and Fatou’s lemma, by (4.8) we have

) F(x,up) pr cr
+ 00 = (F00) |Qz| = /hmlnf <+|wn| + = - | dz
S\ P e
#
F
< hmlnf/< <x’gf)|wn|P+ - C7P+> dz
0 )\ ual N
#
F
< hmmf/< (x’gf)|wn\P+ - C7P+> dz
VA N



ZAMP Variational analysis of anisotropic Schrodinger equations Page 13 of 17 9

F
= liminf/(xi’ungdx—limsup/ o -
o) ug[PE T ntos P

F Q

= lim inf 7(%%1) dz — lim sup | |+

A a0
F(x,up)

= lim inf -
n—-+oo J HunHP+

fF(x,un) dx
< liminf . (4.16)
- _c cii N
n—too A fF x un) + o5 =SS —o(1)

Due to (4.13), the right-hand side of the above inequality goes to 4, and hence we deduce that
29 > 400, which is a contradiction. This shows that, as claimed, |22] = 0. Hence w(z) =0 a.e. in .
Since I(tu,,) is continuous in ¢ € [0, 1], there exists ¢,, € [0,1] such that

Iy (thun) = tren[gwi] I (tuy). (4.17)

Clearly, t, > 0 and we can write I\(t,uy) > c12 > 0 = I,(0), by Lemma 4.2 (a). When t,, < 1, we have
d
&IA(tun)h:tn = 0, which gives (I} (tpuy),thun) = 0. If t, = 1, by (4.7) we get (I§(un), un) = o(1). So,
if t,, makes (4.17) hold true, then
(I\ (tpun), thun) = o(1). (4.18)
Let (r) be a sequence of real positive numbers such that rp > 1 for any & and lim,,_, o, 7 = +00.
Since ||uy|| — 400 as n — 400, we can choose (r) such that 0 < Ty < 1 for large n. For fixed k, using

(f2) we deduce that
b
F(z,r5wy) < alrpwn| + = |rew, |14,
q
Next, by (4.9) (since we have proved that w = 0) we obtain

hr—{l F(z,rwy)de = 0. (4.19)
Q

Therefore, considering (3.7) and (B), we have

In(tpuy) > Iy (ﬁu,&

= I,\(Tkwn)

/{ZA x, O, TEWy) + QV wn|P+ — \F(x, mwn)}dx

N
) bo Pr
> — O, WP da + — w7 f/\/F ,TRwy) d
> Z/| s TEW T Pi_|7"kw |LPI(Q) (z, rpwy,) dz
i=1 Q
N
> Tki_ - =5~ )\/F(x,rkwn) dz,
PINP-—1 P
where the last inequality follows by replacing u,, with ryw, in (4.12) since ||rpw,| = ril|ws|| = 7% So,

by (4.19), we get
lim I\(t,u,) = +o0. (4.20)

n—-+o0o
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Putting together (4.6) and (f4 ) for ¢,, € (0,1] such that (H) holds, we get by (4.18)

Ii(thun) = In(tnun) — (4 (Enun ), thtin) + o(1)
al b(z) .
ZAl x, O, tntn) + —Jr\tnun|P+ — AF(z,thuy,) pda
1=1 P+

=

[Z a; (@, O, trtin) O, (tnttn) + b(x)|tnun|P:-r — M (2, thun)tyuy, | do+ o(1)

=1
Ihﬂ(ﬂc)
Ottty - Pzt N (L /b Jtatin| P da
' pi(x)

@i (T, O, b tin ) Oy, (Entiy) dz + A / Gz, thuy,) da + o(1)

::\ b\

s
Il
—

IN
R—

I
—

1

Q
N
|8Lun| G 1 pr

i=1 Q

a; (T, O, trtin) Oy, (tnuy) dz + )\/ (G(x, Up) + C’*) dz + o(1).

bl
M=

e~

ol -
NEE

Il
-

%

We deduce that
I/\(tnun) < Ik(un) - <Ig\(un)7un> + O(l) + 0(1)
=0(1) as n— 400, by (4.7).

From (4.20) and (4.21), we get a contradiction. Therefore, we have proved that (u,) is bounded. O

Proposition 4.4. If (Ag)—(Az2) and (f1)—(f3) hold true, then the functional I satisfies the Cerami condi-
tion at any level c.

(4.21)

Proof. By taking into account Lemma 4.3 and the fact that X is reflexive, any Cerami sequence (u,)
yields to the existence of ug € X such that, up to a subsequence, still denote by (uy,),

Uy, — ug weakly in X,
up — ug strongly in LI(*)(Q), (4.22)
Up — up strongly in LF ().

We deduce in what follows that the convergence is strong in X. To this aim, we check the assumptions
in Lemma 3.5. Let us first remark that, by (4.7) we have

lim (75 (un), un — ug) = 0.

n—oo

More precisely,

N
lim [Zaz 2, Op;Un) (O, Un, — Oz, Up)
i=1

n—oo

+b(z)|un|P+ 2 (un — ug) — M (2, ) (U — uo)} dz =0. (4.23)

By using condition (f2), (4.22) and the Holder-type inequality stated in Proposition 2.1, we can write
| [ )t = o) da] < [ 1)~ o] o
Q

Q
< c12 (a + bH|un|‘J(I)_1‘

z Uy — U .

—0 as n— 400,
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so we deduce

lirf /f(x,un)(un —up)dz = 0. (4.24)
Next, using (B) and Holder’s inequality we have
Pt P2
| / ol P =2 (1 = w0) dr| < bl o [l 2| e = wol]
L™+ @)
and, so by (4.22) we get
lirf b(m)\un|Pi_2un (up, —up)dz = 0. (4.25)
Q

Combining relations (4.23)—(4.25), we obtain

N
lim /Zai(x, O Un, ) (Op, Un, — Oy, up)dx =
o i=1

and, so by Lemma 3.5, we deduce that (u,,) converges strongly to ug in X. Thus, the functional I satisfies
the Cerami condition at level c. O

4.1. Proof of Theorem 4.1

Lemma 4.2 and Proposition 4.4 guarantee that Lemma 3.3 applies to the functional Iy. Therefore, the
real number ¢y given in (3.6) is a critical level for I to which corresponds at least a nontrivial weak
solution to problem (2.1).
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