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ABSTRACT. In the present paper, we investigate the existence and multiplicity
properties of the normalized solutions to the following Kirchhoff-type equation
with Sobolev critical growth

(P) —(a+0b fgs |[Vul’dz) Au+ du = plufP~?u+ |u[*u,  in R,
u>0, [ps|ul?de=c? in R3,

where a, b, ¢, p >0 and 4 < p < 6. We consider both the L2-subcritical and
the L2-supercritical cases. Precisely, in the L2-subcritical case, by combining
the truncation method, the concentration-compactness principle and genus
theory, we obtain the multiplicity of the normalized solutions for problem
(P). In the L2-supercritical case, by using a fiber map and the concentration-
compactness principle, we obtain a couple of normalized solutions for problem
(P), as well as their asymptotic behavior. These results extend and com-
plement the existing results from Sobolev subcritical growth to the critical
Sobolev setting.

1. INTRODUCTION AND MAIN RESULTS

In the past years, the following nonlinear Kirchhoff-type equations
(1.1) —(a—i—b/ |Vul’dz)Au+ = f(u), z €R®
R3

have attracted considerable attention, where a, b > 0 and A € R. The appear-
ance of the nonlocal term ( [5; |[Vul?dz) Au causes several mathematical difficulties
that make the study of (LI]) particularly interesting. Furthermore, the interest
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of studying Kirchhoff-type equations comes from the physical background of equa-
tions. Usually, u denotes the displacement, f(u) is the external force, b is the initial
tension, while ¢ is related to the intrinsic properties of the string, such as Young’
modulus.

The Kirchhoff equation was introduced by Kirchhoff [II] in 1883 in the one-
dimensional case. This first model is without forcing term and with Dirichlet
boundary conditions and it describes the transversal free vibrations of a clamped
string in which the dependence of the tension on the deformation cannot be ne-
glected. This is a quasilinear partial differential equation, namely the nonlinear part
of the equation contains as many derivatives as the linear differential operator. The
Kirchhoff equation is an extension of the classical d’Alembert wave equation for free
vibrations of elastic strings. Kirchhoff’s model takes into account the changes in
length of the string produced by transverse vibrations. We refer to Arosio and
Panizzi [3] and D’Ancona and Spagnolo [6] for more details.

At present, there are two substantially different view points in terms of the
frequency A in problem (II). One is to regard the frequency A as a given constant.
In this situation, solutions of Eq. (ILI]) are critical points of the corresponding action
functional on the working space. We point out that the existence, multiplicity and
concentration of solutions for (IT1) involving subcritical, critical and supercritical
exponents have been extensively studied under different assumptions about the
nonlinearity f, see [9] and their references therein. The other one is to regard the
frequency A as an unknown quantity to the problem ([I)). In this situation, it is
natural to prescribe the value of the mass so that A can be interpreted as a Lagrange
multiplier. Nowadays, some physicists are very interested in the solutions satisfying

/ lul?dz = ¢* > 0
R3

for a priori given ¢, since the mass admits a clear physical meaning. For example,
from a physical point of view, the mass ||u||3 may represent the number of particles
of each component in Bose-Einstein condensates or the power supply in the non-
linear optics framework. In addition, such solutions can give a better insight of the
dynamical properties, like orbital stability or instability, and can describe attrac-
tive Bose-Einstein condensates. This type of solutions is usually called prescribed
L2?-norm solutions or normalized solutions in mathematics, and the above condition
is called normalized condition. In order to study the solution of Eq. (1) satisfying
the normalized condition fR3 |u|?dx = ¢, it suffices to consider the critical point of
the functional

1 b
E(u) = §a/R3 |Vu|>dx + Z(/R3 |Vu\2dx)2 - /R3 F(u)dx

on the constrained manifold

S(c) == {u € H'(R?): /

R3

lu|?dx = 02} .

In recent years, Guo et al. [8] studied the existence and blow-up behavior of the
normalized solutions for the equation

(1.2) —(a+b/ |Vuldz) Au+ V(z)u = plulP>u+ u,
RN
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where 1 < N <4 and 2 < p < 2*. Ye [I7] pointed out that 2+ % is the L2-critical
exponent for (I2)), and she studied in [I8] the existence of normalized solutions to
([C2) with p=2+ + and V = 0. Zeng and Zhang [20] obtained the existence and
uniqueness of normalized solutions to the equation (1.2) with V=10, p = 1 and
2 < p < 2*. Li and Ye [I5] studied the existence and concentration phenomenon
of the normalized solutions to (1.2), and they also assumed that 2 < p < 2*. Li,
Hao and Shi [I3] also obtained the existence of normalized solutions to (L2) with
N = 4 by fine calculations. By using a minimax procedure, Luo and Wang [14]
studied the multiplicity of normalized solutions to (I2) with V =0, u = 1 and
4 < p < 6. Chen et al. [5] established the existence of the normalized solutions
for Kirchhoff-type equation

—(a—|—b/RS |Vu?dz) Au — du = K () f(u),

where f € C(R,R) satisfies general L?-supercritical or L?-subcritical condition.

From the commentaries above, the existing work is mainly focused on the exis-
tence of normalized solutions for Kirchhoff-type equations with Sobolev subcritical
growth. But there is very few result about Sobolev critical case. Motivated by
the works aforementioned and [IL2], where they all considered the local semilinear
equations, we study the normalized solutions to the nonlocal and Sobolev critical
problem (P).

Set

HY(R?) = {u € L*(R®) : |[Vu| € L*(R®)}

with the inner product
(u,v) = / [aVu - Vv 4+ wldx
R3

and the norm
lull = ()2,

We are now in a position to state the first two main results of this paper. Es-
sentially, these results establish the existence of normalized solutions for high per-
turbations of the forcing term. Our analysis covers both the L2-subcritical and
the L2-supercritical cases. In the first setting, following some arguments in [7], we
obtain the multiplicity of the normalized solutions, while in the L2-supercritical
case we find a couple of normalized solutions.

Theorem 1.1. If4 < p < %, for given k € N, there exist « > 0 independent
of k and py = p(k) such that problem (P) possesses at least k couples (u;, \j) €
H'(R®) xR of weak solutions for p > px and c € (0, (%)ﬁ] with [gs [us)*de = ¢,
Aj >0 for all j € [1,k].

Theorem 1.2. If % < p < 6, there exists u* = u*(c) > 0 such that as pu >
w*, problem (P) possesses a couple (ue, A.) € HY(R3) x R of weak solutions with
Jgs [ucPdz = ¢ and A > 0.

Remark 1.3. Tt is well known that problem (P) on the whole space R? is invariant
under translations, which leads to the lack of compactness. In order to overcome
it, we can take the space Hﬂad(R?’) of radial functions as the working space, where

H! J(R?) :={uec H'(R?) : wu is radial},
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and by Proposition 1.7.1 in [4] we know that H}

rad
any 2 < t < 6. To be precise, we will consider the functional I : H}

rad
given by

1 b 1
I(u)=sa [ |Vul*dz+ —(/ Vul2dz)? — ﬁ/ lulPdz — _/ lu|Sdz,
2 R3 4 R3 P Jrs 6 R3
restricted to the following sphere in L?(R?)
S(c) = {u € Hyq(R?) : ||ull2 = c}.

(R?) — L'(R3) is compact for
(R?) = R

Moreover, we give the asymptotic behavior of solution u. as ¢ = +oco. Our main
result in this aspect is Theorem [[.4

Theorem 1.4. Ifu, is the solution obtained in Theorem[L2, then lim oo I(u.) =
0.

Remark 1.5. The Sobolev critical exponent also leads to the lack of compactness.
Even the embedding of the radially symmetric space of H} ,(R?®) into L%(IR?) is not
compact. Furthermore, H! ,(R3) < L?*(R?) is also not compact. Then, the weak
limit of Palais-Smale sequences could leave the constrained manifold S(c). Hence,
we need to estimate finely the Lagrange multiplier, which is vital in obtaining com-
pactness. With the aid of the concentration-compactness principle, we overcome
the difficulty.

Remark 1.6. No matter 4 < p < % or 13—4 < p < 6, I(u) on the constrained manifold
S(c) is all unbounded from below. Hence, it is unlikely to obtain a solution to

problem (P) by minimizing method. We adopt some ideas from [IL[2] to overcome
the difficulty.

Remark 1.7. To the best of our knowledge, the main results in this paper are new.
They extend the main results in the above mentioned references except [19] from
Sobolev subcritical growth to Sobolev critical growth. When % < p < 6, Zhang
and Han [19] considered the existence of normalized solutions for problem (P) by
calculating the threshold of the mountain pass level. Our approach is different and
easier than their approach. Alternatively, we also consider the L?-subcritical case.
We point out that p > 4 only ensures the corresponding Lagrange multiplier is
negative, see the proof of Lemma 2.1](iii).

2. THE SUBCRITICAL CASE

We first recall the definition of genus. Let X be a Banach space and A be a
subset of X. The set A is said to be symmetric if v € A implies that —u € A.
Denote by ¥ the family of closed symmetric subsets A of X such that 0 & A, i.e.,

Y ={A4Ac X\{0}: Ais closed and symmetric with respect to the origin}.
For A € 3, define
0, ifA=g,
v(A) = < inf {k eN:Janodd ¢ € C’(A,Rk\{O})},
400, if no such an odd map,

and X = {A € X:v(A) > k}.
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For u € S(c¢), by the Gagliardo-Nirenberg inequality and the Sobolev embedding
theorem we have

1 b 1
1) =50 [ 1VuPde+ 3 [ 19aPd0)* <2 [ jurae -5 [ b

3(p—2)
1 L

b 2 M 6—p 1
Zia/Rs |Vu|*dx + Z(/}R3 \Vu|2da:) - ;Cpc 7 ||[Vully - @HVuHS
=M ([|Vull2),
where ) b )
M@) = zat® + ¢t — Lo 5222 46,
(1) = gat"+ 317 = e 657
Since 4 < p < %, we obtain @ < 4 < 6, and there exists a > 0 such that

as ch_Tp < a, the function M (-) attains its positive local maximum. More pre-
cisely, there exist two constants 0 < R; < Ry < 400 such that M(-) < 0 in
the intervals (0, Ry) and (Rg,+00), and M () > 0 in the interval (Ry, R2). Let
7(-) € C*®(R™,[0,1]) be a nonincreasing function such that 7(¢) = 1 for t < Ry and
7(t) =0 for t > Ry.

2.1. Proof of Theorem [I.1l Define the truncated functional

1 b \Y
I (u) = Ea/Rg |Vu|?dz + Z(/]R3 |Vu\2d:10)2 - %/Rg |ulPdz — M /}R3 lu|dz.

For u € S(c), again by the Gagliardo-Nirenberg inequality and the Sobolev embed-
ding theorem one has

1 b 6—p 3(p—2)
I (u) z—a/ |Vu|?dz + —(/ \Vu|2dx)2 - ECPCTHVUHQ 2
2 R3 4 R3 P
(|| Vu
=M ([[Vull2),

where ) b )
M) = a2+ 24— FPo 5222 T e
(8) = gat™+ 31" = Ce 657

Then the definition of 7(-) implies that when ¢ € (O7 (%)%}7 M(-) < 0 in the
interval (0, Ry) and M(-) > 0 in the interval (R, 400). In the following, we always

assume c € (0, (%)m} Without loss of generality, we may assume that
(2.1) 1ar2 + ér‘1 - L1"6 >0forr€[0,Ry] and R? < a?S%
' 2 4 653 = ’ ! '

Lemma 2.1.
() I € C'(HL,y(R), R).
(ii) I, is coercive and bounded from below on S(c). Moreover, if I, < 0, then
(IVullz < Ry and I-(u) = I(u).
(ili) Ir|s(c) satisfies the (PS)q condition for all d < 0.

Proof. The proofs of (i) and (ii) are easy. For (iii), let {u,} be a (PS)4 sequence
of Ir|s(e) with d <0, ie., Ir(un) = d < 0 and [[I;[§g, (un)|| — 0 as n — oco. By
(ii), [[Vunll2 < Ry for large n, and {u,} is also a (PS)q sequence of I|g( with
d < 0. Then, {u,} is bounded in H}

1 J(R3). Hence, up to a subsequence, there
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exists u € H! ,(R®) such that u, — uw in H}! ;(R?) and u, — u in L'(R?) for
2 <t <6 and uy(z) = u(z) a.e. ¥ € R®. Since 4 <p <

lim/ |un|pdac=/ |u|Pdx.
n—roo R3 R3

We assert that u # 0. Otherwise, lim,, fRS |t |Pdz = 0, and whence by (21
we have

0>d= hm I(uy,)

= li_>m / |V, |?de + — / |V, |? dx - / |un|pdx——/ |, |® dm

> tim [gallVua |+ {1Vl =5 [ jualPde = o1V ]
> — B im |t |Pdz = 0,
p n—o0 R3
a contradiction. On the other hand, let ®(v) := 3 [os [v[*dz, Yo € H*(R?), then
S(c) = ({?}) By Proposition 5.12 in [16], there exists a sequence {\,} C R
such that 1 (un) — An® (un)|| = 0 as n — oo, which means that
(2.2) — a—i—b/ IV, [2dz) Aty — g [P~ 2w —|un [*un = Apup+o(1) in H L (R?).

Therefore, for ¢ € H!, ,(R?),
(2.3)

(a+b/ |Vun|2d:c)/ Vun.Vgodx—/,L/ |un\p_2ungodx—/ |t [t o
R3 R3 R3 R3

[ ot + oV
R3

Especially,

(a—|—b/ |Vun|2d:1:)/ |Vun|2dx—,u/ |un|pd:1:—/ [tn|®dz = Apc® + o(1).
R3 R3 R3 R3

The boundedness of {||u,||} yields that {A,} is bounded in R. Then, up to a
subsequence, there exists A. € R such that A, — A\, as n — co. We claim that
Ae < 0. Indeed, by the above identity and I(u,) — d < 0 as n — oo and p > 4 we
know that

4 — 1
A+ o(1) < 4d + Tpu/ junl?de — 3 / [Pz + 0(1) < 4d + o(1).
R3 R3

Let n — oo, we have A\, < 0.

In the sequel, we shall prove u, — u in LS(R®) by using the concentration-
compactness principle due to Lions [I2]. In fact, there exist two positive measures
p, v € M(R?) such that |Vu,|? — p and |u,|® — v in M(R3) as n — oo, and for
an at most countable index set J, we have

V= ‘u|6+2jeJVj6$j7 v >0,
,u> ‘Vu|2—|-2j€],uj(5$j, wi >0,
Sl/j?’ < W, Vi e J.
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Suppose that .J is nonempty but finite. Let ¢, € C*°(R?) be a cut-off function

with ¢,(z) = 1 for |z — z;] < 1p, @,(z) = 0 for [z — 25| > p and |Vy,| < #.

By the boundedness of {u,} in H' ;(R3) we know that {¢,u,} is also bounded in
H! (R3). Therefore,

rad
o(1) =(I'(un), pun)

:(a—l—b/ |Vun\2dx)/ Vun~V(<ppun)dac—,u/ gop|un\pdx—/ <pp|un|6dx.
R? R3 R3 R3

Clearly,

Vuy, - V(ppun)de = / |Vun|230pdx +/ Uun Vi, - Vp,da.
R3 R3 R3

By Holder inequality we derive that
‘/ Up, VU, - chpdx‘
R3
(2.4) S(/ U%|V@p|2dl')2 . (/ |Vun|2dx)z
R3 R3
1 1
SC(/ ui|V<pp\2da:)2 :C(/ ui|V<pp\2d;v)2
R3 Bp(z;)\Bg (z5)

Noting that

’/ u2|Vp,|*ds —/ u2|V<pp\2dx‘
B, (2)\Bg (z;) Bp(;)\Beg (z;)
1
<= / [t + u)|uyn — uldx
p(@i)\Bg (z;)

/ [, — u|pdx / [t —|—u|6dx ¢ (/ d:v)
B, (z;)

SCpB(%_%)_l(/ |un—u|pdx>5
R3

olu

o
1

By the absolute continuity of the Lebesgue integral, it implies that

lim lim u? |V, |>dz = lim u? |V, |2d
po0n Jo, ez 0 0 B

1 1
< lim [—(/ |u|6dx)3(/ da;)%] =0.
P=OLP B, (a;) By(z;)

By @4)), lim,_, lim,, 00 ng UV, - Ve,dr = 0. Again by the absolute continuity
of the Lebesgue integral we have

lim li p =1l p =0.
im 1m/ [un [P, da plg(l)/RS lulPp,dz =0

p—0 n—oo R3
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All together with the above estimates, we get that
. 6 )
lig [/Rg |ul®p,da +;/R$ Vgézjwpdx}

= lim ppdv = lim lim / | |, da
3

p—0 Jrs p—0n—o0

p—0n—o0

=lim lim (a—|—b/ |Vun\2dx)/ [V, 2p,dx
R3 R3

>alim lim |V, [*¢,dr = alim / wpdpt
p—0 JRs3

p—0n—00 [pa

>a li 2 0 }
7ag1_r>r(1) [/W |Vul gopdx—i-j;]/Rs 0z ; PpdT

.»\»—A

Hence, vj > ajij. Then, p; > Sv; > S(ap;)3, ie., p; > a2S?, so

R >limsup ||Vu,||5 > hmsup/ |V, 2o, dz :/ wpdp
RS

n—oo

/ |Vul g%dx—kZ/ 100, 0pdx > pu; >a28%,

jeJ

a contradiction with (21). Hence, J = . Then,

lim / un|®p,dz = / ppdv = / lul®p,dz,
n—0o0 [p3 R3 R3
SO Uy, — win L

3
loc(]R )
On the other hand since u,, € H! ,(R®) and {u,} is bounded in H! (R?’)

up (z)] < el < ol | for every |z| > 1. So |u,(x)[® < B ‘6 for every |z| >

el =
Since .‘e € LY(R3\Br(0) and u,(x) — u(x) a.e. on R3\Br(0), by the Lebesgue
dominated convergence theorem, u,, — u in Lé(R*\ Bg(0)).
Consequently, u,, — u in LS(R3). Along a subsequence if necessary, set B :=
lim,, o0 ||V, ]|3 > 0. Then 0 < ||Vul|3 < B. By 23)),

(a+bB) / Vu - Vedr — u/ |ulP~updr — / lu|*updr = )\C/ wpdz.
R3 R3 R3 R3

Consequently,

lim [(a+b/ |Vun|2dx)/ \vunpdx_Anuunug]
n—oo R3 R3
= Tim [l 17 + [lun €]
il + Jull = (a+08) [ [VuPde =Xl
By Ac < 0 we deduce that
lim —Aellun]|3 = —A|jull?, a lim / |Vun|2dx:a/ |Vu|?dz.
n— oo n—oo RS R3
(R3?) and ||ul|z = c. O

1
Hence, u, — win H_ ,
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For € > 0, set
I7°={u€ H! q(R*) N S(0) : [;(u) < —e} C H},y(R?).

By the fact that I, is even and continuous on H}, ;(R?), I7¢ is closed and symmetric.

Then, we have Lemma [2.2] whose proof is similar to the Lemma 3.2 in [I].

Lemma 2.2. Given n € N, there exist €, := e(n) > 0 and p, = p(n) > 0 such
that y(I7¢) > n for 0 < e <e, and u > py,.

Set
Yy :={D c H! ,(R*NS(c): D is closed and symmetric, v(D) > k},
and dj, = infpeyx, sup,cp Ir(u) > —oo for all k € N by Lemma 2711 (i) and
Kai={u € Hy(R%) 0 8(0) : I)(u) = 0, 1, (u) = db.
Then, the following lemmas holds.

Lemma 2.3. Ifd =dy = dgy1 = -+ = ditr, then y(Kq) > v+ 1. In particular,
I possesses at least r + 1 nontrivial critical points.

Proof. For € > 0, it is easy to see that I-° € X. For any k € N, by the previous
lemma there exist e, = (k) > 0 and pg = p(k) > 0 such that if 0 < ¢ < ¢, and
> g, we get y(I7%) > k. Then I € 3y, and dj, < SUD,, ¢/~ I (u) = — < 0.
Suppose that 0 > d = d, = dg41 = -+ - = dg4r, then Lemma 2T (iii) implies that
I, satisfies the (PS)4 condition. Hence, K, is a compact set. By [I, Theorem 2.1],
I+|s(c) possesses at least 7 + 1 critical points. O

Proof of Theorem [Tl By Lemma BT (ii), the critical points of I, founded in
Lemma 23] are the critical points of I. So Theorem [I1]is proved. O

3. THE SUPERCRITICAL CASE

In this section, we consider the case % < p < 6. At this time, @ > 4.

It follows that the truncated functional I, in Section [2 is still unbounded from
below on S(c). Therefore, we cannot use the truncation technique from Section
to study problem (P) when &' < p < 6. Inspired by [2], for convenience, we set
f(t) = plt|P=2t + |t|*t for all t € R, and introduce the following auxiliary functional

T:S(c) xR =R, (u,7) I(7*u),

where (7 % u)(z) := e27u(e"z). Then

/ V(7 % u)|?de = 627—/ \Vu|?dx
R3 R3

and

/ |7 % ulfde = 6%437—/ |u|9dz, Vq € [2,6].
R3 R3
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Then
I(u,7) =I(T % u) = I(e%Tu(eTx))
1 2 b 2.\?
=54 . |V (7 % u)|"do + Z(/]R'a |V (7 u)| d;v) ~ | F(rxu)dz

:—aeQT/ |Vu|?dz + —647(/ |Vu|2d:c) - 6737—/ F(e%u(x))d:c
2 R3 4 R3 R3

1 27 2 b 4T 2 2 o =2,
=—ae |Vul“dz + —e ( [Vul dx) ——.e 2 |ulPdx

2 R3 4 R3 p R3

1
—-— eﬁT/ lu|®dz.
6 s

Clearly, the above estimates imply the Lemma [3.11
Lemma 3.1 ([19, Lemma 3.1]). Let u € S(c) be arbitrary but fized. Then

(1) s ’V(T*u)‘zdaz — 0 and I(u,7) = 0 as T — —oo.
(ii) fRs |V(T*u)‘2dx — +o00 and f(u,T) — —00 as T — 400.

With the aid of the Gagliardo-Nirenberg inequality we can obtain the next
lemma.

Lemma 3.2 ([19, Lemma 3.2]). There exists K(c) > 0 sufficiently small such that
I(u) >0 for ue A and 0 <suplI(u) < inf I(u),
u€A ueB

where
A:={ue Sc): / |Vu|?de < K(c)}
R3
and

B:={ue S(c): /R3 |Vu|*dz = 2K (c)}.

As a consequence of Lemmas [3.] and B2, we see that for fixed ug € S(c), there
exist two constants 7y, T satisfying 71 < 0 < 79 such that

K
/ |V [Pde < ﬁ, / |Vug|2de > 2K (c)
R3 2 R3

and
I(u1) >0, I(uz) <0,
where uy 1= 7 *ug € S(c) and uz := 73 x ug € S(c). In the following, denote the

mountain pass level v, (c) by

Yu(e) = inf a1 (9(1)),

where
I':={g € C([0,1], 5(c)) : 9(0) = w1, 9(1) = ua}.
Then for any g € T,

a1 (9(t)) > max{I(u1), I(uz)}.

It yields that v,(c) > 0. About 7,(c), Lemma 3.3 holds.

Lemma 3.3. lim,_,; 7.(c) = 0.
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Proof. Taking go(t) := [(1 — t)7y 4 t72] % ug € T, then

0 <vyulc) < tren[aaﬁ] I(go(t)) = tren[aa’)%] I([(l — )71 + 7o * uo)

= max {lae2 [a=0m+m] / Vo |*dz + 964[(1_07—1-"—”2] (/ |Vu0|2dac)2
2 ” 1 -

teo,1]
iy ~63(p2_72)[(1_t)n+m} / ug|[Pdx — ! ~e6[(1_t)ﬁ+m] / |uo|6dx}
p R3 6
1 2 2 b 4 27.\2
§max Zar \Vu0| da:—|—1r ( |Vuo|?dz)” — = - |u0‘1’daz
R3
——7‘ / |uo|® da:
3(p 3(p=2)
<max ar / |Vug)? dx—l——r / |Vug|? dx - = / |u0\pdx
::A.
If r? [Ls |Vu0\2dx > 1, then
A<max ar / |Vuol|? dx —1" / |Vuo|? da: R 2)/ |u0|pda:

1
<O =0 (4 +0).

If 2 [os |Vuo?dz < 1, then

1 b 3(p—
A §max{—ar2/ |Vuo|?dx + —r2/ |Vug|*dz — B / \uo\pdﬂc}
2 R3 4 R3 p R3

r>0
1
SO(;)ﬁ — 0 (1 — +00).
O

By Proposition 2.2 in [I0] or Proposition 3.5 in [19], there exists a sequence
{un} C S(c) satisfying

I(up) = vu(c) and HI’|5(C) (up)|| = 0 and Q(un) —0

as n — 0o, where

Qup) = a/ |V, |*de + b(/ |Vun\2dx)2 + 3/ F(up)dx — 3 fup)upde.
R3 R3 R3 2

R3
Arguing as the proof of Lemmas 2.3-2.4 of [10], we know that {u,} is bounded in
H! ,(R?). Set ®(v) := % [s [v]’dz, Vv € H'(R?), then S(c) = fb‘%{%}). By

Proposition 5.12 in [I6], there exists a sequence {\,} C R such that
17 (un) = An® (un)|| = O

as n — 0o, which implies that

(3.1) —(a+ b/ (Vup |*dz) Aun, — f(un) = Aqun +o0(1) in H,
R3

rad

a(R?).

Therefore, for ¢ € H!, ,(R3),
(3.2)

(a+b/RS Yy [2dz) /R Vun.Vgodac—/Rs Flun)odz = A /R unodz + o(1)[¢.
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We can estimate \,, as follows.
Lemma 3.4. {)\,} is bounded in R and \, = —% - 62;;0;0# Jzs [un|Pdz 4 o(1).

2

Proof. By (82) and u,, € S(c),

(a+b/ |Vun|2dac)/ \Vun|2dx—/ f(un)unda;:)\n/ i [2dz-+0(1) = Anc? + o(1),
R3 R3 R3 R3

which indicates that
1
An = = [(a—l—b/ |Vun\2dx)/ |V, |2de —/ f(un)undx] + o(1).
C R3 R3 R3

By the boundedness of {u,} in H! ;(R?), we know that {\,} is bounded in R.
Moreover, combining with Q(u,) — 0 as n — oo we see that

173
An =2 b /R3 flup)upde — 3 . F(up)dx — . f(un)undx] +o(1)

:Cl_z [% /R fun)undz — 3/RS F(un)d:z] +o(1)
2[5 [ ol + fual)e =3 [ (B + el de] + o)

O

From the boundedness of {u,} in H} ,(R?), up to a subsequence, there exists
u € H! ,(R3) such that u, — u in H}

1 (R3) and u, — u in LY(R3) for 2 <t < 6
and u,(z) — u(z) a.e. x € R®. Since & < p < 6, then

(3.3) lim/ |un|pdx:/ |u|Pdx.
n—oo RS RS

Lemma 3.5. There exists p* = p*(c) > 0 such that w # 0 for all p > p*.

Proof. Suppose that u = 0. Then taking into account of (B:3) and Lemma [34] one
has lim,,—eo fR3 |un|Pdz = 0 and lim, 0 A, = 0. Combining with (32]), we get
that

a/ |Vun|2dx—|—b(/ |Vun‘2dx)2 - ||Un||g =o(1).
R3 R3

Up to a subsequence,
a/ IV, 2dz + b(/ ‘Vun|2dx)2 —1>0 and |lu,||§ —1
R3 R3

as n — oo. If | =0, we can deduce from the expression of I(u,) that v,(c) = 0. It
is a contradiction. Hence, [ > 0. By the definition of .S, we have

g < fR3 |V, |*dx

afR3 |V, |2dr + b(fR3 \Vun|2dx)2 . 1
lJwn I

lun 3 a

o~
W

1
< .
a
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as n — co. It follows that [ > a2S9%. Consequently, by B3) we have
u(0)= lim. I<un>

:1i_>n1 /\Vun| do+— /|Vun| dm - /|un|pdx——/ \uniﬁdx}

3 43
—121— 12 a5,

a contradiction. O

Subsequently, by virtue of the concentration-compactness principle due to Lions
[12], we can obtain Lemma [3.01

Lemma 3.6. u,, — u in LS(R3) for p > u*.

Proof. We follow the proof of Lemma [2Z1] (iii). Indeed, it suffices to prove that
J = 0, where J appears in Lemma [2]] (iii). We argue by contradiction, assume
that J is nonempty but finite. From the proof of Lemma [ZT] (iii) we can infer that
limsup,, ., |[Vun|3 > a2S%. As a result,

2
?)p——GQ(un)

12 )
= (— — n d
(2 3;D_G)LL/W|VU| i

1 2 2 2 1
(5= —b( | |Vun2dz)’ + (—— — = n|%dz,

which implies that

Yule) +o(1) = I(uy) —

1 2 1 2

. 2 3 43

mu(e) 2 (5 = 3 G)GIIgSng Vunllz 2 (5 = 3 garse.
Evidently, from Lemma B3] we can see that this is impossible. Consequently, J =
0. |

3.1. Proof of Theorem Fix p > p*. By Lemma [34] we may assume that
An = Ac as n — oo. Combining with Lemma [B5 and (B:{I) it is easy to see that

1 1
lim A\, =——- —,u hm/ |un|pdx——c— / |ulPdx < 0,

n—0o00 c? n—00
and so A\. < 0. By (B2) and arguments from Section IZL together with A\, < 0 we
can derive that

lim a/ |Vun\2dx:a/ |Vul?dz and  lim |ju,||3 = [|jull3.
3 R3 n—00

n—oo

Hence, u,, — u in H} ;(R?) and |ul2 = c. 0

4. ASYMPTOTIC ANALYSIS IN THE SUPERCRITICAL CASE

In this section we study the asymptotic behavior when ¢ tends inﬁnity under
the case & < p < 6. By Theorem [[Z for any ¢ > 0, there exists u* = p*(c) > 0
such that as ;1 > p*, problem (P) possesses a couple (u., A.) € H'(R?) x R of weak
solutions with [, |uc|2da: =2, A\. > 0, and by its proof we know I(u.) = v,(c).
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4.1. Proof of Theorem [I.4l We firstly give some lemmas.

Lemma 4.1. For any u € H*(R3)\{0},
(i) there exists a unique 7(u) € R such that Q(7(u) * u) = 0.
(i) I(7(u)*u) > I(T *u) for any T # 7(u).

Proof. (i) Tt is easy to see that

d
d—I(T*U) =ae?™ |VU\ 2dx + be' ( / Vul*dz)? / |ul°dx

-
_ 3/“’4( )673(17272)7
2p R3
=Q(7 *u).
It follows from Lemma B that I(7 % u) reaches the global maximum at some
7(u) € R, and so

|u|Pdx

QUr(u) »u) = - 1(r(u) #u) = 0.

In the sequel, we prove that such 7(u) is unique. Argument by indirection. Suppose
that there exist 71(u) < m2(u) such that Q(7;(u) * u) = 0, where ¢ = 1, 2. Then a
simple calculation yields that

1 1 )
U ~ Znw) /RS Vul“da

_3u(p—2) [ nw—in(w) _ 2 n—in@)] [ |yPdy
2p R3
[ - 2] [,
R3

which makes no sense in view of the fact that 22-2 5 2 > 4.
(ii) This is a direct consequence of (i). O

Set
9(c) ={u e S(c): Q(u) = 0}.
Then we have

Lemma 4.2. v,(c) <inf,co( I(u).

Proof. For any v € Q(c), then v € S(c) and Q(u) = 0. The above argument
between Lemmas B2 and B3] implies that there exist 71 (u) < 0 < 73(u) such that

T1(u) xu € S(c) and T2(u) xu € S(c).

Taking
g(t) = [(1 = )11 (u) + tr2(u)] xu € T, Vt € [0,1].
Then, by Lemma 1] we get that

() < ma 1(g(t)) = mase 1([(1 = 1)73 () + ra(w)] + ) = I(u),

which implies that the conclusion holds. (Il

Lemma 4.3. ~,(c) = 0 as ¢ = +o0.
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Proof. Take u € Sy N L*®(RY) and set u, := cu € S(c) for any ¢ > 1. By virtue of
Lemma 1] (i), there exists a unique 71(c) € R such that 71 (c) xu. € Q(c). As a
consequence, by Lemma one has
0 <vu(e) < inf I(u) < I(1i(c) * ue)
ueQ(c)

ac? 271 (¢) 2 b 4 471 (c) 2 2
<—ece [Vul“dz + —c"e (| |Vul“dx)=.
2 R3 4 R3

In what follows, it suffices to prove

lim c2e2m(9) = q.
c——+o00

As a matter of fact, by Q(71(c) * u.) = 0 we know that

aeQ”(c)cQ/ |Vu|2dx+be4ﬁ(c)c4(/ |Vu|*dr)?
R3 R3

3P =2) i o / [ulda 4 €7 () / fuf*da
2p RS R |

namely

a/ |Vu\2d:c—|—b62“(c)cz(/ |Vu|?dzx)?
R3 R3

_30P=2) 12020 opr, o) -2 / ufPda 4+ 40 A / ful°da
2p RS R3
:LL(p ~2 (221 (9)] 0T lulPdz + e4ﬁ(c)c4/ lu|®dz.
2p R® R?
Since lime_, | oo ¢“7® = +00, we can conclude that lime_, o 2€27(¢) = 0. Thereby,
the conclusion holds. O
Proof of Theorem [L4. This is a direct consequence of Lemma [£.3] |
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