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Abstract
We present a weighted version of the Caffarelli-Kohn—Nirenberg inequality
in the framework of variable exponents. The combination of this inequality
with a variant of the fountain theorem, yields the existence of infinitely many
solutions for a class of non-homogeneous problems with Dirichlet boundary
condition.
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1. Introduction

Nonlinear problems with variable exponents are motivated by numerous models in the applied
sciences that are driven by some classes of non-homogeneous partial differential operators. In
some circumstances, the standard analysis based on the theory of usual Lebesgue and Sobolev
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function spaces, L and W'*, is not appropriate in the framework of materials that involve non-
homogeneities. For instance, both electro-rheological ‘smart’ fluids and phenomena arising in
image processing are properly described by nonlinear models in which the exponent p is not
necessarily constant. The variable exponent describes the geometry of the material which is
allowed to change its hardening exponent at different points. This leads to the analysis of vari-
able exponent Lebesgue and Sobolev function spaces (denoted by L™ and W'*™), where p
is a real-valued (non-constant) function. We point out important contributions of Halsey [21]
and Zhikov [30] in strong relationship with the behavior of strongly anisotropic materials.
This is mainly achieved in the framework of the homogenization and nonlinear elasticity. We
refer, e.g. to Acerbi and Mingione [3] and RuZicka [28] (electrorheological ‘smart’ fluids) and
Antontsev and Shmarev [6] (nonlinear Darcy’s law in porous media). A thorough variational
analysis of the problems with variable exponents has been developed in the recent monograph
by Radulescu and Repovs [27] (see also the survey paper by Radulescu [26] and the important
contributions of Pucci et al [12, 25]).

Let Q CRY (N >2) be a bounded domain with smooth boundary. The following
Caffarelli-Kohn—Nirenberg inequality [9] states that given p € (1, N) and real numbers a, b
and ¢q such that

—oo<a<N;, a<b<a+1l, qu,
p N—p(l4+a—>b)
there is a positive constant C,, such that for all u € C1(),
pla
(/Q || =04 || dx> < Ca,,,/Q x|~ |Vu|? dx. (1.1)

This result goes back to the celebrated Hardy inequality [22], which establishes that if
1 < p < N, then for all u € C*(RY \ {0})

u(x) P
T < 5 IVullee @y,
x| ey N-p &
where ||x|| = /x3 4 - - - 4+ x2 and the constant - is known to be sharp. Inequality (1.1) has

been widely analyzed in many different settings (see, e.g. [1, 2, 5, 10, 11, 14, 15, 16, 19]).
Nowadays, there is vast literature on this subject, for example, the MathSciNet search shows
about 5000 research works related to this topic.

The main aim of this paper is to present an analogoue of the Caffarelli-Kohn—Nirenberg
inequality in the framework of variable exponents. To the best of our knowledge, there are
very few results dealing with this topic. For instance, the following result was established in
[24]: there exists a positive constant C such that

/ ()7 dx < c/ 2 ()79 | V()| PO dx,  forall u e C(), (12)
Q Q

where  C RY (N > 2) is a bounded domain with smooth boundary, while d:Q — RY and
p : Q — Rare functions of class C', satisfying for some ay > 0

div (@ (x)) > ap >0, forall x € Q, (1.3)
provided that
d(x)-Vp(x) =0, forall xe Q. (1.4)
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In this paper, we establish a more involved version of inequality (1.2), which combines
the contributions of several quantities. In order to introduce the main abstract result of the
paper, we assume that Q C RY (N > 2) is a bounded domain with smooth boundary and
a,p : Q — R are given functions such that the following hypotheses are fulfilled:

(A) a is a function of class C! and there exist xo € 2, r > 0, s € (1, +00) such that

la(x)| #0, forall xe Q\ {x} and |a(x)| > |x —xo|’, forall x € B(xo,r); and

(P) p is a function of class C' and p(x) € (2,N) for all x € Q.

The main abstract result of this paper is the following weighted Caffarelli-Kohn—Nirenberg
inequality.

Theorem 1.1.  Assume that conditions (A) and (P) hold. Let Q@ C RN (N > 2) be a bounded
domain with smooth boundary. Then there exists a positive constant (3 such that

/ ()| P )| PO dx < 8 / ()| P91 | Vo) ()| P dx
Q Q
a(0) POV u(x)| P alx)|P® Ollu()[PE+1
+ﬁ(/ﬂ|()l Vu() dx+/Q| (PO () ) dx)
ny /Q ()| PO~ |V p ) ()P0

forallu € CH(RQ).

We point out that, by hypotheses (A) and (P), the potential Va can vanish in 2 and we do
not assume that Vp(x) - a(x) = 0, for all x € Q (see assumption (1.4) related to inequality

(1.3)).
Next, we are concerned with the existence of infinitely many solutions for the problem
—div (B(x)|Vu| PO =2V u) + (A(x)|u| PO =2 + C(x)[u| ?©)—3)u
= (b(x)[u|1=2 — D(x)|u|?®~u in Q, (1.5)
u=0 onof),
where the variable exponent ¢ fulfills a subcritical condition (namely, in the sense of Sobolev-

type embeddings for spaces with variable exponent). We assume that b : 0 — R and the
weighted potentials A, B, C, D are defined by

A(x) = |a(x)[PO~ Y Va(x)|
B(x) = |a(x)|"™)
C(x) = la(x)[PO = Vp(x)]
D(x) = B(x)|Vp(x)].
The potential b is assumed to satisfy the following hypothesis:
(B) be L>*(2) and b > 0in Q.

(1.6)

In the final part of this paper, by combining our generalized Caffarelli-Kohn—Nirenberg
inequality with a variant of the fountain theorem, we shall prove that problem (1.5) has infi-
nitely many solutions.
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2. Terminology and the abstract setting

In this section we recall some basic definitions and properties concerning the Lebesgue and
Sobolev spaces with variable exponent. We refer to [17, 27] and the references therein.
Consider the set

C+(Q)={peC(); p(x)>1forallx € Q}.

For all p € C4(2) we define

pt =supp(x) and  p~ = inf p(x).
xeQ X€EQ

For any p € C4(f2), we define the variable exponent Lebesgue space

LYW (Q) = {u; u is measurable real-valued function such that / Ju(x)| P dx < oo} .
Q

This vector space is a Banach space if it is endowed with the Luxemburg norm, which is

defined by
p()
|u|p(x):inf u>0;/ dx<1;.
Q

The function space L™ (Q) is reflexive if and only if I < p~ < p* < oo and continuous
functions with compact support are dense in L™ (Q) if p* < oo.

Let L™ (Q) denote the conjugate space of LP™)(Q), where 1/p(x) + 1/g(x) = 1. If
u € LPM(Q) and v € LI™(Q) then the following Holder-type inequality holds:

u(x)

I

1 1
uv dx| < +>u IVloo - 2.7
/Q ‘ (p_ = lutlp ) Vg @7
Moreover, if p; € C1 (Q) (= 1,2,3) and
1 1 1

+ +
p(x)  pax)  pax)
then for all u € L™ (Q), v € LX) (Q), w € LP*™)(Q)

1 1 1
uvw dx| < (_ +—+ _) 14, ) [V ]y () W] () - 2.8
/Q ‘ P » P p1(x) 1VIp2(x) IWlps (x) (2.8)

The inclusion between Lebesgue spaces also generalizes the classical framework, namely
if 0 < |Q] < oo and py, p, are variable exponents such that p; < p, in ) then there exists a
continuous embedding LP>() (Q) < LP1&)(Q).

Proposition 2.1. If we denote
p(u) = / lu|?Wdx, Yu e LPW (1),
Q

then

(i) |ulpy < 1(= 1;>71) < plu) < 1(f ;> 1),
(ii) [ulpy > 1= |”|5(x) < pu) < |"‘|£(x);
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e + -
(iii) |u|p(x) <l= |”|;,D(X) < p(u) < |“|5(x)'

Proposition 2.2. [fu,u, € L?™(Q) and n € N, then the following statements are equiva-
lent:

(]) nlg-noo |Mn - u'P(X) =0/

(2) lim p(u, —u) =0;

(3) Uy <57 in the measure on 2 and  lim p(un) = pu).
n—-+oo

If k is a positive integer and p € C(2), then we define the variable exponent Sobolev
space by
WP (Q) = {u e LPW(Q); D € LP™W(Q), forall |o| < k}.
Here, o = (v, . .., ay) is a multi-index, |a| = va:l o, and
olelu
ooy

D% =

On W+ (©) we consider the following norm
llleptsy = D 1D ulpge)-
lal<k
Then W*P™)(Q) is a reflexive and separable Banach space if 1 < p~ < pT < +o0. Let
Wg’p(x) (Q2) denote the closure of C5°(92) in W P (Q).
The Lebesgue and Sobolev spaces with variable exponents coincide with the usual Lebesgue

and Sobolev spaces provided that p is constant. According to Ridulescu and Repovs [27, pp 8
and 9], these function spaces have some unusual properties, such as:

(i) Assuming that 1 < p~ < pT <ooand p: Q- [1,00) is a smooth function, the fol-
lowing co-area formula

|u(x)|pdx:p/ 7 fx € O Ju(x)| > 1) de
Q 0

has no analogue in the framework of variable exponents.

(i) Spaces I’ do not satisfy the mean continuity property. More exactly, if p is noncon-
stant and continuous in an open ball B(xo), then there is some u € L?™) (B(xg)) such that
u(x 4+ h) & LP@ (B(xo + h)) for every h € RY with arbitrarily small norm.

(iii) Function spaces with variable exponent are never invariant with respect to translations.
The convolution is also limited. For instance, the classical Young inequality

|f*g|p(x) < C|f|p(x) ”g”L1

remains valid if and only if p is constant.

3. Weighted Caffarelli-Kohn—Nirenberg inequality for p(x)-Laplacian

We start with the following weighted logarithmic inequality.
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Lemma 3.1. Let condition (P) be satisfied. Then there exists a positive constant ji such that

[ 191 79 oo < o [ (9] (1] 70 )|+
supp (u) Q

forallu € CL(Q).

Proof. Letu € C!(Q). We define

o) = sup t|log(f)| < co and ay = supt~ ' log(t) < oco.
0<1<£1 1<t

We observe that 0 < a; < +00 and 0 < ap < 400. Let

Q= {x €supp (u); |ux)| <1} and Q = {x € supp (u); |u(x)| > 1}.

Then

Founn o [VP ()7 log(Ju@)Dldx = fo, [Vp(a)[lu)| 7] logfu) )
+ o, IV u(x)] 76 Tog ()] ldx
< ar fy, IVp)][u()| P~ dx
taz [, V() lu(x) [P+ dx
< 1l oy [Vp (o) () |79~
+ o [Vp() )| P9+ ),

where 1 = max(ay, az). This proves the lemma. O

Proof of theorem 1.1. We prove in what follows our weighted version of the Caffarelli—
Kohn—-Nirenberg inequality with variable exponent.

We define the function W : RY — RN by W(y) = y forall y € RV. We choose € > 0 small
enough so that

0<e< L 3.9
PrIWlle o) (3.9)

By a straightforward computation we can deduce that for all u € C! () we have

div (Ja(x)u(x)[W (x)) = [a(x)[P0ulx) PO div (W ()
+p(0)la(@)| PO fu(x)| P 2ulx) Vulx) - W(x)
+p(0)|u()| "W |a(x)| " 2a(x) Valx) - W(x) (3.10)
+|u(x)a(x)]P@ log(|a(x)u(x)]) Vp(x).W(x), Vx e Q. (3.11)

Now the flux-divergence theorem implies that [, div (|a(x)u(x)|? W (x))dx = 0. It follows
from lemma 3.1 and conditions (A) and (P), that
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/ la(@)u() PO div (W(x))dx < p* / ()] P9 a(x) |70~ [Va(e) W) dx

+ [ Jala)u)] o)) 9 () W)

Lpt / (@) 79 a(x) |70 [Vae) | W ()
<P Wl [ 1G] [Va@o)juta) |
Q
W e / (@) 70 [V p(0) ()] PO i
+ il Wil / la(@)| 7|V p () ()] 7+
Q

+ W~y / ()] P Ju(x) [P0 e

W| L=
p +|| ”L (Q)/| |px)|vu )|p(x 3.12)

p—l

Next, we combine div (W(x)) = N in Q with relation (3.12) and the following Young inequal-
ity:

bP
al~ 1b<5ap+7

-, forall a,b,e € (0,00), p € (1,00).

It follows that

. (Wl . .
(N—p+||WHLoo(Q)e)/Q|a(x)u(x)|p()dx<p+p771()/\ (01709 | V()| PO dx
+p+‘|W|‘Lx(Q)A|a(x)|p(x)_lHVa(x)||u(x)|p(X)dx

e / ()| P9V p ) () [P0+ 3.13)

Hl Wil (o) /Q 1) PO~ V() ()P~

. . 3.14
with ¢ = plla|| ()| W]| (o). Invoking (3.9), we set (3.14)
W[ o0
_ max(e,pt B p Wi o, Wl o)
(N = pH|[Wl[=()€)
This completes the proof of theorem 1.1. O
We denote by W(;”Z ((f)) (Q) the closure of C!(€2) under the norm
L ! 1
llull = B Vu(x) |y + 1AG) 7 u(x) [p(e) + [[DO)|[TOFT () ) 41
1
+||C(X) ”(")_]M()C)|p(x)_1,
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where the potentials A, B, C, D are defined in (1.6).

As a corollary of theorem 1.1, we prove the following compactness property.
Lemma 3.2. Assume that conditions (A) and (P) hold. Furthermore, assume that
p~>1+s.Then Wé s((x)) (Q) is compactly embedded in L1(Q) for each q € (1, N+3p+) More-
over; the same conclusion holds if we replace L4(Q) by L1*)(Q), provided that gt <

N+vp+
. Np~

Proof. Fixqc (1,5 +sp+

follows that there exists ¢y > 0 such that

). Let (u,) be a bounded sequence in WO 5 ((x)) (). Since xg € , it

0 < o < min(1,r) and B(xop,€) C Q.

Fix €>0 such that e <g¢. By condition (A), there exists ag>0 such that
a(x) > ag, for all x € Q\ B(xo,¢). Hence, by invoking theorem 1.1 we deduce that
the sequence (u,) is bounded in LP&)(Q\ B(xo,¢)). Consequently, (u,) is bounded in
WP (Q\ B(xo, €)). Since WM (Q\ B(xo,€)) € W' (Q\ B(xo, €)) we deduce that (u,,)
is bounded in W'*" (Q\ B(xo, €)). For all s > 0 we have Np~ /(N —p~) > Np~ /(N + sp™).
Thus, since 1 < g < Np~ /(N + sp™), the classical compact embedding theorem shows that
there exists a convergent subsequence of (u,), still denoted by (u,), in LI(2 \ B(xo, €)). Thus,
for any large enough n and m we have

/ B |ty — up|?dx < e. (3.15)
Q\B(x0,€)

Now the Holder inequality for variable exponent spaces implies
[ alras= [ jata)at] T, — an
B(xo,€) B(xo.€)
< ellla@)™ X0l 2w ), @Gl ln = | oo

(3.16)
p(x) ys ) = p(x)

where c is a positive constant and ( = =7 By theorem 1.1 and proposition 2.1, there

exist positive constants ¢; and ¢, such that
49
[a )|ty — ][] oo < Cl(/ |a(x) |7 |1ty — 1| PO )~
a Q

a1y = )
Q

<. 3.17)
Taking into account relations (3.16) and (3.17) we deduce that
[l =l < calla)] ol o G3.18)
B(xo.€) q

By invoking proposition 2.1, we obtain
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(11(X) q) XB(x E)dx)(( (X)))

)]l s < ([ o)

+ (/ |a(x) (n(x)—q) XB(xo,e)dx)((p(TX)),)_- (3.19)
Q
Using condition (A) and € < 1, we infer that
/ la(x)| oE dx < lx <,f“”lq) dx
B(xo.€) B(0.€)

/ NS g (3.20)

€
= Wi, (3.21)

«

where « = N — (;’”’ 7> 0 and wy is the area of the unit ball in RY. Thus, it follows from

(3.15), (3.18) and (3.20) that

/ [ty — up|?dx < c(e+ €' + €°?),
Q

where c is a positive constant, o = ((22))~q, and ap = ((p(TX)’)JrOz. We conclude that (u,)

T
is a Cauchy sequence in L7(€2).
The same proof still applies if we replace L7(2) by LX) (Q). The conclusion of the lemma

is now evident. O

4. A multiplicity property for a problem with variable exponent

In this section, we work under conditions introduced in lemma 3.2. We investigate the exis-
tence of infinitely many solutions of problem (1.5), where b € L>°(£2) and

Np—
q(x) € <1,min{N_:7sp+,p — 1}) forall x € Q. (4.22)

We say that u € W, p(( ))(Q) is a weak solution of problem (1.5) if
/ B(x)|Vu(x)| P92 Vu(x) Vv(x)dx + / A) [u(x)| P9 20 (x)v(x) dx
Q Q
)| () [P u(x)v(x ) (%) PO 3 u(x)v(x
+ [ D) x| €)7o
= [ bl u(a)v(a)s =

forallv e Wlp(x)(Q)

0,a(x)
Standard argument can be used to show that ( (i 5(()):)) (), |I.1) is a reflexive Banach sepa-

rable space. Then, by [20], there exist (e,) C W(; ? ((;)) () and e C (Wéy’g ((j)) (€2))* such that
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er(em)=11if n=m and ¢} (e,,) =0 if n # m.

It follows that

Wéfl’((;c))(ﬂ) =span{e,, n > 1} and ( (;Z((;))(Q))* =Span{e;, n>1}.

For any integer k > 1, denote

= span {ey}, Yy = GBJI-;

Ej and Z; = @OO E;.

The main result of this section is the following multiplicity property.
Theorem 4.1.  Assume that p~ > 1 + s and that conditions (A), (B) and (P) are fulfilled.
Then problem (1.5) has infinitely many solutions.

Remark 4.2. The main problem in treating equation (1.5) is the presence of the indefinite
potential a(x), which can vanish at x,. To overcome this difficulty, we have proved a new type
of the Caffarelli-Kohn—Nirenberg inequality, theorem 1.1, which is very useful to prepare the
variational framework of equation (1.5), for example lemma 3.2. Moreover, we remark that
the functions A, B, C, and D that appear in equation (1.5) are strongly related to our Caffarelli—
Kohn—Nirenberg type theorem. To the best of our knowledge, there are no known results on
the existence of solutions to problem (1.5). Hence, in order to prove theorem 4.1, we use the
previous section in relationship with some technical lemma related to the critical point theo-
rem established by Zou.

In order to prove theorem 4.1 we define the functional I : W (j:)) (Q) — Ry

0,a(
u) = (x) p(x) @ p(x) (x) ul(x) PO -1
I(u) /Qp()|v<>| dx+/ ()|<>| dx+/Qp() Ju(x)| 79 ax

Standard arguments show that I € C 1( (( )) (©),R) and
(I'(u),v) = /Q B(x)|Vu(x)| PP 2V u(x) Vv (x)dx + /Q Ax)|
OO PO " y (x)v(x ) [P35 (x)v(x
+/QD<>|<>| ()()dx+/9c<>|<>| (v()dx
~ [ b)) 2,
Q

u(x)] P9 20 (x)v(x)dx

for all u,v € Wlp ((x)) (). Thus, in order to find weak solutions of problem (1.5) it suffices to

find critical points of the associated energy /.
Consider the functional

I(u) = J(u) — AK(u),

where
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J<”):/B(x)|v”(x)|”(")dx+/ﬂC(x)|u(x)1’(x)—ldx

o px p(x)—1
AR 1P D(x) o ipe)+
+/Qp(x)| )| d”/ﬂp(xm' ()| PO+ dx

and

N
K(u) = /Q b e

Then any critical point of /; is a weak solution of problem (1.5).

An important ingredient of the proof of theorem 4.1 is the following version of the fountain
theorem, see Zou [31].

Theorem 4.3. Suppose that the functional Iy defined above satisfies the following condi-
tions:

(Ty) I maps bounded sets to bounded sets uniformly for X\ € [1,2]. Furthermore,
Ix(—u) = In(u) for all (\,u) € [1,2] x E, where E := Wl’p(x)(Q);

0,a(x

(T») B(u) > 0, B(u) — oo as||u|| = oo on any finite-dimensional subspace of E; and
(T) there exist pr > ry > 0 such that

ar(N) = inf  ILy(u) =20>b(\)= max IL\(u) for Ae][l,2],
uEZ, ||u||=px UE Yy, [[ul|=r¢

di(N) = inf  Iy(u) -0 ask — oo uniformly for A € [1,2].
UEZ, ||ull < pr

Then there exist a sequence of real numbers (\,) converging to 1 and u(\,) € Y, such that
I\ Y, (uy,) = 0 and (Iy,) (4 (A)) — cx € [di(2),bi(1)], as n — oo. In particular, for fixed
ke N, if (u(\,)) has a convergent subsequence to w, then I; has infinitely many nontrivial
critical points (u) C E\{0} satisfying I (ux) — 0~ as k — oc.

We start with the following auxiliary property.
Lemma 4.4. Assume that condition (B) holds. Then we have
q(x)
By = sup / b(x)de — 0 as k — +oo.
u€Zy|lul|=1J9Q q(x)
Proof. It is clear that 0 < SBx41 < Bk, so that Sy — 3 > 0 as k — ~+oo. For every k > 0,
e 90 i
by definition of [y, there exists u; € Z; such that ||u|| = 1 and fﬂ b(x)ﬁdx > % Since

q(x)
uy € 7y, it follows that u; — 0in WOI”Z ((f)) (€2). Lemma 3.2 implies that, up to a subsequence,

|uk|q(X)
b(x) dx—0 as k— +oo.
Q q(x)

Thus, 6 = 0 and the proof is complete. [l

The next result establishes that B is coercive on finite-dimensional subspaces of W&’Z ((;()) (Q).
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Lemma 4.5. Assume that hypotheses of theorem 4.1 are fulfilled. Then K(u) — +oco as
|lu|| = +o0 on any finite-dimensional subspace of WS”S((;)) (Q).

Proof. Let F be a finite-dimensional subspace of W(;Z ((;‘)) (). Put

b(x) = ZEX, forall x € €.

We start by showing that there exists €; > 0 such that

m {x e bx) |ul"™ > ¢ Hu||"<x>} > e, forall ue F\{0}. (4.23)

Otherwise, for any positive integer n, there exists u, € F\{0} such that

~ o1 . 1
m{x € b(x)|u, "™ > - 1|4 >} < (4.24)

Set v,(x) = ””(xl) € F\{0}. Then ||v,|| = 1foralln € N and

flua]

~ 1 1
m {x € bx) |v|"™ > } < -
n n

Passing to a subsequence, we may assume that v, — vy in Wé’g ((;)) (Q) for some vy € F. Then

[[vo]| = 1 and, by lemma 3.2,

/ Bb(x) |vw — vol"™ dx — 0 as n — +o0. (4.25)
Q

We claim that there exists 79 > 0 such that

m{xe @ B o™ =20} > 0. (4.26)
Indeed, arguing by contradiction, we have

~ 1
m {x € Q; b(x)|vol'™ > } =0, forall n€N.
n

It follows that

0< / b(x) [vol!™@ ! dx < [Ivolly — 0, as n — +oo.
O n
Hence vy = 0, which contradicts ||vo]| = 1.
Set

- - 1
0 = {x € Q; b(x) |v0\q(x) > 70} , Q, = {x € b(x) |val'™ < n}

and
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, ~ o1
O = {xe Q bx) v > n}

By (4.24) and (4.26), we obtain
> nl((20) —-nn(S)Z r1520)

1
270—*>E
n 2

for large enough n. Consequently, since y?* is convex,

/ E(x) v — V0|q(x) dx > / Z(x) [V, — VO|<1(X) dx
£ Q.M

1 ~ X 7 X
> o [ B ar= [ b Y ax
Q,NQ Q,NQ

1

2
0
7 gt +1

> 0,
for all large n, which is a contradiction to (4.25). Therefore (4.23) holds. For the ¢; given in
(4.23), let
Q, = {x e bx) |ul"™ > ¢ ||u||‘f<x>}, for all u € F\{0}.
Then
m(Q,) > ¢ forall ue F\{0}. (4.27)

From (B) and (4.27), for any u € F\{0} with |ju| > 1, we get

K(u) = /Q Bo) [ul"® dx > /S B(x) 1] dx

u

> e flul” m () > € flull”

This implies that K(u) — oo as ||u|| — oo on any finite-dimensional subspace of E and this
completes the proof. I

Lemma 4.6. Suppose that the conditions of theorem 4.1 are satisfied. Then there exists a
sequence py — 07 as k — +00 such that

ax(N) = inf  Iy(u) >0, forall k >k
u€Z,||ull=px
and
di(N) = inf  Iy(u) -0 as k — 400 uniformly forall X € [1,2].
UEZ,||ul| < px
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Proof. By proposition 2.1 and lemma 3.2, we deduce that for any u € Z; with ||u| < 1, we
have

IA(“) P p+ (fQ ‘v“ |p(x)dx+fg (x)‘p(x)dx)
+p++1 fQ ) |ue(x) [P dx

ot Jo CO)[u)| PO~ de — A [ 7 q(x u(x)] 7 dx
S ATV b |u(x>\ (x)
4P++2<p++1>”””p+ = Ml Jo g6 Crap )™ dx
26
el = P (4.28)

>
2

+
(4,, +3(P++1)ﬁk)ﬁ

We denote pp = = . By invoking lemma 4.4 we can deduce that

pr — 0 as k — +o0o. Then there exists k; € N such that p; < m for all k > k.
Relation (4.28) implies that
. 1 +41
ax(N) = inf  L(u) > —————p/ 7, forall k=k.

u€Z.|ull=px )> 2473 (pt 1)
Furthermore, by (4.28), we have

inf L(u) > —

Hu||q , forall k> k.
u€Zy, ||ull <px

25«
q
Having in mind 7, (0) = 0, we obtain

inf  In(u) <0, Vk >k

UEZ||ul|<px

Using the fact that 5, pr — 0 as k — 400 and the above inequalities, we deduce that

di(\) = ziﬁlfu In(u) — 0 as k — +oo uniformly forall X € [1.2].
UEZy,||ul|=pk

This completes the proof. O

Lemma 4.7. Assume that hypotheses of theorem 4.1 are fulfilled. Then, for the sequence
obtained in lemma 4.6, there exist 0 < ry < py for all k € N such that
by(A\) = max I (u) <0 forall Xe[l,2].
UEYy,||ul|l=re

Proof. Letu € Y, with |ju]| < 1 and X € [1,2]. By (A), (P) and (4.23), there exists ¢, > 0
such that

0 = [ B9 G p AW, 1p@ €W ro-1
B = [ 2wl [ e [ S0

(x) p(x) x)
D(x) Jua(x)|40)

+/ u(x P<x)+‘dx—A/bx7dx
Qp(x)+1|()| o ) q(x)
2 1 1 — -

< (pt+p, 1 +p, — 1)HMII —exllull? m(u)
2 1 1 o -
< (pt+p,4rl +p, _1)Hu||” b epllulle
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Since 0 < ¢~ < gt < p~ < p*, we deduce that for small ||u|| = r, we have
br(A) <0, forall ke N.

This concludes the proof of lemma 4.7. [

4.1. Proof of theorem 4.1 completed

Evidently, condition (7}) in theorem 4.3 holds. By lemmas 4.5-4.7, conditions (7,) and (T3)
in theorem 4.3 are satisfied. Then, by theorem 4.3, there exist A, — 1 and u(),) € Y, such that

I Ya(u(An) = 0, Iy, (u(An)) = ck € [di(2), bi(1)]
asn — +o0.
For the sake of notational simplicity, we always set in what follows u, = u (),) for all
neN.

Claim. The sequence (u,) is bounded in W; ” ((;C)) Q).

Arguing by contradiction, we suppose that (1, is unbounded in W(; 5 ((f)) (€2). Without loss of
generality, we can assume that ||u,|| > 1 foralln > 1.

Observe first that there exists ¢ > 0 such that for large enough n,

(I3, (), un) < [un]] and |1y, (u,)] < c. (4.29)
Using relation (4.29), we have
c =1 (u,) = + (JoB |Vun ()P dx + [o, A(x)|un (x) | PP dx)
+p+ 1fQ x) |un ‘p ~ldx
ot Jo D) ()P dx — 2 o) ()| (x)] 9. (4.30)

Combining proposition 2.1, relation (4.30) and since g7 <p~ — 1 <p~ <pT <p* +1,it
follows that (u,,) is bounded in Wé”f; ((j:)) (€2). This shows that our claim is true. So, by lemma 3.2

and up to a subsequence, we can assume that

U, — up in Wés((f))(ﬂ)

and
u, — up in Lq(x)(Q).
In what follows, we show that

Uy — uo in W, ’a’((f))(ﬂ)
Having in mind that (u,) is a bounded sequence, we get
lim (1}, (un) — 13, (u0), uy — o) = 0. 4.31)

n—-+

Hence, (4.31) and lemma 3.2 give as n — +00

1530



Nonlinearity 31 (2018) 1516 A Bahrouni

o(1) = (I3, (un) — Iy, (tt0), n — uo)

= /Q B(x) (| Vit ()| 772Vt (x) = |Vt (x) |7 72Vt (x) ) (Vitn () — Vo () )dx
+ /QA(X)(Iun(X)\”(")_Zun(X) = a0 ()| 729 (x)) (1 (x) — 1o (x))dx
+ LD(x)(Iun(x)lp(X>‘lun(X) = a0 () |7~ g () (1t () — 1o (x))dx
+ /Q C ) (Jatn ()17, (x) — ao ()| PO (x)) (1 (¥) — o (x) ).
We have for all n € N

/Q B(@) (| Vit () [P 72Vt (x) — [V () 77> Vg (x)) (Vi (x) = Vg (x))dx > 0,

AA(X)(Iun(X)I”(X)_Zun(X) =l () " 2ug (x)) (1t (x) — o (x))dlx > 0,

/Q ) (Jatn ()17 (6) — a0 () [P0 g (x)) (1 (¥) — o (x) )l > 0,

and
AD(X)(Iun(X)IP(X)‘lun(X) — [ () [P g (x)) (14 () — w9(x))dx > 0.

Therefore

lim B(x) (| Vit ()] P92V, (x) — |Vatg(x)| P2Vt (x)) (Vit (x) — Viag(x))dx = 0,

n——+oo Q

(4.32)
Tim | AGE) (e ()] 720 () — [atg ()] 7)) () — o)y = 0. (4.33)
n oo Q
lim C ) (|t ()] 7D 11 () — [at0 ()| 7™ 0a(x)) (i (x) — o (x) )dx = 0, (4.34)
n——+0o0o Q
and
Bim D) (aa(6) 1790 (06) — o0 7 ) 1 () — o)) = 0. (4.35)
n o Q
Let us now recall the Simon inequalities [29, formula 2.2] (see also [18, p 713])
=317 < (WP = 1772 y) (= ) for p > 2
_ _ 5 2p
=3l <G [(W"2x = P 2y) =] (W7 + 11" T for 1<p<2,
(4.36)
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for all x,y € RY, where ¢, and C, are positive constants depending only on p. Combining
(4.32)—(4.36), we conclude that

iy — o) = 0.

Now, invoking theorem 4.3, we complete the proof of theorem 4.1. O

Remark 4.8. We point out that the multiplicity property described in theorem 4.1 is some-
how related with theorem 1.1 established in Bahrouni [4]. However, there are several differ-
ences between problem (1.5) studied in this paper and problem (1.1) considered in [4]. For
instance, the main result in [4] is concerned with the existence of infinitely many solutions (as
in our case) but for a class of semilinear elliptic equations driven by the Laplace equation and
with a reaction term defined by the sum of two power-type concave terms. Problem (1.5) in
the present work has a much more complicated structure. For instance, the non-homogeneous
differential operator is perturbed by two power-type terms with variable exponent. Moreo-
ver, in the present work we are concerned with competition effects between several variable
exponents and indefinite potentials. A crucial role in the analysis developed in the present
paper is played by the main abstract result established in the first part of this paper, namely the
weighted version of the Caffarelli-Kohn—Nirenberg inequality for variable exponents. Such
an abstract result (even for constant exponents) is not used in [4]. The analysis carried out
in this paper includes the degenerate case, which corresponds to a potential that can vanish
in one or more points. Finally, it is worth pointing out that this potential is assumed to be
indefinite and not positive, as in [4].

4.2. Perspectives and open problems

The methods developed in this paper can be extended to more general variational integrals.
We mainly refer to energy functionals associated to non-homogeneous operators of the type
—div (¢(x, |Vu|)Vu), which extend the standard p(x)-Laplace operator. These operators have
been introduced by Kim and Kim [23]; see also Baraket, Chebbi, Chorfi, and Radulescu [7]
for recent advances in this new abstract setting.

We believe that a valuable research direction is to generalize the abstract approach devel-
oped in this paper to the framework of double-phase variational integrals studied by Mingione
etal [8, 13]. We expect that a related Caffarelli-Kohn—Nirenberg inequality can be established
for energies of the type

- / (19676 4 a(@) Vul#9] dx @.37)
Q
or

" / (176769 + a(e) | Vul? oge + [ a.

@ (4.38)
where p(x) < g(x), p # ¢, and a(x) > 0. In the case of two different materials that involve
power hardening exponents p(x) and g(x), the coefficient a(x) describes the geometry of a
composite of these two materials. When a(-) > 0 then the g(-)-material is present. In the
opposite case, the p(-)-material is the only one describing the composite. We also point out
that since the integral energy functional defined in (4.38) has a degenerate behavior on the
zero set of the gradient, it is natural to study what happens if the integrand is modified in
such a way that, also if |Vu| is small, there exists an imbalance between the two terms of the
integrand.
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