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Abstract
We establish the equivalence between weak and viscosity solutions to the nonhomo-
geneous double phase equation with lower-order term

—div(|DulP 2 Du+a(x)|Dul?2Du)= f(x,u, Du), 1< p<gq < o0, a(x) > 0.

We find some appropriate hypotheses on the coefficient a(x), the exponents p, g
and the nonlinear term f to show that the viscosity solutions with a priori Lipschitz
continuity are weak solutions of such equation by virtue of the inf(sup)-convolution
techniques. The reverse implication can be concluded through comparison princi-
ples. Moreover, we verify that the bounded viscosity solutions are exactly Lipschitz
continuous, which is also of independent interest.
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1 Introduction

Let Q2 be a bounded domain in R” (n > 2). In this work we aim to examine the inner
relationship between weak and viscosity solutions to the following nonhomogeneous
double phase equation

— div(|Du|”"2Du + a(x)|Dul? " 2Du)= f (x, u, Du) in <, (1.1)

where 1| < p < g < o00,a(x) > 0and f(x,7,§) : 2 x R x R" - Ris acon-
tinuous function. The double phase problems, stemming from the models of strongly
anisotropic materials, were originally investigated by Zhikov [51, 52] and Marcellini
[40] in the context of homogenization and Lavrentiev phenomenon.

Over the last years, problems of the type considered in (1.1) have attracted intensive
attention from the variational point of view, whose celebrated prototype is given by
the following unbalanced energy functional

Wi Q) su P, Q) = / (|1Du|? + a(x)|Du|?) dx.
Q

The significant characteristics of this functional are that its ellipticity and growth
rate will change drastically according to the modulating coefficient a(-) equal to 0
or not. The regularity of minimizers is determined via a delicate interaction between
the growth conditions and the pointwise behaviour of a(-). For instance, under the
hypotheses that

o

0<a()eC®(Q),aec,1] and <14 - (1.2)
n

ST

Colombo, Mingione et. al. [6, 7, 13] established the gradient Holder continuity and
Harnack inequality for the minimizers of P. A key feature of this problem is that the
minimizers could be even discontinuous when condition (1.2) is violated, by means
of the counterexamples presented in [21, 27]. For the double phase equation

—div(|Du|P"?Du + a(x)|Du|9>Du) = — div(|[F|P"*F + a(x)|F|?"*F) in L,

the Calder6n-Zygmund estimates of weak solutions were derived in [14, 18] under
assumption (1.2) (see also [4, 9]). More recently, De Filippis and Mingione [19]
considered a very large class of vector-valued nonautonomous variational problems
involving integral functionals of the double phase type, where the authors provided a
comprehensive treatment of Lipschitz regularity of solutions under sharp conditions.
Despite their relatively short history, double phase problems have achieved very fruitful
results with several connections to other aspects, such as the existence and multiplicity
of solutions [47], the nonlocal version [20, 22], the properties of eigenvalues and
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eigenfunctions [12, 46], as well as the removability and obstacle problems [10, 35].
We also refer to [5, 17, 25, 26, 29, 37, 41, 44] and references therein for more results.

The topic on equivalence of different solutions started from the works of Lions [39]
and Ishii [30] on linear equations. For what concerns the quasilinear case, Juutinen,
Lindqvist and Manfredi [33] proved that the weak solutions coincide with the viscosity
solutions to the p-Laplace equation and its parabolic version based on the uniqueness
machinery of solutions; see [34] for p(x)-Laplace type equation. The equivalence of
solutions was generalized to the fractional p-Laplace equation in [36] by following
analogous ideas. Julin and Juutinen [32] gave a more immediate proof for the equiv-
alence of viscosity and weak solutions to the p-Laplace equation without relying on
the comparison principle of viscosity solutions. They introduced a technical regular-
ization process through infimal convolution, which was applied to various equations
incorporating the normalized p(x)-Laplace equation [49], the nonhomogeneous non-
local p-Laplace equation [8] and the normalized p-Possion equation [3]. More related
results can be found in [42, 43, 48, 50].

From the results mentioned above, we can see that the research achievements for
the double phase problems mainly focus on the weak solutions from the variational
perspective and there are few results concerning the relationship between viscosity
and weak solutions for the general nonuniformly elliptic equations. In particular, De
Filippis and Palatucci [20] showed that the bounded viscosity solutions of the nonlocal
counterpart to (1.1) are locally Holder continuous. For the homogeneous case of (1.1),
Fang and Zhang [23] established the equivalence between weak and viscosity solutions
by introducing A -harmonic functions that serve as a bridge. Motivated by the
previous works [20, 23], our intention in the present paper is to prove the equivalence
of weak and viscosity solutions for the nonhomogeneous problem (1.1). Due to the
presence of the lower-order term, we cannot introduce Ay (.)-harmonic functions any
more and it is hard to use the full uniqueness machinery of viscosity solutions. To this
end, we revisit the inf(sup)-convolution approximation, developed in [32], to verify
directly that weak solutions are equivalent to viscosity solutions under some proper
preconditions.

We are now in a position to state the main contributions of this manuscript. The
first one establishes the following qualitative property.

Theorem 1.1 Let 0 < a(x) € CY(RQ) and % <1+ % be in force. Suppose that

f(x, T, &) isuniformly continuous in Q x R xR", decreasing in t, Lipschitz continuous
with respect to & and fulfilling the following growth condition

|f@, 0O < y(TDUEP +a@E™h + o), (1.3)
where y(-) > 0 is continuous and ® € Ly> (). Let u be a viscosity supersolution
with local Lipschitz continuity to problem (1.1) in Q2. Then u is a weak supersolution
as well.

We would like to mention that the double phase operator, compared to the usual p-
Laplace operator, lacks translation invariance property and exhibits two diverse growth
terms owing to the presence of a(x). It will lead to an additional error term E(¢) in
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the key Lemma 3.1 and demand an a priori assumption that the viscosity solution u
is locally Lipschictz continuous.

The second result is about the local Lipschitz continuity of viscosity solutions,
which is also of independent interest.

Theorem 1.2 Let u be a bounded viscosity solution to (1.1) in Q. Under the assump-
tions that 0 < a(x) € CI(Q), p<qg=<p+ % and (1.3), for any Q' CC , there is a
constant C that depends onn, p, q, Yo, 2, 2, lallcrq) lullLee) and || Pl Lo (),
such that

lu(x) —u(y)| < Clx —y|
forall x,y € Q. Here, yoo := MAaX; (0, lull oo g1 ¥ (£)-

In order to verify Theorem 1.2, we need to utilize twice the Ishii-Lions methods [31],
and to adjust carefully the distance ¢ — p in order to get a contradiction. Combining
the above two theorems yields that the bounded viscosity solutions are weak solutions
with some explicit conditions.

To show that weak solutions are viscosity solutions, we consider a class of functions
satisfying the following comparison principle.

Definition 1.3 Suppose that u is a weak supersolution to (1.1) in Q' C Q. If for any
weak subsolution v of (1.1) such that v < u a.e. in 92’ there holds that v < u a.e. in
', then we say that (u, f) fulfills the comparison principle property (CCP) in &'.

Finally, the fact that weak solutions are viscosity solutions can be obtained under
the (CCP) condition by a contradiction argument.

Theorem 1.4 Let u be a lower semicontinuous weak supersolution to (1.1) in Q.
Assume that f(x, T, &) is uniformly continuous in Q x R x R™. If (CPP) holds true,
then u is also a viscosity supersolution to problem (1.1).

Remark 1.5 When the nonlinear term f only depends on x, and not on u and Vu, we
know from [19] that the weak solutions are locally Lipschitz continuous under the
minimal hypotheses that 0 < a € W'4(Q), d > n, and f belongs to a proper Lorentz
space along withg/p <1+ 1/n—1/d,ifn >2andg/p < p,ifn = 2.

This paper is organized as follows. In Sect. 2 we introduce some basic properties
of function spaces and concepts of solutions as well as some necessary known results.
Section 3 is devoted to proving that viscosity solutions are weak solutions to (1.1), and
the reverse implication is showed in Sect. 4, where we also establish the comparison
principle for two equations with different nonlinearities. In Sect. 5, we verify that the
bounded viscosity solutions of (1.1) are locally Lipschitz continuous, which is the
indispensable element of equivalence.
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2 Preliminaries

In this section, we summarize some basic properties of the Musielak-Orlicz-Sobolev
space W) (Q). These properties can be found in [11, 28, 45]. In addition, we give
different notions of solutions to Eq. (1.1) together with some auxiliary results.

2.1 Function spaces

In the rest of this paper, unless otherwise stated, we always assume that hypothesis
(1.2) holds. For all x € 2 and & € R", we shall use the notation

H(x,§) = §1" +a()El. 2.0

With abuse of notation, we shall also denote H (x, &) when & € R. Observe that the
generalized Young function H is a Musielak-Orlicz function fulfilling (A3) and (V3)
conditions. Here, a Young function H is said to satisfy the A,-condition provided that
there is a constant ¢ > 0 such that H(x, 2t) < cH(x,t) for every t > 0. We say
that H satisfies the V;-condition if the Fenchel-Young conjugate H* of H (see (2.2)),
satisfies the A,-condition.
Let us introduce some important properties, to be used later, of the energy density
H given by (2.1). We will keep on denoting H (x, t) = t? 4+ a(x)t? for t > 0, that is,
& is a non-negative number in (2.1). By the Fenchel-Young conjugate of H, we mean
the function
H*(x,1) := sup{st — H(x, s)}. (2.2)

s>0
It is well known that the equivalence
H*(x, H(x,1)/t) ~ H(x, 1) (2.3)
holds up to some constants depending on p, g, and moreover the Young inequality
st < H*(x,t) + H(x, s) 2.4)

holds for all x € 2, s, € [0, +00).
The Musielak-Orlicz space L) (Q) is defined as

LAO(Q) := {u : @ — R measurable : o (1) < o0},

and it is endowed with the norm

u

leell o> gy = inf [x >0:on <X) < 1] ,

where
onu) i=/ H(x,u)dX=/ lul? + a(x)ul? dx
Q Q
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is called the o -modular function.
The space L”()(Q) is a separable, uniformly convex Banach space. From the
definitions of the o -modular and the norm, we deduce that

p
LHO (@)’

q

”M“LH(‘)(Q)

} < oy (u) < max {llu”;‘)[{(‘)(g)» ”"‘H‘I]‘H(A)(Q)} . (25)

min { u]
It follows from (2.5) that

lun —ullppog >0 <= oun(up —u)—0,

which indicates the equivalence of convergence in o -modular and in norm. For the
space LH*(')(Q) we know that

min | (or+ @) 7T, (0T | < ull yeo) g
< max { (@a )77 . (or )T} (2:6)

Ifue LYO(Q) and v € L7 (Q), the following Holder inequality

‘/ uvdx
Q
holds.

The Musielak-Orlicz-Sobolev space W7 () () is the set of those functions u €
LG (Q) satisfying Du € L7 (Q). We equip the space W) (Q) with the norm

=< 2||u||LH(-)(Q)||U||LH*(-)(Q) 2.7

”u”leH(')(Q) = ||u||LH(')(Q) + ”Du”LH(')(Q)-

The space W1-H()(Q) is a separable and reflexive Banach space. The local space
WIL’CH(‘)(Q) is composed of those functions belonging to W) (Q’) for any sub-
domain ' compactly involved in €. Finally, we denote by WOI’H(')(Q) the closure
of COOO(Q) in W12 (Q). Indeed, the condition (1.2) ensures that the set CSO(Q) is
dense in W(;’H(')(Q) (see [1, 21)).

2.2 Notions of solutions

Set
A(x, &) = |E]PT2E +a(x)|E]97%

forall x € Q2 and & € R". We now give the definition of diverse type of solutions
to problem (1.1). When considering the weak solutions to (1.1), we demand that the
source term f fulfills the growth condition (1.3) unless otherwise stated.
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Definition 2.1 (weak solution) We say that u € WIL’CH(')(Q) is a weak supersolution
to problem (1.1) if

/(A(x, Du), Do) dx > / f(x,u, Du)pdx
Q Q

for each nonnegative function ¢ € C3°(£2). The inequality is reverse for weak subso-

lution. When u € WIL’CH(')(Q) is both weak super- and subsolution, we call u a weak
solution to (1.1), that is

/(A(x,Du),D¢)dx=/ F(x,u, Du)p dx
Q Q

for any ¢ € Ci°(Q2).

Remark 2.2 In the definition above, from (1.3), (2.3) and (2.4) we can see that the
integral [, f (x, u, Du)¢ dx is finite, for any ¢ € C{°(Q).

Let now &, € R", X € &" with §” being the set of symmetric n x n matrices.
We introduce some notations:

M = q- 2(1 — i i)’
(x,8) = ax)[§] + (g )I‘;‘I |
Fi(€,X) = — ”2<X —2<Xi i>)
16, X) €] trX 4 (p —2) &l ]
Fy(x, & X) = —a(x)[g|7? <trX+(q—2)< é| |§|>>=—tr(M(x,:§)X)

and

F3(x, &) = —[£|97% - Da(x),

where & ® 1 denotes an n x n matrix whose (i, j) entry is &n;, and (§,n) or & - n
stands for the inner product of &, n. For a matrix X, we set the matrix norm || X|| :=
supj¢ <1 {IX&1[}. In order to define the viscosity solutions of problem (1.1), we let

a € C'(R) and easily check that

— div(|Du|”"*Du + a(x)|Du|? "> Du)
= F\(Du, D*u) + F>(x, Du, D*u) + F3(x, Du)
=: F(x, Du, D*u). (2.8)

We now recall the notion of semi-jets. The subjet of u : 2 — R at x is given by
letting (7, X) € J> " u(x) if

u(y) zux)+n-(Qy—x)+z (X(y—x) (v —x)) +o(ly — x%)
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2526 Y.Fang et al.

as y — x. The closure of a subjet is defined by (1, X) € 72’_u(x) if there exists
a sequence (nj, X;) € Jz'_u(xj) such that (x;, u(x;),nj, X;) — (x,r,n, X) with
some r € Ras j — oo. Obviously, » = u(x) if u is continuous. The superjet J >

. =2, - . .
and its closure 7~ are defined by a similar way but the inequality above needs to be
converse.

Definition 2.3 (viscosity solution) A lower semicontinuous function u : Q2 —
(—o00, 00) is a viscosity supersolution to problem (1.1) in €, if (n, X) € JE u(x)
with x €  and 1 # 0 implies that

Fx,n, X) > f(x,u(x),n).

An upper semicontinuous function # : 2 — (—o00, 00) is a viscosity subsolution to
problem (1.1) in €2, if for each (, X) € J% u(x) with x € € and 5 # 0 there holds
that

F(x,n, X) < f(x,u(x),n).

A function u is called viscosity solution to (1.1) if and only if it is viscosity super- and
subsolution.

Remark 2.4 The preceding concept of viscosity solutions is equivalently given by the
jet-closures or test functions. For instance, the following conditions are equivalent:

(1) A function u is a viscosity supersolution to (1.1) in €2;

2) If(n,X) € 72’_u(x) with x € Q and n # 0, then F(x, n, X) > f(x,u(x),n);

(3) If ¢ € C%(2) touches u from below at x, that is, ¢(x) = u(x), ¢(y) < u(y) and
moreover Dy (x) # 0,thenwehave F (x, Do(x), D*¢(x)) > f(x, u(x), Dp(x)).

In the case 2 < p < g, we can remove the requirement that  # 0 or Dg(x) # 0.

2.3 Inf-convolution

We now give the definition of infimal convolution together with some properties.
Define the inf-convolution as

ue() = inf uy + =201
yeQ ses—1

where ¢ > 0 and s > max {2, ﬁ} is a constant to be fixed by the growth powers
in Eq. (1.1). Indeed, when 2 < p < ¢g,s = 2;whenl < p < ¢qg < 2,5 >
max{%,qu] = #;whenl <p<2<gq,s >max{%,2} = #.

The following well-known properties of the inf-convolution u, can be found in
several references, such as [32, 49].

Proposition 2.5 Suppose that u : Q — R is a bounded and lower semicontinuous
function. Then the inf-convolution u, satisfies the following properties:
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(1) ug <uin 2 andug — u locally uniformly as ¢ — 0.
(2) There is r(e) > 0 such that

u.(x) = inf {u(y) + pi_—y'}

YEBy(6) (X)NQ gs—1

withr(e) — 0as e — 0. In particular, if x € Q) = {x € Q : dist(x, 9Q) >
r(e)}, then there exists a point x; € By(¢)(x) fulfilling

[x — x|
ug(x) = u(xe) + s—

857]
(3) The function ug is semi-concave in Q, that is, we can find a constant C,
depending only on u,s and ¢, such that the function x + ug(x) — C|x|* is

concave.
@) If(n, X) € J*> ug(x) withx € Q2 (¢, then we have

x| T — xe)

s—1 s
—7 and X < ——|n|s11.
& &

3 Viscosity solutions are weak solutions

In this part, we are going to make use of the inf-convolution approximation technique
to show that the locally Lipschitz continuous viscosity solutions are weak solutions to
(1.1). Furthermore, the Lipschitz continuity of viscosity solutions can be established
precisely; this proof is postponed to Sect. 5. We therefore draw a conclusion that
viscosity solutions are weak solutions under some suitable conditions. We will only
discuss viscosity and weak supersolutions below. The case of subsolutions is similar.

We begin by stating that if u is a (locally Lipschitz) viscosity supersolution to (1.1)
in €2, then its inf-convolution u, is also a viscosity supersolution of such equation
(whose form may be slightly changed) in a shrinking domain. From the following
lemma, we can find that owing to the presence of the modulating coefficient a(x),
there will exist an error term E(e) on the right-hand side of the equation. In what
follows, X < Y (X,Y € §") means that ((X — Y)&,&) < 0 for any & € R". We
denote by C a generic constant, which may vary from line to line. If necessary, relevant
dependencies on parameters will be emphasised using parentheses.

Lemma 3.1 Assume that0 < a(x) € C1(Q) and f (x, T, &) is continuous in Qx RxR"
and decreasing with respect to t. Let u be a viscosity supersolution with local Lipschitz
to (1.1) in Q. Then if (n, X) € J> ug(x) withn # 0 and x € Q,(¢), there holds that

Fx,n, X) > fe(x,us(x),n) + E(e), 3.1
where

fé‘(xsfvé) = ]nf )f(y!‘[?é)

yEBr(s) (X
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2528 Y.Fang et al.

and E(¢) > Oase — 0.

Remark 3.2 It is worth mentioning that the requirement a(x) > 0 is just needed in this
lemma for the technical reason.

Proof Let x° € Q) and (1, X) € J%~ug(x°) with  # 0. Then via the properties
of the inf-convolution u, in Proposition 2.5, we have
| o __ ols
ue(x%) = u(xy) + ses—1
o_ ,o|s—2
with xJ € By)(x°), and moreover n = ‘x€+ﬂ|(x0 — x2). There is a function

@ € C%(S) such that it touches u, from below at x° and Dp(x°) = 1, D%¢(x°) = X
Hence by the definition of inf-convolution u#, we can see that

| ylY

0 <us(x) —ox) <uly) + —@(x)
for any x, y € (. Notice also that
0 |x0 B g|v 0 ) 0
”(x€)+sgs——1_¢(x ) =u(x%) — p(x?) =0.

Then the function —u(y) + ¢(x) — ‘f;f ‘lx attains the maximum at (x?, x°). Therefore,

by applying the maximum principle for semicontinuous functions (also known as the
theorem of sums) in [16], we can find Y, Z € S” satisfying

(=Dy Y (0, x°), =Y) € T u(x?), (Deyr(x2.x°), —2Z) € T~ p(x%)

and
(Y —z) < D*Y(x,x%) + &' (D> Y (x, x))%,
where ¥ (y, x) := b —I and

D) = <Dyy¢(x§’xo) Dyx!”(xé’,x")>

Dy (x2, x°) D (xZ, x°)

Via direct computation, we obtain
=Dy (xg, x%) = n = Dy (x7, x%)
and
B = Dyyp(x2,x%) = e = xf — xO P THxg — X1 + (5 = (¢ — x%) ® (1 — x°)].
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Furthermore,

Y B —B \—s { B> —B?
Itis straightforward to derive that Y < Z and moreover Z < —X. Since u is a viscosity
supersolution to (1.1) and f is continuous in all variables, then

f&g uxd).n) < F(xZ,n, —Y)
=F(0.2) - Fi0.Y) = Fi0, 2) + F2(x°, 0, Z) — F>(x{, 1, Y)
— &% 0, Z)+ F3(°, ) + F3(xg. ) — F3(x%, )
SFQO 0, —2)+ (% n,Z)— F(x{,n,Y) + F3(x{, n) — F3(x°, n)

with the notations given in (2.8), where in the last line we have used the decreasing
property of Fi(§, X) in the X-variable, thatis, Y < Z implies F1(n, Z) < F1(n,Y).
Next, in view of a € C' () we estimate

F3(x2, 1) — F3(x°,n) = [nl9"%n - Da(x’) — [n|9"%n - Da(x?)
< Inl?"!|Da(x’) — Da(x?)|
<l w(r(e)), (3.3)

where w (-) represents the modulus of continuity of Da. We finally evaluate the term
F,(x°, n, Z)—F(x¢, n, Y)inasimilar way toaddress 2 (y;, n;, Y;j))—F2(xj, nj, X;)
in [23, Proposition 5.1]. Observe that it follows from (3.2) that

(€.78) = (6. 2¢) = 7[5 = D = 2P 2 426 = D2l = x PO ] g -2 (3.4)

with &, ¢ € R". We can easily verify the matrix M (x &) > 0 (positive semi- deﬁnlte)
asa(x) > Osothatithas square root denoted by M 2 } (x, £). Additionally, by M, 7 (x, &)

we mean the /-th column of M2 (x, &). Then employing (3.4) and decomposition of
matrix yields that

FZ(XOa n, Z) - F2(x5(‘)’ n, Y)
1 1 1 1
= (M2G M, Z) =t (MA G mME G2 )Y )
n 1 1 i 1 1
=y <Mﬁ %, ), ZMP (x°, n)> - <Mﬁ (2, 1), Y M7 (x{, n>>
=1 =1
1- -2 | ass 3 2
= Ce' g —x P | MEG7 m) — MEGE
CSI—S|xo _x0|s—2
< : : ; FIM @) — Mg )3
(rmin (M22 ) + e (M2 (52, )
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_ Cel g — xP2nPPa’) — aG))?

972 (Va(x%) + Ja(x? )

where Amin(M) stands for the smallest eigenvalue of the matrix M. More details of
this display can be found in [23, Proposition 5.1].
On the other hand, from the local Lipschitz continuity of u,

|x0_xgls 0 ) o 0 0 0
T =us(x%) —ulxy) <ux’) —ulkx;) <Clx; —x

we have

|xo_xolel
m="—rl _ <c.

es—

By means of a(x) € C 1(Q), we proceed to treat

Ce'*lx¢ — "I"zlnl"’zlﬂ’ x¢|?
(Va(x®) + a(x)
_ Cinl a0 — x|
(W+ a(x”)
< Cr(e)
(VaG?) + JaGd)*

Fr(x°,n,Z2)— F>(x2,n,Y) <

gl does not necessaril
a(x?) y

goto 0 as ¢ — 0, so the condition a(x) > 0 is required. Besides, by the boundedness
of 1 the inequality (3.3) becomes

Here we remark that if a(x°) = 0, then the quantity Inl”

F3(x¢,n) — F3(x%, ) < Co(r(e)).
Since f(x, 7, &) is decreasing in T and u(x?) < ug(x°),

f(-xgvu(xgo)7 77) Z f(-xgvus(-xo)v 7]) 2 lnf f(y’MS(xo)v 77)
YEB;(5)(x?)

Now define

Cr(e)

E(e) .= —Cw(r(e)) —
(«/a(x” + ax?)

Consequently, we get
Je(x% ue(x?),m) + E(e) < F(x, 1, X)
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with E(¢) — 0 as ¢ — 0. Here we have employed F (x°, n, X) > F(x°, n, —Z) by
Z < —X and the error term E(¢) depends on &, n, p, q, a and the Lipschitz constant
of u. The proof is now completed. O

Based on the preceding lemma, we further demonstrate that when u is a viscosity
supersolution to (1.1), then the inf-convolution u, is a weak supersolution of this

equation up to a certain error term. Let Asou = (Du, D>uDu) below.

Lemma 3.3 Suppose that the assumptions on a, f in Lemma 3.1 are in force, and that
f(x,1,0) <0forall (x,t) € QxR. Let u be alocally Lipschitz continuous viscosity
supersolution to (1.1). Then, for each nonnegative function ¢ € W(}’H(')(Qr(s)), it
holds that

/ ¢ fe(x, ue, Dug)dx + E(g) pdx < / (A(x, Dug), Do) dx,
Qr(g) {Duc”?éo} QV(E)

where E(g) — 0, which is from Lemma 3.1, as ¢ — O.
Proof 1t suffices to consider the nonnegative function ¢ € C§°(2,(s)), because the

function space C3°(2,(¢)) is dense in Wé’H(')(Qr(g)).
Owing to u, being semi-concave, we can see by Proposition 2.5 that

h(x) := ue(x) — C(s, &, u)|x|?

is concave in (). Let {h;}; be a sequence of smooth concave functions, obtained
from standard mollification, such that

(hj, Dhj, D*hj) — (h, Dh, D*h) ae.in Q).
Additionally, we define
e, j =hj +Cs, & u)lx|?

and let § € (0, 1). In this proof, the condition 0 < a(x) € CY1(Q) is sufficient except
applying Lemma 3.1. Now denote the standard mollification of a as a;.

Case 1. 1 < p < g < 2. In this singular case, we first regularize the equation by
adding a small § > 0 as follows, and eventually pass to the limit as § — 0. Recalling
that u, ; and a; are smooth, we can calculate by integration by parts

-2 -2
/ — ¢ div [(|Du£,, 2 +8)"T Duej +a;x)(|Due j|* +8)'T Dug,j] dx
Q2 (e)

—2 —2
=/ <(|Duw-|2 +5)”TDug,j +a;(x)(|Dug, ;|* +8)qTDuw-, D(p> dx.
e

(3.5)
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We are ready to consider the limit as j — oo, and claim that

—/ o div [(|Du8|2+5)¥0u8+a(x)(|Du8|2+5)%Du8] dx
$2¢e)

<f <(|Du8|2 +8)" Dup + a(x)(|Dus|? + 8)> Du,, D<p> dx. (3.6)
$2r¢e)

It follows, from the Lipschitz continuity of u, and a, that for some constant M > 0
”Dus,j”Loo(supp’)’ ”aj”LOO(supp’)a ”Daj”L"O(supp’) <M, j=12,3,---.

Thus we could apply the Lebesgue dominated convergence theorem to the integral at
the right-hand side of (3.5). On the other hand, via direct computation,

-2 -2
—/ o div [(|Dug,j|2 +8)"T Dugj +a;(x)(|Dus. ;2 +5)"TDuw] dx
Qr(e)

= _/ ¢(|Du€,j|2+5)# (Auw- + p_22 Aooug,,) dx
%o |Du > + 8
2 q=2 q—2
[, peueP S (e i, )

-2
—/ o(IDue ;1> +8)"T Du, ;- Da; dx. 3.7
Qr(e)
Obviously, by the dominated convergence theorem, when j — oo,

-2 -2
/ ¢(IDuc. ;> +8)"T Du, j - Da, dx—>/ ¢(|Dug|* +8)"T Du, - Da dx.
Qr(e) Qr(e)

Note that /; is concave. Then we have Dzus,j < C(s,e,u)l. For Du, ; # 0, we
arrive at

(DU ;P 487 (Aug; + — L2 A < Cls.e.)8"F 2n+ p—2)
Ug i Up i + —————— Aol i s, &, U n —
&, j £, j |Dug’j|2+8 ocolle,j | = P
and
2 12 q—-2
aj(x)(|Dug j|”+68) 2 | Augj + onous,j
&,

< MC(s, 6, )8"2 n +q —2).

For Du, ; = 0, the case becomes easier. Therefore, we can apply Fatou’s lemma to
the display (3.7), and further justify (3.6).
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Next, we shall let § — 0 in the inequality (3.6). It follows from the dominated
convergence theorem that, when & goes to 0,

| (00w +5)" Dus + a@)1Du.P + 95 Dus. D)
Qr(e)

— / |Dugs|P"2Du, + a(x)|Dug|?"2Du,, Dg0> dx.
r(g)

Besides, we show that the integrand at the left-hand side of (3.6) is bounded from below,
which can justify the use of Fatou’s lemma. If Du, = 0, this follows immediately
from the inequality (see Proposition 2.5)

D, < =L ipu S
Ug = e |Dug|s .

In other words, since s > 2, then D%u, is negative semi-definite when Du, = 0. If
Du, # 0, we will find that

2 p=2 p—2
— (|Dug|”+98)2 (Aue D +s ooue>

(1Dul? +8)"7 s

! =219 s=2
(1Duc =20+ p =2+ snlDuc )

|Dug|? +§

> —|Du, |~+P2 Lontp-2
|+p 28 —

> 1 Ducl o - L@n+p -2,

where in the last inequality we need to recall the local Lipschitz continuity of u, and
s > %. Likewise,

2 a2 q—2
—a(x)(|Dug|” +8) 2 Au8+u—Aooua

i%%+q—2 s —
= —||Cl||L00(Qr(E)) ”DMSHLOO(Qr(s))T(zn +q—2).

p

Here we note s > 1 > _4_ Moreover, we have

g—1
2 =2 q—1
(|Dug|” +8) 2 Dug - Da| < ”D(ZHLOO(Q’_(E))||DI/[8||LOO(Qr<£)).

On the other hand, we know that (Du, (x), D?u.(x)) € J>~u,(x) for almost every
X € (). Then by means of Lemma 3.1 we deduce

F(x, Dug(x), D*us(x)) > fo(x, ug(x), Dug(x)) + E(e) (3.8
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in {x € Q) : Dus # 0}. As a consequence, exploiting Fatou’s lemma along with
observing that D%u, is negative semi-definite when Du, = 0, we derive from (3.6)
that

/ (IDue|”~*Du, + a(x)|Dug|?"*Du, Do) dx
Qr(a)

. =2 p—2
> lim inf / +f —(,o(lDu,|2 +6) 5 (Au‘ + ——A u,) dx]
§—0 [ (Dus#0}  J{Du.=0) ¢ U Du P +8T
. > g2 q—2
+ lim inf + —pa(x)(|Dus|“+8) 7 | Aue + 72Aoou£ dx
6=0 [ Jipu.20) J{Du.=0) [Due|* + 6
-2
+ liminf [/ +/ —¢(|Du£|2+5)qTDu8.Dadx]
8=>0 L/(Duc#0}  J{Du.=0)

-2
> / —IDue P2 ( Aue + L= A, ) dx
(Dus #0) |Dug|?

-2
+ / —pa(x)|Dug|1 72 (Au,; + "—ZAM) dx
{Due 0} [Dug|

+/ —¢|Dug |92 Du, - Dadx

{Dus7#0}

= / @F(x, Dug, D2u,;) dx
{Dug#0}

Z/ @ fe(x,ug, Dug)dx + E(e) pdx
{Du,#0}

{Du:#0}

> [ 0 fo (5. 4z, Dug) dx + E(e) pdx, (3.9)
Q) {Due#0}

where in the penultimate line we employed the inequality (3.8), and in the last line we
used the assumption that f(x, t,0) < 0.
Case 2. 1 < p <2 < g. We need to substitute the identity (3.5) with

—2
/ —p div [(|Dum 2 +8)"T Du,j +aj (x)|Du5,j|q_2Dush,':| dx
Q)
-2
= f ((1Due 2 + 8 Due j +a; (0 Duc, 19~ Duc,j. Dy) dx,
Szr(s)

since the g-growth term does not have singularity so thatitis not necessarily regularized
as the p-growth term. Then the subsequent processes are analogous to Case 1.
Case 3.2 < p < q. In this non-singular scenario, we replace the display (3.5) by

/ — o div [|Du8,,~|P*2Du8,]~ +a,-(x)|Du€,j|q*2Du8,,-] dx
SZ,(S)
_ /Q <|Du5,,|l’—20us,j +a;(x)| Due. ;192 Dus. . D¢> dx.
r(e)

The other procedures are also similar to Case 1, even more straightforward due to the
absence of §. All in all, we finally deduce the desired result. O
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In the previous lemma, in order to get the inequality (3.9), f(x, t,0) is a priori
assumed to be non-positive. The forthcoming lemma states this hypotheses exactly
can be realized when Du, = 0.

Lemma 3.4 Let u be a bounded viscosity supersolution to (1.1) in Q. Let also 0 <
a(x) € CY(Q) and the function f(x, T, &) be continuous in all variables. Whenever
Dug (%) = 0 for some X € Q(s), we have

fe(X, ug(X), Dug (%)) < 0.
Proof We have known by [32, Lemma 4.3] that if Du,(x) = 0, then

ug(X) = u(x).

From the definition of inf-convolution,

. X =yl
u(x) <u(y)+ forall y € Q.
ses—1
Now introduce an auxiliary function
Nl
d(y) =ux) — with y € @,
ses—1

where s = 2if p > 2, and s >max{%,qu} = %ifl < p < 2. We can

apparently see that
¢ € C2(Q), D$(%) =0, DP(y) #0 fory # %,

and ¢ touches u from below at x. For the case s > 2 (i.e., 1 < p < 2), we next
evaluate some important quantities,

D¢ =e'F — y[ R —y),
D¢ =—81—S|£—y|s—2(1+(s—2)’f‘y ® ’f‘y)
X —yl = |x =yl

and

rD*¢p = —(n—+s—2)e' % — y* 2,

D¢ ,. D¢ > l—s i 2
— D) = —(s—1 - .
<|D¢>| ¢|D¢| (s el =yl

Combining these quantities leads to

div(|D¢|”2D¢ + a(y)| D$|P > D¢)
= Apd +a(y)Agp + |Dp|P>D¢ - Da(y)
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=+ (p— D — 1) = D™D -y c-DE=b
—a(y)(n+ (g — D(s — 1) = D™Dz — y6=Dl=D=1
4 eU=9G@=D 3 _ | 6=D@=D=1(3 _ ). Da(y).

Observe that s > max ’#, qul ] It implies that

s—D(p—-1)—=1>0 and (s—1)(g—1)—1=>0.
Thereby,

lim sup (—div(|Dg|” 2D + a(y)|Dp|P~>D¢)) = 0.
r=0 yeB, ()\(4)

As for s = 2 (i.e., p > 2), the previous identity is valid obviously. Because u is a
viscosity supersolution of (1.1), there holds that

lim  sup (—div(Dp|"2D¢ +a(y) DI’ 2 D)) > f (&, u(X), D (%)).
=0 ye B, (D\(R)

Recalling that u(X) = u.(x), Du.(X) = 0 = D¢ (X), we obtain, from the above two
displays,

O 2 f(je’ MS(XA)’ Dus(-xA)) 2 fé‘()e’ u&()e)s Du&()e))v

as desired. O

Next, we show the convergence of inf-convolution u, in the Musielak-Orlicz-
Sobolev space W) (Q) in the following two lemmas.

Lemma 3.5 Under (1.3) and the preconditions of Lemma 3.1, we infer that the function
ue WIL’CH(‘)(Q) and, up to a subsequence, Dus — Du weakly in L") (Q') for every
Q' cca

Proof Take a cut-off function ¢ € C§°(R) fulfilling ¢y = 1in Q" and0 < ¢ < lin
Q. Set & so small that supp ¥ =: E C (). Notice that u, — u locally uniformly in
2, so we can define a test function

¢ = (K —u)y?(=0)

with K := sup,. . lue(x)| (finite). Hence, utilizing Lemma 3.3,

/ @ fe(x, ug, Dus)dx+E(5)/ pdx
Qf(ﬁ) Qr(s)\{Duszo}

< / (IDue”~2Dug + a(x)| Dus |~ Du. Do) dx
$2r¢e)
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=/ q¥? N (K — ue)(|Dus|P "> Dug + a(x)| Dug |97 Due, DY) dx
Qr(e)
— Y9H (x, Dug)dx.

Qr(s)

Namely,

f Y9 H(x, Dug)dx < qf I K — ue)(|Dug P~ 4 a(x)|Dug 1971 | Dy | dx
Qe Qe

+f §0|fa(x,us,Dus)ldx+|E(8)|/ pdx
Q) Q2 (e)

=11+ DL+ I

Notingg — 1 > @, 0 < ¢ < 1 and applying Young’s inequality with €, we have

q(p—1)

llsq/Q (K —u)| DYy 7 [DuglP~! +a()(K — ue)| DYy~ Dug |9 dx
r(e)

56/ Y9 H (x, Dug)dx + C(q, €) H(x, (K —ug)|Dyr|) dx.
Qr(e) 2re)

In view of the growth condition on f, we can deal with I as
L < / (K = )Y Yoo (|1 Due|”~" +a ()| Due 97" + (K — ue)y? @ dx
Qr(e)

56/9 Y4H (x, Dug) dx + C (Yoo, €) ; YIH(x, K —ug)dx
r(e) r(e)

+ C(K, [|PllLe(E), E)-
Here yoo := max¢[o,x] ¥ (7). For I3, we have
I3 <C(K,E),

where we assume |E(¢)| < 1 without loss of generality. Choosing proper € € (0, 1)
and merging these above estimates yields that

H(x, Dug)dx < / Y9H (x, Dug)dx < C(p,q,a,K,y,®, DY, E).
Q@ Q)

This indicates that Du, is uniformly bounded in L) (') with respect to &, which
further deduces that there exists a function Du € L7 () such that Du, — Du
weakly in L7 ©) (Q) up to a subsequence owing to L) (Q') being a reflexible Banach
space. Finally, u belongs to W# () (Q') with Du as its weak derivative. O

Lemma 3.6 Wirth (1.3) and the hypotheses of Lemma 3.1, we arrive at us, — u as
e — 0, up to a subsequence, in W2 (Q') for each Q' cC Q.
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Proof Take a cut-off function ¢ € C§°(2) satisfying ¥y = 1in Q" and 0 < ¢ < lin
Q. Let & so small that supp ¢ =: E C $2,(). Notice that u, < u in 2, so we define a
test function

@ = u—u)y(=0).

It is easy to find that ¢ € W(}’H(‘)(Qr(g)). Employing again Lemma 3.3 obtains

/ (A(x, Du) — A(x, Du.), Do) dx
$2r¢e)

< / (A(x, Du), Dp)dx + /
Qr(s)

colfa(x,us,Dus)ldx+IE(8)I/ o dx.
Qe Q

r(g)

After manipulation, we get
/ (A(x, Du) — A(x, Dug), Du — Dug)yr dx
Qe

5/ W(A(x,Du),Du—Dug)dx—}—/(u—us)(A(x,Dug),DIp)dx
E E

+/ 1/f(14—Me)lfg(x,us,Dus)ldx+IE(S)I/(M—Mg)wdx
E E

=h+h+ 3+ Js
For J,, via the inequalities (2.3) and (2.4), we derive
Jo < |lu— us||L°°(E)/ |A(x, Dug)||Dyr| dx
E
<Clu- us”LOO(E)/ H*(x,|A(x, Dug)|) + H(x, |Dyr|) dx
E
< Cllu = wllice) [ He.IDucl) + HGx, DY) d
E

Using the growth assumption on f and Young’s inequality leads to

J3 < llu —u€||Leo<E>/Eyoo(|Dug|f’—‘ +a(0)|Dug ") + @ dx
= Cllu — ugllLoo k) [/E H(x, |Dug|)dx + (1 + ||CD||L°°(E))|E|:| ;
where Yoo is the same as that in Lemma 3.5. As for Jy,
Ja < |E@)llu — uellpo(e) | El.
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Recalling that Du, — Du weakly in L#(E) in Lemma 3.5 and u, — u locally
uniformly in Proposition 2.5, we know J; + J2 4+ J3 + J4 tends to 0. In other words,

lim (A(x, Du) — A(x, Dug), Du — Dug)dx = 0.

e—0 Joy

Following the calculations in [23, page 9], we further arrive at

lim H(x, Du— Dug)dx =0,
e—0 Jo

which implies the desired result. O

Finally, we end this section by verifying that the locally Lipschitz continuous vis-
cosity supersolutions to (1.1) are also weak supersolutions, as stated in Theorem 1.1.
We next intend to apply the previous convergence results to pass to the limit in the
display of Lemma 3.3.

Proof of Theorem 1.1 Let ¢ € C{°(£2) be a nonnegative test function and set an open
Q' CC Q such that supp ¢ C €. Fix a sufficiently small g9 > 0 fulfilling Q" C Q)
for 0 < & < gy. Now we want to show

/(|Du|p_2Du+a(x)|Du|q_2Du,Dgo)dx 2[<pf(x,u,Du)dx, (3.10)
Q Q

which is the definition of weak supersolution of (1.1). This desired claim shall follow
through Lemma 3.3, once the forthcoming displays are justified:

lim | (|Dug|?">Du, + a(x)|Dug|?">Du,, Do) dx
e—0 Jo

(3.1D)
Z/ (|Du|P~2Du + a(x)|Du|?"2Du, Dg) dx,
Q/
lim ¢ fe(x, g, Dug)dx = / of(x,u, Du)dx (3.12)
e—0 Jo Q
and
lim E(e)/ pdx = 0. (3.13)
e—0 Q

First, the limit (3.13) is obviously valid. Next, we demonstrate the validity of (3.11).
We shall employ the elementary vector inequality (see [38]):

=2 =2 (t — g — 61361172+ 162172, ifr>2,
- 3.14
111781 — 18218 < {22_%1 ) if1<r<2, (3.14)
where &1, & € R”. We split the proof of (3.11) into three cases. O
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Forthe case 1 < p < g < 2, we use (2.3), (2.5)—(2.7), the basic inequality (3.14)
to get

/ (IDug|”"2Duy — |Dul?~2Du + a(x)(|Dug|? "> Du, — |Du|?">Du), Dg) dx
< / (I1Due|P~*Dug — | Du|P~*Du| + a(x)|| Dug |~ Due — | Du|~ Dul|)| Dg| dx
Q/

< c/ (|Dus — DulP~' + a(x)|Dus — Dul?"")|Dg| dx
o
< C||h(x, Du, — DM)HLH*M(Q')”D(p“LH(-)(Q/)
a4 P
< ClIDgll o @) max | (@n+ (h(x, Due = Du))i#T , (= (h(x, Dug = Duy) 7+ |

p+1

q P
g+
< C||D¢||LH(.)(Q/) max { (/ H(x, Du, — Du)a’x)q s ( H(x, Du; — Du) dx) }
Q Q

-0

as ¢ — 0, by applying Du, — Du in LH(')(Q’) in Lemma 3.6. Here h(x, z) :=
217~ + a(x)lz)97 "

When 2 < p < g, exploiting again (2.3), (2.5)—(2.7) as well as (3.14), and applying
Du, — Duin LEO(Q), we can see that

/ (|Dug|P">Dugs — |Du|”~>Du + a(x)(|Dug |72 Du, — |Du|?">Du), Dy) dx
Q/
< Cf [(I1Due P72 + |DulP~?) + a(x)(|Dug|9™% + |Dul=?)] | Du, — Dul|Dg| dx
Q/

< anwnLoo(Q/)/ [(1+ [DucP~" + |DulP™") + a(x)(1 + |Due |9~ + [ Dul4™h)]
Q/
X |Du, — Du|dx
= anqonLoom/)/ [(1 4 a(x)) + h(x, Dug) + h(x, Du))|Du; — Du|dx
Q/

< ClIDug — Dull s gy + CIhGe, D)l v g | Dite = Dutl oy
+ Clla(x, D“a)”LH*(-)(Q/) | Dus — Du”LH(')(Q’)

-0

as ¢ — 0, where the constant C depends on p, g, ||a||L= @), | D@l L=, [$2]. Here
we need to notice that the quantity fQ, H(x, Dug) dx is uniformly bounded.

In the last case 1 < p < 2 < g, we combine the previous two scenarios to deduce
the claim (3.11). Specifically,

/ (|Dug|P~>Du, — |Du|P?~>Du + a(x)(|Dug|? "> Du, — |Du|?~>Du), D) dx
Q/
< [ [1Due = Dul? + () 1Due 22 + 1Dl )| Du, — Du | 1D dx

< c/ (IDus — Dul”™ + a(x)| Dug — Dul~")|Dg| dx
Q,
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+C/ a(x)(1+|Dug|q71 +|Du|qfl)|Du8—Du||D<p|dx
Q/
§C/ h(x, DuS—Du)|D<p|dx+C/ |Dug — Du|dx

/ Q/

+ C/ h(x, Duy)|Du, — Du|dx + C/ h(x, Du)|Du, — Du|dx,
Q Q'

whichtendstoOase — 0, where C dependsupon p, g, llall @, 1D@ll L=, 1€].
Eventually, let us prove the claim (3.12). Via the uniform continuity of f, for each
€ > 0, there is a § > 0 depending only on € such that
|f (x, ug (x), Dug(x)) — f(y, ue(x), Dug(x))| < € fory e Bs(x).

Now select g, > 0 to satisfy r(¢) < 8if 0 < & < g;,. Then we have

J(x,ue(x), Dug(x)) < €+ f(y, ue(x), Dug(x))
for each x € Q" and y € By () (x). In particular,

Jf(x,ue(x), Dug(x)) < € + feo(x, ue(x), Dug(x))
by the definition of f;, and moreover

0 < [f(x,ue(x), Dug(x)) — fe(x,ue(x), Dug(x))| < e.

We thus have
/ | f(x,ue, Dug) — fe(x, ug, Dug)lp dx < €|l@|l Lol
Q/

In view of (1) in Proposition 2.5, it is known that |lu. | () < [[u]lz> () for any &.
Namely,

r@®)=__ max  {y(1)} = yeo.

a =
Te[ov”uE”LOO(Q’)] TG[O!H””LOC(Q’)]
According to the growth condition on f,
|f(x, tte, Du)| < yoo [DulP ™" + a(x)|Dul?™") + ®(x) in

which belongs to L# O, Thereby we can exploit the dominated convergence
theorem to infer

lim/ | f(x,ue, Du) — f(x,u, Du)|pdx = 0.
e—0 Q
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We finally address the term [, | f(x, ug, Dug) — f(x, ue, Du)|@ dx,

/If(x,us,Dug)—f(x,us,Du)lwdx
Q/
<C |Dug — Dulpdx
Q/

< Cligll s gy I Dute — Dull ey ()

— 0 ase —> 0,

where we have utilized the Lipschitz continuity of f in the third variable, and the
convergence Du, — Du in LHO(Q)).
Merging these above estimates yields that

| 155t D) = 5, Dl d
5/ [ fo e tte, Dite) — f(x. s, Due)lgp dx
Q/
+\/;}/ |.f(-x7u8’Du€) —f(x,ug,Du)M)dx

+/ | f(x,ue, Du) — f(x,u, Du)|pdx
Q/

converges to 0 by sending ¢ — 0. Hereto, we have verified the displays (3.11)—(3.13),
from which we get the inequality (3.10).

4 weak solutions are viscosity solutions

In this section, we prove that weak supersolutions are viscosity supersolutions to (1.1),
that is Theorem 1.4, by using comparison principle for weak solutions, subsequently
giving three examples of comparison results. Then weak subsolutions can be showed

to be viscosity subsolutions in a similar way.

Proof of Theorem 1.4 We argue by contradiction. If not, there exists a ¢ € C%(RQ)
touching u from below at xo € €2, that is,

u(xo) = @(xo0),
u(x) > @(x) forx # xo,
Do(xo) # 0,

and however,

—div A(xo, D¢(x0)) < f(x0,u(xo0), Dp(x0)).
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By means of continuity, for some § > 0 there is a small enough r > 0 such that
—divA(x, Do(x)) < f(x,¢, Dp) =4 (4.1)

for x € B, := B, (xg). Denote ¢ := ¢ + m with m > 0 to be chosen later. In view of
(4.1), we have

— div A(x, D§) — f(x,§, DY)
= —diVA(X, qu) - f()C, @, Dgﬂ) +f(xv @, D(p) - f(xv 57 D(Z)

<=3+ f(x,0, Dp) — f(x,9 +m, Dp)
F)

=< — A5

- 2

if m > 0 is sufficiently small. Indeed, we can pick m € (O, %ming B, {u — go}) (note
the lower semicontinuity of «) small, taking into account the uniform continuity of f,
such that

|f(x, 0, Do) — f(x,¢ +m, Dp)| <

| o

Hence, ¢ is a weak subsolution to (1.1) in B, as well. Observe thatg = ¢+m < ¢+u—
@ = u on d B,. Thereby through the (CPP) we get u > ¢ in B,. Nonetheless, u(xg) =
©(xg) < ¢(x9) + m, which is a contradiction. Then u is a viscosity supersolution to
(1.1). O

A fundamental issue in Theorem 1.4 is the availability of comparison principle for
weak solutions. Nevertheless, it is not undemanding to establish such principle for the
nonhomogeneous double phase equations with very general structure. Hence, we next
for three slightly special cases prove comparison principle for weak solutions.
Lemma 4.1 Assume that u, v € W7 (Q) are the weak subsolution and supersolu-
tion, respectively, to —div A(x, Dw) = f(x, w) in 2, where f is decreasing in the

w-variable. If u < v on 0, then u < v a.e. in Q.

Proof Since u, v are separately weak subsolution and supersolution such that u < v
on 92, the auxiliary function

wi=wWw—-v—04,1>0,

can be chosen as a test function, which belongs to the space W(} ’H(')(Q). Therefore,
we get

/ (A(x, Du) — A(x, Dv), Dw)dx < / (f(x,u) — f(x,v))wdx.
Q Q
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We use the fact that f is decreasing with respect to the second variable to arrive at

/(f(x,u) —fxv)u—-v—-10idx <0.
Q

Furthermore, due to the strictly monotone increasing property of the operator A(x, -),
ie, (A(x,&) — A(x,¢),& —¢) > Ofor & # ¢ € R”, it follows that

0< / (A(x, Du) — A(x, Dv), Du — Dv)dx < 0.
QN {(u—v—1)+>0}

This implies that w = 0 a.e. in 2. In other words, u < v 41 a.e. in Q2. Letting! — 0,
we can see that u < v a.e. in Q. O

Lemma 4.2 Suppose that f (x, t, n) is decreasing in t, and is locally Lipschitz contin-
uous with respecttonin QxR xR". Let u, v be the weak subsolution and supersolution
respectively to (1.1) such that

|[Du(x)| 4+ |Dv(x)| = 6§ a.e. x € Q2
with & > 0 any number. Let also 2 < p < q. Then there is ¢ > 0 such that, for every

domain E CC Q fulfilling |E| < e, whenever u < v on 0E then it holds that u < v
ae. in E.

Proof Selecting w = (u — v)4xg € WOI’H(')(Q) as a test function in the weak
formulation of (1.1), we derive, from the hypotheses on f,

/ (A(x, Du) — A(x, Dv), Dw) dx
Q
< / (f(x,u, Du) — f(x,v, Dv))wdx
Q

_ /Q(f(x,u, Du) — £(x. v, D)) — v)4 xE + (f (x. v, Du)
- f(.x, v, DU))(M - v)"rXE dx

s[(f(x,v, Du) — £(x, v, DV) (it — v)4 x5 dx

Q

§C/ |Du — Dv|(u — v)4 dx. “4.2)
E

Now by the basic inequality (see [38, page 97])

CUEI+ [P ~21E — nl* < (1E1P7%& — InlP ") - (§ —n) for p > 2,

(4.2) turns into
/(|Du|+|Dv|)P*2|D<u—v)+|2+a(x)(|Du|+|Dv|)q*2|D(u—v)+|2dx
E
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< C/ |Du — Dv|(u — v)dx
E
< C(E>f |D(u — v) 4| dx
E
< C<E>/ (IDu| + |Dv])*~P(|Du| + | Dv)?*|D(u — v)4|* dx
E

< 8¥PC(E) / (IDu| + |Dv))P "D (u — v)1|* dx,
E

where in the third line we utilized the Holder and Poincaré inequalities, and the quantity
C(E) will tend to 0 when the measure |E| goes to 0. From above, we can find that
if the domain E is small enough, the last inequality is self-contradictory. That is,
(u —v)y =0in E, whichleadstou < v a.e.in E. |

Remark 4.3 Lemma 4.1 could be exploited in the proof of Theorem 1.4 apparently.
Observe that De(xg) # Oand ¢ € C 2(Q), so we can take such small ball B, (xp)
that | B, (xg)| < € (¢ is provided by Lemma 4.2) and moreover |D¢(x)| > § > 0 in
B, (x0). Thus we can keep track of the proof of Theorem 1.4 to deduce that a lower
semicontinuous weak supersolution is a viscosity supersolution to (1.1) by Lemma4.2.

Lemma 4.4 Suppose that f(x, T, n) is decreasing in t, and is locally Lipschitz con-
tinuous with respecttonin Q X R x R". Let 1 < p <2andu,v € WIL’COO(Q) be
the weak subsolution and supersolution respectively to (1.1). Then there is ¢ > 0 such
that, for every domain E CC Q fulfilling |E| < &, whenever u < v on 0E then it
holds thatu < v a.e. in E.

Proof Selectingw = (u —v) g € WOI’H(')(Q) as a test function, we can also derive
the estimate (4.2). Now by using the basic inequality (see [38, page 100])

CA+[EP+ 1D T 1g — 2 < (E1P~2 — P2 - € —n) forl < p <2,

and
0 <a@)(ET2E =" *n) - € —n) forg > 1,
(4.2) becomes
/E(l 4 1Du® + Do) 2 1D — v). 2 dx
< C/E |Du — Dv|(u — v);1 dx
<) [ Ipu =P ds

2— -2
< C(E)/(l +1Dul? + D) T (1 + |Dul? + D)) T D — v) 4 |? dx
E
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< (1 + | Dull gy + 1 Dvllpoo(g))* P C(E)

-2
/ (1 +|Du> +Dv») T D@ — v); | dx,
E

where the quantity C(E) will tend to O when the measure |E| goes to 0. From the
estimate above, we find that if the domain E is small enough, the last inequality is
self-contradictory. That is, (# — v);+ = 0 in E, which leads tou < v a.e.in E. O

5 Lipschitz continuity of viscosity solutions

We in this part show that the bounded viscosity solutions to (1.1) are locally Lipschitz
continuous. The strategy is to verify first the Holder continuity of viscosity solutions
by using the Ishii-Lions methods, and further, based on the Holder continuity, to
demonstrate the Lipschitz continuity of viscosity solutions through the Ishii-Lions
methods again. The similar idea can be found for instance in [2]. For the sake of
convenience, we suppose the domain €2 is a unit ball Bj.

Lemma 5.1 (Local Holder continuity) Let u be a bounded viscosity solution to (1.1)
in By. Assume that 0 < a(x) € Cl(Bl), p < qg < p+1and (1.3) are in
force. Then for each B € (0, 1), there exists a constant C > 0, depending on
n, p.q. B. yoor llallcr sy el s,y and | @]l Lz, such that

lu(x) —u(y)| < Clx — y|#

forany x,y € B34, where yoo := Max;e(0, [lull o0 ;)] y(t).

Proof Fix xo, yo € B3/4. We now aim at showing that there are two proper constants
Ly, Ly > 0 such that

L L
®i= sup (u(x) —u(y) = Lig(lx = ¥) = Tl = xol’ = 1y - yo|2) <0, (5.1
)(,yEB3/4

where ¢ (r) = r? with B € (0, 1).

To this end, assume on the contrary that (5.1) is not true and moreover (x,y) €
m x B34 stands for the point where the supremum is achieved. We can easily know
two facts that X # y by w > 0, and X, y € B34 by choosing

I > 64|\ ullLo(B)
? = (min{dist(xo, 8 Ba/4). dist(yo. 0B34)})?”

Besides,

1
-3 < 2ullposy) \ P
\——7,
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is small enough, provided that L is sufficiently large, which shall be utilized later.
Now by invoking the maximum principle for semicontinuous functions [16,
Theorem 3.2], there are X, Y € S” such that

M. X+ LoD e T u@ and (.Y — Lol) € T u()

with
—_ —_ —_ 7 — —_ f - y —_
7n=LM%MM—yD+Lﬂx—Hﬂ=L@ﬂx—ﬂM2_ﬂ+Iﬂx—m%
— — — 71— — x - y —_
7n=—Lﬂhﬂu—yD—Lﬂy—W)=L@0x—ﬂhf_ﬂ—Lﬂy—ml
Via selecting L1 > C(B) L, large enough, there holds that
BLi _ _ g5 — s
S IE =3 < sl < 2BL11F = 51°7 (5.2)
Furthermore, applying [15, Theorem 12.2], for any ¢ > 0 such that tZ < I, we
obtain
2 (1 X VAR AL
_;< 1)5( _Y>§<_Zr A )’ (53)
where

X-y _X-y  Li¢/(x-7 X-y _X-3
Z=LWWW—§mf_y® v, Ligl ﬂ)@_ Y o y)

3 F— 7 -7 X—3  x—3|
- -y _x-73
=ﬂL1|x—yI’“(1+(ﬂ—2)_ Y g Z)
x—=y  |x—=Y]

and

Z'=U-12)""Z

with (I —7Z)~! denoting the inverse of the matrix / —t Z. Now pick 7 = 1

such that
P BT S
ZT:Z.BL1|7—7|'3_2<1—2 Pr=y g Z>.
3-Blx—=yl  Ix—Yl
Observe that
T _ B—1 - —B-2
<Z§£%—%§jghu—yl <0 5.4
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for & = ‘f_% . In addition, it follows from (5.3) that X < Y and

i
IXI, 1Y) <4BLi[x — P2 (5.5)
Let

As(n) :=I+(s—2)%®% for ) € R" \ {0}

with s € {p, g}. An obvious fact is that the eigenvalues of A;(#n) belong to the interval
[min{l, s — 1}, max{1, s — 1}]. Now since u is a viscosity solution to (1.1), we have

FG&,ni, X+ LaD) — f(X, u(x),m) =0

and

Adding these two inequalities becomes

0 < ImIP (A, (n)(X + LaD)) — 2| 2tr(A, () (Y — Lal))
+a@) 1772t (Ag ()X + Lo 1)) — a9 e(Ay () (Y — Lo 1))

+1m 421 - Da®@) — [m2l9" 2 - Da(y) + &, u®@), m) — £, u(¥), n2)
=L+ DL+ 51+ 1. (5.6)

In what follows, our goal is to justify I1 4+ I> + I3 + I4 < 0 under suitable conditions,
which reaches a contradiction so that the claim (5.1) is precisely true. First, we examine
the term I» as

L = (a(®) — a9 tr(Ag(n)(X + LaD))
+a@(ml77% = "Dt (Ag(n)(X + La1))
+a@ |l tr(Ag () (X + Lal)) — tr(Ag(n2) (Y — Lal))]
= (a(X) —a()|m |97 tr(Ag (n) (X + Lal))
+a@(ml7% = [ml? D (Ag(m)(X + La1))
+a@nli" e (Ag () (X = Y)) + a@)n2l9 e ((Ag (m1) — Ag(12))Y)

+ Lza@)lﬂzlq_z(tr(Aq(m) + tr(A4(1n2)))
=: DLy + Iy + I3 + g + Ds.

Let us mention that the treatment of I is similar to that of J; in [24, Lemma 6.1].
However, we here give some details for the sake of readability. For I51, by virtue of
(5.2), (5.5) and the eigenvalues of A, (n1), we have

— — -2, — — — —
Iy = C(B.q. lallcrp)IX = FILI X = 51 B=DCD ) A, ) IIX |+ nLa | Ag ) )
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-2 _ —(B— _ — — B—
< Cn. B.q. lallcrpy) LI 1% — I E D@D L [ — 31872+ Ly).
We now consider I,

— -3, — — _ _
Ly < C(q, Ba@LI X =B DECI L) Ay ) 11X || + nLall Ag (D)
— -3, — _ _ — — B—
< C(n, B, q)a( L L |x — ¥~ DE(L x =3P + Ly).

Indeed, we evaluate |1]772 — [2|972 as

1772 = Ima2l7% = (g = 21El"(Um | = In2)
_3 — — _ _
<lg —2IC(q, HLT " Ix = 31P VO py — o
< Cg. B)LoL] 7 — 3| PV,
where |&17| is between |11 and |n2|, and we have used (5.2) and |n; — 2| < 4L;. Due
to (5.3) and (5.4), any eigenvalue of X — Y is non-positive and at least one eigenvalue,

denoted by A(X — Y), is less than or equal to 84 %Ll |¥ —¥|#~2. Next, we deal with
the term I»3 as

b < a® Il Y 4 (Ag )i (X — ¥)
i=1

< a2l > min{l, ¢ — 1}a(X — Y)
_ 1 —

<a(y)C(q, ,B)Ltll 2|f — y|(ﬂ71)(¢172) (—Sﬂ%) Li|x — y|ﬂ*2

<-C(q, ﬂ)a(y)L?’l % — 3|B-Da-D-1

with A1 (Ag(m1)) < 2(Ag(m1) < - S A(Ag(m))and A (X —Y) < Aa(X —Y) <
- < Ap(X —Y). Here we need to note 0 < 8 < 1. In order to evaluate I54, we first
notice

moom
1Ay (1) — Ag(m)ll < 2|g — 2 ‘— - —
[ml  n2
< 2lg — 2| max { Ini — 772|, Ini — mal }
(71l [m2]
<Clg. p—22
=R =T

Thereby, from (5.2), (5.5) and the preceding inequality,

by < aml?nl Ay (m) — Agm) 1Y |

_ N N L
< C(n,q, Ba@)(Li|x — 3P~ zfﬂ_l
Lilx =yl

— . — _ _7)—
=C(n,q, Ba@) LoLI % x — 3|B-Da-2-1,

Ly|x —y|P~?
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The term /5 finally can be treated by

-2
bs < aMIm|?*Lo2nmax{l, g — 1} < C(n, ¢, Hla() Lo L] “|x — y|#~ D@2,
Now merging these estimates of I1—I»5 yields that

L <—-C(q, ﬂ)a(y)L?_lb—c_yl(ﬂfl)(qfl)—l
+Cn,q, Ba(y) L LI [x — y| - D=2~
+C(n,q, pa@LILI " |x —3|#- D=3
+Cn,q, B, llallc g, LY "% — 3 B-D@=D
+C(n,q, B, ||a||c1(31))Lqu_2| — J|B-Da@-+1

where we have employed the fact that |x — y| < 1. Analogously, we could derive

-1 2 —2)—
I = =C(p. HLY T = 5P~V 4 Cn, p. B)LoL T % — 3|07
+Cn. p. HLILY I = 3P0,

where we just note a(-) = 1. The term I3 is directly estimated as

- — - — 1=  —(B=1)(g—
I < Iml ' Da@®)| + 21" | Da()| < C(q. B, lallcr(p,)LT X —y|B~Da=D
by applying (5.2). As for 14, according to the growth condition on f,

Iy < | f G u@). n)| + | f G u@). n2)l
<y(u@DUm P~ +a@®ml™") + @
+yQu@DUnlP +a@®nl?™h + o)
< ¥ooC(p, g, BY(LY ' |T — 3| #=D=D
+llallpoocpy LY~ F — 5B D@D)
+ @]l LooBy)
with Yoo 1= Max;e[o, ull o0 g,)] y(1).
We eventually gather the estimates on /1—I4 with (5.6) to infer that
0<[=Cp, ALY K =3V D" Cn, p, PL L fx — 3| B D=2
+Cn, p. HLILY T = F1BV0 1 C(p.g. Byl L) 7 — F|BDOD
+Cm, p.q. B lallci sy voo) LI T = F1PDED 4 ooy
+Cn,q. B laller s, LaLi 2|7 — 3| #=D@=2+1]
+a®[ - Clg. LI T 5B V4D 4 Cn, g, pLoLI P F — §| P2
+Cn,q. HLILI K — 3|P~Da=),
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Now our aim is to make the term at the right-hand side of the above display to be
strictly less than 0, through choosing L large enough. We first select L so large that

-1 - —(B= —1— 21—  —(B=- —2)—

!%Cm,ﬂ)L? ¥ = 3|P-D@ D> C(n, g HL LT [x = 5P D=2,
-1 = —(B- —1)— -3 = — (8= —

3C(q. BLY [x = 3PPVl > C(n, q, pLIL " |x — y|B~DE@=d),

ie.,
- —p-1
Lilx =Yyl > C(n,q, B, L2).

This can be realized if L is sufficiently large, since [x — y| < 1 and the power of it
is negative. Next, we proceed to choose L so large that

1C(p. LI —F|B-Dr=D=1 > C(n, p, B)L, LV 2% — F| B~ DD
Le(p, HLI T E =y B-DP=D=1 > C(n, p, BLILY [ — 3|B-D-3),

Lo LY T = FIE VP01 > Cpg. B yso) LY T = FEDPD,

Lep. HLY FE = F1PDPD=1 > Cn, p.q. B. llallcrpy. voo) L] IE = F| D@D,
Lep, HLY T T =31 B- D001 > C(n, g, B, lallcr 5, LoLd 2% — F|B-Da=2+1
L. HLY R = F|FD0DT > @) o s)-

We arrange the previous display as

Li|x =P~ > C(n, p, B, L2, | @l L (8,)),

X =37 > C(p.q. B. v,

LY % — 3| B=De=0=1 > C(n, p, q, B, lallci(s,)» Voo
—q+1,— —(B— _ _

Lf 7 |x - y|(/3 D(p=g+1)=2 = C(n’ P9, /37 ”a“Cl(Bl)s L2)

(5.7)

2||ulloo () \ B
Ly

Making use of the fact [x — y| < ( , we can pick such large L > 1 that

the first two inequalities of (5.7) hold true. To assure the inequality (5.7)3 holds, we
first require

1
B-Dp-—9)-1<0=qg<p+-—7 (Be(1).

1-8
We in turn enforce
B=D(p=g)—1
L9 — 3|01 5 = <2llulle<Bl>)
Ly

Z C(n’ P9, /37 ”a”Cl(Bl)’ )/OO)’
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that is,

p—q+l1

Ly " =C, p.q B llalicisy voo lulli=m)),
which is true precisely if
p—q+1>0=qg<p+1.

Under this condition, the inequality (5.7)4 shall hold true by choosing L large.
As has been shown above, if ¢ < p + 1, we can select L large enough, which
depends onn, p, q, B, lallci(p,)» Yoos llttllLoo(By) and || ®||L=(p,), to get

1 Lo —g-D(p-D-1 | —ra—l= = (B=D)g-D)—
0= —-Clp, LY =5 P01 = 2C(g, ppaL]™ ¥ =317V <o,

This is a contradiction. Thus the claim (5.1) holds true, which means that the viscosity
solution u is locally B-Holder continuous. The proof is finished now. O

Based on the local 8-Holder continuity of # in Lemma 5.1, we could further deduce
u is locally Lipschitz continuous.

Lemma 5.2 (Local Lipschitz continuity) Let u be a bounded viscosity solution to (1.1)
in By. Under the assumptions that0 < a(x) € C'(By), p < q < p+% and (1.3), there

is a constant C that depends on n, p, q, Yoo, llallc1(p,) llullLe(s)) and || L)),
such that

lu(x) —u(y)] = Clx —y|

forallx,y € Byp. Here yoo = mMax; e[, |lull oo (g,)] y(1).

Proof Let xq, yo € B /2 Construct an auxiliary function

V(x, y) = ulx) —u(y) — Mio(lx — y|)

M, M,
—7|X — xol* - TD’ —yol?, My, My >0,

where

v - 1o\ v-!
t—kot’, fO0<t <1t := (4UK0> )

@) =
@(t), ift >

with 1 < v < 2and 0 < ko < 1 such that 2 < ;. We are ready to verify W (x, y) <0
for (x,y) € B34 x B3y under the appropriate choice of My, M>, which leads to
Lipschitz continuity of u. We argue by contradiction. Suppose that W reaches its
positive maximum at (£, ) € B3 /4 X B; /4. As in the beginning of the proof of
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Lemma 5.1, we can see that X # § and %,y € B34 for large M> > Cllullr(B,).
Moreover, by Lemma 5.1, we know that

lu(x) — u(y)| < cplx — y|f forx,y € By,

where cg is the same as the C in Lemma 5.1. From the assumptions, we further get

B
2

M;|% — xol, Mal9 — yol < cglX — 3 (5.8

by adjusting the constants (by letting 2M> < cg). Additionally, it follows, by selecting
ko sufficiently small, that

Mi(1X = 3| = kolx = JI") < 2|lullLoeBy)s
ie.,

o a Al
=5l = = (Br) (5.9)

Indeed, due to |x — y| < 2and v — 1 > 0, we can fix kg € (0, 1) such that % <
1 —wolt — 91"~
From the maximum principle for semicontinuous functions, for any p > 0, there

exist X, Y € 8" such that

1, X+ MaD) € T2V u) and (m, Y — Mal) € T u($)

and
Cwaaen (!t V< (X )< (B By 2( B8 (5.10)
K 1)=\ -v)=\-B B w\-B2 B2 )’ :
where
I A )2_)7 A
n =M@ (|x — y) —— + Ma(x — x0),
|x — ¥
IS ~ )2_),} A
n =M@ (X —y))——— — M2(y — yo)
lx — ¥l
and

. R—F _E-F  Mg(E— -5 R
B =M () o 2= | Mie (X —JD (17 8 y).
[X =y X =7 [* =

Notice that, for ¢ € [0, #],

¢'(t) =1 —vkot"™ 1,

@ (1) = —v(v — Dkot" 2, (5.11)
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and then % < ¢'(t) < 1and ¢”(r) < 0 when ¢t € (0, 2]. Through straightforward
calculation we get

M
71 < Iml. Inal <2My, if My > 4cg, (5.12)
)
1Bl < M;———— (5.13)
|Xx — ¥yl

and

1o A 2
<p(|x—y|)> _ (5.14)

1Bl < M} (W’(p% =3I+

According to (5.10), we obtain X < Y and furthermore || X ||, || Y] < 2| Bl + u. Via
taking

A ¢ (1% =3
w=4M, <|§0//(|X - W+ ——7=)
X =l
we have, for § = Iﬁ:ﬁl’

2
(X —Y)§,8) <4 ((BE,Q + ;(BZE,Q) <2Mi¢" (15 = 3D < 0. (5.15)

It follows from the last inequality that at lowest one eigenvalue of X — Y, denoted by
A, is smaller than 2M1¢”(]X — 9|) < 0. Besides, putting together (5.13), (5.14) and
(5.10), we derive

B
1Yl §2|<BE,E>I+;I<B £, 8)l
w’(lﬁ—§|)>

X =)l

< 4M, (I«J”(I?2 =D+ (5.16)

where £ is a unit vector.
Because u is a viscosity solution, we arrive at

0 < ImIP 72t (A, () (X 4+ Mal)) — |ma|P72tr(A, (m2) (Y — Mal))
+a@) M9 (Ay () (X 4 Mal)) — a(3)|n2l? >t (Ay () (Y — Mal))

+1ml 01 Da@) — 1210y - Da() + f (&, u@®), m) = G, u@), 12)
=TT+ +T3+1T;s. (5.17)
In the following, we want to prove 71 + 7> + T3 + T4 < 0 by taking M| large enough,
the procedure of which is analogous to that in proof of Lemma 5.1. Here we shall

briefly write down it. We first consider the term 73,
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T = (a(®) — a()) )" *tr(Ay () (Y — MaD)) + a(®)|ni 1972t (Ag(n)(X — Y))
+a@ (M9 = Il H(Ag () Y) + a @) 972t (A, () — Ay (12))Y)
+ Maa(®)[|n11972te(Ag (11)) + 219 >tr (A, (12))]
=:To1 4+ Top + Tr3 + Thg + T»s.
In view of (5.11), (5.12) and (5.16), there holds that

Ta1 < C(q. llaller g M{ 1% = $1(nll Ag () 1Y || + ng M)
< C(n,q, lallcr ) MIIMi (1 + 15 = 319" (% = FDD) + Ma]
< C(n,q. lallcr ) MI2IMi(1+ 13 — 51"~ + Ma]
< C(n.q, llallcicp ) M{ ™" + M{ 7o)

Applying the mean value theorem along with (5.8), (5.11) and (5.12), we obtain

_ _ —3 A ~ B
[1197% — [121972] < C(q, cp) M1 — 1|2,

which indicates that
~ -3, ~ B
T3 < C(n,q,cp)a@®M] 7|2 =912 Y|
D S ol
< Cn,cp. @)a@M] (1% = 51271+ 12 = 51"7).
Thanks to (5.12) and (5.15), we derive

Ty <a®mil?72 ) hi(Agm)ri(X = Y)

i=1
~ —1 ~ A
< C@Qa®M{™ ¢" (1% -3
A —1,A Ap—
=—C(q, v, ko)a@)M{ ™' |z — 5" 2.

According to (5.8), (5.12) and (5.16),

oy < a(®)Im I"’znllAq(m) — Agm) Y]]
[ —m2| In1 —n2|
, 1Yl
(711 [n2]

< C(n, )a(®)|n |92 max {
R Y . e PR =D
<C(n,q,cpaR)M]{ |z = |2 <|<P//(|x = yDI+ N
~ -2, B ~ iy
< C(n,q,cpa@M{ (1% — 51271+ 1% — 51"D).
Finally, by (5.12) we have

. )
Trs < C(n, Q)a(X)MaM] ™"
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Thus taking v = g + 1 and combining these previous inequalities yields that

A~ —1,A B N -2, A ~B_
T < —C(q, Ba@M] |z = 3127 + Cn, q, cp)a@M] |5 — §|277!

-1 -2
+C(n.q, llallcrp)M]™" + M{ 7> Mo).
Similarly, we have

23 B
2 2

—1,4 ~ —2a ~ -2
Ty < —C(p, M 15 = 5127+ Cn, peppM{ 212 = 5127 4 Cn, pM] ™ M.

For T3, it is easy to get

-1
T3 < C(q, llallcrg )M~

Owing to the growth condition on f, we can see that
Ta < yoo (1"~ +a@Im1T™) + yoo (2l +a®Imal ™) + 201l (s

-1 -1
< C(p,q, Yoor llallLoom)) (M + M{™7) + 2| @] L5y

—1
S C(pv q’ Vom ||Cl||LOO(Bl), ”cD”LOO(B]))Mi]

with Yoo = Max; e[, |u oo ;)] y(t). Here we note M| > 1 is a sufficiently large
number. It follows from merging the estimates on 77—74 with (5.17) that
p—1lia o8 P2, B
0<[-Cp.BM X =327 +Cn, p,cp)M{ 7|5 — 3|2
-1
+C(pa q, Yoo ”a||C|(B|)7 ||q)”Loo(Bl))M;1 ]
A —1,a B 2, ~ B
+a@®)[ - Clg. HM! ™ 1% = 3|2 Y4 Ct,q, cp)MT 713 - 3|2 1], (5.18)

where we have used the relation M; > M> to simplify the display. To get a
contradiction, we have to select such large M that

(S-S

2. A B
1> Cn, p.ecp)MP TR = §|77),
_ —1
U'> C(p, ¢, yoos lallcia,y Il Loo(m)) M, (5.19)
—2. A ~ B
1> Cn, g, cpMIT % — 51571,

,1 A N
1c(p. pMI™ |z - 3|
—1, A N
1C(p. pMI™ |3 - §|
le, pmi~ 1z -3

[S=Y

[Sh=3

that is,

My > C(n, p,q,cg),
—q A ~ B
MR =912 = C(p. g, B, Voos lallci s 1Rl o(s))-

Remembering (5.9), we arrive at

—q,~ B B_ p—q+1—ﬁ
MP™% = 51770 > @|lull L) T M, 2
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Now enforcing

1— _‘6,
g<p+1-3

we could choose such large M that

My > Cn, p,q, B, Voo, lallcisyys IPlL=), lullLeos)),
which ensures (5.19) holds true. Then the display (5.18) becomes

1 . B | 1A A B
0= —3CM ™5 =515 = Sahem i - 517 <o,

which is a contradiction. Let us mention that we fix § to be a specific number so that
M does not depend on 8. Up to now, we have justified the local Lipschitz continuity
of u. O

Once Lemma 5.2 is proved in Bj, then the case of a bounded domain €2 follows
by covering arguments. Therefore, we finish the proof of Theorem 1.2.
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