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Abstract
In this article, we study the existence and multiplicity of solutions
of the following (p, q)-Laplace equation with singular nonlinearity:{
−Δpu − βΔqu = λu−δ + ur−1, u > 0, inΩ

u = 0 on ∂Ω,
where Ω is a bounded domain in R

n with smooth boundary, 1 < q < p < r �
p∗, where p∗ = np

n−p , 0 < δ < 1, n > p and λ, β > 0 are parameters. We prove
existence, multiplicity and regularity of weak solutions of (Pλ) for suitable
range of λ. We also prove the global existence result for problem (Pλ).

Keywords: (p, q)-Laplace equation, double-phase energy, Sobolev critical expo-
nent, singular problem

Mathematics Subject Classification numbers: 35B65, 35J35, 35J75, 35J92.

1. Introduction

In this paper, we are concerned with the study of a nonlinear problem whose features are the
following:

(a) the presence of several differential operators with different growth, which generates a
double phase associated energy;
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(b) the reaction combines the multiple effects generated by a singular term and a nonlinearity
with critical growth;

(c) we establish a global existence property, which describes an exhaustive bifurcation pic-
ture. Roughly speaking, this result shows that the problem has a solution if and only
if the positive parameter associated to the singular nonlinearity is sufficiently small.
Summarizing, this paper is concerned with the refined qualitative and bifurcation anal-
ysis of solutions for a class of singular problems driven by differential operators with
unbalanced growth.

We recall in what follows some of the outstanding contributions of the Italian school to
the study of unbalanced integral functionals and double phase problems. We first refer to the
pioneering contributions of Marcellini [35–37] who studied lower semicontinuity and regu-
larity properties of minimizers of certain quasiconvex integrals. Problems of this type arise in
nonlinear elasticity and are connected with the deformation of an elastic body, cf Ball [4, 5].
We also refer to Fusco and Sbordone [20] for the study of regularity of minima of anisotropic
integrals.

In order to recall the roots of double phase problems, let us assume that Ω is a bounded
domain in R

n (n � 2) with smooth boundary. If u : Ω→ R
n is the displacement and if Du is

the n × n matrix of the deformation gradient, then the total energy can be represented by an
integral of the type

I(u) =
∫
Ω

f (x, Du(x))dx, (1.1)

where the energy function f = f (x, ξ) : Ω× R
n×n → R is quasiconvex with respect to ξ. One

of the simplest examples considered by Ball is given by functions f of the type

f (ξ) = g(ξ) + h(det ξ),

where detξ is the determinant of the n × n matrix ξ, and g, h are nonnegative convex functions,
which satisfy the growth conditions

g(ξ) � c1 |ξ|p; lim
t→+∞

h(t) = +∞,

where c1 is a positive constant and 1 < p < n. The condition p < n is necessary to study the
existence of equilibrium solutions with cavities, that is, minima of the integral (1.1) that are
discontinuous at one point where a cavity forms; in fact, every u with finite energy belongs
to the Sobolev space W1,p(Ω,Rn), and thus it is a continuous function if p > n. In accordance
with these problems arising in nonlinear elasticity, Marcellini [35, 36] considered continuous
functions f = f(x, u) with unbalanced growth that satisfy

c1 |u|p � | f (x, u)| � c2 (1 + |u|q) for all (x, u) ∈ Ω× R,

where c1, c2 are positive constants and 1 � p � q. Regularity and existence of solutions of
elliptic equations with p, q-growth conditions were studied in [36].

The study of non-autonomous functionals characterized by the fact that the energy density
changes its ellipticity and growth properties according to the point has been continued in a
series of remarkable papers by Mingione et al [6–8, 12, 13]. These contributions are in rela-
tionship with the works of Zhikov [46], in order to describe the behavior of phenomena arising
in nonlinear elasticity. In fact, Zhikov intended to provide models for strongly anisotropic mate-
rials in the contact of homogenisation. In particular, Zhikov considered the following model
of functional in relationship to the Lavrentiev phenomenon:

Pp,q(u) :=
∫
Ω

(|∇u|p + a(x)|∇u|q)dx, 0 � a(x) � L, 1 < p < q.
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In this functional, the modulating coefficient a(x) dictates the geometry of the composite made
by two differential materials, with hardening exponents p and q, respectively.

The functional Pp,q falls in the realm of the so-called functionals with nonstandard growth
conditions of (p, q)-type, according to Marcellini’s terminology. This is a functional of the type
in (1.1), where the energy density satisfies

|ξ|p � f (x, ξ) � |ξ|q + 1, 1 � p � q.

Another significant model example of a functional with (p, q)-growth studied by Mingione et
al is given by

u �→
∫
Ω

|∇u|p log(1 + |∇u|)dx, p � 1,

which is a logarithmic perturbation of the p-Dirichlet energy.
General models with (p, q)-growth in the context of geometrically constrained problems

have been recently studied by De Filippis [16]. This seems to be the first work dealing with
(p, q)-conditions with manifold constraint. Refined regularity results are proved in [16], by
using an approximation technique relying on estimates obtained through a careful use of
difference quotients.

The purpose of this paper is to study the existence and multiplicity of solutions of the
following (p, q)-Laplacian problem

(Pλ)

{
−Δpu − βΔqu = λu−δ + ur−1, u > 0 in Ω

u = 0 on ∂Ω,

where Ω is a bounded domain in R
n with smooth boundary, 1 < q < p < r � p∗, with

p∗ = np
n−p, 0 < δ � 1, n > p and λ, β > 0 are real parameters. Here, Δp is the p-Laplace

operator, defined as Δpu = ∇ · (|∇u|p−2∇u).
The differential operator Ap,q := −Δp − βΔq is known as (p, q)-Laplacian, which arises

from a wide range of important applications such as biophysics [18], plasma physics [41],
reaction–diffusion [10]. For more details on applications readers are referred to survey article
[34].

The study of elliptic equations with singular nonlinearities has drawn the attention of many
researchers since the pioneering work of Crandall et al [15], where authors studied purely
singular problem associated to −Δ with Dirichlet boundary condition. More generally, the
equation of type

−Δu = λ a(x)u−δ + b(x)ur−1, u > 0 in Ω; u = 0 on ∂Ω, (1.2)

has been studied in a large number of papers, for instance Coclite and Palmieri [11] obtained
global existence result for (1.2). Using Nehari manifold method Yijing et al [43] proved exis-
tence of two solutions of (1.2) when 0 < δ < 1 and r < 2∗. The critical case was dealt by Haitao
[28] and Hirano et al [30]. In [28], for a = 1 = b and 0 < δ < 1, Haitao proved global exis-
tence of solutions using Perron’s method and saddle point theorem while authors in [30] used
Nehari manifold technique to prove the existence of two solutions. Adimurthi and Giacomoni
[1] considered problem (1.2) for the case n = 2, 0 < δ < 3 with Trudinger–Moser type criti-
cal nonlinearities. Ghergu and Rădulescu [23, 24] considered singular elliptic equations with
gradient term, while Dupaigne et al [17] studied singular Lane–Emden–Fowler equations with
convection and singular potential. For a thorough analysis of semilinear elliptic equations with
singular nonlinearities we refer to the monograph by Ghergu and Rădulescu [25].

3338



Nonlinearity 33 (2020) 3336 D Kumar et al

For general p, Giacomoni et al [26] studied the following singular problem

−Δpu = λ u−δ + ur−1, u > 0 in Ω; u = 0 on ∂Ω,

where 0 < δ < 1 and 1 < p < r � p∗. In this work authors proved the existence of multiple
solutions in C1,α(Ω) using variational method developed in [19, 21]. Here, a multiplicity result

was obtained for all p > 1 in the subcritical case and for p ∈
(

2n
n+2 , 2

]
∪
(

3n
n+3 , 3

)
in the critical

case. For more work on singular quasilinear elliptic equations we refer to [27, 38].
The (p, q)-Laplace equation with concave–convex type nonlinearities has been studied by

many researchers. For instance, Yin and Yang [45] considered the problem

−Δpu −Δqu = |u|p∗−2u + θV(x)|u|r−2u + λ f (x, u) in Ω, u = 0 on ∂Ω,

where 1 < r < q < p < n and f(x, u) is a subcritical perturbation, to prove multiplicity of solu-
tions using Lusternik–Schnirelman theory, while Gasiński and Papageorgiou [22] obtained the
existence of two positive solutions of the problem with concave nonlinearity and Carathéodory
perturbation having subcritical growth (which need not satisfy Ambrosetti–Rabinowitz con-
dition) for the case 2 � q � p < ∞. Subsequently, Marano et al [33] studied this problem
with Carathéodory function having critical growth. Using critical point theory with trun-
cation arguments and comparison principle authors also proved bifurcation type result. For
(p, q)-Laplacian problem with concave–convex nonlinearities in R

n we refer to [31].
Regarding the regularity results for weak solutions of (p, q)-Laplacian problem we cite the

work of He and Li [29] who proved that weak solutions of

−Δpu −Δqu = f (x) in R
n

belong to L∞
loc(R

n) ∩ C1,α
loc (Rn) for some α ∈ (0, 1) if f (x) ∈ L∞

loc(Rn). Here, the authors
extended their results to equations with general nonlinearity f(x, u) having critical growth with
respect to p. Furthermore, Baroni et al [8] proved C1,α

loc (Ω) regularity result for minimizers of
general double phase equation. For more details on regularity results, interested readers may
refer to [14, 32].

2. Main results

Inspired by the above mentioned works, we study in this paper (p, q)-Laplacian problem involv-
ing singular nonlinearity. Following the approach of [28], which uses Perron’s method to obtain
a weak solution of singular problem between a sub and super solution, we prove global (for all
λ, β) existence result for (Pλ). Using Stampacchia’s truncation argument and Moser iteration
technique for (p, q)-Laplacian problem we prove that the weak solutions of (Pλ) are in L∞(Ω)
and applying some properties established in ([29], theorem 1) we show the following regularity
theorem.

Theorem 2.1. Each weak solution u of problem (Pλ) belongs to L∞(Ω) ∩ C1,s
loc(Ω), for some

s ∈ (0, 1). Moreover, there exists ελ > 0 such that u � ελφ̂ in Ω.

To prove our existence results, we use the Nehari manifold technique to obtain minimizers
of the energy functional associated to (Pλ) over some subsets of the Nehari manifold. First we
prove that these minimizers are in fact weak solutions of (Pλ). Furthermore, by analyzing the
energy levels and identifying the first critical level we prove multiplicity results for the critical
case for all q < p � p∗ by choosing β small. We also establish these results for all β > 0 and
p ∈ (2n/(n + 2), 3).
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We denote the norm on Lm(Ω) by ‖ · ‖m for 1 � m � ∞. Let W1,p
0 (Ω) be the Sobolev space

equipped with the norm ‖ · ‖ given by ‖u‖ = ‖∇u‖p for all u ∈ W1,p
0 (Ω) and S be the Sobolev

constant defined as

S = inf
u∈W1,p

0 (Ω)\{0}

‖u‖p

‖u‖p
p∗
.

We denote byλ1(q, β) > 0 the first eigenvalue of−βΔq with homogeneous Dirichlet boundary
condition:

−βΔqu = λuq−1, u > 0 in Ω and u = 0 in ∂Ω.

We say that u ∈ W1,p
0 (Ω) is a weak solution of problem (Pλ) if u > 0 a.e. in Ω and

∫
Ω

(|∇u|p−2∇u∇φ− β|∇u|q−2∇u∇φ− λu−δφ− ur−1φ)dx = 0 for all φ ∈ W1,p
0 (Ω).

(2.1)

The Euler functional associated to the problem (Pλ), Iλ : W1,p
0 (Ω) → R is defined as

Iλ(u) =
1
p

∫
Ω

|∇u|p + β
1
q

∫
Ω

|∇u|q − λ

1 − δ

∫
Ω

|u|1−δ dx − 1
r

∫
Ω

|u|r dx.

Set W1,p
0 (Ω)+ := {u ∈ W1,p

0 (Ω) : u � 0 a.e. inΩ}. We show the following existence and multi-
plicity results:

Theorem 2.2. Let r < p∗. Then there exists λ∗ > 0 such that for all β > 0 and λ ∈ (0,λ∗),
(Pλ) has at least two solutions.

Theorem 2.3. Let r = p∗, then there exists Λ > 0 such that for all λ ∈ (0,Λ) and β > 0
problem (Pλ) admits at least one solution.

In the critical case, we have the following multiplicity results for ‘small β’ and with no
further restriction on q:

Theorem 2.4. Let r = p∗, then there exist positive constantsβ∗,Λ0 andβ0 such that problem
(Pλ) has at least two solutions in each of the following cases:

(a) for all λ ∈ (0,Λ) and β ∈ (0, β∗), when 2n
n+2 < p < 3,

(b) for all λ ∈ (0,Λ0) and β ∈ (0, β0), when p ∈ (1, 2n
n+2]∪ [3, n).

We also show the following multiplicity result for ‘all β > 0’ but with some restriction on p
and q:

Theorem 2.5. Let p ∈
(

2n
n+2 , 3

)
and r = p∗, then there exists at least two solutions of (Pλ)

for all λ ∈ (0,Λ) and β > 0 in each of the following cases:

(a) max{p− 1, 1} < q < n(p−1)
n−1 ,

(b) n(p−1)
n−1 < q < n(p−1)+p

n .

Finally, we have the following global existence result for (Pλ).

Theorem 2.6. There exists Λ∗ > 0 such that problem (Pλ) has a solution for all λ ∈ (0,Λ∗]
and no solution if λ > Λ∗.
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The analysis developed in this paper shows that the singular nonlinearity u−δ

(with 0 < δ < 1) in problem (Pλ) can be replaced by a general nonlinearity g ∈ C1(0,∞)
which is positive, decreasing, satisfying limt→0+ g(t) = +∞ and such that∫ 1

0
g(t)dt < +∞. (2.2)

We observe that (2.2) implies the following Keller–Osserman type condition around the origin:

∫ 1

0

(∫ t

0
g(s)ds

)−1/2

dt < +∞. (2.3)

As proved by Bénilan et al [9], condition (2.3) is equivalent to the property of compact support,
that is, for every h ∈ L1(Rn) with compact support, there exists a unique u ∈ W1,1(Rn) with
compact support such that Δu ∈ L1(Rn) and

−Δu + g(u) = h in R
n.

The paper is organized as follows: in section 2, we prove existence result for purely singular
problem associated with (Pλ) and prove theorem 2.1. In section 3, we study the fibering maps
and Nehari manifold associated with (Pλ). We prove some technical results here. In section 4,
we prove theorem 2.2. In section 5, we prove theorems 2.3, 2.4 and 2.5. In section 6, we give
proof of theorem 2.6.

3. A regularity result

In this section we study regularity of weak solutions of problem (Pλ) and obtain a weak solution
of purely singular problem associated to (Pλ).

Lemma 3.1. [39] Let ψ be a function such that

(a) ψ(t) � 0,
(b) ψ is non-increasing,
(c) if h > k > k0, then ψ(h) � C

(h−k)ρ (ψ(k))γ , for some γ > 1.

Then, ψ(k0 + d) = 0, where dρ :=C 2
ργ
γ−1 (ψ(k0))γ−1.

Lemma 3.2. Each weak solution u of (Pλ) belongs to L∞(Ω).

Proof. Let u be a weak solution of (Pλ). We follow approach of ([26], lemma A.6) to prove

∫
Ω

(
|∇(u − 1)+|p−2∇(u − 1)+ + β|∇(u − 1)+|q−2∇(u − 1)+

)
∇w � C

∫
Ω

(1 + (u − 1)p∗−1
+ )w,

(3.1)

for every w ∈ W1,p
0 (Ω)+. Let ϕ : R→ [0, 1] be a C1 cut-off function such that ϕ(t) = 0 for

t � 0, ϕ′(t) � 0 for 0 � t � 1 and ϕ(t) = 1 for t � 1. For any ε > 0, define ϕε(t) :=ϕ
(

t−1
ε

)
for t ∈ R. Hence ϕε(u) ∈ W1,p

0 (Ω) with ∇(ϕε(u)) = (ϕε
′(u))∇u. Let w ∈ C∞

c (Ω) be such that
w � 0, then using ϕε(u)w as test function in (2.1), we obtain∫

Ω

(
|∇u|p−2∇u∇ (ϕε(u)w) + β|∇u|q−2∇u∇ (ϕε(u)w)

)
dx =

∫
Ω

(
λu−δ + ur−1

)
ϕε(u)wdx.
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Hence, ∫
Ω

(
|∇u|p + β|∇u|q

)
ϕ′
ε(u)wdx +

∫
Ω

(
|∇u|p−2 + β|∇u|q−2

)
(∇u · ∇w)ϕε(u)dx

=

∫
Ω

(
λu−δ + ur−1

)
ϕε(u)wdx,

using the fact ϕε
′(u) � 0, above equation yields∫
Ω

(
|∇u|p−2 + β|∇u|q−2

)
(∇u · ∇w)ϕε(u)dx �

∫
Ω

(
λu−δ + ur−1

)
ϕε(u)wdx.

Letting ε→ 0+, we see that there exists a constant C > 0 which may depend on λ, such that∫
Ω∩{u�1}

(
|∇u|p−2 + β|∇u|q−2

)
(∇u · ∇w) dx �

∫
Ω∩{u�1}

(
λu−δ + ur−1

)
w dx

� C
∫
Ω

(1 + (u − 1)p∗−1
+ )w dx,

this gives us∫
Ω

(
|∇(u − 1)+|p−2∇(u − 1)+ + β|∇(u − 1)+|q−2∇(u − 1)+

)
∇w � C

∫
Ω

(1 + (u − 1)p∗−1
+ )w,

for everyw ∈ C∞
c (Ω) with w � 0. Proof of (3.1) can be completed proceeding similar as in the

proof of ([26], lemma A.5). By the proof of ([29], theorem 2), we get (u − 1)+ ∈ L(p∗)2/p
loc (Ω)

and since Ω is a bounded domain, we conclude that (u − 1)+ ∈ L(p∗)2/p(Ω). Repeating the argu-
ments used in proof of ([29], theorem 2) and using interpolation identity for Lm spaces one
can show that (u − 1)+ ∈ Lm(Ω) for all 1 � m < ∞. Now we will prove that u ∈ L∞(Ω). Set
ū = (u − 1)+ � 0. Consider the truncation function Tk(s) := (s − k)χ[ k,∞ ), for k > 0, which
was introduced in [39]. Let Ωk := {x ∈ Ω : ū(x) � k}, then taking Tk(ū) as a test function in
(3.1), we obtain∫

Ω

(
|∇ū|p−2∇ū + β|∇ū|q−2∇ū

)
∇Tk(ū) � C

∫
Ω

(1 + ūp∗−1)Tk(ū). (3.2)

Let α > 0 be fixed (to be specified later). Using the fact |Tk(ū)| � ū and ū ∈ Lα(Ω) together
with Hölder inequality and Sobolev embeddings, we deduce that

C
∫
Ω

(1 + ūp∗−1)Tk(ū) dx � C
∫
Ωk

(|ū|+ |ū|p∗) dx � C

(∫
Ωk

(|ū|+ |ū|p∗)
α
p∗
) p∗

α

|Ωk|1−
p∗
α

� C1|Ωk|1−
p∗
α ,

and ∫
Ω

|∇ū|p−2∇ū∇Tk(ū) � C2

∫
Ωk

|∇Tk(ū)|p � C3

(∫
Ωk

|Tk(ū)|p∗
) p

p∗

.

Similarly we can show that∫
Ω

|∇ū|q−2∇ū∇Tk(ū) dx � 0,
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and for 0 < k < h∫
Ωk

|Tk(ū)|p∗ � (h − k)p∗ |Ωh|,

due to the fact Ωh ⊂ Ωk. Using all these informations in (3.2), we obtain

ψ(h) � C4

(h − k)p∗ (ψ(k))
(

1− p∗
α

)
p∗
p ,

where ψ(j) = |Ωj| for j � 0. We choose α > 0 such that
(

1 − p∗
α

)
p∗
p > 1. Then from

lemma 3.1, for k0 = 0, ρ = p∗, γ =
(

1 − p∗
α

)
p∗
p > 1 and C = C4, we get ψ(d) = 0, where

dp∗ = C4 2
p∗γ
γ−1 |Ω|γ−1, that is |Ωd| = |{x ∈ Ω : ū � d}| = 0. Hence, ū ∈ L∞(Ω) and because u

is non-negative we get u ∈ L∞(Ω). �
Let us fix λ̂ > λ1(q, β), then from ([40], theorem 2), we know that the problem

−Δpu − βΔqu = λ̂|u|q−2u in Ω, u = 0 on ∂Ω,

has a positive solution φ̂ ∈ C1,σ(Ω̄) for some σ ∈ (0, 1). Now we consider purely singular
problem associated to (Pλ),

(Sλ)
{
−Δpu − βΔqu = λu−δ, u > 0 in Ω, u = 0 on ∂Ω.

Lemma 3.3. Problem (Sλ) has a unique solution u λ in W1,p
0 (Ω) for all λ > 0. Moreover,

u λ � ελφ̂ a.e. in Ω, for some ελ > 0.

Proof. The energy functional corresponding to (Sλ) is given by

Ĩλ(u) :=
1
p

∫
Ω

|∇u|p + β

q

∫
Ω

|∇u|q − λ

1 − δ

∫
Ω

u1−δ
+ dx, u ∈ W1,p

0 (Ω).

It is easy to verify that Ĩλ is coercive and weakly lower semicontinuous on W1,p
0 (Ω). There-

fore, Ĩλ has a global minimizer u λ ∈ W1,p
0 (Ω). Moreover, due to the fact Ĩλ(0) = 0 > Ĩλ(εφ̂)

for sufficiently small ε > 0, we have u λ = 0 in Ω and hence without loss of generality we may
assume u λ � 0. Next we will show that u λ � εφ̂ a.e. in Ω for some constant ε > 0. First we
observe that Gǎteaux derivative Ĩλ′(εφ̂) of Ĩλ exists at εφ̂ and satisfies weakly

Ĩλ
′(εφ̂) = −Δp(εφ̂) − βΔq(εφ̂) − λ(εφ̂)−δ = λ̂(εφ̂)q−1 − λ(εφ̂)−δ

= (εφ̂)−δ
(
λ̂(εφ̂)q−1+δ − λ

)

� −λ

2
(εφ̂)−δ < 0 (3.3)

whenever ε > 0 is small enough, say, 0 < ε < ελ. Suppose the function v = (u λ − ελφ̂)− =
(ελφ̂− u λ)+ does not vanish identically on some positive measure subset of Ω. Set
ξ(t) := Ĩλ(u λ + tv) for t � 0. We note that ξ is convex and ξ(t) � ξ(0) for all t > 0. Fur-
thermore, due to the fact u λ + tv � max{u λ, tελφ̂} � tελφ̂ for t > 0, the Gǎteaux derivative
Ĩλ′(u λ + tv) of Ĩλ exists at u λ + tv and

ξ′(t) = 〈Ĩλ′(u λ + tv), v〉
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for all t > 0. Due to convexity of ξ and the fact ξ(t) � ξ(0) for all t > 0 we see that ξ′ is
nonnegative and nondecreasing. Therefore, with the help of (3.3), we have

0 � ξ′(1) =
∫
Ω

(
|∇(u λ + v)|p−2∇(u λ + v)∇v + β|∇(u λ + v)|q−2∇(u λ + v)∇v

)
dx

− λ

∫
Ω

(u λ + v)−δv dx

� −λ

2

∫
{v>0}

(ελφ̂)−δv < 0,

which is a contradiction. Thus v ≡ 0 inΩ, that is, u λ � ελφ̂ a.e. in Ω. Since Ĩλ is strictly convex
on W1,p

0 (Ω)+, we conclude that such a u λ is unique. �

Lemma 3.4. Let u λ be the solution of problem (Sλ) and ū be any weak supersolution (or
solution) of (Pλ), then the following comparison principle holds

u λ � ū a.e. in Ω.

Proof. Since ū is a weak supersolution of (Pλ), we have∫
Ω

(
|∇ū|p−2∇ū + β|∇ū|q−2∇ū

)
∇φ dx �

∫
Ω

(λū−δ + ūr−1)φ dx, (3.4)

for all φ ∈ W1,p
0 (Ω) with φ � 0. Let η be a smooth function such that η(t) = 1, for t � 1,

η(t) = 0, for t � 0 and η′(t) � 0 for t � 0. For ε > 0, set ηε(t) = η
(

t
ε

)
, then using ηε(u λ − ū)

as a test function in (3.4) and in the weak formulation of (Sλ), we deduce that∫
Ω

(
|∇ū|p−2∇ū − |∇u λ|p−2∇u λ

)
∇ηε(u λ − ū) dx

+ β

∫
Ω

(
|∇ū|q−2∇ū − |∇u λ|q−2∇u λ

)
∇ηε(u λ − ū) dx

�
∫
Ω

(
λū−δ + ūr−1 − λu −δ

λ

)
ηε(u λ − ū) dx � λ

∫
Ω

(
ū−δ − u −δ

λ

)
ηε(u λ − ū) dx.

(3.5)

Using the fact ∇ηε(u λ − ū) = η′ε(u λ − ū)∇(u λ − ū) and η′(t) � 0, we get∫
Ω

(
|∇ū|p−2∇ū − |∇u λ|p−2∇u λ

)
∇ηε(u λ − ū)

= −
∫
Ω

(
|∇u λ|p−2∇u λ − |∇ū|p−2∇ū

)
∇(u λ − ū)η′ε(u λ − ū)

� −Cp

⎧⎪⎪⎨
⎪⎪⎩

∫
Ω

|∇(u λ − ū)|pη′ε(u λ − ū), if p � 2,∫
Ω

|∇(u λ − ū)|2(
|∇u λ|+ |∇ū|

)2−p η
′
ε(u λ − ū), if 1 < p < 2

� 0.
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Here we used the inequality: there exists a constant Cp > 0 such that for a, b ∈ R
n,

|a|p−2|a| − |b|p−2|b| � Cp

⎧⎪⎨
⎪⎩
|a − b|p, if p � 2

|a − b|2
(|a|+ |b|)2−p

, if 1 < p < 2.

Similar result holds for the other term on LHS of (3.5), thereby we infer

λ

∫
Ω

(
ū−δ − u −δ

λ

)
ηε(u λ − ū) � 0.

Letting ε→ 0, we obtain∫
{u λ>ū}

(ū−δ − u −δ
λ )dx � 0,

which implies that |{u λ > ū}| = 0, therefore u λ � ū a.e. in Ω. �

Lemma 3.5. For each weak solution u of (Pλ), |∇u| ∈ L∞
loc(Ω) and there exists s ∈ (0, 1)

such that u ∈ C1,s
loc(Ω).

Proof. Let f(x) := f(x, u(x)) = u−δ + ur−1. Then it is easy to see that f ∈ L∞
loc(Ω), therefore

the result follows from ([29], theorem 1). �

Proof of theorem 2.1. Proof of the regularity results follow from lemmas 3.2 and 3.5.
Using lemmas 3.3 and 3.4 we complete proof of the last part of the theorem. �

4. The Nehari manifold

It is easy to verify that the energy functional Iλ is not bounded below on W1,p
0 (Ω). For each

u ∈ W1,p
0 (Ω)\{0} define fibering map Ju : R+ → R associated to the energy functional Iλ as

Ju(t) = Iλ(tu) that is,

Ju(t) =
tp

p

∫
Ω

|∇u|p + β
tq

q

∫
Ω

|∇u|q − λ
t1−δ

1 − δ

∫
Ω

|u|1−δ dx − tr

r

∫
Ω

|u|r dx

J′
u(t) = tp−1

∫
Ω

|∇u|p + βtq−1
∫
Ω

|∇u|q − λt−δ

∫
Ω

|u|1−δ dx − tr−1
∫
Ω

|u|r dx

(4.1)

J′′
u (t) = (p− 1)tp−2

∫
Ω

|∇u|p + β(q − 1)tq−2
∫
Ω

|∇u|q + λδt−δ−1∫
Ω

|u|1−δ dx − (r − 1)tr−2
∫
Ω

|u|r dx.
(4.2)

We define the Nehari manifold Nλ associated to problem (Pλ) as

Nλ = {u ∈ W1,p
0 (Ω) : u = 0, J′u(1) = 0}.

Lemma 4.1. The functional Iλ is coercive and bounded below on Nλ.
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Proof. Let u ∈ Nλ. Then, using Hölder inequality and Sobolev embedding theorems, we
deduce that

Iλ(u) =

(
1
p
− 1

r

)∫
Ω

|∇u|p + β

(
1
q
− 1

r

)∫
Ω

|∇u|q −
(

1
1 − δ

− 1
r

)∫
Ω

|u|1−δ dx

�
(

1
p
− 1

r

)
‖u‖p −

(
1

1 − δ
− 1

r

)
C‖u‖1−δ.

Since 1 − δ < p, it follows that Iλ is coercive and bounded below in this case. �

We split Nλ into points of maxima, points of minima and inflection points, that is

N±
λ =

{
u ∈ Nλ : J′′

u (1) ≷ 0
}

, and N0
λ =

{
u ∈ Nλ : J′′

u (1) = 0
}
.

Define

θλ := inf{Iλ(u) | u ∈ Nλ} and θ±λ := inf{Iλ(u) | u ∈ N±
λ }.

Lemma 4.2. There exists λ∗ > 0 such that for all λ ∈ (0,λ∗), N0
λ = ∅.

Proof. Suppose u ∈ N0
λ, then (4.1) and (4.2), implies that

(p− 1 + δ)‖∇u‖p
p + β(q − 1 + δ)‖∇u‖q

q = (r − 1 + δ)‖u‖r
r dx, (4.3)

(r − p)‖∇u‖p
p + β(r − q)‖∇u‖q

q = (r − 1 + δ)λ
∫
Ω

|u|1−δ dx. (4.4)

Define Eλ : Nλ → R as

Eλ(u) =
(r − p)‖∇u‖p

p + β(r − q)‖∇u‖q
q

(r − 1 + δ)
− λ

∫
Ω

|u|1−δ dx.

Then with the help of (4.4) we infer that Eλ(u) = 0 for all u ∈ N0
λ. Moreover,

Eλ(u) �
(

r − p
r − 1 + δ

)
‖u‖p − λ

∫
Ω

|u|1−δ dx

�
(

r − p
r − 1 + δ

)
‖u‖p − λS− 1−δ

p |Ω|1−
1−δ
p∗ ‖u‖1−δ

� ‖u‖1−δ

[(
r − p

r − 1 + δ

)
‖u‖p−1+δ − λS− 1−δ

p |Ω|1−
1−δ
p∗
]
.

With the help of (4.3) and Sobolev embeddings, we have

‖u‖ �
(

(p− 1 + δ)S
r
p

(r − 1 + δ)|Ω|1−
r

p∗

) 1
r−p

,

as a result

Eλ(u) � ‖u‖1−δ

⎛
⎝(

r − p
r − 1 + δ

)(
(p− 1 + δ)S

r
p

(r − 1 + δ)|Ω|1−
r

p∗

) p−1+δ
r−p

− λS− 1−δ
p |Ω|1−

1−δ
p∗

⎞
⎠ .
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Set

λ∗ :=

(
(r − p)S

1−δ
p

(r − 1 + δ)|Ω|1−
1−δ
p∗

)(
(p− 1 + δ)S

r
p

(r − 1 + δ)|Ω|1−
r

p∗

) p−1+δ
r−p

> 0,

then Eλ(u) > 0 for all λ ∈ (0,λ∗) and u ∈ N0
λ, which contradicts the fact that Eλ(u) = 0 for all

u ∈ N0
λ. This proves the lemma. �

For fixed u ∈ X, define Mu : R+ → R as

Mu(t) = tp−1+δ‖∇u‖p
p + β tq−1+δ‖∇u‖q

q − tr−1+δ

∫
Ω

|u|rdx.

Then,

M′
u(t) = (p− 1 + δ)tp+δ−2‖∇u‖p

p + β (q − 1 + δ)tq+δ−2‖∇u‖q
q − (r − 1 + δ)tr+δ−2

∫
Ω

|u|r dx.

We notice that for t > 0, tu ∈ Nλ if and only if t is a solution of Mu(t) = λ
∫

Ω|u|1−δdx
and if tu ∈ Nλ, then J′′

tu(1) = t−δM′
u(t). We claim that there exists unique tmax > 0 such that

Mu
′(tmax) = 0. Indeed,

M′
u(t) = tq+δ−2Gu(t),

where Gu(t) = (p− 1 + δ)tp−q‖∇u‖p
p + β (q − 1 + δ)‖∇u‖q

q − (r − 1 + δ)tr−q
∫
Ω |u|r dx,

then to prove the claim it is enough to show the existence of unique tmax > 0 satis-
fying Gu(tmax) = 0. Define Hu(t) = (r − 1 + δ) tr−q

∫
Ω|u|r dx − (p− 1 + δ)tp−q‖∇u‖p

p, then
Hu(tmax) − β (q − 1 + δ)‖∇u‖q

q = −Gu(t). It is easy to see Hu(t) < 0 for t small enough,
Hu(t) →∞ as t →∞. Hence, there exists unique t∗ > 0 such that Hu(t∗) = 0. Therefore,
there exists unique tmax > t∗ > 0 such that Hu(tmax) = β (q − 1 + δ)‖∇u‖q

q. Moreover, Mu is
increasing in (0, tmax) and decreasing in (tmax,∞). As a consequence

(p− 1 + δ)tp
max‖u‖p � (p− 1 + δ)tp

max‖∇u‖p
p + β(q − 1 + δ)tq

max‖∇u‖q
q

= (r − 1 + δ)tr
max

∫
Ω

|u|r dx � (r − 1 + δ)tr
maxS

−r
p |Ω|1−

r
p∗ ‖u‖r,

set

T0 :=
1

‖u‖

(
(p− 1 + δ)S

r
p

(r − 1 + δ)|Ω|1−
r

p∗

) 1
r−p

� tmax,

then,

Mu(tmax) � Mu(T0) � T p−1+δ
0 ‖u‖p − Tr−1+δ

0 S
−r
p |Ω|1−

r
p∗ ‖u‖r

= ‖u‖1−δ

(
r − p

r − 1 + δ

)(
(p− 1 + δ)S

r
p

(r − 1 + δ)|Ω|1−
r

p∗

) p−1+δ
r−p

� 0.

Therefore, if λ < λ∗, we have Mu(tmax) > λ
∫

Ω|u|1−δdx, which ensures the existence of t <
tmax < t such that Mu(t ) = Mu(t) = λ

∫
Ω|u|1−δ dx. That is, t u and tu ∈ Nλ. Also, M′

u(t ) > 0
and M′

u(t) < 0 which implies t u ∈ N+
λ and tu ∈ N−

λ .
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Lemma 4.3. The following hold:

(a) sup{‖u‖ : u ∈ N+
λ } < ∞

(b) inf{‖v‖ : v ∈ N−
λ } > 0 and sup{‖v‖ : v ∈ N−

λ , Iλ(v) � M} < ∞ for all M > 0.

Moreover, θ+λ > −∞ and θ−λ > −∞.

Proof.

(a) Let u ∈ N+
λ . We have

0 < J′′
u (1) = (p− r)‖∇u‖p

p + β(q − r)‖∇u‖q
q + λ(r − 1 + δ)

∫
Ω

|u|1−δdx,

then by means of Hölder inequality and Sobolev embeddings, we obtain

‖u‖p−1+δ � λ
(r − 1 + δ)C

r − p
,

which implies sup{‖u‖ : u ∈ N+
λ } < ∞.

(b) Let v ∈ N−
λ . We have

0 > J′′
u (1) = (p− 1 + δ)‖∇u‖p

p + β(q − 1 + δ)‖∇u‖q
q − (r − 1 + δ)

∫
Ω

|u|rdx,

which on using Sobolev embedding gives us

p− 1 + δ

C(r − 1 + δ)
� ‖u‖r−p.

Furthermore, if Iλ(u) � M, we have

Iλ(u) =

(
1
p
− 1

r

)
‖∇u‖p

p + β

(
1
q
− 1

r

)
‖∇u‖q

q − λ

(
1

1 − δ
− 1

r

)∫
Ω

|u|1−δdx � M,

which implies that(
1
p
− 1

r

)
‖u‖p � M + λ

(
1

1 − δ
− 1

r

)
C‖u‖1−δ.

Since 1 − δ < 1 < p, we get the required result. �
Lemma 4.4. For all λ ∈ (0,λ∗), θ

+
λ < 0.

Proof. Let u ∈ N+
λ , then using (4.1) and (4.2), we have

Iλ(u) =

(
1
p
− 1

1 − δ

)
‖∇u‖p

p + β

(
1
q
− 1

1 − δ

)
‖∇u‖q

q −
(

1
r
− 1

1 − δ

)∫
Ω

|u|rdx

�
(

1
p
− 1

1 − δ

)
‖∇u‖p

p + β

(
1
q
− 1

1 − δ

)
‖∇u‖q

q

−
(

1
r
− 1

1 − δ

)[
p− 1 + δ

r − 1 + δ
‖∇u‖p

p +
q − 1 + δ

r − 1 + δ
‖∇u‖q

q

]

=
(p− 1 + δ)

1 − δ

(
−1

p
+

1
r

)
‖∇u‖p

p + β
(q − 1 + δ)
r − 1 + δ

(
−1

q
+

1
r

)
‖∇u‖q

q < 0.

This completes proof of the lemma. �
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Lemma 4.5. Suppose u ∈ N+
λ and v ∈ N−

λ are minimizers of Iλ on N+
λ and N−

λ , respectively.
Then for each w ∈ W1,p

0 (Ω)+, the following hold:

(a) there exists ε0 > 0 such that Iλ(u + εw) � Iλ(u) for all 0 � ε � ε0,
(b) tε → 1 as ε→ 0+, where for each ε � 0, tε is the unique positive real number satisfying

tε(u + εw) ∈ N−
λ .

Proof. Let w ∈ W1,p
0 (Ω)+.

(a) Set

Θ(ε) = (p− 1)‖∇(u + εw)‖p
p + β(q − 1)‖∇(u + εw)‖q

q

+ λδ

∫
Ω

|u + εw|1−δdx − (r − 1)‖u + εw‖r
r

for ε � 0. Then using continuity of Θ and the fact that Θ(0) = J′′u (1) > 0, there exists
ε0 > 0 such that Θ(ε) > 0 for all 0 � ε � ε0. Since for each ε > 0, there exists sε > 0
such that sε(u + εw) ∈ N+

λ , for each ε ∈ [0, ε0] we have

Iλ(u + εw) � Iλ(sε(u + εw)) � θ+λ = Iλ(u).

(b) We define a C∞ function ξ : (0,∞) × R
4 → R by

ξ(t, a, b, c, d) = atp−1 + bβ tq−1 − λct−δ − dtr−1

for (t, a, b, c, d) ∈ (0,∞) × R
4. We have

∂ξ

∂t

(
1, ‖∇v‖p

p, ‖∇v‖q
q,
∫
Ω

|v|1−δ , ‖v‖r
r

)
= J′′

v (1) < 0, and

ξ

(
tε, ‖∇(v + εw)‖p

p, ‖∇(v + εw)‖q
q,
∫
Ω

|v + εw|1−δ, ‖v + εw‖r
r

)
= J′

v+εw(tε) = 0

for each ε � 0. Moreover,

ξ

(
1, ‖∇v‖p

p, ‖∇v‖q
q,
∫
Ω

|v|1−δ , ‖v‖r
r

)
= J′

v(1) = 0.

Therefore, by implicit function theorem there exist open neighbourhood U ⊂ (0,∞) and
V ⊂ R

4 containing 1 and
(
‖∇v‖p

p, ‖∇v‖q
q,
∫
Ω|v|1−δ , ‖v‖r

r

)
, respectively such that for all y ∈ V,

ξ(t, y) = 0 has a unique solution t = h(y) ∈ U, where h : V → U is a continuous function. Since

ξ

(
tε, ‖∇(v + εw)‖p

p, ‖∇(v + εw)‖q
q,
∫
Ω

|v + εw|1−δ, ‖v + εw‖r
r

)
= 0,

we have (
‖∇(v + εw)‖p

p, ‖∇(v + εw)‖q
q,
∫
Ω

|v + εw|1−δ , ‖v + εw‖r
r

)
∈ V and

h

(
‖∇(v + εw)‖p

p, ‖∇(v + εw)‖q
q,
∫
Ω

|v + εw|1−δ, ‖v + εw‖r
r

)
= tε.

Thus by continuity of h, we get tε → 1 as ε→ 0+. �
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Lemma 4.6. Suppose u ∈ N+
λ and v ∈ N−

λ are minimizers of Iλ on N+
λ and N−

λ , respectively.
Then for each w ∈ W1,p

0 (Ω)+, we have u−δw, v−δw ∈ L1(Ω) and

∫
Ω

(
|∇u|p−2∇u∇w + β|∇u|q−2∇u∇w − λu−δw − ur−1w

)
dx � 0,

∫
Ω

(
|∇v|p−2∇v∇w + β|∇v|q−2∇v∇w − λv−δw − vr−1w

)
dx � 0.

Proof. Let w ∈ W1,p
0 (Ω)+, then by lemma 4.5(a), for each ε ∈ (0, ε0), we have

0 � Iλ(u + εw) − Iλ(u)
ε

=
1
pε

∫
Ω

(
|∇(u + εw)|p − |∇u|p

)
+ β

1
qε

∫
Ω

(
|∇(u + εw)|q − |∇u|q

)

− λ

(1 − δ)ε

∫
Ω

(
|u + εw|1−δ − |u|1−δ

)
dx

− 1
rε

∫
Ω

(|u + εw|r − |u|r)dx.

It can be easily verified that, as ε→ 0+

1
pε

∫
Ω

(
|∇(u + εw)|p − |∇u|p

)
dx →

∫
Ω

|∇u|p−2∇u∇wdx

1
qε

∫
Ω

(
|∇(u + εw)|q − |∇u|q

)
dx →

∫
Ω

|∇u|q−2∇u∇wdx, and

1
rε

∫
Ω

(|u + εw|r − |u|r)dx →
∫
Ω

|u|r−2uwdx,

which imply that |u+εw|1−δ−|u|1−δ

(1−δ)ε ∈ L1(Ω). For each x ∈ Ω,

1
ε

(
|u + εw|1−δ(x) − |u|1−δ(x)

1 − δ

)

increases monotonically as ε ↓ 0 and

lim
ε↓0

|u + εw|1−δ(x) − |u|1−δ(x)
(1 − δ)ε

=

⎧⎪⎪⎨
⎪⎪⎩

0, ifw(x) = 0,

(u(x))−δw(x) if 0 < w(x), u(x) > 0

∞ ifw(x) > 0, u(x) = 0.

So, by using the monotone convergence theorem, we get u−δw ∈ L1(Ω) and∫
Ω

(
|∇u|p−2∇u∇w + β|∇u|q−2∇u∇w − λu−δw − ur−1w

)
dx � 0.

Next, we will show these properties for v. For each ε > 0, there exists tε > 0 such that
tε(v + εw) ∈ N−

λ . By lemma 4.5(b), for sufficiently small ε > 0, we have

Iλ(tε(v + εw)) � Iλ(v) � Iλ(tεv).
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Therefore Iλ(v+εw)−Iλ(tεv)
ε � 0, which implies that

λt1−δ
ε

ε

∫
Ω

(|v + εw|1−δ − |v|1−δ)dx � tp
ε

pε

∫
Ω

(
|∇(v + εw)|p − |∇v|p

)
dx

+ β
tq
ε

qε

∫
Ω

(
|∇(v + εw)|q − |∇v|q

)
dx

− tr
ε

rε

∫
Ω

(|v + εw|r − |v|r)dx.

Since tε → 1 as ε ↓ 0, using similar arguments as in the previous case, we obtain v−δw ∈ L1(Ω)
and ∫

Ω

(
|∇v|p−2∇v∇w + β|∇v|q−2∇v∇w − λv−δw − vr−1w

)
dx � 0.

�
Theorem 4.7. Suppose u ∈ N+

λ and v ∈ N−
λ are minimizers of Iλ on N+

λ and N−
λ , respec-

tively. Then u and v are weak solutions of problem (Pλ).

Proof. Let φ ∈ W1,p
0 (Ω). For ε > 0, define ψ ∈ W1,p

0 (Ω) by

ψ ≡ (u + εφ)+ � 0.

Set Ω+ = {x ∈ Ω : u(x) + εφ(x) � 0}, then using lemma 4.6 and the fact u ∈ Nλ, we deduce
that

0 �
∫
Ω

(
|∇u|p−2∇u∇ψ + β|∇u|q−2∇u∇ψ − λu−δψ − ur−1ψ

)
dx

=

∫
Ω+

(
|∇u|p−2∇u∇(u + εφ) + β|∇u|q−2∇u∇(u + εφ) − λu−δ(u + εφ) − ur−1(u + εφ)

)
dx

=

(∫
Ω
−

∫
{u+εφ�0}

)(
|∇u|p−2∇u∇(u + εφ) + β|∇u|q−2∇u∇(u + εφ)

− λu−δ(u + εφ) − ur−1(u + εφ)
)

dx

=

∫
Ω

(
|∇u|p + β|∇u|q − λu1−δ − ur

)
dx

+ ε

∫
Ω

(
|∇u|p−2∇u∇φ+ β|∇u|q−2∇u∇φ− λu−δφ− ur−1φ

)
dx

−
∫
{u+εw<0}

(
|∇u|p−2∇u∇(u + εφ) + β|∇u|q−2∇u∇(u + εφ) − (λu−δ − ur−1)(u + εφ)

)
dx

� ε

∫
Ω

(
|∇u|p−2∇u∇φ+ β|∇u|q−2∇u∇φ− λu−δφ− ur−1φ

)
dx

− ε

∫
{u+εφ<0}

(
|∇u|p−2∇u∇φ+ β|∇u|q−2∇u∇φ

)
dx. (4.5)

Since the measure of {u + εφ < 0} tends to 0 as ε→ 0, it follows that∫
{u+εφ<0}

(
|∇u|p−2∇u∇φ+ β|∇u|q−2∇u∇φ

)
dx → 0 as ε→ 0.
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Dividing by ε and letting ε→ 0 in (4.5), we obtain∫
Ω

(
|∇u|p−2∇u∇φ+ β|∇u|q−2∇u∇φ− λu−δφ− ur−1φ

)
dx � 0.

Since φ was arbitrary, this holds for −φ also. Hence, for all φ ∈ W1,p
0 (Ω), we have∫

Ω

(
|∇u|p−2∇u∇φ+ β|∇u|q−2∇u∇φ− λu−δφ− ur−1φ

)
dx = 0,

that is u is a weak solution of (Pλ) and analogous arguments hold for v also. �

5. Multiplicity results

5.1. Subcritical case (r < p∗)

In this subsection we prove existence and multiplicity results for weak solutions of (Pλ) in the
subcritical case.

Proposition 5.1. For all λ ∈ (0,λ∗) and β > 0, there exist u ∈ N+
λ and v ∈ N−

λ such that
Iλ(u) = θ+λ and Iλ(v) = θ−λ .

Proof. Let {uk} ⊂ N+
λ be such that Iλ(uk) → θ+λ as k →∞. By lemma 4.3(a), {uk} is

bounded in W1,p
0 (Ω), therefore without loss of generality we may assume there exists u ∈

W1,p
0 (Ω) such that uk ⇀ u weakly in W1,p

0 (Ω) and uk(x) → u(x) a.e. in Ω. We claim that u = 0.
Suppose u = 0, then by lemma 4.4, we have

0 = Iλ(u) � lim k→∞ Iλ(uk) = θ+λ < 0,

which is a contradiction. Now we will show that uk → u strongly in W1,p
0 (Ω). On the contrary

assume ‖∇(uk − u)‖p → a1 > 0 and ‖∇(uk − u)‖q → a2. By Brezis–Lieb lemma and Sobolev
embeddings, we have

0 = lim
k→∞

J′
uk

(1) = J′
u(1) + ap

1 + aq
2. (5.1)

Since λ ∈ (0,λ∗), by fibering map analysis there exist 0 < s < s such that J′u(s ) = 0 = J′
u(s)

and s u ∈ N+
λ . By (5.1), we get J′u(1) < 0 which gives us 1 < s or s < 1. When 1 < s , we

have

θ+λ � Ju(1) +
ap

1

p
+

aq
2

q
> Ju(1) > Ju(s ) � θ+λ ,

which is a contradiction. Thus, we have s > 1. We set f (t) = Ju(t) + tp ap
1
p + tq aq

2
q for t > 0.

With the help of (5.1), we get f ′(1) = 0 and f ′(s) = ap
1sp−1 + aq

2sq−1 > 0. So, f is increasing
in [s, 1], thus we obtain

θ+λ � f (1) > f (s) > Ju(s) > Ju(s ) � θ+λ ,

which is also a contradiction. Hence we have a1 = 0 that is, uk → u strongly in W1,p
0 (Ω). Since

λ ∈ (0,λ∗), we get J′′
u (1) > 0, this implies that u ∈ N+

λ and Iλ(u) = θ+λ .
Now we will show that there exists v ∈ N−

λ such that Iλ(v) = θ−λ . Let {vk} ⊂ N−
λ be such

that Iλ(vk) → θ−λ as k →∞. By lemma 4.3(b), we may assume there exists v ∈ W1,p
0 such that
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vk ⇀ v (upto subsequence) weakly in W1,p
0 (Ω) and vk(x) → v(x) a.e. in Ω. We will show that

v = 0. If v = 0, then vk converges to 0 strongly in W1,p
0 (Ω) which contradicts lemma 4.3(b). We

will show that vk → v strongly in W1,p
0 (Ω). Suppose not, then we may assume ‖∇(vk − v)‖p →

b1 > 0 and ‖∇(vk − v)‖q → b2. By Brezis–Lieb lemma and Sobolev embeddings, we have

θ−λ � Iλ(v) +
bp

1

p
+

bq
2

q
, J′

v(1) + bp
1 + bq

2 = 0 and J′′
v (1) + bp

1 + bq
2 � 0.

(5.2)

Since λ ∈ (0,λ∗), Jv ′(1) < 0 and J′′
v (1) < 0, there exists t ∈ (0, 1) such that tv ∈ N−

λ . Set g(t) =

Jv(t) +
bp

1
p tp +

bq
2

q tq for t > 0. From (5.2), we get g′(1) = 0 and g′(t) = bp
1tp−1 + bq

2tq−1 > 0. So,
g is increasing on [t, 1] and thus we obtain

θ−λ � g(1) > g(t) > Iλ(tv) � θ−λ ,

which is a contradiction. Hence, b1 = 0 and vk → v strongly in W1,p
0 (Ω). Since λ ∈ (0,λ∗), we

have J′′v (1) < 0. Thus v ∈ N−
λ and Iλ(v) = θ−λ . �

Proof of theorem 2.2. Proof follows from proposition 5.1 and theorem 4.7. �

5.2. Critical case

Let λ̃∗ := sup

{
λ > 0 : sup{‖u‖p : u ∈ N+

λ } �
(

p∗
p

) p
p∗−p

S
p∗

p∗−p

}
, then by lemma 4.3(a) we can

see that λ̃∗ > 0. Set Λ = min{λ∗, λ̃∗} > 0.

Proposition 5.2. For all λ ∈ (0,Λ) and β > 0, there exists uλ ∈ N+
λ such that θ+λ = Iλ(uλ).

Proof. Let {uk} ⊂ N+
λ be such that Iλ(uk) → θ+λ as k →∞. By lemma 4.3(a), we get {uk}

is bounded in W1,p
0 (Ω), therefore we may assume there exists uλ ∈ W1,p

0 (Ω) such that uk ⇀ uλ

weakly in W1,p
0 (Ω) and uk(x) → uλ(x) a.e. in Ω. Set wk = uk − uλ. By Brezis–Lieb lemma, we

have

θ+λ + ok(1) = Iλ(uλ) +
1
p

∫
Ω

|∇wk|p + β
1
q

∫
Ω

|∇wk|q −
1
p∗

∫
Ω

|wk|p
∗
dx

and

∫
Ω

(
|∇uλ|p + |∇wk|p

)
+ β

∫
Ω

(
|∇uλ|q + |∇wk|q

)
= λ

∫
Ω

|uλ|1−δdx +
∫
Ω

(
|uλ|p

∗
+ |wk|p

∗)
dx.

(5.3)

We assume ∫
Ω

|∇wk|p → lp
1,

∫
Ω

|∇wk|q → lq2 and
∫
Ω

|wk|p
∗ → dp∗ .

We claim that uλ = 0. If uλ = 0, then we have two cases:
Case (a): l1 = 0.
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By lemma 4.4 and (5.3), we have

0 > θ+λ = Iλ(0) = 0,

which is a contradiction.
Case (b): l1 = 0.
In this case (5.3) implies

θ+λ � 1
p

(
lp
1 + lq2

)
− 1

p∗
dp∗ =

(
1
p
− 1

p∗

)
(lp

1 + lq2),

then using the relation Sdp � lp
1, we deduce that

0 > θ+λ � 1
n

lp
1 � 1

n
S

p∗
p∗−p > 0,

which is also a contradiction, hence uλ = 0. Since λ ∈ (0,Λ), there exist 0 < s < s such that
J′uλ(s ) = 0 = J′uλ(s) and s uλ ∈ N+

λ . We consider the following cases:

(i) s < 1,

(ii) s � 1 and
lp
1
p − dp∗

p∗ < 0, and

(iii) s � 1 and
lp
1
p − dp∗

p∗ � 0.

Case (i): set f (t) = Juλ(t) +
lp
1 tp

p + β
lq2tq

q − tp∗dp∗

p∗ for t > 0. Using fibering map analysis
together with the fact s < 1 and (5.3), we have

f ′(1) = 0 and f ′(s) = J′
uλ

(s) + sp−1lp
1 + βsq−1lq2 − sp∗−1dp∗ � sp−1

(
lp
1 + βlq2 − dp∗

)
> 0,

which implies that f is increasing on [s, 1]. Thus,

θ+λ = f (1) > f (s) = Juλ(s) + sp lp
1

p
+ βsq lq2

q
− sp∗ dp∗

p∗
� Juλ(s) +

sp

p

(
lp
1 + βlq2 − dp∗

)
> Juλ(s) > Juλ(s ) � θ+λ ,

which is a contradiction.

Case (ii): in this case we have
lp
1
p − dp∗

p∗ < 0, then using Sdp � lp
1, and the fact λ ∈ (0,Λ), we

deduce that

sup{‖u‖p : u ∈ N+
λ } �

(
p∗

p

) p
p∗−p

S
p∗

p∗−p < lp
1 � sup{‖u‖p : u ∈ N+

λ },

which is also a contradiction.
Case (iii): in this case we have

θ+λ = Juλ(1) +
lp
1

p
+ β

lq2
q
− dp∗

p∗
� Juλ(1) � Juλ(s ) � θ+λ ,

which implies that
lp
1
p + β

lq2
q − dp∗

p∗ = 0 and s = 1. Using (5.3) we get l1 = 0 = l2, hence

uk → uλ strongly in W1,p
0 (Ω). Thus, uλ ∈ N+

λ and Iλ(uλ) = θ+λ . �
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Proof of theorem 2.3. Proof of the theorem follows from proposition 5.2 and theorem
4.7. �

Next we will show that there exists vλ ∈ N−
λ such that Iλ(vλ) = θ−λ . Without loss of gener-

ality we assume 0 ∈ Ω. Let ζ ∈ C∞
c (Ω) such that 0 � ζ � 1 in Ω, ζ(x) = 1 in Bμ(0) and ζ ≡ 0

in Bc
2μ(0), for some μ > 0 such that B2μ(0) ∈ Ω. Let

Uε(x) = Cn
ε

n−p
p(p−1)(

ε
p

p−1 + |x|
p

p−1

) n−p
p

,

where ε > 0 and Cn is a normalizing constant. Set uε(x) = Uε(x)ζ(x) for all x ∈ Ω. Owing to
regularity results we see that there exist m, M > 0 such that m � uλ(x) � M for all x ∈ B2μ(0).

Lemma 5.3. Let 2n
n+2 < p < 3, then there exists β∗ > 0 such that for all λ ∈ (0,Λ), β ∈

(0, β∗) and sufficiently small ε > 0,

sup{Iλ(uλ + tuε) : t � 0} < Iλ(uλ) +
1
n

S
n
p .

Proof. By continuity of Iλ and the fact p∗ > p > q, there exists R0 > 0 (sufficiently large)
such that

Iλ(uλ + tuε) < Iλ(uλ), for all t � R0. (5.4)

Next, we will show that

sup
0�t�R0

Iλ(uλ + tuε) < Iλ(uλ) +
1
n

S
n
p .

We have the following estimates which were proved in [21]

∫
Ω

|∇(uλ + tuε)|p �
∫
Ω

|∇uλ|p + tp
∫
Ω

|∇uε|p + pt
∫
Ω

|∇uλ|p−2∇uλ∇uε + O(εα1),

(5.5)

with α1 > n−p
p and

∫
Ω

(uλ + tuε)p∗dx �
∫
Ω

up∗
λ + tp∗

∫
Ω

up∗
ε + p∗t

∫
Ω

up∗−1
λ uε + p∗tp∗−1

∫
Ω

uλup∗−1
ε + O(εα2),

(5.6)

with α2 > n−p
p . Fix p− 1 < ρ < n(p−1)

n−p , then there exists L > 0 such that

λ

(
(a + b)1−δ

1 − δ
− a1−δ

1 − δ
− b

aδ

)
� −L bρ, for all a � m and b � 0. (5.7)

Let β = εα3 , with α3 > n−p
p . Noting the fact that uλ is a weak solution of (Pλ) and taking into

account (5.5), (5.6) and (5.7), we deduce that
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Iλ(uλ + tuε) − Iλ(uλ)

= Iλ(uλ + tuε) − Iλ(uλ) − t
∫
Ω

(
|∇uλ|p−2∇uλ∇uε + β|∇uλ|q−2∇uλ∇uε − λu−δ

λ uε − up∗−1
λ uε

)
dx

� tp

p

∫
Ω
|∇uε|p + O(εα1 ) + O(εα3 ) + L tρ

∫
Ω

uρε −
tp∗

p∗

∫
Ω

up∗
ε − tp∗−1

∫
Ω

uλup∗−1
ε + O(εα2 ).

We have the following estimates

∫
Ω

|∇uε|p =
∫
Rn
|∇U1|p + O

(
ε

n−p
p−1

)
,
∫
Ω

up∗
ε =

∫
Rn

Up∗
1 + O

(
ε

n
p−1

)
and

∫
Ω

uρ
ε = O(ερ

n−p
p(p−1) ),

(5.8)

with ρ n−p
p(p−1) >

n−p
p . Thus noting the fact that uλ ∈ L∞

loc(Ω), for 0 � t � R0, we obtain

Iλ(uλ + tuε) − Iλ(uλ) � tp

p

∫
Rn
|∇U1|p + O(εα4) − tp∗

p∗

∫
Rn
|U1|p

∗ − tp∗−1C ε
n−p

p

with α4 > n−p
p and C > 0. Now following the approach of [21], there exists ε1 > 0 such that

sup
0�t�R0

Iλ(uλ + tuε) < Iλ(uλ) +
1
n

S
n
p ,

for all λ ∈ (0,Λ), ε ∈ (0, ε1) and β ∈ (0, β∗), where β∗ := ε
n−p

p
1 . This together with (5.4)

completes the proof. �

Lemma 5.4. Let 2n
n+2 < p < 3, then for each λ ∈ (0,Λ) and β ∈ (0, β∗), the following holds

θ−λ < Iλ(uλ) +
1
n

S
n
p .

Proof. The proof follows exactly on the same lines of ([30], lemma 8). �

Lemma 5.5. There exists a constant D0 > 0 such that for all u ∈ Nλ,

Iλ(u) � −D0λ
p

p−1+δ .

Proof. Let u ∈ Nλ, then since J ′
u(1) = 0, we have

Iλ(u) =

(
1
p
− 1

p∗

)
‖∇u‖p

p + β

(
1
q
− 1

p∗

)
‖∇u‖q

q − λ

(
1

1 − δ
− 1

p∗

)∫
Ω

|u|1−δ dx

�
(

1
p
− 1

p∗

)
‖u‖p − λ

(
1

1 − δ
− 1

p∗

)∫
Ω

|u|1−δdx. (5.9)

Using Hölder inequality, Sobolev embeddings and Young inequality, we deduce that
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λ

∫
Ω

|u|1−δdx � λS− 1−δ
p |Ω|1−

1−δ
p∗ ‖u‖1−δ

=

(
p

1 − δ

(
1
p
− 1

p∗

)(
1

1 − δ
− 1

p∗

)−1
) 1−δ

p

‖u‖1−δ

λ

(
p

1 − δ

(
1
p
− 1

p∗

)(
1

1 − δ
− 1

p∗

)−1
)− 1−δ

p

|Ω|1−
1−δ
p∗ S− 1−δ

p

�
(

1
p
− 1

p∗

)(
1

1 − δ
− 1

p∗

)−1

‖u‖p + Aλ
p

p−1+δ , (5.10)

where A =
(

p−1+δ
p

)(
p∗−1+δ

p∗−p

) p(1−δ)
p−1+δ

S− 1−δ
p−1+δ |Ω|

p(p∗−1+δ)
(p−1+δ)p∗ . Therefore, result follows from (5.9)

and (5.10) with D0 =
(

1
1−δ

− 1
p∗

)
A. �

Lemma 5.6. Let p ∈ ( 1, 2n
n+2] ∪ [ 3, n). Then there exist Λ0, β0 > 0, and u0 ∈ W1,p

0 (Ω)\{0}
such that for all λ ∈ (0,Λ0) and β ∈ (0, β0)

sup
t�0

Iλ(tu0) <
1
n

S
n
p − D0λ

p
p−1+δ .

In particular θ−λ < 1
n S

n
p − D0λ

p
p−1+δ � 1

n S
n
p + Iλ(uλ).

Proof. Let γ0 > 0 be such that for all λ ∈ (0, γ0), 1
n S

n
p − D0λ

p
p−1+δ > 0 holds. Using Hölder

inequality, we deduce that

Iλ(tuε) �
tp

p
‖∇uε‖p

p + β
tq

q
‖∇uε‖q

q

� tp

p
‖∇uε‖p

p + Cβ
tq

q
‖∇uε‖p

p � C(tp + tq).

Therefore, there exists t0 � 0 such that

sup
0�t�t0

Iλ(tuε) <
1
n

S
n
p − D0λ

p
p−1+δ .

Let h(t) = tp

p ‖∇uε‖p
p + β tq

q ‖∇uε‖q
q − tp∗

p∗
∫
Ω|uε|p

∗
. We note that h(0) = 0, h(t) > 0 for t small

enough, h(t) < 0 for t large enough, and there exists tε > 0 such that sup
t�0

h(t) = h(tε), therefore

0 = h′(tε) = tp−1
ε ‖∇uε‖p

p + βtq−1
ε ‖∇uε‖q

q − tp∗−1
ε

∫
Ω

|uε|p
∗

which gives us

tp∗−q
ε =

1

‖uε‖p∗
p∗

(
tp−q
ε ‖∇uε‖p

p + β‖∇uε‖q
q

)
< C(1 + tp−q

ε ).
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Since p∗ > p, there exists t1 > 0 such that tε < t1 for all ε > 0. Thus, we get

sup
t�t0

Iλ(tuε) � sup
t>0

h(t) − t1−δ
0

1 − δ
λ

∫
Bμ(0)

|Uε|1−δ

� sup
t�0

(
tp

p
‖∇uε‖p

p −
tp∗

p∗
‖uε‖p∗

p∗

)
+ β

tq
1

q
‖∇uε‖q

q −
t1−δ
0

1 − δ
λ

∫
Bμ(0)

|Uε|1−δ.

(5.11)

Set g(t) = tp

p ‖uε‖p − tp∗

p∗ ‖uε‖p∗
p∗ . A simple computation shows that g attains its maximum at

t̃ =

(
‖uε‖p

‖uε‖p∗
p∗

) 1
p∗−p

and

sup
t�0

g(t) = g(̃t) =
1
n

(
‖uε‖p

‖uε‖p∗
p∗

) n
p

,

which on using (5.8) reduces to

sup
t�0

g(t) � 1
n

S
n
p + C3 ε

n−p
p−1 .

Let β = εα9 , with α9 > n−p
p−1 . For n − n−p

p−1 (1 − δ) > 0, we have

∫
Bμ(0)

|Uε|1−δdx = εn−(1−δ) n−p
p

∫
Bμ/ε(0)

1(
1 + |y|

p
p−1

) n−p
p (1−δ)

dy

� εn−(1−δ) n−p
p

∫ μ/ε

1

rn−1(
1 + r

p
p−1

) n−p
p (1−δ)

dr � C ε
n−p

p(p−1) (1−δ).

Furthermore, for n − n−p
p−1 (1 − δ) � 0, following the approach of ([42], lemma 1.46), we have

∫
Bμ(0)

|Uε|1−δdx � C

⎧⎪⎨
⎪⎩
εn− n−p

p (1−δ), if n − n − p
p− 1

(1 − δ) < 0,

ε
n
p | ln ε|, if n − n − p

p− 1
(1 − δ) = 0.

Now collecting all the informations done so far in (5.11), we deduce that

sup
t�t0

Iλ(tuε) �
1
n

S
n
p + C3 ε

n−p
p−1 − C4λ

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ε
n−p

p(p−1) (1−δ), if δ >
2n − np− p

n − p
,

εn− n−p
p (1−δ), if δ <

2n − np− p
n − p

,

ε
n
p | ln ε|, if δ =

2n − np− p
n − p

.

(5.12)
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We consider the following cases:
Case (1): if 2n−np−p

n−p < δ < 1.

In this case since n−p
p(p−1) (1 − δ) < n−p

p−1 , there exists ε̂ > 0 and γ̂ > 0 such that for all ε ∈ (0, ε̂)
and λ ∈ (0, γ̂), we have

sup
t�t0

Iλ(tuε) <
1
n

S
n
p − D0λ

p
p−1+δ ,

for all β ∈ (0, β̂), where β̂ := ε̂
n−p
p−1 .

Case (2): if 0 < δ � 2n−np−p
n−p .

Let ε =
(
λ

p
p−1+δ

) p−1
n−p � μ. Then, (5.12) reduces to

sup
t�t0

Iλ(tuε) �
1
n

S
n
p + C3 λ

p
p−1+δ − C4λ

⎧⎪⎨
⎪⎩
λ

p
p−1+δ

p−1
n−p

(
n− n−p

p (1−δ)
)

, if δ <
2n − np− p

n − p
,

λ
1−δ

p−1+δ | lnλ
p(1−δ)

n(p−1+δ) |, if δ =
2n − np− p

n − p
.

(5.13)

Subcase (2a): if δ < 2n−np−p
n−p .

In this case we have n < n−p
p−1(1 − δ), which implies that

1 +
p

p− 1 + δ

p− 1
n − p

(
n − n − p

p
(1 − δ)

)
<

p
p− 1 + δ

.

Therefore there exists γ2 > 0 such that for all λ ∈ (0, γ2), we have

C3 λ
p

p−1+δ − C4λ · λ
p

p−1+δ
p−1
n−p

(
n− n−p

p (1−δ)
)
< −D0λ

p
p−1+δ .

Subcase (2b): if δ = 2n−np−p
n−p .

Since | ln λ
p(1−δ)

n(p−1+δ) | →∞ as λ→ 0, there exists γ3 > 0 such that

C3 λ
p

p−1+δ − C4λ · λ
1−δ

p−1+δ | ln λ
p(1−δ)

n(p−1+δ) | < −D0λ
p

p−1+δ ,

for all λ ∈ (0, γ3). Let Λ0 = min
{
μ

n−p
p−1 , γ0,λ∗, γ2, γ3, γ̂

}
> 0 and β1 = Λ

p
p−1+δ

0 . Then from

(5.13), for all λ ∈ (0,Λ0) and β ∈ (0, β1), we have

sup
t�t0

Iλ(tuε) <
1
n

S
n
p − D0λ

p
p−1+δ ,

for sufficiently small ε > 0. Thus, for all λ ∈ (0,Λ0) and β ∈ (0, β0), we get

sup
t�0

Iλ(tuε) <
1
n

S
n
p − D0λ

p
p−1+δ ,

where β0 = min{β1, β̂} > 0, which proves the first part of the lemma. For the last part we
observe that uε ∈ W1,p

0 (Ω)\{0} and since 0 < λ < λ∗, there exists t̄ > 0 such that t̄uε ∈ N−
λ .

Hence,

θ−λ � Iλ(̄tuε) � sup
t�0

Iλ(tuε) <
1
n

S
n
p − D0λ

p
p−1+δ ,
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this together with lemma 5.5 completes the proof for u0 = uε. �

Proposition 5.7. There exists vλ ∈ N−
λ such that Iλ(vλ) = θ−λ in each of the following

cases:

(a) for all λ ∈ (0,Λ) and β ∈ (0, β∗), when 2n
n+2 < p < 3,

(b) for all λ ∈ (0,Λ0) and β ∈ (0, β0), when p ∈ ( 1, 2n
n+2] ∪ [ 3, n).

Proof. Let {vk} ⊂ N−
λ be such that Iλ(vk) → θ−λ as k →∞. By lemma 4.3(b), we may assume

there exists vλ ∈ W1,p
0 such that vk ⇀ vλ weakly in W1,p

0 (Ω) and vk(x) → vλ(x) a.e. in Ω (upto
subsequence). Set zk = vk − vλ, then by Brezis–Lieb lemma, we have

θ−λ + ok(1) = Iλ(vλ) +
1
p

∫
Ω

|∇zk|p + β
1
q

∫
Ω

|∇zk|q −
1
p∗

∫
Ω

|zk|p
∗
dx

and

∫
Ω

(
|∇vλ|p + |∇zk|p

)
+ β

∫
Ω

(
|∇vλ|q + |∇zk|q

)
= λ

∫
Ω

|vλ|1−δdx +
∫
Ω

(
|vλ|p

∗
+ |zk|p

∗
)

dx.

(5.14)

We assume ∫
Ω

|∇zk|p → lp
1,

∫
Ω

|∇zk|q → lq2 and
∫
Ω

|zk|p
∗ → dp∗ .

We claim that vλ = 0. On the contrary suppose vλ = 0, then by lemma 4.3(b), l1 = 0. Using
the relation Sdp � lp

1 and (5.14), we deduce that

θ−λ = Iλ(0) +
1
p

lp
1 +

β

q
lq2 −

1
p∗

dp∗ �
(

1
p
− 1

p∗

)
(lp

1 + βlq2) � 1
n

S
n
p .

Now we consider the following cases:
Case (i): if 2n

n+2 < p < 3, then by lemma 5.4, we have

θ+λ +
1
n

S
n
p = Iλ(uλ) +

1
n

S
n
p > θ−λ � 1

n
S

n
p ,

this implies θ+λ > 0, which contradicts lemma 4.4.

Case (ii): if p ∈
(

1, 2n
n+2

)
∪ [ 3, n), then by lemma 5.6, we have

1
n

S
n
p − D0λ

p
p−1+δ > θ−λ � 1

n
S

n
p ,

which is also a contradiction. Hence in all cases we get vλ = 0. From the assumption
0 < λ < λ∗, there exist 0 < t < t such that J′

vλ
(t ) = 0 = J′

vλ
(t), and t vλ ∈ N−

λ and tvλ ∈ N−
λ .

We define η, f : (0,∞) → R as

η(t) =
lp
1

p
tp + β

lq2
q

tq − tp∗dp∗

p∗
and f (t) = Jvλ(t) + η(t) for t > 0.

We consider the following cases:

(a) t < 1,
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(b) t � 1 and d > 0, and
(c) t � 1 and d = 0.

Case (a): using (5.14), we get f ′(1) = 0, and f ′(t) = tp−1lp
1 + βtq−1lq2 − tp∗−1dp∗ �

tp−1
(
lp
1 + βlq2 − dp∗

)
> 0. Therefore we see that f is increasing on [t, 1]. Thus

θ−λ = f (1) > f (t) � Jvλ(t) +
tp

p

(
lp
1 + βlq2 − dp∗

)
> Jvλ(t) > Jvλ(t ) � θ−λ ,

which is a contradiction.
Case (b): it is easy to see that there exists tm > 0 such that η(tm) � 1

n S
n
p , η′(tm) = 0, η′(t) > 0

for all 0 < t < tm and η′(t) < 0 for all t > tm. By the assumption 0 < λ < λ∗, we have f(1) =
maxt�0f(t) � f(tm). So, if tm � 1

θ−λ = f (1) � f (tm) = Jvλ(tm) + η(tm) � Iλ(t vλ) +
1
n

S
n
p � Iλ(uλ) +

1
n

S
n
p ,

(5.15)

which is a contradiction to lemmas 5.4 and 5.6. Thus we have tm > 1. Since f ′(t) � 0 for all
t ∈ [1, tm], we have J′

vλ
(t) � −η′(t) � 0 for all t ∈ [1, tm]. This gives either tm � t or t = 1. If

tm � t , then (5.15) holds which yields a contradiction. Hence, t = 1, that is vλ ∈ N−
λ and we

have

θ−λ = f (1) = Iλ(vλ) +
lp
1

p
+ β

lq2
q
− dp∗

p∗
� Iλ(vλ) +

1
n

S
n
p � Iλ(t vλ) +

1
n

S
n
p � Iλ(uλ) +

1
n

S
n
p ,

which is also a contradiction.
Consequently only (c) holds. If l1 = 0, then we have J′vλ(1) < 0 and J′′vλ(1) < 0 which contra-

dicts the fact that t � 1. Thus l1 = 0 that is, vk → vλ strongly in W1,p
0 (Ω). Therefore, vλ ∈ N−

λ

and Iλ(vλ) = θ−λ . �

Proof of theorem 2.4. Proof of the theorem follows from propositions 5.2, 5.7 and
theorem 4.7. �

Now we will prove the existence of second solution for all β > 0 in the case r = p∗.

Lemma 5.8. Let p ∈
(

2n
n+2 , 3

)
, then for all β > 0 and λ ∈ (0,Λ) following holds

sup
t�0

Iλ(uλ + tuε) <
1
n

S
n
p + Iλ(uλ)

in each of the following cases:

(a) max{p− 1, 1} < q < n(p−1)
n−1 ,

(b) n(p−1)
n−1 < q < n(p−1)+p

n .

Proof. Using the following one dimensional inequality

(1 + t2 + 2t cos α)
q
2 �

{
1 + tq + qt cos α+ Ctν , if 1 < q < 2, for all ν ∈ (1, q),

1 + tq + qt cos α+ Ctν , if 2 � q < 3, for all ν ∈ [q − 1, 2],
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we can prove

∫
Ω

|∇(uλ + tuε)|q �
∫
Ω

(
|∇uλ|q + tq|∇uε|q + qt|∇uλ|q−2∇uλ∇uε + C|∇uλ|q−ν|∇uε|ν

)
,

(5.16)

for all ν ∈ (1, q) if 1 < q < 2 and ν ∈ [q − 1, 2] if 2 � q < 3. Moreover, we have

∫
Ω

|∇uε|l � C

⎧⎪⎨
⎪⎩
ε

n−p
p(p−1) l, if 1 � l <

n(p− 1)
n − 1

εn− n
p l, if

n(p− 1)
n − 1

< l < p.
(5.17)

From (5.4) it follows that we need to prove

sup
0�t�R0

Iλ(uλ + tuε) <
1
n

S
n
p + Iλ(uλ).

Using (5.5)–(5.7) and (5.16), we deduce that

Iλ(uλ + tuε) − Iλ(uλ) = Iλ(uλ + tuε) − Iλ(uλ)

− t
∫
Ω

(
|∇uλ|p−2∇uλ∇uε + β|∇uλ|q−2∇uλ∇uε − λu−δ

λ uε − up∗−1
λ uε

)
dx

� tp

p

∫
Ω
|∇uε|p + β

tq

q

∫
Ω
|∇uε|q + C

∫
Ω
|∇uλ|q−ν |∇uε|ν + L tρ

∫
Ω

uρε

− tp∗

p∗

∫
Ω

up∗
ε − tp∗−1

∫
Ω

uλup∗−1
ε + O(εα4 ), (5.18)

where α4 > (n − p)/p. Now we consider following cases:
Case (1): if max{p− 1, 1} < q < n(p−1)

n−1 .

Since max{p− 1, 1} < q < n(p−1)
n−1 , we choose ν > 1 such that

ν ∈

⎧⎪⎪⎨
⎪⎪⎩

(1, q) ∩
(

p− 1,
n(p− 1)

n − 1

)
if 1 < q < 2,

[q − 1, 2] ∩
(

p− 1,
n(p− 1)

n − 1

)
if 2 � q < 3.

Then, using the fact |∇uλ| ∈ L∞
loc(Ω) and (5.17), we obtain∫

Ω

|∇uε|q � Cεl1 and
∫
Ω

|∇uλ|q−ν|∇uε|ν � Cεl2 ,

where l1, l2 > n−p
p . Thus, for 0 � t � R0, taking into account (5.8) and (5.18), we deduce that

Iλ(uλ + tuε) − Iλ(uλ) � tp

p

∫
Ω

|∇U1|p −
tp∗

p∗

∫
Ω

|U1|p
∗ − tp∗−1Cε

n−p
p + O(εl3 ),

where l3 > (n−p)
p . Following the approach as in lemma 5.3 we get the required result in this

case.
Case (2): if n(p−1)

n−1 < q < n(p−1)+p
n .
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We note that there exists

ν ∈

⎧⎪⎪⎨
⎪⎪⎩

(1, q) ∩
(

n(p− 1)
n − 1

,∞
)

if 1 < q < 2,

[q − 1, 2] ∩
(

n(p− 1)
n − 1

,∞
)

if 2 � q < 3.

In this case using (5.17) and (5.8) in (5.18), we deduce that

Iλ(uλ + tuε) − Iλ(uλ) � tp

p

∫
Ω

|∇U1|p + C1ε
n− n

p q + C2ε
n− n

pν

− tp∗

p∗

∫
Ω

|U1|p
∗ − tp∗−1Cε

n−p
p + O(εl4),

where l4 > (n − p)/p. Using the fact that ν < q < n(p−1)+p
n , we have n − n

pν > n − n
pq > n−p

p ,
and hence

Iλ(uλ + tuε) − Iλ(uλ) � tp

p

∫
Ω

|∇U1|p −
tp∗

p∗

∫
Ω

|U1|p
∗ − tp∗−1Cε

n−p
p + O(εl6 ),

where l6 > (n − p)/p. Now approaching as case (1) we can complete the proof. �

Proof of theorem 2.5. With the help of lemma 5.8 approaching the proof in same way as in
lemma 5.4 we can show that θ−λ < Iλ(uλ) + 1

n S
n
p for all λ ∈ (0,Λ) and β > 0. Then following

the proof of proposition 5.7 we get vλ ∈ N−
λ such that Iλ(vλ) = θ−λ for all λ ∈ (0,Λ) and β > 0.

Now with the help of theorem 4.7 we see that vλ is a solution of (Pλ). �

6. Global existence result

In this section we prove the global existence and non existence result (for all λ and β) for
problem (Pλ). Let us define

Λ∗ = sup{λ > 0 : (Pλ) has a solution}.

Lemma 6.1. We have 0 < Λ∗ < ∞.

Proof. With the help of theorems 2.2 and 2.3, we infer that Λ∗ � λ∗ � Λ > 0. Next, we will
show Λ∗ < ∞. On the contrary suppose there exists a non-decreasing sequence {λk} such that
λk →∞ as k →∞ and (Pλk ) has a solution uk. There exists λ > 0 such that

λ

tδ
+ tr−1 � (λ1(q, β) − ε)tq−1, for all t > 0, ε > 0 andλ > λ .

Choose λm > λ , then um is a super solution of

(Qε)

{
−Δpu − βΔqu = (λ1(q, β) − ε)uq−1, u > 0 in Ω

u = 0 on ∂Ω,

that is, for all φ ∈ W1,p
0 (Ω) with φ � 0, we have∫

Ω

(|∇um|p−2∇um + β|∇um|q−2∇um)∇φ dx �
∫
Ω

(
(λ1(q, β) − ε)uq−1

m

)
φ dx.
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We choose � > 0 small enough such that �φ̂ < um (this can be done because of theorem 2.1)
and �φ̂ is a subsolution of (Qε). That is, for all φ ∈ W1,p

0 (Ω) with φ � 0, we have∫
Ω

(
|∇(�φ̂)|p−2∇(�φ̂) + β|∇(�φ̂)|q−2∇(�φ̂)

)
∇φ dx �

(
(λ1(q, β) − ε)

∫
Ω

(�φ̂)q−1

)
φ dx.

By monotone iteration procedure we obtain a solution w for (Qε) for ε > 0 such that 0 < �φ̂ �
w � um, which contradicts ([40], theorem 1). This completes the proof of lemma. �

Lemma 6.2. Let u , u ∈ W1,p
0 (Ω) be such that u is a weak subsolution and u is a weak super-

solution of (Pλ) satisfying u � u a.e. in Ω. Then there exists a weak solution u ∈ W1,p
0 (Ω) of

(Pλ) such that u � u � u a.e. in Ω.

Proof. The proof given here is an adaptation of [28]. Set M := {u ∈ W1,p
0 (Ω) : u � u �

u a.e. inΩ}, then M is closed and convex. It is easy to verify that Iλ is weakly lower semi-
continuous on M. Therefore, there exists a relative minimizer u of Iλ on M. We will show
that u is a weak solution of (Pλ). For φ ∈ W1,p

0 (Ω) and ε > 0, let vε = u + εφ− φε + φε ∈ M,
where

φε := (u + εφ− u)+ � 0 and φε := (u + εφ− u )− � 0.

For 0 < t < 1 we see that u + t(vε − u) ∈ M. Therefore using the fact that u is a relative
minimizer of Iλ on M, we have

0 � lim
t→0

Iλ(u + t(vε − u)) − Iλ(u)
t

=

∫
Ω

(
|∇u|p−2∇u + β|∇u|q−2∇u

)
∇(vε − u) −

∫
Ω

(λu−δ + ur−1)(vε − u)dx,

which on using definition of vε simplifies to

∫
Ω

(
|∇u|p−2∇u∇φ+ β|∇u|q−2∇u∇φ− λu−δφ− ur−1φ

)
dx � 1

ε
(Eε − Eε) ,

(6.1)

where

Eε =

∫
Ω

(
|∇u|p−2∇u∇φε + β|∇u|q−2∇u∇φε − λu−δφε − ur−1φε

)
dx and

Eε =

∫
Ω

(
|∇u|p−2∇u∇φε + β|∇u|q−2∇u∇φε − λu−δφε − ur−1φε

)
dx.

Now we will estimate 1
ε Eε. For this, set Ωε = {x ∈ Ω : (u + εφ)(x) � u(x) > u(x)}. Then∫

Ω

|∇u|p−2∇u∇φε =

∫
Ωε
|∇u|p−2∇u∇(u + εφ− u)

=

∫
Ωε

(
|∇u|p−2∇u − |∇u|p−2∇u

)
∇(u − u) +

∫
Ωε
|∇u|p−2∇u∇(u − u)

+ ε

∫
Ωε
|∇u|p−2∇u∇φ
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� Cp

⎧⎪⎪⎨
⎪⎪⎩

∫
Ωε
|∇(u − u)|p, if p � 2,∫

Ωε

|∇(u − u)|2(
|∇u|+ |∇u|

)2−p , if 1 < p < 2,
+

∫
Ωε
|∇u|p−2∇u∇(u − u)

+ ε

∫
Ωε
|∇u|p−2∇u∇φ

�
∫
Ωε
|∇u|p−2∇u∇(u − u) + ε

∫
Ωε
|∇u|p−2∇u∇φ.

Similar result holds for
∫

Ω|∇u|q−2∇u∇φε also. Thus we obtain

Eε �
∫
Ωε

(
|∇u|p−2∇u + β|∇u|q−2∇u

)
∇(u − u)

+ ε

∫
Ωε

(
|∇u|p−2∇u + β|∇u|q−2∇u

)
∇φ−

∫
Ωε

(λu−δ + ur−1)φε

�
∫
Ω

(
|∇u|p−2∇u + β|∇u|q−2∇u

)
∇φε −

∫
Ωε

(λu−δ + ur−1)φε

+ ε

∫
Ωε

(
|∇u|p−2∇u + β|∇u|q−2∇u − |∇u|p−2∇u − β|∇u|q−2∇u

)
∇φ,

which on using the fact that u is a weak super solution of (Pλ), implies

Eε � ε

∫
Ωε

(
|∇u|p−2∇u + β|∇u|q−2∇u − |∇u|p−2∇u − β|∇u|q−2∇u

)
∇φ

+

∫
Ωε

(λu−δ + ur−1 − λu−δ − ur−1)φε.

Thus,

1
ε

Eε �
∫
Ωε

(
|∇u|p−2∇u + β|∇u|q−2∇u − |∇u|p−2∇u

− β|∇u|q−2∇u
)
∇φ− λ

∫
Ωε
|u−δ − u−δ‖φ|

= o(1), as ε→ 0,

since |Ωε| → 0 as ε→ 0. An analogous argument shows that

1
ε

Eε � o(1), as ε→ 0.

Thus, from (6.1) letting ε→ 0, we obtain

∫
Ω

(
|∇u|p−2∇u∇φ+ β|∇u|q−2∇u∇φ− λu−δφ− ur−1φ

)
dx � 0.

Since φ ∈ W1,p
0 (Ω) was arbitrary, so taking −φ in place of φ, we get
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∫
Ω

(
|∇u|p−2∇u∇φ+ β|∇u|q−2∇u∇φ− λu−δφ− ur−1φ

)
dx = 0, for all φ ∈ W1,p

0 (Ω).

�
Lemma 6.3. For λ ∈ (0,Λ∗], (Pλ) has a weak solution uλ in W1,p

0 (Ω).

Proof. Fix λ ∈ (0,Λ∗). Let u λ be the solution of the purely singular problem (Sλ)
(obtained in lemma 3.3). By definition of Λ∗, there exists λ̄ ∈ (λ,Λ∗) such that (Pλ̄) has
a solution uλ̄. Then, by the weak formulations of (Pλ̄) and (Sλ), it is easy to see that
uλ̄ is a supersolution and u λ is a subsolution of (Pλ). Applying lemma 3.4 for ū = uλ̄

and u λ, we get u λ � uλ̄ a.e. in Ω. Then employing lemma 6.2 for u = u λ and u = uλ̄

when λ ∈ (0,Λ∗), we get a solution uλ of (Pλ) such that u λ � uλ � uλ̄. Moreover, by
the fact that uλ is a minimizer of Iλ on M, we deduce that Iλ(uλ) � Iλ(u λ) � Ĩλ(u λ) < 0.
Forλ = Λ∗, let λk ∈ (0,Λ∗) be an increasing sequence such thatλk → Λ∗ and uk be the solution
of (Pλk ) obtained above. Moreover,

Iλk (uk) =
1
p

∫
Ω

|∇uk|p + β
1
q

∫
Ω

|∇uk|q −
λk

1 − δ

∫
Ω

|uk|1−δ dx − 1
r

∫
Ω

|uk|r dx < 0,

and

‖∇uk‖p
p + β‖∇uk‖q

q − λk

∫
Ω

|uk|1−δ dx −
∫
Ω

|uk|r dx = 0,

implies that {uk} is bounded in W1,p
0 (Ω). Thus, there exists uΛ∗ ∈ W1,p

0 (Ω) such that uk ⇀ uΛ∗

weakly in W1,p
0 (Ω) and uk(x) → uΛ∗(x) a.e. in Ω (upto subsequence). By lemma 3.4, we have

uΛ∗ � u λ1 > 0 in Ω. Letting k →∞ in the weak formulation of (Pλk ) and using Lebesgue
dominated convergence theorem, we get that uΛ∗ is a weak solution of (PΛ∗). �
Proof of theorem 2.6. Proof of the theorem follows from lemmas 6.1 and 6.3. �

6.1. Final remarks and perspectives

(a) As it has been kindly suggested by one of the referees of this paper, we intend to continue
and extend the analysis developed in this paper to singular double-phase problems with
nonstandard growth of the type⎧⎪⎪⎨

⎪⎪⎩
− div (|∇u|p−2 + a(x)|∇u|p−2 log(e + |∇u|)∇u) = λu−δ + ur−1 inΩ

u > 0 inΩ

u = 0 on ∂Ω.

(b) The same referee has also recommended to study further more general double-phase
problems of the type⎧⎪⎪⎨

⎪⎪⎩
− div (|∇u|p−2 + a(x)|∇u|q−2∇u) = λg(x, u) + f (x, u) inΩ

u > 0 inΩ

u = 0 on ∂Ω,

where 0 � a(·) ∈ C0,α(Ω) and

q
p
< 1 +

α

N
.
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The energy functional associated to this model contains the unbalanced variational
integral

u �→
∫
Ω

(|∇u|p + a(x)|∇u|q)dx. (6.2)

The meaning of this functional is also to give a sharper version of the following energy

u �→
∫
Ω

|∇u|p(x)dx,

thereby describing sharper phase transitions. In nonlinear elasticity and material science,
composite materials with locally different hardening exponents p and q can be described
using the energy defined in (6.2). Problems of this type are also motivated by applications
to elasticity, homogenization, modelling of strongly anisotropic materials, Lavrentiev
phenomenon, etc.

Accordingly, a new double phase model can be given by potentials of the form

Φd(x, |ξ|) :=

{
|ξ|p + a(x)|ξ|q if |ξ| � 1

|ξ|p1 + a(x)|ξ|q1 if |ξ| � 1,

with a(x) � 0.
(c) A new research direction corresponds to anisotropic double-phase operators with singular

reaction. In this framework, we aim to develop the qualitative analysis performed in this
paper to singular nonlinear boundary value problems with variable exponents of the type

⎧⎪⎪⎨
⎪⎪⎩

− div A(x,∇u) = λu−δ + ur−1

u > 0 inΩ

u = 0 on ∂Ω,

(6.3)

where

A(x,∇u) =

{
|∇u|p(x)−2∇u, if |∇u| > 1

|∇u|q(x)−2∇u, if |∇u| � 1.

This anisotropic model with unbalanced growth was introduced by Zhang and Rădulescu
[44].

We conclude by pointing out that an important feature of nonlinear problems with variable
exponents is that they can allow a ‘subcritical–critical–supercritical’ multiple regime, in the
sense that Ω = Ω1 ∪ Ω2 ∪ Ω3 and the problem is subcritical in Ω1, critical in Ω2 and super-
critical in Ω3. We refer to Alves and Rădulescu [2] for more details. A very interesting open
problem corresponds to the analysis of the anisotropic singular case described by problem (6.3)
in the multiple regime described above.

A related very interesting research direction corresponds to double-phase transonic flow
problems with variable growth driven by elliptic-hyperbolic Baouendi–Grushin operators with
variable coefficients; see Bahrouni et al [3].
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[23] Ghergu M and Rădulescu V D 2003 Sublinear singular elliptic problems with two parameters J.
Differ. Equ. 195 520–36
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