T Available online at www.sciencedirect.com _—
‘ Journal of

et ScienceDirect Differential
s 4 Equations
ELSEVIER Journal of Differential Equations 329 (2022) 206-254 _—

www.elsevier.com/locate/jde

Planar Schrodinger-Choquard equations with potentials
vanishing at infinity: The critical case

Liejun Shen?, Vicentiu D. Radulescu >“**, Minbo Yang*

& Department of Mathematics, Zhejiang Normal University, Jinhua, Zhejiang, 321004, People’s Republic of China
B Faculty of Applied Mathematics, AGH University of Science and Technology, 30-059 Krakow, Poland
¢ Department of Mathematics, University of Craiova, 200585 Craiova, Romania
d China-Romania Research Center in Applied Mathematics, University of Craiova, Romania

Received 27 January 2022; accepted 29 April 2022
Available online 11 May 2022

Abstract

We study the following class of stationary Schrodinger equations of Choquard type

—Au+Vu =[x % (Q)F )] Q) f(w), x € R,

where the potential V and the weight Q decay to zero at infinity like (1 + |)c|7’)_1 and (1 + |x|/3)_1 for
some (y, B) in variously different ranges, * denotes the convolution operator with u € (0, 2), and F is the
primitive of f that fulfills a critical exponential growth in the Trudinger-Moser sense. By establishing a
version of the weighted Trudinger-Moser inequality, we investigate the existence of nontrivial solutions of
mountain-pass type for the given problem. Furthermore, we shall establish that the nontrivial solution is a
bound state, namely a solution belonging to H 1(R2), for some particular (y, B).
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1. Introduction and main results

In the present paper, we are interested in the existence of solutions for the following stationary
Schrodinger equation of Choquard type

—Au+ V(u=[1x| 7" (Qx) Fu)]Q(x) f (), x € R, (1.1)

where the potential V and the weight Q decay to zero at infinity like (1 + lx[”)~Y and (1 +
|x|#)~! for some (y, B) in various different ranges, * denotes the convolution operator with u €
(0,2) and F is the primitive of f, which fulfills a critical exponential growth in the Trudinger-
Moser sense.

We assume that the potential V and the weight Q satisfy the following hypotheses:

K)y v,QeC (R?) and there exist some positive constants y, 8, a, A and b such that

a

b
<V <Aand 0O <—,
[y = VW =Amd0<0@ =g

where V (x) ~ |x|7 and Q(x) ~ |x|~# as |x| — 400 and (y, p) satisfies one of the follow-
ing assumptions:

(i O<y<2and 4 —p)y/4<B<+oo,or0<y <48/(4—n) <2,where 0 < u <2;
(i) y=2and (4 —n)/2 <B < +o0;
(i) y>2and (4 —n)/2 < B < +o0.

Inspired by the Trudinger-Moser inequality, we say that a function f(s) possesses critical
exponential growth if there exists a constant «g > 0 such that

lim

lf)l o, Yo > ap,
|s|]——+o00 easz - { (12)

+o00, Yo <ag.
This definition was introduced by Adimurthi and Yadava [3], see also de Figueiredo, Miyagaki

and Ruf [16] for example.
We suppose that the nonlinearity f satisfies (1.2) and the following assumptions

(f1) feC'(R), f(s)=0foralls <O0and f(s) = o(s 2°);
(f2) there exists a constant 6 € [0, 1) such that

F(s) f'(s)
f2)

N
>§, Vs >0, where F(s) =/f(t)dt;
0
(f3) there exists some constants so > 0, My > 0 and 9 € (0, 1] such that
0< sﬁF(s) < Myf(s), ¥Ys >s0;

(fa) liminfy_, 4o F(s)/e%05* 2 B > 0.
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It is widely known that the term |x|™" * (Q(x)F (u)) can be regarded as the convolution
between the Riesz potential |x|™* and Q(x) F (u). Thus, problem (1.1) is closely related to the
Choquard equation arising from the study of Bose-Einstein condensation and can be exploited
to describe the finite-range many-body interactions between particles. For N > 3, the Choquard
equation under the convolution of the Riesz potential is simply of the form

—Au+u=(x|""* |ul?)|ul”u, x eRV. (1.3)

In the relevant physical case in which N =3, u = 1 and p = 2, Eq. (1.3) turns into the Choquard-
Pekar equation, which was used by Pekar [39] to describe a polaron at rest in the quantum field
theory. It was also investigated by Choquard to characterization an electron trapped in its own
hole as an approximation to the Hartree-Fock theory for a one component plasma [24]. Subse-
quently, Lieb [22] and Lions [25] obtained the existence and uniqueness of positive solutions to
(1.3) by variational methods. The authors in [28,32] verified the regularity, positivity and radial
symmetry of the ground state solutions and established the decay property at infinity. It should be
pointed out that Eq. (1.3) was also proposed by Moroz et al. in [31] as a model for self-gravitating
particles in that context it can be viewed as the classical Schrédinger-Newton equation, see e.g.
[13,40,43].

To review the research history of the Choquard equation as (1.3), let us recall the Hardy-
Littlewood-Sobolev inequality, which will play a vital role throughout this paper.

Proposition 1.1. (Hardy-Littlewood-Sobolev inequality [23, Theorem 4.3]). Suppose that s, r >
land 0 < <N with1/s +u/N +1/r =2, g € L(RY) and h € L" (RN). Then, there exists
a sharp constant C = C(s, N, u,r) > 0, independent of g and h, such that

/[IXIf“ * g(X)]h(x)dx < Clgls|hly. (1.4)
RN
Suppose that g(x) = h(x) = |u(x)|? in (1.4) for every u € H'(RV) with N > 3. To preserve

the variational structure, the Sobolev imbedding theorem, namely H'(RY) < L!(RN) for all
2<t<2*=2N/(N — 2), indicates that the exponent p in Eq. (1.3) should satisty

2N — i SPSZN_M-

N N-2
For 2N — n)/N < p < (2N — p)/(N — 2), the authors [32] considered the existence of ground
state solutions for Eq. (1.3), where the PohoZaev identity was also established. After it, they in-
vestigated the existence and nonexistence of solutions to the equation with nonconstant potential
by minimizing arguments for the lower critical exponent case, i.e. p = 2N — w)/N, in [33].
Gao-Yang studied the upper critical exponent case for p = 2N — u)/(N — 2) in [17]. In fact,
Eq. (1.3) and its variants have received a great number of attentions by many mathematicians
because of the appearance of the convolution type nonlinearities over the past several decades.
We refer the reader to [1,8,19,20,32,47—49] and the references therein for the consideration of
existence, multiplicity, nodal, semiclassic state and concentrating behavior of different type of
solutions, even if these references are far to be exhaustive. For the convenience of the inter-
ested reader, we shall suggest [34] for a very abundant and meaningful review of the Choquard
equations.
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However, the case N = 2 is very different and special since 2* = oo in this situation and
H'(R?) &> L®(R?). As a matter of fact, although the Sobolev imbedding theorem ensures that
H& (Q) — LP(Q) with 1 < p < +o0 for all bounded domain € C R?, we have that HOI(Q) >
L>°(R2). Loosely speaking, if one tends to deal with the problem (1.1) variationally, by (1.4), it
has to make sure that

/[IXI*”(Q(X)F(M))]Q(X)F(u)dx
R2

is well-defined if Q(x)F (u) € L'(R?) for every u € H'(R?)\{0} and 7 > 1 induced by 2/ +
w/2 = 2. Because f(s) satisfies (1.2) and H!(R?) &> L*®°(R?), to overcome the obstacle in
this limiting case, the celebrated Trudinger-Moser inequality [30,41,44] may be treated as a
suitable substitute of the Sobolev inequality. Firstly, we will introduce the case bounded domain
Q instead of the whole space R2. The authors in [30,41,44] established the following sharp
maximal exponential integrability for functions in HOl (2):

sup e dx < C|Qif a < 47, (1.5)

ueHg (Q):1Vull 20y <1 %)

where C > 0 depends only on «, and |2| denotes the Lebesgue measure of 2. Subsequently, this
inequality was generalized by P. L. Lions in [26]: Let {u, } be a sequence of functions in HO1 ()

7 there

with [|Vin |l 12(q) = 1 such that u, — uo weakly in Hy (%), then for all p < m

holds

. 2
11msup/e4”p“ndx < to00.
n—oo
Q

Unfortunately, the supremum in (1.5) becomes infinite for domains € with |Q2| = oo, and
therefore the Trudinger-Moser inequality is not available for the unbounded domains. As to the
whole space R2, the author in [9] established the following version of the Trudinger-Moser
inequality (see also [11] for example):

eauz —le Ll(Rz)’ Va >0and u € HI(R2)~

Moreover, for all u € H'(R?) with ||u]| 12(R?) = M < +o00, there exists a positive constant C =
C(M, @) such that

sup (e"“‘2 — 1)dx <Cifa <4m.
weH ! RY:|Vul 22, <17,
Concerning some other generalizations, extensions and applications of the Trudinger-Moser in-
equalities for bounded and unbounded domains, we refer to [16] and its references therein.
It should be noted that the inequality by Cao [11] holds only strictly for « < 47, i.e. with
subcritical growth. For the sharp case, based on symmetrization and blow-up analysis, Ruf [38],
Li and Ruf [21] proved that

209



L. Shen, V.D. Radulescu and M. Yang Journal of Differential Equations 329 (2022) 206-254

sup

N-2

N k kN/(N—1

<au|_1v1 ok |u SNV D
e

ueWy ™ RN, el Ny +vu) ¥y <1

— ————]dx <oo, iffa<ay,
k!
LN ="RN k=0

by replacing the L norm of Vu in the supremum with the standard Sobolev norm. This inequal-

ity was improved by Souza and do ()[14] for N = 2. Let (u,) be in WOI’N(RN) with ||u,|| =1

and suppose that u,, — ug in WOI’N (RN). Then forall 0 < p < I—A\T—Zouz’ the authors proved that

sup/(e"’”ﬁ — Ddx < o0.

n

R2
We refer the reader to the references in this paper for more information about the advances on
the elliptic equations with critical exponential growth.

Concerning the Choquard equation in R? with critical exponential growth, Alves et al. [7]
studied the existence of ground state solution for Eq. (1.1) with Q(x) = 1 if the potential V (x)
satisfies
(V1) V(x) is a l-periodic continuous function in RZ and inf ;g2 V(x) >0
and the nonlinearity f(s) meets the Ambrosetti-Rabinowitz condition ((AR) in short)

(AR) there exists a constant K > 1 such that f(s)s > K F(s) forall s > 0.
Moreover, the authors in [7] also considered the semiclassic state solution under the assumption

(Va) VeC(R?), V(x)>inf. g2 V(x) £ Vo >0and Vo < Voo = liminfjy| 400 < +00.

Very recently, by still supposing (AR), Qin-Tang [37] generalize the counterpart in [7] to the
indefinite case, i.e. the potential V (x) verifies

(V3) V(x)isa l-periodic continuous function in R? and 0 lies in a gap of the spectrum —A + V.

Besides, Albuquerque et al. [5] investigated the existence of nontrivial solutions and ground state
solutions for the problem (1.1) by supposing that

(V) V e C(0,00), V(r) > 0 for r > 0 and there exist ag > —2 and a > —2 such that

limsup V(r)/r®™ < oo and limsup V (r)/r® > 0;
r—0t r—+00

(Q) Q0 eC(0,00), V(r) >0 for r > 0 and there exist by > —(4 — w)/2 and b < a4 — n)/4
such that

lim sup Q(r)/rb" < 00 and limsup Q(r)/rh > 0.

r—0t r——+00

210



L. Shen, V.D. Radulescu and M. Yang Journal of Differential Equations 329 (2022) 206-254

It should be pointed out that (AR) is necessary and indispensable in [5]. For some other inter-
esting works with respect to the Choquard equation in R? involving critical exponential growth,
please see e.g. [5,7,37] and the references therein. We remark that the semilinear Schrodinger
equation involving the decaying potentials and weights are firstly considered in the pioneer work
of Ambrosetti-Felli-Malchiodi [6], later studied in [27,42] and the references therein.

Motivated by all of the above mentioned works, particularly by [5,7,37], we shall consider
the nonlocal problem (1.1) under (XC), (1.2) and (f1) — (f1), and aim to study the existence of
nontrivial solutions and bound state solutions, i.e. a solution belonging to H'(R?). We have to
point out that the features of the functions V (x) and Q(x) vanishing at infinity together with the
critical exponential growth for the problem bring some new difficulties in our analysis, which
can be summarized as follows:

(i). The radial potentials V and weights Q satisfying () with y <2 and (4 — pn)y/4 < B
was studied by Albuquerque et al. in [5], where the growth conditions on (V4) and (Q) are less
restrictive than (), but a complicated and rigorous interpretation of the function space setting
considered was necessary. Moreover, there exist still some questions worth thinking about left
over: (1) whether the conclusions in [5] for the non-radial potentials V and weights Q remain
true; (2) what would happen whenever y or 8 gets the endpoint of (i) ((ii), or (iii)) in (/) such as
y >2,0r (4 — w)y/4 = B?(3) whether the nontrivial solution established in [5] is a mountain-
pass type, even a bound state?

(ii). To obtain the boundedness of the (C). sequence of J, different from the cited papers
[5,7,37], the (AR) is absent such that we have to propose some new ideas to bridge over this
difficulty.

(iii). Restoring the lack of compactness caused by critical exponential growth and the whole
space R2, could we control the minimax level by a suitable threshold which is independent of y
and 87

Before stating the main results briefly, we give several notations and definitions. Let (X, || - || x)
be a Banach space with its dual space (X!, || - || x-1), and ® be its functional on X. The Cerami
sequence at a level ¢ € R ((C). sequence in short) corresponding to & means that ®(x,) — ¢
and (1 + [|®' (xp)llx-1)llunllx — O as n — oo, where {x,} C X. The space L”(R?) stands for
the usual Lebesgue space with the norm | - |, with 1 < p < +o00. Throughout this paper, we shall
denote by C and C; (i =1, 2, - - -) for various positive constants whose exact value may change
from lines to lines but are never essential to the analysis of the problem. We use “—” and “—”
to denote the strong and weak convergence in the function spaces, respectively. Let |A| stand
for the Lebesgue measure of the Lebesgue measurable set A C R?. For all x € R? and p > 0,
B,(x) £ {y € R?:|y — x| < p} and B5(x) £ R?\ B, (x).

We introduce the following work space

E2 {u € DI’Z(RN)|/V(x)u2dx < +oo}
RZ

endowed with the norm

ul? é/[|vm2+ Voou?ldx
RZ

is a Banach space. Indeed, as a consequence of the fact that
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VeC@R?, V(x)>0inR?and V(x) — 0 as |x| = +00,

one has that the imbedding E — HILC (R?) is continuous which together with the definition of
Cauchy sequence and Fatou’s lemma enables us to verify that (E, || - ||) is complete. Note that
the norm || - || can also be induced by the inner product

(u,v) & /[Vqu + V(x)uvldx, Vu,v e E.
R2

Moreover, we can say that a function up € E is a weak solution of Eq. (1.1) in the sense that

/[VMOVv + V(x)ugvldx = /[|x|_“ * (Q(x)F(up))]10(x) f(ug)vdx, Yv € E. (1.6)
R2 R2

Now, we are ready to state the main results in the present paper. The first result is the following
weighted Sobolev imbedding theorem.

Theorem 1.2. Suppose that (K) holds true, for all 477“ < p < 400, the imbedding E, —
LZL (R?) £ {u: R? — R is Lebesgue measurable| f]R2 Q1 (x)|ul?" dx < 400} is compact with

E, & {u € Elu(x) = u(|x])} and Q" = Q¥4 M (x), p* =4p/(4 — p). If (i), (ii) and (iii) in
(KC) are replaced by

@) O<y<2and(4—w)y/4d<B<+00,0r0<y <4B/(4—pn) <2, here0 < pu <?2;
@) y=2and (4 —un)/2 < B < +oo;
(i) y>2and (4—p)/2 < B < 400,

respectively, we denote the (K) by (K)'. Therefore, E — Lg; (R?) is compact for every 477“ <
p < +oo if (K) holds.

As stated before, by Theorem 1.2, it is natural to establish the corresponding weighted
Trudinger-Moser inequality of the form as follows

Theorem 1.3. Suppose that (KC) holds true, for alla >0, 0 < u <2 and u € E, we have

/Qﬁ(x)(e"”’2 ~ Ddx < +oo. (1.7)
R2

Moreover, if we consider the supremum

So=Sa(1,V,0) = sup /Qﬁ(w(eo“‘2 — Ddx, Ya >0,
R2

uek, |lull<1
then there exists a constant C = C(«, u, V, Q) > 0 such that
Se <C, Ya <4 (1.8)
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and
So¢ = +00, Va > 4. (1.9)

Remark 1.4. According to Theorem 1.2,if B = (4 — w)y /4 in (i) (resp. (ii), or (iii)), the imbed-
ding E — L (]R{Z) for each 2 — < p < 400 may not be compact. Consequently, this case is
called by the crmcal case, and we shall understand the case in (i)’ (resp. (i)', or (iii)") should
correspond to the subcritical case, respectively. Similarly, we can also regard as the inequality
obtained in Theorem 1.3 is subcritical in the sense that the supremum holds only for the open
interval (0, 47r). Even if our result does not cover the critical case a = 4, the subcritical in-
equality expressed in Theorem 1.3 is enough to study the existence of nontrivial solutions for Eq.

(1.1).
Combining Theorems 1.2 and 1.3, we establish the following existence result.

Theorem 1.5. Suppose that (K) with V and Q being radially symmetric, or (K)', holds true.
If f satisfies (1.2) and (f1) — (fa), then Eq. (1.1) admits at least a nontrivial solution ugy € E.
Moreover, if 5 = 0in (f>), we deduce that J (uo) = inf,,cn J (u), where the functional J : E — R
defined by

Ju) 2 %/nwﬁ + V(x)uldx — %/nxr“ * (Q)Fu)Q(x)Fw)dx, Yu e E (1.10)
2 2

and N 2 {u € E\{0}(J'(u), u) = 0).

Remark 1.6. Proceeding as [32,45], one can conclude that the variational functional J defined
by (1.10) is of class C! and then the Nehari manifold A is well-defined. We mention here that
the condition (f>) is motivated by [12], where the case § € (0, 1) was investigated. However,
8 = 0 may occur in Theorem 1.5, therefore some new analytic techniques have to put forward
to overcome this obstacle. It’s worthy pointing out that the case § = 0 is a generalization and
supplement to the (AR) exploited in [5,7,37]. Indeed, by (f2), one derives f’(s) > 0 for all
s > 0 and then f is nondecreasing on s € (0, +00). As a consequence, there holds

O<F(s)=/f(t)dt§f(s)s, Vs >0 (1.11)
0

which is the (AR) with the constant K = 1. Besides, we can use (f2) and (1.11) to show that
O0< F(s) <(1—=6)f(s)s, Vs > 0. (1.12)

Since (f>) indicates that (F(s)/f(s)) <1 — 8 for any s > 0, then for all ¢ € (0, 5), one has

F(s)_@:/s (F(t))d s /d—1—3 B
f)  f(e) @) r=( ) t=( Y(s — &)
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which together with lim,_, o+ F(¢)/f(¢) = 0by (1.11) yields that (1.12). Moreover, we conclude
that

f(s)s — F(s) is nondecreasing on s € (0, +00). (1.13)

In fact, for all 0 < 51 < 52, since f is nondecreasing on s € (0, +00), we obtain

)
F(s2) — F(sp) = / FOdt < Fs2)(s2— 1) < f52)52 — FsD)s1
s1

showing the desired result.

Because we have explained in Remark 1.4, the cases in (K)' are subcritical which allow us to
verify that the energy of u( established by Theorem 1.5 equals to the mountain-pass energy of
J,ie.

J(up) = ¢ £ inf max J(y (1)), (1.14)
yel'tel0,1]

where ' £ {y € C([0,1], E)|y(0) =0, J(y(1)) < 0}. However, concerning the cases in (K)
which are critical, we cannot derive that (1.14) holds immediately. To solve this difficulty, mo-
tivated by [14,26], we have to establish a version of concentration-compactness principle in our
analysis settings. More precisely, we prove the following theorem.

Theorem 1.7. Suppose that (K) holds true and {u,} C E to be a sequence satisfying ||u,| =1
andu, =~ u#0in E, then

sup / Qﬁ(x)(e“’””'“n‘2 — dx < +00, YO < p < Py (u), (1.15)

neN
R2

where the sharp constant Py, is defined by

1 .
s i flull <1,
P, (u) = T=llul?
o 10) {+oo, if |Jul| = 1.

As a by-product of Theorem 1.7, we obtain the following result.

Corollary 1.8. Suppose that (K) with V and Q being radially symmetric, or (K)', holds true.
If f satisfies (1.2) and (f1) — (fa), then Eq. (1.1) possesses a nontrivial solution uy € E with
J(ug) =c.

For our next existence result, we replace the conditions ( f4) by the following condition
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(fs) there are constants g > (4 —u)/2 and C; > 0 such that f(s) > Cqs‘i_l for all s > 0, where
Sygt0) P
o= o5 (=)
and

s Jre[IVul? + V (x)u*1dx
= inf
ueE\0} (fpallx]|=# % (Q(x)[ul9)]1Q (x)|ul4dx)'/4

Su.q > 0. (1.16)

Theorem 1.9. Suppose that (K) with V and Q being radially symmetric, or (KC)', holds true. If f
fulfills (1.2) and ( f1) — (f3) with (f5), the conclusions in Theorem 1.5, or Corollary 1.8, remain
true.

Remark 1.10. It follows from (K) or ()’ that 0 < Q(x) < b for all x € R?. Then, by 4q/(4 —
©) > 2, we can apply (1.4) and Theorem 1.2 to conclude that

4—n

/nxr“ £ (000 1|9)] Qo) | dx sc(/Qﬁu)mﬁT"udx) i
]RZ

]RZ
q
< 5(/[|W|2 + V(x)u2]dx>
RZ

indicating that S,, , > 0 presented by (1.16) is well-defined. Moreover, arguing as [32] together
with Theorem 1.2, we derive the constant S, , can be attained by a nontrivial function belonging
to E.

Finally, we are concerned with the existence of bound state solutions of Eq. (1.1).

Theorem 1.11. Let (K') with (1) hold true and ug € E be the nontrivial solution established by
Theorem 1.5 of Eq. (1.1), i.e. uq satisfies (1.6), then ug € L*(R?) and hence ug € H'(R?).

Let’s recall the celebrated paper by A. Ambrosetti et al. in [6], the so-called bound state
solutions have important physics meaning if they exist. For instance, from the physical point
of view, according to the well-known probabilistic interpretation of quantum mechanics, the
standing wave solutions 1o which possesses a finite LZ-norm of nonlinear Choquard equations
(1.1) are the most relevant because they correspond to localized elementary particles in space by
proving that limy | o0 ug(x) = 0.

In the sequel, we shall say that (y, 8) € (i)’ (resp. (y, B) € (ii)/, or (y, B) € (iii)’) if v, B
satisfy (i)’ (resp. (ii)’, or (iii)’) in this paper, for simplicity.

The paper is organized as follows. In Section 2, we introduce some useful preliminaries and
present the proofs of Theorems 1.2 and 1.3. Section 3 is devoted to the proofs of existence results
in Theorem 1.5, Corollary 1.8 and Theorem 1.9 and the concentration-compactness principle in
Theorem 1.7. In Section 4, we show that some particular nontrivial solutions of Eq. (1.1) are
bound state solutions.
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2. Preliminaries and the weighted Trudinger-Moser inequality

In this section, we mainly focus on the proofs of the imbedding E — Lg; (R?) with
2 < p < +oo and the weighted Trudinger-Moser inequality expressed in Theorems 1.2 and 1.3,
respectively. As far as we are concerned, the results in Theorems 1.2 and 1.3 are new and we do
believe that they would be utilized in some other fields of the nonlinear Choquard equation like
Eq. (1.1) involving vanishing potentials at infinity.

Since the proof of Theorem 1.2 can be learnt from the proof of Theorem 1.3, we shall firstly
prove Theorem 1.3 in detail and then take some necessary modifications to show Theorem 1.2.
To obtain the proof of (1.8) in Theorem 1.3, we could combine the ideas introduced by Kufner
and Opic in [35] together with the procedures concerning a local version of the classic Trudinger-
Moser inequality proposed by Y. Yang and X. Zhu in [46].

Proposition 2.1. (see [46]) There exists a constant C > 0 such that for every y € R%, R > 0 and
any u € H& (BR(»)) with |Vu|y < 1, we have

/ @™ _ 1)dx < CR? / |Vu|2dx.

Br(y) Br(y)

Moreover, we also need the following well-known global result.

Proposition 2.2. (see e.g. [2,9,36]) There exists a constant Cy, > 0 such that

sup /(ea“ ~ 1ydx { Ca, %f0<oe<4n,
ueH (R2),|Vul,<1 |14|2 ifo>4m.

As to the proof of (1.9) in Theorem 1.3, we depend on the sharpness of the following
Trudinger-Moser inequality due to B. Ruf [38].

Proposition 2.3. (see [38]) Let Q C R2 be a domain (, possibly unbounded) and let T > 0. For
every o € [0, 4], there exists a constant C; > 0 such that

2
Ry(t,Q) & sup /(e"‘“ —Ddx <C,
ueHN(Q),|Vul3+r|ul3<1 o

and the above inequality is shape, i.e.
Ry (7, Q) =400, Vo > 4.
Now, we begin to give the proof of Theorem 1.3. Firstly, we verify (1.9) in Theorem 1.3:

Proof of (1.9) in Theorem 1.3. Since V, Q € C(R?) are positive and continuous by (), we
can define

Vi£ max V(x)e(0,+00)and Q; £ I%ir(l()) Q(x) € (0, +00)
1

xeBl(
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indicating that

4

Sa> Q" sup " — 1)dx, Yo > 47.

ueH (B O lull <150

Recalling that the continuous imbedding HO1 (B1(0)) = H'(R?) — E, one has
lull> < |ul3 + Vilul3, Yu € Hy (B1(0)).

Therefore, we can conclude that

4
2

Sez0F " sup (€™ — Ddx

ue Hy (By (0)), Jul3+ Vi |u3 <1

B1(0)
_4
= 0" Ra(V1, B1(0)) = +00, Va > 4,
where we have applied Proposition 2.3 with t = V| and Q = B (0). The proof is complete. O

Next, we concentrate on the proof of (1.8) in Theorem 1.3. To end it, we split it into three
cases.

2.1. Case 1: 0<y <2and (4—pn)y/4<B <400, or0<y <4B/(4—n) <2

In this case, the assumption 0 < y < 2 plays a significant role so that we only consider (1.8)
when 0 <y <2 and (4 — )y /4 < B < +oo. Throughout this case, for every « € (0, 4m), we
take the fixed small constants € € (0, 1) and § € (0, €) such that

a=4n(1 —€¢)and o < 47 (1 —§). 2.1

Let u € E with ||u]| < 1 and choose a sufficiently large constant R > 0 determined later, then

/Q4i () = Ddx

_ / 077 (1) — Ndx + / 077 (x) (e — 1)dx

Br(0) B4(0)

<b¥R / (€ = 1)dx + / Qﬁ(x)(“v’om2 — Ddx, 2.2)
Br(0)

B%(0)

where we have exploited the fact 0 < Q(x) < b for all x € R2. To estimate the first integral in
(2.2), proceeding as [46], we assume Y € CgO(BZR(O)) to be a cutoff function satisfying

0<v < 1in Bygr(0), ¥ = 1in Bg(0) and |Vy/| < % in By (0) 2.3)
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for some universal constant C > 0. Clearly, yu € Hé (Bar(0)). AsV(x)(1+R2R)YY) = V(x)(1+
[x]¥) = a > 01in B (0) by (K), it follows from the Young’s inequality that

V()| dx
Byg(0)
1
<(+e) / ¢2|W|2dx+<1+—> / u?|Vy|2dx
€
Byr(0) Bag(0)
C2
<(+e) / |Vu|2dx+<l+ )R2 / uldx
Byr(0) Byr(0)
C*(1+ 2R)
<(l+e¢ / |Vu|2dx+(1+ )% V(x)uldx.
a
Bygr(0) Byr(0)

Since y < 2, there is a constant R= E(e, a,y,C) > 0independent of u € E such that

2
<1+ )L(ZZR)}/) 1+€
€ aR

which implies that
/ IV(u)2dx < (1 +¢€) / (IVul? + V(x)u?)dx <1+4¢€, YR >R.
Bar(0) Bar(0)
So, set v £ /T —eyu € H}(B2£(0)) and then [Vv|3 < 1 — €2 < 1. By Proposition 2.1, for
R >R,
(1= _ ydx = / (1= _ gy < / (" — lydx < C1R%.(2.4)
Bg(0) Bg(0) By (0)

Then, we estimate the second integral in (2.2). To achieve this purpose, motivated by [6],
we shall apply the Besicovitch covering lemma (see e.g. [18]). More precisely, let 7 € NT be a
sufficiently large constant chosen later. For any fixed n > 7, we introduce the covering of B (0)
of all annuli A7 with o > n defined by

AS 2 (x e R*|n < |x| < o} C BE(0).

For any o > 7, by means of the Besicovitch covering lemma, there is a sequence of points
{xx} C A7 and a universal constant ¥ > 0 such that

o A7 C UkUk]/z, where Ukl/2 = By 1/6(xk);
e >, xu,(x) < ¥ forany x € R?, where xy, is the characteristic function of Uy £ By, |/3(xk)-
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Arguing as [35], we introduce the following set of indices
N +771/2 c
Kuo ={ke NT|U,'"N B3, # 0}.

For all o > 3n, it’s simple to see that

ag,cazc |Ju?= | v c | UkcBLO) C BLO) 2.5)
keNt keKn o keKy s

indicating that

/Q 7 () @@ — 1ydx < > /Qﬁ(x)(ewz—l)dx. 2.6)

kEK"’UUkI/Z
Let’s observe that 2|xz|/3 < |y| < 4|xx|/3 for all y € Uy, then by (K), one has

a b
1% S — —  VyeU, 2.7
(y)_1+Cy| 7 Q(y)_1+C| 1P ye U 2.7

where C,, = (4/3)” and Cg = (2/3)P. Consequently, by (2.7), we obtain

L
=

/ Q% (x)(e"”‘ Ddx< ——mM / (e"”‘ dx. (2.8)
ol (1‘|'Cﬂ|)€k|’3)4 C o

. . . 2
Proceeding as before, to estimate the integral e**” — 1 over U kl 2

a cutoff function satisfying

, assume Y € Cy°(Uy) to be

C
O<yp<1linUg, Yyp=1inU l/zand|V1//k|<ﬁ1nUk

for a universal constant C > 0. Clearly, yu € HO1 (Uk). In view of the constant § in (2.1), by
2.7)

/lV(l/fku)Izdxf (1 +3)/¢,3|W|2dx+ <1+§>/u2|vwk|2dx
Uy Uy

Uk

2 1 C2 2
<1+ | |Vul“dx + 1+ | |2 u-dx
Xk

Uy

C*(14Cy|xx]”
<(1+8)/|Vu|2dx+ 1+ DA Gyl V (0)uldx.
d alxg|?

Uk

Givenak € K, -, then x; € B%. Since y < 2, there exists a sufficiently large n =n (8, a, y,C) €
N* with {x} C AZ such that
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/|V(¢ku)|2dx <1+ 8)/(|Vu|2 +V@)u?)dx <148, Vke K, , and n > 7.
Uy Uk

Therefore, let’s define v £ /T —8yu € Hy (Ux) C H'(R?) and then [Viyf3 <1 — 8% < 1.
Recalling that «/(1 — §) < 4 by (2.1), then it follows from Proposition 2.2 that

/(e‘” — Ddx = /(e““”k“) 1)dx</(e[“/<1 8l —1)dx<C1/|vk| dx

l/2 1 /2
for some positive constant C; independent of u € E. So, by means of (2.7) again, we derive

ﬁ au2 _ 4%” au2 _
Q+r(x)(e Ddx = ; (e Ddx
N

o (14 Cglxg|P)Fn o

4 4
1—-8)b*nr Cl=68b3r(1+C 4
- Ci( )bk /uzdxf ( Yo (14 Cy |xi|V) V(oyuldx

= 4 4
(14 Cglxi| Py Ui a(l + Cglxy|P)*r

Uk

which together with (2.6) implies that

4
C(l - 8)b*n L4 Colxal?
/Q P~ ar = L 3 O [y
“ keKyo (L4 CplxxlP)Fr

4
C(l —=8)b3~+ 1+C,|x|Y
Sl bl /V(x)uszk(x)dx.
“ keKyo (14 Cplxx|P)Fr Be
In view of (2.5), we have
14+C,|xk|” 1+C,lx|Y
I Cylad” — <B, = sup L0l —, Vke K, ;.
(1+ Cglxxl)*= xeBi (14 Cglx|B)*n

As a consequence, in view of the constant ¢ in the Besicovitch covering lemma, we have

_4
/Q : 7 (x)(e™ —1)dx < cd _5):47“3”19 /V(x)uzdx.

o c
A3n B n

Letting 0 — 400, there holds

C(I_S)br“Bnﬁ/V(x)uzdx. (2.9)
a

/ 07 (1) — dx <

Bgn B¢

n
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Let’s recall that (4 — )y /4 < B,i.e. y <48/(4 — ), one has

lim B, = Ilim

14+ C,n? 0, ify <48/(4 —
+Cyn . y <4p/(4— ) 2.10)
n—+00 n— 400 (1~|—C5nﬂ)ﬁ

Cy/Cy/ 4T ity =4B/(4— ).
Combining (2.2), (2.4) and (2.9)-(2.10), we can finish the proof in this case.
2.2. Case2:y=2and (4 —n)/2 <B <+o0

Let u € E\{0} satisfy |lul| < 1, denoting =; £ {x € R? : 2/ < |x| < 2/} for every j €
N+ U {0},

4 2 _4 2 > _4 2
/Qw(x)(e““ — Ddx = / Q77 (x)(e*" —l)dx—i—Z/Q“H(x)(e‘“’ — Ddx. (2.11)
R2

B1(0) J=03;
Since Q € C(R?) is positive, then maxyep, 0) Q(x) = 0' € (0, +00) and

07 (x)(e — 1)dx < (017" / (™ — )dx. (2.12)
B1(0) B1(0)

To estimate the right term of the above formula, arguing as before, for a constant R > 1 de-
fined later, we chose ¢ € Cgo(BzR(O)) to be a cutoff function satisfying (2.3). So, Yu €
HJ (Byr(0)) C HJ (B2(0)). By (V), it simply concludes that 5V (x) > (1 + |x[*)V(x) > a on
B>(0), then

/|V(1ﬁu)|2dx§(l+e) / w2|Vu|2dx+(l+é) / u? |V |2dx

B>(0) B(0) B»(0)

<(1+e€) / |Vu|2dx+(1+é>§ / V() u? |V |Pdx
a

Bag (0) B> (0)

) 1\ 5C? )
<(1+e¢) [Vul*dx+ {1+ - — V(x)u“dx
€)aR
Bz (0) Byr(0)

<(+e) / (Vul? + Vx)u?)dx <1+e¢

Byr(0)

provided that we pick the constant R = R(e€, a, C) > 1 independent of u € E large enough such

that
1\ 5C?
1+ - )—5 <1+,
€/)akR
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where € is given by (2.1). Thereby, we would define v £ /1 — eyu € H& (B2(0)) and |Vv|% <
1—e2<1 immediately. Recalling that R > R, then ¢ = 1 in B{(0). By (2.1) and Proposition 2.1,
we obtain

/ (€ — Ddx = / (A=W _ 1ydx < / (€' — Ddx = C < +o0,
B1(0) B (0) B2(0)

where C > 0 is independent of u € E with ||u| = 1, which together with (2.12) yields that

/ 077 ()€™ — 1)dx < C + co. (2.13)
B (0)

Next, let’s take the estimate for the third term in (2.11). By (K), one has
0< Q(x)<L<i VxeZi={xeR?:2/ <|x| <2/Th
T 14 |x|B T 287 / =

showing that

4 2
/ QT (x)(e™ — 1dx
xj
JE=n
SW / ("]~ Ddy =bTC; / (e = )dy, (2.14)

%o

where a change of variables y = 27/ x is performed with uj(y)= u(2/y) and

1
0<Cj<1,VjeNtu{0}and Jim Cj= Him ey =0, > (4= /2. 2.15)
207 =]

Jj—+oo 2

In order to estimate for the integral term in (2.11), we shall firstly observe that %y C
UyesyBr,/2(¥), where Ry, £ dist(y, dXg). Clearly, Bg,(y) C Xo and there are finitely many, say
k € N*t, such balls to cover X form the compactness of % in R2, that is, ¢ C Uf.‘zl BR” 72(3i).
Given an i € {1,2,---,k}, we can pick the constant R; > Ry, determined later and chose the
corresponding cutoff function v; € CSO(BR,. (yi)) such that

. . C .
0=¥i = 1in Bg, (i), ¥i = lin Bg,2(vi) and [V¥i| < &~ in Br; (3:)
1
for some universal constant C > 0. So, one concludes that ¥;u ; € H(} (Bg; (yi)) C HO1 (BR.Vz ).
In view of (K), it simply gets that 220Dy (x) > (1 4+ |x|>)V(x) > a on X forall j € NU{0}.
Then in view of the constant € > 0 given by (2.1), as a consequence of Young’s inequality one
has

222



L. Shen, V.D. Radulescu and M. Yang Journal of Differential Equations 329 (2022) 206-254

1
/ IV (Yiuj)*dy < (1+€) / I/f?|wj|2dy+<1+;) / 5|V dy

Bry, (vi) Bry, (vi) By, (i)

2 1 C2 2
§(1+€)/|Vu,|dy+ 1+g F/ujdy
N i

%o

1\ ¢?
_(1+6)/|Vu|2dx+<1+ >221R2/ 2dx

I 2]

2 6C2 2
<({1+e€) | |Vul"dx + 1+ e V(x)u“dx
anr;

X Zj

<(+e) /(|W|2 + V@ ud)dx <1+e
X

provided that we chose a constant R; = R; (¢, a, C) > 1 independent of u € E large enough such
that
1\ 16C?
I+- 7 = I+e.
€/ aR;

So, we also define v;; £ /1- €Yiuj € H& (BRy,- (yi)) and |Vvl~j|§ <l-€r<1 immediately.
Recalling that R; > Ry,, then ¥; =1 in BR)'[ ,2(y;) and it follows from Proposition 2.1 that

/ (€™ — D)dy = / (=W’ _1)gy < / (€™ — Dydy

By, /2(3i) BRry, 200i) Bry, (vi)

<CR; /(|W|2 + V()ud)dx < E/(|W|2 + V)u?)dx
Xj Xj

where C > 0 is independent of u € E with ||u]| = 1. Since Xy C Uf.‘leRyi/g(yi), we obtain

/ @5 — Ddy < Z / (5~ dy < C / (IVul? + V (x)u?)dx

i= IBR) 1203)
which together with (2.14)-(2.15) indicates that
Z/Q4 7 (x)(e™ — D)dx < Ch*7 Z/c (Vul> + Vx)u?)dx <C < +oo.  (2.16)
J= 0):/ J= 02]
Combining (2.11), (2.13) and (2.16), we can finish the proof in this case.
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2.3. Case3:y>2and (4—n)/2 <B <+o0

Let u € E\{0} satisfy |lul| < 1, denoting =; £ {x € R? : 2/ < |x| < 2/} for every j €
N+ U{0}. Assume (2.11) and (2.12) still to be satisfied in this case, for a constant R > 1 chosen
later, we let ¥ be a cutoff function given as in (2.3). Suppose A1 > 0 to be the principle eigenvalue
of the Dirichlet problem (—A, H(} (B2(0))), for € > 0 in (2.1), we apply the Young’s inequality

to derive
/|V(wu)|2dx<<1+ )/w |Vu|2dx+<1+2> / u?| Vi |2dx

B>(0) B>(0) B> (0)

2\ C?
<1+ )/|Vu|2dx+<1+ )R2 /uzdx

B(0) B>(0)

€ 2\ C?
<14+-+(1+= Vul*d
< +2+<+6>A1R2/| ul“dx

B>(0)

<14+ 1+2 S
- €
- 2 A R?

if we chose the constant R’ = R’(¢, A1, C) > 1 independent of u € E large enough such that

14! 5C2 e
e M(RN? 2
The remaining part is totally similar to the proof of Case 2, we omit it here. Consequently, we
would finish the proof in this case.

Proof of (1.8) in Theorem 1.3. In summary, we have verified the validity of (1.8) in the Cases
1, 2 and 3, respectively. So, the proof is complete. O

Now, we end the proof of Theorem 1.3 by showing (1.9). For this purpose, with the help of
the density of Cgo (R?) into E (see the Appendix A), we shall combine (1.8) and the Young’s
inequality to receive this goal. Consequently, we derive the following

Proof of (1.9) in Theorem 1.3. Forevery a > 0 and u € E, there exists a function ug € C3° (R?)
such that ||u — ug|| < a~!/2. Moreover, u? < 2(u — ug)> + 2u(2). By choosing R > 0 to be such
that suppug C Bg(0), then

/Qﬁ()c)(e‘)‘”2 — Ddx < / Q%ﬂ(x)(eza(”f"())zezaug — Ddx
RZ

< 2/Q (x)(e4a|\u MOH (lu— M()l /Nlu— MO”) l)dx+ / Q (x)(e40lu0 l)dx
BR(O)

224



L. Shen, V.D. Radulescu and M. Yang Journal of Differential Equations 329 (2022) 206-254

2
dafugls, < 400,
2 2

where we depend on the fact that 4 ||u — ug||> < 4 < 4 in (1.8). The proof is complete. [
After showing the proof of Theorem 1.3 successfully, we turn to the proof of Theorem 1.2.

Proof of Theorem 1.2. If (K) holds, proceeding as [5], we would omit the proof of E, —
Lg,ﬁ (Rz) with (4 — )/2 < p < +00. Now, we would suppose that (K) holds. For this goal,

if u,, — u in E, we aim to conclude that u,, — u in L*?/4=1(R?) after passing to a subse-
quence if necessary. As we know, u,, — u in L*P/¢~1 () for every bounded domain  c R2.
We just need to obtain that u,, — u in L4p/ (4_M)(Bfe (0)) for some sufficiently large R > 0.
Without loss of generality, we assume that u = 0 for simplicity. To end it, we split it into three
cases.

(i) Proceeding as the Case 1 in Section 2.1, we only consider 0 <y <2 and (4 — u)y /4 <
B < 400. We recall the process in Section 2.1 to derive

14 C, |xx|”
Y /V(x)u%lxyk(x)dx.

_4 Ap _4
/ Q7 (O up|Frdx <bTr Y VI
Ko (L4 Cplal®)™ .

A3,
Letting 0 — 400 and ||u,,||> < C < 400 uniformly in m € N7, there holds
4 Ap 4 5 4 2 4
Q41 (X)|up|*rdx <b*¥1B,0 [ V(X)u,dx <b* B, ||lup||~ <b*rCB,v.
B3, By
In view of (2.10), for all ¢ > 0, there exists an integer mg > 0 such that
4 Ap
/ Q1 (X)|upm|**dx <&, Ym = myq
B3,

yielding the desired result since € > 0 is arbitrary.
(ii)’ We still exploit the ideas in Section 2.2, then

4
4 Ap b
/Q4—u(x)|um|4—udxsm/|(um>,|4 idy=briC /'<“m>,|4 rdy
_ 2

where () ; = u(2/y) and C; satisfies (2.15). Let’s observe that H!(Zo) < L*P/4=1) (%)
because 4p/(4 — n) > 2, there exists a constant C > 0 such that

2p

4—p Ap 4 2 2 =i
/Q () um|*rdx < Cb*1C; /[IV(um)jl + 1(um) 1" 1dx
i z

225



L. Shen, V.D. Radulescu and M. Yang Journal of Differential Equations 329 (2022) 206-254

= CbTiC (/nwm + 27 | 2 ]dx)

J

2p

2p
47
Cbﬁcf-</[lw,,,|2+16a‘V(x)|um|2]dx> M

Zj

IA

2p
chrac (/nwm V)it ]dx) B

]

IA

which together with the fact that the map s — s2/4~1) is super additive indicates that

Z/Q ()l | P dx < CbT ﬂZC (/[|Vum|2+vu)|um| ])

102

Recalling that (2.15), for all & > 0, there exists a jo € N such that

2p
4 —i
Z/Q i (x)|um|4 ”dX<Cb47 Z </[|Vum|2+v(x)|um|2]) ;
J=Joy J=Jo z;
4 4p
< Ch* i flup||*+e

yielding the desired result since € > 0 is arbitrary.
(iii)’ Since X is bounded, we can exploit H 1(230) under the norm |V - |, to obtain

2p
I
/Q | i dx < BT uc /|(um)J|4 7 dx < Chb¥iC </|V(um)J 2dx> "
o
2p 2p
4 2 —1 L d—n
=Cb4MCj</|Vum| dx) < CbT (/ Vit 2+ V (3 1t ] ) .
xj zj

The remainder is totally similar to (ii)’, we omit it here. So, the proof of Theorem 1.2 is fin-
ished. O

3. The existence result
In this section, we try to investigate the existence of nontrivial solutions of Eq. (1.1). To this
aim, the critical point theorem introduced in [10,29] will be used to search for the existence of

solutions.
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Proposition 3.1. Let (X, | - || x) be a real Banach space and ¥ € C' (X, R) satisfy the condition

inf W(u) > 0 > n =max{¥(0), ¥(y (1))}
{ueX|llullx=p)

for some constants o,n and p > Q0 with ||y (1)||x > p and y given by (1.14). Let ¢ > o be char-
acterized by (1.14), then there exists a sequence (C). sequence {u,} C X of V.

Firstly, we formulate the functional setting for a variational approach to Eq. (1.1). Since the

nonlinearity f satisfies (1.2), f(0) =0 and (f}), for fixed « > «p, ¢ > 1 and for all ¢ > 0 we
have

[f ()] <e?ISI “ 4 Clang.o)lsli! (e @’ _1), Vs eR. (3.1
As a consequence of (1.11), there holds
|F(s)| <8|S| +C(a q, 8)|s|q(e°” — 1), Vs eR. (3.2)

Given a function u € E, by (1.4), we utilized (3.2) with « > «g and g > 2 to obtain

4—p

/nxr” £ (Q(0)F ()] Q) F (w)dx < C</ QMx)Fﬂ(u)dx) -
RrR2 R2

T; 4 4—p 4_TM
< (/Q 7 ()| P (o2 1)dx> (/ w7 (o)l w'2dx>
R2
4 i
20/ 4 dav 2 2v
<C(/Q F (0)u| ) (/Q“(x)(e“” —1>dx> + Cllu
RZ
4%“
<C||u||2q( / Q77 (x) (et —1>dx> + Cllull*™* < +o0, (3.3)

where we have exploited Theorem 1.2 and (1.7) together with v > 1 and 1/v + 1/v" = 1. Conse-
quently, the functional J defined by (1.10) is well-defined and J is of class C'.

From now on, for simplicity, we rewrite the assumptions in Theorem 1.5 in this paper as
follows

(H;) Let (K) with V and Q being radially symmetric, or (K)’, hold true;
(H,) f satisfies (1.2) and (f1) — (fs) with é € (0, 1) in (f2);
(H3) f satisfies (1.2) and (f1) — (fa) with § =0in (f2);
(Hy) f satisfies (1.2) and (f1) — (f3) with (f5).
Now, we show that the functional J defined by (1.10) possesses the mountain-pass geometry.

Lemma 3.2. Suppose that (H) and one of (H3), (H3) and (Hy) hold true, then
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(i) there exist o > 0 and p > 0 such that J(u) > o for all u € E with ||lu|| = p;
(ii) there exists a function e € E with |le|| > p such that J(e) < 0.

Proof. (i). In view of (3.3), we can proceed as [7, Lemma 3.1] to get the desired result.

(ii). Obviously, we would deduce that limjs— o F(s)/s = 400 either from (fs) or (f5s).
Let’s choose a positive function ¥ with support in B;(0) belonging to C2° (R?). Since Q; =
minyep, o) @(x) € (0, +00), by means of the Fatou’s lemma, we obtain

2
. ( QOUITUV) ”dy) Q) F(ry (¥))dx > %( /
t [x — y|H 2

B1(0) B1(0) B1(0)

E@y)
1y

2
Iﬂdx> — —00

yielding that lim,_,  », J(fu) = —oo. We’ll finish the proof by letting e = #yp1 with a large 7y >
0. O

As a consequence of Proposition 3.1 and Lemma 3.2, we obtain the existence of (C) sequence
of J at the level ¢ defined by (1.14), that is, J(u,) — ¢ and (1 + |uy DI @n)l|g-1 — 0. To
restore the compactness of {u,}, we firstly derive the upper estimate for the mountain-pass level
c. With this aim in mind, we shall deal with it by ( f3) — (f1) and (f5), respectively. Inspired by
[4,7,9,15,16], we consider the Moser sequence defined by

Vlogn, if0<|x| <1

_ 2 log(a)) .o
Wy (x) —m Togn if - < x| <1,
0, if x| > 1.

I(_Zlem)ma 3.3. Suppose that (H1) and one of (H5), (H3) and (Hy4) hold true, then 0 < ¢ < c* S
iy
200

Proof. It follows Lemma 3.2-(i) that ¢ > 0. Thanks to Lemma 3.2-(ii), we shall easily conclude
that ¢ = inf, er max;e¢(0,1] J (y (t)) < inf,cp\(0y max,~o J(fu). As a consequence, it suffices to
derive that there exists a function w € E\{0} such that max,~o J(fw) < ¢*. Proceeding as [7],
we obtain

1w, = / VW, [>dx + / V() [Wa|2dx =1+ / V (x)[W,|2dx

B1(0) B1(0) B1(0)
1/n 1 5
1 1
51+A/rlogndr+A/Mrdr:l—}—&,l,
logn
0 1/n

where A > 0 is a constant given by (K) or () and

R 1 1 1
S 2 A — ——=)>0. 34
4logn  4n’logn  2n?
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Then, we set w, = W, /+/1+ 8, € E\{0} with ||w,|| < 1. We claim that there is a n € N* such
that

max J(twy) < c*. (3.5)
>

Otherwise, for all n € NT, there exists a t, > 0 corresponding to the maximum point of
max;so J (fwy)

(J' (tawy), taw,) =0and J (t,w,) = maéi J(@wy) > c* (3.6)
1>

in which of the first formula together with |jw,| < 1 implies that

2> / (X177 5 (Q) F (tywn)) Q6 f (tn )ty wndx. 3.7)

Since F'(s) > 0 for all s € R, we infer from the second formula in (3.6) and ||w,| <1 that

2

t;>2c" =4 — wm/ag, ¥ne NT. (3.8)

If (f3) and (f4) hold true in (H>) or (Hj3), for all ¢ € (0, Bp), there is a constant R, > 0 such that
F©) ()5 = My (o — £)s"F1e20%% Vs > R, (3.9)
Notice that minxeBl/n(o) Q(x) = min,ep, (0) Q(x) = Q1 > 0, by (3.7), (3.8) and (3.9), we obtain

2> 01 / ( / Mdy)f(tnwnm)tnwn(x)dx
|x — y|#
B1/n(0)  By/n(0)
—F< Jlogn )f(t Jlogn ) logn / /
"V T+6, ) "V JT+6, ) " 2n T8,

B1/n(0) B1/x(0)
941

1 = B 3
> My (Bo —s)t,?H(iOgn ) <e“’°’ 7 ()~ llog")%IBl/n(O)F

~

Ix— I“

27‘[(1 +5n)
2 1 %
_ 27;4 (Bo — &)t z9+1<2 T )) e[aot,,n—1(1+6n)‘ —(4- u)]logn+ﬂ+l 1og(logn) (3.10)
T n

By (3.8) and (¢ + 1) log(logn)/2 > 0, we can deduce that

9+1

72 1 7
(1 —1v)logt, ZlOg[—(ﬁO—5)<m> ]
+ [aot2n ' (1 +8,)7" — (4 — w)]logn. (3.11)

If {z,} is unbounded, up to a subsequence if necessary, we can assume that 7, — +o00 and then
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941

a=9logty _ o [7> (1 7
2 1Og[ZMo(‘gO £)<2n(1+8n)> }
+laor A+ 8,)7" — 1,24 — w)]logn

which together with 6, — 0 in (3.4) yields a contradiction if we tend n — oo. Thereby, passing
to a subsequence if necessary, there exists a positive constant 7 such that

lim t,% = tg >4 — wmr/ag,
n—oo

where (3.8) gives the inequality. Moreover, we conclude that tg = (4 — w)m/ap. Otherwise, we
obtain a contradiction by letting n — oo in (3.11). Let’s tend n — o0 in (3.10), there holds

2 241
_ _ 2 T _ T+1 L 2 : Mlog(logn) _
@ —pm/ag =15 > _2MO (Bo 8)to (27_[) nlirgoe 2 = +o00,
a contradiction. So, (3.5) holds true.
Next, we suppose (H3) to verify that ¢ < ¢* still holds true. In view of Remark 1.10, the
constant S 1.q defined by (1.16) can be attained by a nontrivial ¢ € E, that is,

111> =Sy.q and /[IXIf" *(Q)[YIDIQM)|Y|dx = 1. (3.12)
]RZ
Since 2g > 4 — u > 2, it’s easy to prove that lim;_, 1~ J (1) = —oo which indicates the exis-

tence of a sufficient large 79 > 0 such that J (toy) < 0. Thus, yy(¢t) = tt9y € I'. It follows from
the definition of ¢ given by (1.14) that

c < max J(ttpy) < max J(ty),
te(0,1] te(0,+00)

which together with ( f5) and (3.12) gives that

’

2 1/(g—1

¢ < max —Su’q - &tzq = @ = DS (45uq e < 7(4 — W =c*
t€(0,+00) 2 2q2 2q Cé 20

where the constant C; > 0 comes from ( f5). The proof is complete. O

Before investigating the boundness of the (C). sequence {u,} C E, we shall establish the
following lemma which is very significant in the present paper. We emphasize here that this
lemma does not require the assumption that {u,} is a (C). sequence. Thereby, it can be regarded
as an generalization to [7, Lemma 2.4].

Lemma 3.4. Suppose that (H1) and one of (H»), (H3) and (H4) hold true. If {u,} C E satisfies
U, — ug in E as n — oo and there is a constant Ko > 0 such that

sup /[IXI_“ * (Q()F (un))]Q(x) f (un)undx < Ko. (3.13)

neN
R2
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Then, going to a subsequence if necessary, there holds

nli)rgo/[lxl_“*(Q(X)F(un))]Q(x)F(un)dx
R2

=/[|x|_“*(Q(X)F(uo))]Q(X)F(uo)dx-
R2

(3.14)

Moreover, for all y € Ci° (R?), going to a subsequence if necessary, we can conclude that

lim / [ 5 (Q) F ()] Q(x) f () Yrdx
]RZ
=/[IXI7”*(Q(X)F(uo))]Q(X)f(uo)lﬁdX-
RZ
Proof. Combining (3.13) and the Fatou’s lemma, one has
/[IXI_“ * (Q(x0) F(u0)]Q(x) f (uo)uodx < Kp.
]RZ

In view of (f3) in one of (H>), (H3) and (Hy), it follows that

. (s) . My
0< lim < lim ——
s—>+00 f(s)s ~ s—>+oo g0+]

=0
and for all ¢ > 0, there exists a constant s =5(&) > 1 such that

F(s) <ef(s)s, Vs=>5%

which together with (3.13) and (3.16) gives that

SugI / (x| % (Q(X)F (up))1Q(x) F (uy)dx < Koe
ne

[tn|=5

and

/ (x|~ % (Q(x)F (u0)1Q(x) F (ug)dx < Koe.

lug| =5
Let’s define
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O, = / (x| (Q0) F (un)1Q(X) F (un)dx

[un|<s

/[IXF" * (Q)F(un))]Q () F () X{ju, | <51 X

R2

Z/[IXI_“*(Q(X)F(un)X{|u,,\<§})]Q(X)F(un)dx=/Q(X)EnF(un)dx
R2 R2

and similarly
O £ / [|x|_“*(Q(X)F(uo))]Q(X)F(Mo)dx=/Q(x)ifoF(Mo)dxv
luol <5 R?

where

Q(y)F(un)X{lu,,kE} dy, x €R2
lx — y|#

En(x) £ 17 % (QO) F (un) X{juy| <5)) =
R2

and

VF (0) X{juo| <5}

P dy, x e R%.

_ oy
£0) 2 1 5 () F o)) = [
RZ
Claim 1. {£,} is uniformly bounded in n € N and &, — & a.e. in R
Verification: Let ¢ = 1 and ¢ =1 in (3.2), then there exists a constant C(s) > 0 such that
|F(s)] < C@)Is| 772, Vls| <5, (3.19)
Combining the Holder’s inequality and (3.19), we obtain

TN = 1 ==
1€, ] < < / |Q()’)F(M;1)X{|u,,\<§}|2’“ dY> < / ﬁdy>
lx —yl[™2

lx—yl=1 lx—yl=<1

wiogy) LR R
+( / | Q) F () Xfjuy| <5} y) </ m)’)

lx=y[>1 lx—y[>1

4 2u/(2+wp)
< <—) b max F (s)
2—u Is|<5

< Lz 2m \FF =~ BRI T
+C(s)b@-w >4 QT (x)|up | ¥7# 16C-m dx
— @

R2
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4 \2/CH0
< <—> brr max F (s)
2—u Is| <3

B

_ 2 5 2T I—n 4—p
FCCEPT (57 )l < < oo,

where we have exploited Theorem 1.2 because (4 — w)3/[16(2 — )] > (4 — w)/2. Then, we
will deduce that &, — & a.e. in R2. Recalling that {|u,]/} is bounded, there is a constant C, €
(0, +00) such that [Ju, || 4=/ + |Jug||¢—H/% < C,. As a consequence, for every R > 0, we
shall apply the Holder’s inequality and (3.19) again to derive

(S}
®I=®

+

241
16n — 80l = ( / | QOIF @) Xiug) <5) = F(”O)X{|u0|<s}]|2+"dy)

[x—y|<R
21
1 g
([ o)
wyi<r X VI
22—
4—p 4—
+ ( | QDLF () Xfjuy | <5y — F (140) X{juo) <5}1| Z) dy)
lx=y|>R
L\
% -
( / |x — yl4=r y)
[x—y[>R
477 RQ—m)/2 /D) e
< <4> b@mw2+m C(s)
2—p
2—p
4 4 G-l T
x /Q“’“ () |up —uol*=r 8@=mdx
]RZ
u? 2 4L
" - 0 4 4
Dpe—w? [ — 2 7
+CCEDbGn ((Z—H)R2/t> (luall 2" + lluoll 27).

Because (4 — M)Z(Z 4+ w)/[8(2 —w)] > (4 —w)/2, we can let n — oo in the above formula by
Theorem 1.2, and then the claim would be true by tending R — oo.

Claim 2. ©®,, — ©( as n — 00.

Verification: Because u,, — ug in E together with (4 — 1)>(2 + 1)/[82 — )] > (4 — p)/2
and (4—u)3/[16Q2—w)] > (4—p)/2, up to a subsequence if necessary, combining the Lebesgue
theorem and Theorem 1.2, there exists functions g, i € L! (]RZ) such that

4 4 @-pletw 4 4 4w N
Q41w (x)|uy|4+ 32w <|g|and Q%+ (x)|u,|*+ 16C-w < |h|a.e.in R”. (3.20)

Arguing as in the proof of Claim 1, we have that
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2w\ T 1 b=
|éfn| = < / |Q()’)F(un)X{|un<s}|2Mdy) < / —Mdy)

— v
l—yl<1 x=yl=1 XY

2Q2—p) _n

agy) ! av) "
+< / | Q) F () X{juy| <5y y) </ W)’)

le—yl>1 le—yl>1

[N]

—u

dr \PMOHW e 4 4 @-ptew T
< 2— b G=w2+r) C(S) Q d—pn (x) |un | 4—pn 82— dx
—
RZ

u ) 22-p)

27 LT 4 4 (-’ =
+ (2 ) b ¢-w? C(§)(/ Q41 (x)|up |4+ '6(2—/1>dx) . (3.21)
— MK

]RZ

It’s simple to observe that
1Q ()& F (tn) X{ju, | <s5}| < blrr}avg F(5)[&n]
sS|I<s

which together with Claim 1, (3.20)-(3.21) and the Dominated Convergence theorem yields that

nl_i)ngo/Q(x)%_nF(un)X{\u,,kﬂdx=/Q(X)EOF(MO)X{|u0|<§}dx- (3.22)
R2 R2

In view of (3.17)-(3.18), we apply (3.22) to deduce that
lim |®, — O]
n— o0

=lim’ / O () F (i )dx + / Q)& F(un)dx

n— 00
lun|=5s lun| <5

- / Qx)& F (up)dx — / Qx)& F (uo)dx

luopl=5 lupl<s

52K0€+,,11§20' / Q)& F(uy)dx — / Ox)éo F (uo)dx

lun|<s luol<s

=2Koe +nli>ngo‘/Q(x)%—nF(un)X{u”<s}dx _/Q(x)é()F(MO)X{lu()kE}dx
R2 R2

=2Kpe
showing the Claim 2 since ¢ > 0 is arbitrary. In consideration of the given ¢ > 0, there is a
sufficiently large no € N such that |®, — ©g| < ¢ for all n > ng. Now, as a consequence of

(3.17)-(3.18),
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’/[IXI“*(Q(X)F(un))]Q(X)F(Mn)dx
R2
—/[IXI_“*(Q(x)F(uo))]Q(X)F(uo)dx
R2

< /[IXIf“*(Q(X)F(un))]Q(X)F(un)dx

lun|>5

+ /[IXI_”>l<(Q(X)F(Mo))]Q(X)F(uo)a’ﬁC

lupl=5

+

/ (x| % (Q) F (un )1 Q(xX) F (un)dx

lun|<s

— /[IXI_"*(Q(x)F(uo))]Q(X)F(uo)dx

lupl<s

< (Ko + l)e, Vn > ny.

So, (3.14) holds true.
For all ¢ > 0, denoting s, 2K+ 1)|¥|00, by means of (3.13), one easily observes that

/ |Ux ™ % (Q) F un)1Q (x) f (un)¥r|dx

[tn|>se

(3.23)
—I
< Kor1 / x| % (Q(x) F(un)]Q(x) f (un)undx < e.
[ttn ]| >se
Similarly, in view of (3.16), there holds
x|~ % (Q(X) F (uo)1Q(x) f (uo) ¥ |dx < e. (3.24)

[t |>5¢

Define © £ supp v/, then |Q| < 4+00. Combining (3.23) and (3.24), we have

'/[le_“*(Q(X)F(un))]Q(X)f(Mn)tﬂdx—/[IXI_“*(Q(X)F(Mo))]Q(x)f(uo)lﬂdx
R? R?2

= ‘/[IXI_“*(Q(X)F(un))]Q(X)f(un)llfdx—/[IXI_”*(Q(X)F(uo))]Q(X)f(uo)l/fdx
Q Q
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528+‘ / [xI™H % (Q() F un))1Q(x) f (un)Yrdx
QN{luy|<se}

- / [x ™ % (Q() F (u0)1Q (x) f (uo)Yrdx

QN{|ug|<se}

k]

=2e+' / Q(x)&, F(un)dx — / Q)& F (up)dx
Q Q

where

&, 2 X7 % (QQO) f U)W X(juy| <5e) and Eg = x| 5% (Q(x) f 0)Y X{jug|<ss)» X € Q.
To arrive at (3.15), it suffices to show that Q (x)&,, F (u,,) — Q(x)&,F (ug) in L' () for every
fixed ¢ > 0. Since |Q| < 0o, going to a subsequence if necessary, u,, — ug in L>(2), there exists

a function ¢ € LI(Q) such that |u,,|2 < @ a.e. in . Similar to (3.19), there exists a constant
s > 0 such that

£ ()] < Cse)Is|FH2 V]| < s (3.25)

Combining (1.11) and (3.13), we apply the Cauchy-Schwarz inequality in [23] and (3.25) to
obtain

‘ / Q(x)&,, F (up)dx
Q

1

1 2
<K; ( / ol ™ (Q () f W)V X(juy|<s5:)1 Q) f (unWX{un«e}dX)
Q
1 1 ZTTM :
< Kgbc(se)||un|(2_m/21/f’4/(47u) < KgbC(sg)</|un|2dX> (/lwlzdx>
Q Q

< KgbC(sg)( / godx) ( / |w|2dx)
Q

Q
indicating that_{Q(x)EnF (up)} is uniformly integrable on 2. Proceeding as the Claim 2, one
derives £, — & a.e. in Q2. Consequently, we can exploit the Vitali’s Convergence theorem to

conclude that Q(x)&, F (u,) — Q(x)&(F (up) in LY() for every fixed & > 0. The proof is com-
plete. O

Now, we begin to verify that any (C). sequence {u,} C E of J is bounded.

Lemma 3.5. Suppose that (H) and (Hjy) hold, then any (C). sequence {u,} C E of J is
bounded.
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Proof. Let {u,} C E be a (C), sequence of J, thatis, J (u,) — c and (1 + |lu, DI J' @)l -1 —
0

1 1
Ellunll2 —3 /[IXI_“ * (Q)F (un)1Q(x) F (up)dx = ¢ + 0, (1) (3.26)
R2
and for all {y,} C E, there holds

(un,l/fn)—/[IXI_“*(Q(X)F(un))]Q(X)f(un)l/fndx < on (DYl (3.27)

RZ

where 0, (1) — 0 as n — oo.
Without loss of generality, we can suppose that u, # 0. Inspired by [12], we let v, £
F(uy)/f(uyn). Since {u,,} C E, by using (1.11), one has

/V(x)w,fdx S/V(x)uﬁdx < 400
R2 R2

and the computation Vv, = [fz(u,,) — F(un)f’(un)]Vun/fz(un) with (f2) gives that

/|an|2dx§(1 —8)2/|Vun|2dx§/|Vun|2dx < +o0.
R2 R2 R2

So, {¢¥,} C E and can be applied in (3.27). Moreover, by (f2) and (1.12) it’s easy to calculate
that

_ [ ) = Flun) f'un) o F (up)utn . )
<un,wn>—/[ ) Vial* + V)= }dxf(l 8)lluenl

RZ
which together with (3.26) and (3.27) indicates that

lunll* < 2¢ + 0n (1) + (s Y) + 0n (Dl | < 2¢ + 04 (1) + (1 = 8) |t | + 00 (1) 1],

where we have used the fact that ||, || < ||lu,||. Because § € (0, 1) in (Hj), we derive that {||u, ||}
is bounded. O

Lemma 3.6. Suppose that (H) and (H3) hold, then any (C). sequence {u,} C E of J is
bounded.

Proof. We argue it by the contradiction and assume, up to a subsequence if necessary, that
lluy || = oo. Define v, = ou,/||lu,|| with o = 4/c + c*, according to Lemma 3.3, then we have
that

2 < ol =02 =c+c* <2¢" =@ — p)m/ap. (3.28)
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Thereby, we shall chose o > « sufficiently close to «g and v > 1 sufficiently close to 1 in such
away that 1/v+1/v' =1 and

4o vy |I?

2 < 47 (1 — €) for some suitable € € (0, 1). (3.29)
—M

With this choice of « > ap and v > 1, combining (1.4) and (1.11), we apply (3.1) and (3.29) to
derive

4;“-
/ x| % (Q() F (un))]Q(x) f (un)vndx < c( / Qﬁ(x)(f(vmn)ﬁdx) i
2 RZ

4—p

4av\|vn|\ 2 v 3.30
<C|lvg ||q</Q 7 (x) (e @i/ on ) 1>dx) + Clloa|** (-30)

< CGZQSE(FG) +Co 7 < o0,

Going to a subsequence if necessary, there exists a function v € E such that v, — v in E. We
claim that v # 0 in R?, otherwise, we should suppose that v = 0 a.e. in R%. By means of (3.14)
and (3.30),

nli)n'olO/[lxl_M*(Q(X)F(vn))]Q(x)F(Un)dx=O
2

which indicates that

02 O'2
Jim J () = —- — lim (X" * (Q0) F (va))1Q (%) F (vp)dx = 5 (3.3

Since ||uy,|| = +00 as n — 00, o/|lu,| € (0, 1) for some sufficiently large n € N. It’s clear to
compute that max;e(o, 17 J (tu,) can be achieved at some 7, € (0, 1] and then (J' (t,uy), thutn) = 0.
Thereby, it follows from (1.13) that

J(vp) = J(U”un”_ up) < rr%ax J(tuy) = J (tyuy) = J (tyun) — ! <J (tattn), thltn)
= E /[|x|—li * (Q(X) F(tqaun)1Q LS tnun)tytty — F(thun)ldx

1
=3 /[IXI*“ * (QO)F un))QOLSf (un)un — F(un)ldx
2

1
=J(un) — E(J/(”n)»un>- (3.32)
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Let’s recall that {u,} is a (C). sequence of J, taking the limit » — oo in (3.32), we would
conclude that 02 < 2¢ by (3.31), a contradiction to (3.28). Consequently, v # 0 in R? and then
there exists a constant R > 0 such that Bg(0) N Y admits positive Lebesgue measure, where
T £ {x € R%|vu(x) # 0}. Since ||u,|| — 00, one knows |u,| — oo on Bg(0) N Y. It infers from
(fa) that F(u,)/|u,| = 400 as |u,| — 0o. Let’s denote QminRr £ minyepgg ) > 0 by (H), then
via the Fatou’s lemma, we have

/[IXI 5 (QX)F (up)1Q(x) F (uy)dx

[ nll2

:/< QN Fua(y)) , )Q(X)F(un(X))dx

lx — y[*flun |l flun |l
RZ
Q F(u 2
> ZminR / ( n)|vn|dx — 400 as n — 00.
2RM |un|

Br(0)NT

Recalling that {u,} is a (C). sequence, then

J
0 = liminf (u n; < — —limsup 5
1= upl2 =2 nmoo llunll

/[IXI Hx (QO)F un)Q() F (un)dx = —

a contradiction. The proof of this lemma is now complete. 0O

Proof of Theorem 1.5. By the discussions above, there exist a bounded (C). sequence {u,} of
J and a function ug € E such that u, — ug in E in the sense of a subsequence. Moreover,
let us chose {,,} to be {u,}, there exists a constant Ko > 0 such that (3.13) holds true. Since
Cy° (R?) is dense in E, one knows that J' (o) =0 by (3.15). Now, we would affirm that uq # 0.
Otherwise, thanks to (3.14) and (3.26), we apply Lemma 3.3 to obtain limsup,,_, , [|#» ||2 =2c<
2¢*. Proceeding as (3.28), (3.29) and (3.30), we can obtain a constant Ko > 0 such that

sup / 17 % () f n)tn) ] Q) £t Yndx < Ko, (3.33)

neN
R2

By using (3.14) again, we use (3.33) and the Cauchy-Schwarz inequality in [23] to have that

’/[IXI_“ * (Q(X)F (un))10Qx) f (upn)undx
2

1

=< (/[IXI_” *(Q(X)F(un))]Q(x)F(”n)dx>2
2

1

X </[IXI_“ *(Q(x)f(un)un)]Q(X)f(un)unch>2
R2
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1

Sfo(/[IXI”>*<(Q(X)F(un))]Q(X)F(un)dX>2 -0
R2

which together with (J'(uy), u,) — 0 yields that ||u,| — 0. Thus, ¢ = lim,—, o J (1) = 0, vio-
lating to Lemma 3.3. So, ug # 0 and it is a nontrivial solution of Eq. (1.1). If § = 0 in (f>), by
(1.11)

1
¢ =liminf J (u,) = liminf[J (u,) — = (J (u,), u,)]
n—>00 n—>00 2

1

=3 lilrgicgf/(lxl_“ * (Q()F(un) QLf (un)un — F(un)ldx
R2

1 1
z3 /(IXI_“ * (Q(X) F(10)) Q) f (uo)uo — F(uo)ldx = J (uo) — EU’(MO), o)
R2

= J(uo)
which completes the last part of the theorem. O
Next, we are concerned with the proof of Theorem 1.7.
Proof of Theorem 1.7. Since ||u|| <liminf,_, « ||u,|| = 1, we can split the proof into two cases.

Case 1: |lu|| < 1. Arguing it by contradiction that for some 0 < p1 < Pg, (1), where Py, (1) is
given by (1.15), there holds

sup / Qﬁ(x)(empl\unlz — 1)dx = +o0. (3.34)
neN]R2

In light of a constant L € (0, +00) which is determined later and v € E, set

L, ifv>L,
Gr(v)=13 —-L, ifv<—L, and Tp(v) =v—Gp(v).
v, if [v| < L,

Plainly, there exists a constant ¢ € (0, 1) such that

p1(1 —|—s)2 < —.
1—Jju|?

Obviously, |G ()| — |lu|| as L — 400, then one can choose a sufficiently large L > 0 such

that

1

l4ele— 1+
Pi( 1= 1GLw)|

(3.35)

We claim that
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lim sup / [VTL(un)|* + V (I TL (un) [*1dx < (3.36)

n—o00

R2

1
pi(l+e)
Suppose that (3.36) doesn’t hold, then going to a subsequence of {77 (u,)} if necessary, we have

2_ 2 2 1 +
I T2 (un)l —/[IVTL(un)I + VOITL (un)|")dx = PGS VneN
R2

which together with the facts 77 (u,)Gr(u,) > 0 and VT (u,)VG(u,) =0 yields that

1= Jlunll? > ITL ) I* + G L) > +1GL )l

pi(l +¢)?

Since {G (u,)} is bounded in E and G (u,) — Gr(u) in E, by using the above formula, we
derive

1
prl+e)]’z ——0s
L= IG L)

which is in contradicts with (3.36). So, (3.36) holds true. Up to a subsequence if necessary, we
can suppose that 47 p (1 + 5)2|| T; (u,,)||2 < 4y for all n € N. In view of (1.8), we obtain

sup / Q7 (x) (VP 1+ =L 1y
neNQ
"t (3.37)

< sup / 077 (x) (4P 1+ I TL @) IPATL @) P/ITL @) Z 1)y < 4oo,

neN
R2

where Q2 1, 2 (x eR?: |uy(x)| > L}. By means of Theorem 1.2, we derive

4 1 4 Clun* C
Q. 1lon £ / QT (x)dx < — / TE g Pdx < —5— =5 <400, (338)
Q Q

n,L n,L

where C > 0 is a constant dependent of n by the imbedding of E — LZQ,L (R?). To get a contra-
diction, let’s write

/Q%M(x)(e“”p‘l""lz — Ddx = / 0F7 (x) (e 1)dx
R2 s

n,L

_4 4 2
+ / QT (x) (e*Prunl” — 1)dx.
L

Combining (3.37) and (3.38), we apply the following two type Young’s inequalities
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lunl? =y — L+ L1> < (1 +&)|uy, — LI> + (1 + e H|LJ?

and

1
ab—1<
1

e _ 1), Ya.b>0
Jrg(a )+1+8( ), Ya,b>

to conclude that for alln e N+

/ Q%ﬂ(x)(eﬂﬂpllunlz —1dx < / Qﬁ(x)(e4ﬂp1[(1+8)|un—L|2+(1+8_')|L|2] — 1dx
Qn,L Qn,L

/ 077 (x) (¥ 1+ ~LP _ 1y

Qn,L

4 _
p: / QT () (et (IR

Qn,L

_1+

drpy (1+e)*up—L1> _ dx

Qn,L

£ 2.-217 12
+ m(e4ﬂpl(l+£) e*|IL|* _ D)|Qn.1lon < C < 400.

On the other hand, in view of Theorem 1.2, we have that for all n € N*

/ Q“%"(X)(e“ﬂpllunl2 — Ddx = / Qﬁ(;g)(g“’””"“"'2 — 1)dx

Q;.L {lun ()| <L}
4 A @api LY u
= [ oty SEE
{lun ()| <L} =1
4 LZ)J %%‘
T i —h
=y ety e s
j=
o] N o] 27
47 pi L2 4 pi L2
<c|"n sza—zzwZCL_2(64H,,1L2_1)SC<+OO_
L ot j! ot j!

The above two formulas reveal a contradiction to (3.34). So, the theorem in this case holds true.
Case 2: ||u|| = 1. Since u, — u in E, one derives lim,_, oo |ty — u]|* = limy— oo [lun > —
lu||* = 0 which shows that u, — u in E. Recalling that the Lebesgue theorem, there is a function
v € E such that |u,| < v a.e. in RY which together with (1.7) yields (1.15).
Next, we turn to focus on the sharpness of P,,(u), that is, there is a sequence {u,} C E
satisfying |lu,|| =1 and u, — u # 0 in E such that the supremum given by (1.15) is infinite for
each p > Py, (u). To this aim, for some constants » > 0 and R = 3r, we define w,, (x) as

242



L. Shen, V.D. Radulescu and M. Yang Journal of Differential Equations 329 (2022) 206-254

2_%n%, if05|x|§re_%,
Ay 1 1 _1 . _n
wn(x)—E 22log(r/|x)n~2, ifre”? <|x|<r,
0, if [x| > r,
andu € E as
A, if0< x| < 3R,
us 1340 -5h, it 3R <|x| <R,

0, if |x| > R,

respectively. Here, the constant A > 0 is chosen in such a way that ||u|| =0 < 1. We set
u,=1—-0)"w, +u.

n

Let’s recall the constant A > 0 appearing in (K), it’s simple to compute that

.
) 1 1 2 (1
IVw, |“dx = — —dx = — —dp =1,
n |x|? n 0
RZ

re™% <fxl<r re? (3.39)
Anr?  Ar? 242n+2
os/V(x)@,,Rdx < 4”2 +4_r(2_ w) 25 > 0asn— oo,
e n e

RZ

Since B, (0) N BER/3 (0) =0 by R=3r,one has Vw,Vu =0 forall x € R? and then

/|Vgn|2dx=(1 —02)/|an|2dx~|—/|Vu|2dx=(1—02)+/|Vu|2dx (3.40)
R2 R2 R2 R2

It can be inferred from (3.39) and the Holder’s inequality that

[ Voo, Par=a-o? [ Veolw, P
R2 R2

+/V(x)|u|2dx+2(1—oz)l/z/V(x)wnudx
R2 R2

5/v<x)|u|2dx+[(1_02)+z(1_a2>1/201/2]§;/2. (3.41)
RZ

So, we can derive that [lu, || < 1 +[(1 —02) +2(1 —02) /26 1/215,/* £ 1 + 1, with T, — O by
(3.39). Actually, we’ll also verify that |lu, || — 1 via (3.40) and (3.41). Therefore, without loss
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of generality, we may suppose that ||u, || = 1 + z,,. Now, we shall define u, = u,/(1+ Ln)l/z.
Clearly,

lupnll=1and u, — u £ 0asn — oo.

As a consequence, for all &9 > 0 and p,, = (1 + &0) Py (1) = (1 +€0)/(1 — 02) > Py (1), we
obtain

/Qﬁ(x)(e“ﬂpsolun\z —Ddx = / Qﬁ(x)(e477(1+€0)(1—02)71IMn|2 — 1dx
R2

R2
4

— _ 2\ -1 _ L 2\1/2 2
>0 (AT +en) (=0 A+(I=o)! 2w, )2 _ )40
B,,—n/2(0)
4 2y-1 2
> Q;FM (6471C01A(1+60)(1*0 ) w,)” Ddx

B, ,—n2(0)

= 2y-1 2
> Qf Iz (e4ﬂCa,A(l+80)(1—0 )+ 1)|B, ,-n2(0)|

4
= nerff" (e‘L’TC‘f-A(”’SU)(]7"2)71(H\/ﬁ)2 —De™ — +ooasn — oo,
where Q1 =minyep, ) Q(x) > 0and Cy 4 = min{l — o2, Az} > 0. The proof is complete. O

As a by-product of Theorem 1.7, we will certify that the functional J satisfies the so-called
(C). condition, i.e. every (C). sequence {u,} C E of the functional J contains a strongly con-
vergent subsequence.

Lemma 3.7. Let (H ) and one of (H»), (H3) and (H4) hold true, then J satisfies the (C).
condition.

Proof. Let {u#,} C E be a (C), sequence of J, then {u,} is bounded by Lemmas 3.5 and 3.6.
Chosen v, to be u, in (3.27), we obtain (3.13). Passing to a subsequence if necessary, there
exists a function ug € E such that u, — ug in E. Thereby, according to (3.13), we derive (3.14)
and (3.15) by Lemma 3.4. As a consequence, we have that J'(ug) = 0 by (3.15) which together
with (1.11) indicates that

1
J(ug) = J(uo) — E(J/(uo), uo)

1
=3 /[IXIf“ * (Q () F(u0)1Q(x)Lf (uo)uo — F(uo)ldx = 0. (3.42)
R2

Since ¢ > 0 by Lemma 3.3, we only have to the following two cases.
Case 1: ug = 0. We apply (3.14) with ug = 0 and (3.26) together with Lemma 3.3 to obtain

limsup [|un||? = 2¢ < 2¢*.
n— o0
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Proceeding as in the proof of Theorem 1.5, one has ||u, || — 0 which is a contradict with the fact
that ¢ > 0.
Case 2: ug # 0. By the Fatou’s lemma, there holds

0 < lluoll < liminf]ju]|. (3.43)
n—>oo

Up to a subsequence if necessary, we define

A Un uo

V= ———
llun | limy, — 00 [|un ||

Un

Obviously, 0 < ||v]| <1 by (3.43). If ||v|| = 1, we have |u,|| — |lug|| which together with u,, —
ug in E yields that u, — ug in E. Thereby, the proof is finished. Let’s suppose that 0 < ||v|| <
1. In this situation, combining Lemma 3.3, (3.42), (3.26), (3.14) and the Fatou’s lemma, we
conclude that

)

uo

[l

2¢* > 2¢ > 2[c — J (up)] = limsup([lu, ||* — |luo|*) = lim sup ||un||2(1 — ‘

n—o0 n—oo

> (1 — [|v]|*) limsup [|uy |2
n—o0

which gives that

. 2 (4 —
limsup ||u, ||© < — .
n—00 ao(1 —v]*)

Then, we would choose o > o sufficiently close to «g and v > 1 sufficiently close to 1 in such
away that 1/v+1/v' =1 and

4 2 4n(l—e
o llunl < 7 2) £ 47 p,, for some suitable € € (0, 1),
4—n 1 — vl

where 0 < pe = (1 — &)/(1 — [|[v]|?) < Py, (v). So, by (1.15) and [u,|? = [lu[|*|va|?, we have
that

= &Wn'z = 47 pe |V, |2
sup | Q% r(x)(edn —Ddx <sup | QF#(x)(e™Pe!V"" — Ddx < 4o00. (3.44)
neNR2 neNR2

To finish the proof, we claim that

/[IXIf“ * (Q ) F (un))1Q(x) f (n) (un — uo)dx — 0. (3.45)
R2

Indeed, since (J'(u,), ug — u,) — 0, we apply the convexity of the functional I (1) £ |ju 12/2 to
get
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1
Elluollz = I(uo) = I (un) + (I' (), uo — )

1
= 5 ”"‘n”2 + /[V“nv(uo —up) + V(xX)u, (o — uy)ldx
R2

1
= Ellunll2 + (I (un), w0 — un) — /[IXI_“ * (Q)F (un))]Q(x) f (un) (un — uo)dx

which indicates that limsup,,_, . [y 12 < lluoll®. So, we derive u,, — uq in E by Fatou’s lemma.
The remainder is to verify the validity of (3.45). In view of (1.4), there holds

‘/[IXI“*(Q(X)F(un))]Q(X)f(un)(un —uo)dx
2

= CIQF ()] 4 1Q() f @)ty = uo)| s EXeN AN S

Combining (3.2) and (3.44) together with Theorem 1.2, one sees that

n )4 * <C/Q4 () |up |4 ”“(64 ahnl® _ l)dx+C/Q4 w(x)|up |4 m ;”“ dx

<C</Q 7 () it | 22 “)_/</Q 7 () (e 2l 1)dx>;+cnun||2

= 0 (x) (el ' 2.
< Cllugll&=={ [ @F )+ —Ddx |+ Clluy||” < C < +o0.

R2

On the other hand, forall e >0and g =v' > (4 — w)/2 (& v=¢q/(g — 1)) in (3.1), by (3.44),

2 _4 i 4(11 1) 4o
U <C / 27 () un — w0 77 i ET (T — 1)dx
R2
2
22— 4 2 4—n
T ellun ) ( / 07 ()t — uol dx)

R2

gq—1
(/Q 7 ()it — ug) 7 ) </Q F ()i |7 (55 "—1>dx> ’
+e||un||2(42+u”(/Q4 7 ()it — o) dx)

RZ

.;;
[N

—
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Letting n — oo by Theorem 1.2 and then & — 07, hence an — 0. Combining the above three
formulas, we can get (3.45). The proof is complete. 0O

With Lemma 3.7 in hand, arguing as the proof of Theorem 1.5, it’s simple to prove Corol-
lary 1.8 and Theorem 1.9, respectively. So, we omit the details.

4. Bound state solution

The aim of this section is to verify that the nontrivial solution ug € E obtained in Theorem 1.5,
or Corollary 1.8 and Theorem 1.9, is a bound state, that is, ug € H 1(]Rz). For this purpose,
we need to establish some integration estimates on u(, which are essentially motivated by [6].
However, we should mention that in the proof of the following Lemmas 4.1 and 4.2, it is crucial
to estimate the integration on the nonlinearity properly. It seems some difficulties to have the
desired because of the appearance of the nonlocal term with critical exponential growth.

Lemma 4.1. Ler (K) with (y, B) € (i) and a € (0, 47), then for each v € E\{0} with ||v| < 1
and any ¢ > 0, there exists a constant n = n(«,a, y) > 1 independent of v such that for every
n>n

4
/ 077 (x) ("’ — 1)dx <. 4.1
B3,(0)
Proof. In view of (2.9)-(2.10), the proof can be obtained immediately. O

Combining Lemma 4.1 and [6, Proposition 11], we establish the following result.

Lemma 4.2. Suppose that (K)' with (y, p) € (i)’ hold true and let & > 0 and u € E\{0} be fixed,
then for all € > 0, there exists a constant R = R(u, «, a, y) such that

\ _
/ Q%7 (1)’ — dx <, VR=R. @2)
B%(0)

Proof. Given a constant R > 1, let ER :RT — [0, 1] be a smooth nondecreasing function such
that

— a0, ifo<r<R-—RY?, — 2
1//R(r){1’ I and|wR(r)|§W, Vr > 0.

Define, in polar coordinates (r, 6) € [0, +00) X S,

0, if0<r<R— RV,
UR(r,0) £ 1 Yp(r)uR —r,0), if R—R"/><r <R,
u(rse)v lfrZR

Let’s recall [6, Proposition 11], one has the following result
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/[IVﬁRlz +VlaRlPldx < C / [Vt 2 + V(O lag[Pldx.
Ar B4(0)

where Ag £ {x € R?|R — R?/? < |x| < R}. Consequently, since Ag N B%(0) = ¢, we obtain

lagll* = / [|vuR|2+V(x)|ﬁR|2]dx=</+/)[|VﬁR|2+V<x)|ﬁR|2]dx

N () AR Bg(0)

<(1+C) / (IVig|? + V(x)[@g|*dx. 4.3)
B (0)

According to u € E, there exists a sufficiently large constant R = R(u, @) > 1 such that

/ [(IVitg 2 + V()R Pldx = / [Vul? + V (0)luPldx <
BS(0) BZ(0)

4
(1+O)

which together with (4.3) indicates that o|jug I? < 4x for every R > R. Therefore, to apply

Lemma 4.1, we can choose an R = R(u, «, a, y) > 0 large enough such that R — R > 37 and
v=ugr/|lugll in (4.1), we have

/Qﬁ(x)(eaw_l)dx: / 07 () (TR (TR E/TRID) _ 1y
B5(0) B3 (0)

< / Q%H(x)(eaumeu2<|ﬁR|2/||ﬁRu2> —1)dx <e, YVR>TR.
B;_Ry/z(())

The proof is complete. O

Let’s denote ug € E\{O} by the nontrivial solution of Eq. (1.1) throughout this section. Now,
we can prove the following lemma.

Lemma 4.3. There exists a constant R > 0 such that for any n € N* satisfying R, = n?/*=v) >
R, there holds

3
/ [IVaol +V (uldx < 7 / (Vo2 + V(o) uolPdx
B;‘an+l (0) B;‘Q" (O)

Proof. Arguing as [6, Proposition 17], let x, be a piecewise affine function such that

(x) é 07 lf |x| S Rna
Xn 1, if x| < Rpp1.
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Moreover, one can prove that

IV ()? < V(x)

and

/ [IVuol? + V (x)ugldx < / [IVuol® + V (x)ugl xndx.

By, © B, (0)

Taking v = x,up € E in (1.6), exploiting it with the above two formulas, we may apply the
Holder’s equality to obtain

/ [IVuol* + V (x)ugldx < / [IVuol* 4+ V (x)udlxndx

Bg, O B, ©)

= / [x ™ % (Q(x) F (u0)]Q (x) f (uo)uoxndx — / uoVuoV xndx
By, (0 B, (0)

/ [xI™H % (Q(x) F (u)]1Q (x) f (uo)uodx + = ( / (1Vuol* + 1V xu *uo] )dX)
R (O 2, (O

1
/ [IXI_"*(Q(x)F(uo))]Q(X)f(uo)uodx+5( / [IVuo|2+V(X)|u0|2]dx)-
By, (0) Bg, (0)

4.4
Next, we are concerned with the estimate for foe (0)[|x |7H % (Q(x) F(10))]1Q (x) f (up)updx. By

(3.2),

| f (ool < C(@)]s](e®” — 1), V|s| = R 4.5)

for some R > 1. Combining (1.11) and (1.4) with (4.5), we have that

4—n
/ [IXI“*(Q(X)F(uo))]Q(x)f(uo)uodx§C< / |Q(x>f<uo>uo|ﬁdx> i
B (0) B (0)
.
<CC<a)< / QT (x)|ug| 77 (¥ 0P — 1>dx) i
2, (O

2—p

c( / Qﬁu)woﬁdx)( / 07 (x) (e 0P _ 1>dx)2

By (0) Bg, (0)
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4 ~
= [ 0wl <B® [ veuoPax
B, (0) B, (0)
<B® [ 1Vu0 + Ve luoPlar. 4.6)
B§ (0)
where we have used (4.2) with € € (0, C%/“=2)) in the fourth inequality and
bei (1 + R b7 (1 + [x]Y
~ —u (1 + - (1 +
B(R) & # > sup (-t x1")
a(l + REYH (@G~ vepe ) a(l + |x| )4/ (4—w)
R

_4 _4
> Sup Lﬂ(x) > Sup M .

 xeBLO) V(x) © xeBg (0) V(x)

Since y < 48/(4 — 1), one sees that limg_, . B(R) = 0 which indicates that B(R) < 1/4 for
some sufficiently large R > 0. As a consequence of (4.4) and (4.6), we accomplish the proof. O

Lemma 4.4. There exist constants R > 0 and C > 0 such that for all ¢ > 2R, there holds

/ [IVuol? + V() g 2Jdx < Celoe e
B{(0)
Proof. With Lemma 4.3 in hand, we can obtain the desired result immediately followed by [6,
Lemma 18]. For the reader’s convenience, we present it here in detail. Let R and {R,} be as in
Lemma 4.3 and ¢ > 2R, there exist two positive integers 7 > 7 such that
Ry <R < Riiand Ry <¢ <Ry
and then

n—= Rr(TZ_y)/2 _ R,(~l2_y)/2 > §(2*J/)/2 — RC=m/2 §(2*V)/2(2(2*V)/2 —D>2

provided R>0is sufficiently large. So, 7 — 7 > 3 and Rz—_3 > Rj+1 > R. By Lemma 4.3,

/ [IVuol* + V (x)luol*1dx < / [|Vuol?> + V (x)|uol*1dx

BE(0) B (0

/ [Vuol*> + V() |uol*ldx < - --
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3 n—n-2
<= Vuol* +V 2d
=1z [IVuol™ + V (x)|uol“1dx
B(0)

= C(R)ellog s> /[|Vuo|2+V(x)|uo|2]dx
B(0)

showing the desired result. The proof is complete. O
Now, we are in a position to give the proof of Theorem 1.11.
Proof of Theorem 1.11. Since V(x)(1 +2Y) > V(x)(1 + |x|”) > a for all x € B,(0), one has

14+2Y
/u(z)dxf _; /V(x)u%dx<~|—oo.

B, (0) B> (0)

Hence, to derive ug € LZ(RZ), it suffices to verify ftzg(()) u%dx < +o00. Let’s denote L = {x €

R2J2/ < |x| <2/*!} with j € N* as before. Since 2027V (x) > (1 + [x|")V(x) > a on Z;,
we obtain

5 20+2)y 5 2(+2)y 5 )
/uodx < p /V(x)uodx < P /[|Vuo| + V(x)ugldx

j Xj X

2(j+2)y 204V g 3)20nif

cel

IA

/ [|Vu0| —I—V(x)uo]dx <
B‘ )

A.7)

for each ¢ £9j > 2R in Lemma 4.4. Therefore, there exists an integral jo > O such that (4.7)
holds true for every j > jo + 1. As a consequence, with the help of y < 2 and log(3/4) < 0, we
have

/ dx—Z/ dx—Z/ude—i— Z/

BS(O) J= 12 j= ]0+12
Q2-y)i/2
<Z / ddx+© T 20Dy eI IR oy
j= 12 Jj=Jjo+1

The proof is now complete. O

Remark 4.5. It is worthy mentioning here that our approach simplifies the proof that the nontriv-
ial solution ug € E is indeed a bound state whence (y, 8) € (i)’ since the references, [6, Proof
of Theorem 16] and [27, Proof of Theorem 1.1], strongly relied on the Borel finite covering
lemma with respect to the domain Bs5(0)\B>(0). In addition, as explained by Su et al. in [42,
Remark 2], one could show the exponential decay of ug for each (y, 8) € (i)’ which indicates
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that limy|— o uo(x) = 0, however, ug cannot have this exponential decay if (y, 8) € (i), or
(y, B) € (iii)’, by a comparison argument concerning an explicit solution to —Au + ¢|x |~2u =0.

Appendix A. Suppose that hypothesis (K) holds. Then C§° (R?) is dense in E under the norm
[ 1I-

Proof. Motivated by [27, Lemma 2.3], we know that the space Eq = {u € E|u has a compact
support} is dense in £ under the norm | - ||. Let us point out that C§® (R2) is dense in (Eo, || - ||).
So, to finish the proof of this lemma, it suffices to obtain that E is dense in E.

For every R > 1, we can choose a function Y p € C(‘)’O(Rz, [0, 1]) to satisfy Yr(x) = 1 for
all |x| < R, ¥g(x) =1 for each |x| > 2R, and |Vg| < 2/R for every x € R2. Considered a
function u € E, it’s simple to find that ¥ gu € Eq for each fixed R > 1. Next, we shall conclude
that ||[Yyru — ul| - 0 as R — oo.

Obviously, V/2(x)(yg — Du — 0 ae. in R? as R — oo and V'/2(x)|ygu — u| <
2V12(x)u € L*(R?), then by means of the Lebesgue Dominated Convergence theorem, one
has

/V(x)hpRu —ul*dx — 0 as R — oo. (4.8)
RZ

Similarly, by the fact that |Vu|> € L'(R?) since u € E, we can derive that

/|(1/fR — DVul*dx — 0 as R — oo. (4.9)
RZ
Now, we claim that
/mvwmzdx —~0as R — 00 (4.10)
RZ

whose proof is postponed. If (4.10) holds true, we deduce that |V (Y gu — u)| — 0 in L>(R?) by
(4.9) and the Young’s inequality. In view of (4.8), one sees immediately that ||y ru — u|| — 0 as
R — o0.

Let’s focus on showing (4.10). Define

Alzéinf{ / |Vv|2dx|v € H] (B2(0)\B;(0)) and / |v|2dx=1}.
B>(0)\B1(0) By (0\B1(0)

As a consequence, we have

4
/|uwR|2dx: / WV P <~ / udx

2
R2 Bor(0)\BR(0) Bar(0)\BRr(0)
2 4 2
=4 lur(y)“dy < s |[Vug|~dy
B(0)\B1(0) B> (0)\B1(0)
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4

=— / |Vu|2dx—>0asR—>oo
Al2

Brr(0)\Br(0)

yielding (4.10), where u g(y) = u(Ry). The proof is complete. O
Acknowledgments

Minbo Yang was partially supported by the National Natural Science Foundation of
China (11971436, 12011530199) and the Zhejiang Provincial Natural Science Foundation
(LZ22A010001, LD19A010001). The research of Vicentiu D. Ridulescu was supported by
a grant of the Romanian Ministry of Research, Innovation and Digitization, CNCS/CCCDI-
UEFISCDI, project number PCE 137/2021, within PNCDI III.

References

[1] N. Ackermann, On a periodic Schrédinger equation with nonlocal superlinear part, Math. Z. 248 (2004) 423-443.
[2] S. Adachi, K. Tanaka, Trudinger type inequalities in R"Y and their best exponents, Proc. Am. Math. Soc. 128 (2000)
2051-2057.
[3] Adimurthi, S.L. Yadava, Multiplicity results for semilinear elliptic equations in bounded domain of R2 involving
critical exponent, Ann. Sc. Norm. Super. Pisa 17 (1990) 481-504.
[4] Adimurthi, Y. Yang, An interpolation of Hardy inequality and Trudinger-Moser inequality in RN and its applica-
tions, Int. Math. Res. Not. 13 (2010) 2394-2426.
[5] E.S.B. Albuquerque, M.C. Ferreira, U.B. Severo, Ground state solutions for a nonlocal equation in R2 involving
vanishing potentials and exponential critical growth, Milan J. Math. 89 (2021) 263-294.
[6] A. Ambrosetti, V. Felli, A. Malchiodi, Ground states of nonlinear Schrodinger equations with potentials vanishing
at infinity, J. Eur. Math. Soc. 7 (2005) 117-144.
[7] C.O. Alves, D. Cassani, C. Tarsi, M. Yang, Existence and concentration of ground state solutions for a critical
nonlocal Schrodinger equation in R2, J. Differ. Equ. 261 (2016) 1933-1972.
[8] C.O. Alves, A.B. Nobrega, M. Yang, Multi-bump solutions for Choquard equation with deepening potential well,
Calc. Var. Partial Differ. Equ. 55 (3) (2016), 28 pp.
[9] J.M. do O, N-Laplacian equations in RN with critical growth, Abstr. Appl. Anal. 2 (1997) 301-315.
[10] H. Brézis, L. Nirenberg, Remarks on finding critical points, Commun. Pure Appl. Math. 44 (1991) 939-963.
[11] D. Cao, Nontrivial solution of semilinear elliptic equation with critical exponent in R2, Commun. Partial Differ.
Equ. 17 (1992) 407-435.
[12] D. Cassani, C. Tarsi, Schrodinger-Newton equations in dimension two via a Pohozaev-Trudinger log-weighted
inequality, Calc. Var. Partial Differ. Equ. 60 (5) (2021) 197, 31 pp.
[13] P. Choquard, J. Stubbe, M. Vuffray, Stationary solutions of the Schrodinger-Newton model-an ODE approach,
Differ. Integral Equ. 21 (2008) 665-679.
[14] M. de Souza, J.M. do O, A sharp Trudinger-Moser type inequality in R2, Trans. Am. Math. Soc. 366 (2014)
4513-4549.
[15] M. Dong, G. Lu, Best constants and existence of maximizers for weighted Trudinger-Moser inequalities, Calc. Var.
Partial Differ. Equ. 55 (2016) 88.
[16] D.G. de Figueiredo, O.H. Miyagaki, B. Ruf, Elliptic equations in R2 with nonlinearities in the critical growth range,
Calc. Var. Partial Differ. Equ. 3 (1995) 139-153.
[17] F. Gao, M. Yang, The Brezis-Nirenberg type critical problem for the nonlinear Choquard equation, Sci. China Math.
61 (2018) 1219-1242.
[18] M. de Guzman, Differentiation of Integrals in R", Lecture Notes in Mathematics, vol. 481, Springer, Berlin, 1975.
[19] Y. Lei, Qualitative analysis for the static Hartree-type equations, SIAM J. Math. Anal. 45 (2013) 388—406.
[20] E. Lenzmann, Uniqueness of ground states for pseudorelativistic Hartree equations, Anal. PDE 2 (2009) 1-27.
[21] Y. Li, B. Ruf, A sharp Trudinger-Moser type inequality for unbounded domains in R, Indiana Univ. Math. J. 57
(2008) 451-480.
[22] E.H. Lieb, Existence and uniqueness of the minimizing solution of Choquard’s nonlinear equation, Stud. Appl.
Math. 57 (1977) 93-105.

253


http://refhub.elsevier.com/S0022-0396(22)00296-0/bib502CCB557E3C905251761F63402BB6E0s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib10F668A514A9B9716A56BD9C4012B163s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib10F668A514A9B9716A56BD9C4012B163s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibC2E87B40F2DF781B210DAF09A58EECE7s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibC2E87B40F2DF781B210DAF09A58EECE7s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib93009A886CAD217BFADA654E0DCFF67As1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib93009A886CAD217BFADA654E0DCFF67As1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib0A9353CAEFCEC354DBF88AE14AE0564Fs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib0A9353CAEFCEC354DBF88AE14AE0564Fs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib100715CCF76F0E65AE57382BED59373Cs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib100715CCF76F0E65AE57382BED59373Cs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib098C90704D4C1A59811936B48F2E4090s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib098C90704D4C1A59811936B48F2E4090s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib689FFE352D2004127719B6ED5BF5F816s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib689FFE352D2004127719B6ED5BF5F816s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib351F6106982E51064F2CC2D94ED3F2D9s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib272B2F9936D3FF309C30011BF32004C6s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib580F08754DBF1BC64145F212ED0170BBs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib580F08754DBF1BC64145F212ED0170BBs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib112C61A276D0376F2F6B25DD3A337B1Ds1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib112C61A276D0376F2F6B25DD3A337B1Ds1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibCC8D68C551C4A9A6D5313E07DE4DEAFDs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibCC8D68C551C4A9A6D5313E07DE4DEAFDs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibB2815413875C2B9E80A0D1D70B3917B2s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibB2815413875C2B9E80A0D1D70B3917B2s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibF5CE9F5CB682A1F863D5A8C51AC28683s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibF5CE9F5CB682A1F863D5A8C51AC28683s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib73759FCCFA3016E89417A3C16368EB12s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib73759FCCFA3016E89417A3C16368EB12s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib1DAF9C39806CA426CD65151747932F6Cs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib1DAF9C39806CA426CD65151747932F6Cs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib652C51677E8E0E600B0C95C2F74E9024s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibBB4F4B8BBD6BA1EFE5C0B09633003AFAs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibFFA0CA4B3614734F88C82B8AC0324E9Fs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib90A7C45EAFFBD575CA6FB361E6D170A4s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib90A7C45EAFFBD575CA6FB361E6D170A4s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibD658C6A7FBAFD30B72C02ED2D4E2BCE6s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibD658C6A7FBAFD30B72C02ED2D4E2BCE6s1

L. Shen, V.D. Radulescu and M. Yang Journal of Differential Equations 329 (2022) 206-254

[23] E.H. Lieb, M. Loss, Analysis, Graduate Studies in Mathematics, American Mathematical Society, Providence,
Rhode Island, 2001.

[24] E.H. Lieb, B. Simon, The Hartree-Fock theory for Coulomb systems, Commun. Math. Phys. 53 (1977) 185-194.

[25] P.L. Lions, The Choquard equation and related questions, Nonlinear Anal. 4 (1980) 1063—-1073.

[26] P-L. Lions, The concentration-compactness principle in the calculus of variations. The limit case. I, Rev. Mat.
Iberoam. 1 (1985) 145-201.

[27] C. Liu, Z. Wang, H. Zhou, Asymptotically linear Schrodinger equation with potential vanishing at infinity, J. Differ.
Equ. 245 (2008) 201-222.

[28] L. Ma, L. Zhao, Classification of positive solitary solutions of the nonlinear Choquard equation, Arch. Ration.
Mech. Anal. 195 (2010) 455-467.

[29] J. Mawhin, M. Willem, Critical Point Theory and Hamiltonian Systems, Springer-Verlag, New York/Berlin, 1989.

[30] J. Moser, A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20 (1970/1971) 1077-1092.

[31] LM. Moroz, R. Penrose, P. Tod, Spherically-symmetric solutions of the Schrodinger-Newton equations, Class.
Quantum Gravity 15 (1998) 2733-2742.

[32] V. Moroz, J. Van Schaftingen, Groundstates of nonlinear Choquard equations: existence, qualitative properties and
decay asymptotics, J. Funct. Anal. 265 (2013) 153-184.

[33] V. Moroz, J. Van Schaftingen, Groundstates of nonlinear Choquard equations: Hardy-Littlewood-Sobolev critical
exponent, Commun. Contemp. Math. 17 (2015) 1550005.

[34] V. Moroz, J. Van Schaftingen, A guide to the Choquard equation, J. Fixed Point Theory Appl. 19 (2017) 773-813.

[35] B. Opic, A. Kufner, Hardy-Type Inequalities, Pitman Research Notes in Mathematics Series, vol. 219, Longman
Scientific and Technical, Harlow, 1990.

[36] T. Ozawa, On critical cases of Sobolev’s inequalities, J. Funct. Anal. 127 (1995) 259-269.

[37] D. Qin, X. Tang, On the planar Choquard equation with indefinite potential and critical exponential growth, J. Differ.
Equ. 285 (2021) 40-98.

[38] B. Ruf, A sharp Trudinger-Moser type inequality for unbounded domains in R2, . Funct. Anal. 219 (2005)
340-367.

[39] S.I. Pekar, Untersuchung iiber die Elektronentheorie der Kristalle, Akademie Verlag, Berlin, 1954.

[40] R. Penrose, On gravity’s role in quantum state reduction, Gen. Relativ. Gravit. 28 (1996) 581-600.

[41] S.I. Pohozaev, The Sobolev embedding in the case pl = n, in: Proc. Tech. Sci. Conf. on Adv. Sci., Research
1964-1965, Mathematics Section, Moscow, 1965, pp. 158-170.

[42] J. Su, Z.-Q. Wang, M. Willem, Nonlinear Schrodinger equations with unbounded and decaying radial potentials,
Commun. Contemp. Math. 9 (2007) 571-583.

[43] P. Tod, .M. Moroz, An analytical approach to the Schrodinger-Newton equations, Nonlinearity 12 (1999) 201-216.

[44] N.S. Trudinger, On imbeddings into Orlicz spaces and some applications, J. Math. Mech. 17 (1967) 473-484.

[45] M. Willem, Minimax Theorems, Birkhduser, Boston, 1996.

[46] Y. Yang, X. Zhu, A new proof of subcritical Trudinger-Moser inequalities on the whole Euclidean space, J. Partial
Differ. Equ. 26 (2013) 300-304.

[47] Y. Ding, F. Gao, M. Yang, Semiclassical states for Choquard type equations with critical growth: critical frequency
case, Nonlinearity 33 (2020) 6695-6728.

[48] L. Du, F. Gao, M. Yang, On elliptic equations with Stein-Weiss type convolution parts, Math. Z., https://doi.org/10.
1007/s00209-022-02973-1.

[49] L. Du, M. Yang, Uniqueness and nondegeneracy of solutions for a critical nonlocal equation, Discrete Contin. Dyn.
Syst. A 39 (2019) 5847-5866.

254


http://refhub.elsevier.com/S0022-0396(22)00296-0/bib38002CE06D12468654E1D15C90549F7Bs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib38002CE06D12468654E1D15C90549F7Bs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibE7450724D52EC39FD3C85F0D4D7610F5s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibC1820FE7BA2586A76C19E56CD5E8D84Bs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib78DF0A6F207D5A77ADFE657F86E6D5C9s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib78DF0A6F207D5A77ADFE657F86E6D5C9s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibCB2D00D5E29A98B3067E40F8E23EB289s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibCB2D00D5E29A98B3067E40F8E23EB289s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib1CE81DDC23283076762F440BFCC36D37s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib1CE81DDC23283076762F440BFCC36D37s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibF9F315DE90492C8259307985379C2A4Es1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibF32D2C8C67D9A5D6C12CB68F25867A14s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibBB4F8BB682E49B9452AA1CC2D348BBFEs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibBB4F8BB682E49B9452AA1CC2D348BBFEs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib3C4708A2CDD3C4BFD03AD04E36B87544s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib3C4708A2CDD3C4BFD03AD04E36B87544s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib1021376B5573BC90760C3D7C93DCCC4Ds1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib1021376B5573BC90760C3D7C93DCCC4Ds1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib35BC1BE2ED1993D1C9A72B2ABFA75CA3s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibE0AA021E21DDDBD6D8CECEC71E9CF564s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibE0AA021E21DDDBD6D8CECEC71E9CF564s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib7DB6D797504162DD026F48F4EC640A19s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib33B8D767C1F7C7984D900797E2BB7727s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib33B8D767C1F7C7984D900797E2BB7727s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib01FC0520770D413AC765D53950273867s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib01FC0520770D413AC765D53950273867s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib2AA8E4A1457B7B169B03365990986C64s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib44C29EDB103A2872F519AD0C9A0FDAAAs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibE589FB6E29E4DF1B9F26B693CC39A295s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibE589FB6E29E4DF1B9F26B693CC39A295s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibBC67A7FB125038CFB29B133E669A31F3s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibBC67A7FB125038CFB29B133E669A31F3s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib734655D7006CB5084E7F8C597C7B0C17s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibE30F555E5A24F076A5D5BE70A4625270s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib93E54938267FDC23200CAEFE53D2F8E9s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibFFA4BA973372C3650FD0881ABECA6512s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bibFFA4BA973372C3650FD0881ABECA6512s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib76579977AC0265F51D4CA0AD33D970D6s1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib76579977AC0265F51D4CA0AD33D970D6s1
https://doi.org/10.1007/s00209-022-02973-1
https://doi.org/10.1007/s00209-022-02973-1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib7B8A831F1C136C5BECDE76598BEA6E5Bs1
http://refhub.elsevier.com/S0022-0396(22)00296-0/bib7B8A831F1C136C5BECDE76598BEA6E5Bs1

	Planar Schrödinger-Choquard equations with potentials vanishing at infinity: The critical case
	1 Introduction and main results
	2 Preliminaries and the weighted Trudinger-Moser inequality
	2.1 Case 1: 0<γ<2and(4−μ)γ/4≤β<+∞, or 0<γ≤4β/(4−μ)<2
	2.2 Case 2: γ=2 and (4−μ)/2≤β<+∞
	2.3 Case 3: γ>2 and (4−μ)/2≤β<+∞

	3 The existence result
	4 Bound state solution
	Acknowledgments
	References


