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We consider a singular anisotropic quasilinear problem with Dirichlet boundary condition and we establish two
sufficient conditions for the uniqueness of the solution, provided such a solution exists. The proofs use elementary

tools and they are based on a general comparison lemma combined with the generalized mean value theorem.

AMS Subject Classification: 35A05; 35B05; 35J65; 58J32.

1 Introduction and the main results

Singular anisotropic boundary value problems arise naturally when studying many concrete situations.
We refer to Canié-Keyfitz [1] for the study of self-similar solutions of conservation laws in two dimen-
sions. We also mention Ding-Liu [5] where it is studied another anisotropic problem in the plane. Their
model is closely related to the phase transition problem in anisotropic superconductivity with “thermal
noise” term.

In [2], Choi, Lazer and McKenna studied a problem that is linked to an equation arising in fluid
dynamics. They proved that the singular elliptic boundary value problem

uUgy + ubuyy +p($ay) =0, (xay) €N (1)

has a positive classical solution, where  C R? is a bounded convex domain with smooth boundary,
p is a positive Holder continuous function and the constants a, b satisfy a > b > 0. Choi, Lazer and
McKenna also developed a new comparison principle for quasilinear problems that is based on the
method of sub- and super-solutions.

Recently Choi and McKenna [3] removed the assumption that the dimension be restricted to two,
but they also retained the convexity assumption which is crucial in the construction of a super-solution
1), satisfying the boundary conditions. More exactly, they showed that the boundary value problem

N

Zu‘“uwm +p(z) =0, z €
i=1 (2)

u =0, x € 0N}

155



has at least one positive classical solution u, such that u(z) < 9(z) for all z € Q, where O Cc RY
(N > 1) is a bounded convex domain with smooth boundary and a; > ag > --- > any > 0, with
a1 > ay. Choi and McKenna point out that the most significant omission of their paper is the absence
of any information on the uniqueness of solutions. In this direction there are known very few results
which hold only for the two dimensional case.

Lair and Shaker proved in 7] a uniqueness result related to (1) and they required neither the domain
2 to be convex nor the function p to be as smooth as in [2]. They made only the assumption that there
is some solution u for which u,; is bounded above appropriately. In their paper there are distinguished
two different situations: a —b > 1, resp., a — b < 1.

Reichel [8] established that problem (1) has at most one positive classical solution. It is assumed
that

p(niz, moy) > p(z,y) for all (z,y) € Q, 7; € [0,1]

and the bounded domain Q2 (with 0 € Q) satisfies an interior rectangle condition, i.e., for each (z,y) € 99
the rectangle {(mz,m2y) : 7; €[0,1)} is a subset of €.

It is natural to ask us if it is possible to give a uniqueness result which holds for more general
degenerate quasilinear operators and for a larger class of functions p, with no assumption on the
geometry of the domain or the dimension of the space.

For this aim, we consider the singular anisotropic elliptic boundary value problem

N-—1
Z fi(w) Ug;z; + uyy + p(x) g(u) =0, z €} )
=1

u =0, x € 0f)

where  is a bounded domain in RV, N > 2 and p is a positive continuous function on Q. We have
denoted the last coordinate zy by y and we shall use notation z’ for the first (N — 1) coordinates.

Throughout this paper, we assume that the following hypotheses are fulfilled
(H1) fi,g:(0,00) = (0,00), i =1, N — 1 are C'-functions;

(Hy)  f;,i=1,N — 1 is nondecreasing on (0,00) and g is nonincreasing on (0, cc).

Since €2 is bounded, we can make a translation of the domain so that it lies in the interior of the
strip RY=1 x [0, 4] for some £ > 0. The fact that p € C(f) is a positive function implies the existence
of @ > 0 and B > 0 such that p(z) € [, (] for each z € Q.

Set

D = {y €10,£ : 3z’ such that (z',y) € Q}.

We can suppose, without loss of generality, that £ ¢ D.
Let 9 be the unique positive function defined by

1

[V

(by —y?), for any y € [0, £]. (4)

o\g
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It is obvious that

r;leagtﬁ( )<yrg[%§]¢( y) = A4, (5)

Al
O/W :—. (6)

where A > 0 is uniquely defined by

We also assume
(H3) f1 > 0on (0,A]
In the first result of this paper we in}pose the condition
(Cy) 1 f;j’ (z), foralli =2, N — 1.

1
In view of this hypothesis we observe that for any 7 = 2, N — 1 it makes sense to define

= min (fZ — f;{l) and M; = max — lefl) .

fi
For any z € 2 we define the sets
P,={2<i<N—-1; ugg;(z) >0} and Ny ={2<i< N —1; ugq,(z) <0}

Our first result asserts that the existence of a positive solution v € C%%(2) N C(R) of (3) en-

sures its uniqueness, provided that the expression ) mjugz + Y. M;Ug,s, + uyy is bounded below
i€P, i€EN,
appropriately.

Theorem 1 Assume (Hi)-(Hs) and (C1) hold. There exists a positive constant K1, depending on f1,
g, p and Q, such that if u is a positive solution of (3) satisfying

Z Mgz, + Z Miug,g; + Uyy > —K1  in Q (7)
1€Py tENg

then u is the unique solution of (3).

We now drop the assumption (C;) but we require

fi

(C2) I i =2, N — 1 is nonincreasing on (0, cc).

Our next theorem shows that the uniqueness of solution to (3) is assured if we find a positive solution

u € C%*(Q) N C(Q) with the property that wug,,, + Z ;Z%Z)umlzl + > | inf ;—77, Ug,z; 18 bounded
! i€N, \(0,4) /1
above appropriately.

Theorem 2 Assume (Hy)-(H3) and (C2) hold. There exists a non-negative constant Ko depending on
f1, g, p and Q, such that if u is a positive solution of problem (3) satisfying

Ug iz, T Z

S 1EN,

Ug;z; + Z <%)n1£) f1> Upz; < Ko in Q (8)

then u is the unique solution of (3).
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We point out that hypotheses (7) and (8) should be understood as sufficient conditions that guar-
antee the uniqueness of the solution, provided such a solution exists. Problems related to uniqueness
for singular anisotropic quasilinear boundary value problems have been recently studied by Hill, Moore
and Reichel in [6]. In [6] the authors impose a topological contraint to the boundary and the proof
of the uniqueness of the solution uses essentially the fact that () satisfies a weighted starshapedness

condition. In order to illustrate our above stated results, let us consider the problem

N N

> utiugg, +2> (1—|z)*% =0, ifzeB(0,1) CRY
i=1 i=1 9)
u =0, if |z| =1,

where a; > --- > ay > 0 and a; > ay. By Theorem 4.3 in [6], this problem has a unique solution.
The same conclusion follows from our results. Indeed, let us observe that the functions f;(t) = t% %~
and g(t) =t~ fulfill conditions (H;)-(H3) and (C;), with @ = 0, 8 = 2N, A = [N(ay + 1)]"/(en+1),
m; =0 and M; = (a1 — a;)(a; —an) 1A%~ for 1 <4 < N — 1. Choosing

9 N1
Ki>24 —— a1 — a;) A% TN
1 + a —an 1:22( 1 ai) ,
it follows by Theorem 1 that u(x) = 1 — |z|? is the unique solution of problem (9).
The main difficulty in the treatment of (3) is the lack of the usual comparison principle between
sub- and super-solution, due to the anisotropic character of the equation. To this end, using a result

of Choi and McKenna, we will state in Section 2 a comparison principle which is suitable for (3).

2 An auxiliary result

In this section we prove that the number A given by (6) is an upper bound for every positive classical
solution of problem (3). To this end, we make use of a comparison lemma on a class of quasilinear
elliptic equations established in Choi-McKenna [3]. In view of this result we can obtain L* bounds

on the solutions to this class of equations using the method of sub- and super-solutions. Consider the

problem
N-1
Y film,u) ugya; + uyy + p(@) gz, u) =0,  nQ
i=1 (10)
U = U, on 02,

with ug|sn > 0, where the functions f;, g and p satisfy the assumptions
(A1) fi:Qx[0,00) — [0,00) is continuous and f;(z,-) is nondecreasing for each z € §;
(A2) g:9Q x(0,00) = (0,00) is continuous, and g(z,-) is nonincreasing for each = € Q;

(A3) p:Q — R is continuous, and there exist positive constants o and 3 such that

0<a<p(x)<p forallze Q.
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Assume that
(L) There exists a sub-solution ¢ € C(Q) N C?(N2) with ¢ > 0 on Q satisfying

N-1

D fil@, 0) oz + Py + p(x) g(z,0) >0, inQ
=1

Oriz; <0, in§), forany:=1,2,---,N —1,

and ¢ < ug on 0f).
(U) There exists a super-solution % € C(Q) N C?(Q) with % > 0 in Q satisfying

N-1
> Jil@ W) iz + by + (@) 9(2,9) <0, in O
i=1
Vew; <0, inQ, foranysi=1,2,---,N -1,
and 1 > ug on 0S).

Lemma 1 Assume (A1)-(As), (L) and (U) hold. Then any positive solution u of (3) satisfies u < A
in Q, where A is defined in (6).

Proof. Under the above hypotheses, Choi and McKenna proved in [3] that every solution u €
C?(2) N C(Q) of problem (10), with u > 0 in Q, satisfies

p<u<1p inQ.

Moreover, if only conditions (A1) — (A3) and (U) hold, then u < ) in Q.
It is easy to check that the function 1 defined in (4) satisfies condition (U) considered for our
problem (3). Therefore, by the Choi-McKenna comparison lemma and (5), we find that every positive

classical solution of (3) is bounded above by the same number A defined in (6). ]

3 Proof of Theorem 1

Let u and v be solutions of (3) and let u satisfy (7), where

2 1 (#
K — — inf _1+ inf 1
YT RRA) 0 fL T Y o) (

We prove in what follows that u = v in Q. Set

_uehy) oy v(E@hy)
Y= YT )
where
s(y) = sin %, c(y) = cos % y € (0,0).



Since s > 0 and s € C*, it follows that w and z are well defined and they are as smooth as u and v
?

respectively on €. A simple computation shows that w satisfies the boundary value problem

N-1 9
2mc T8 .
Z s fi(u)wa;a; + 7 Yy t+ swyy — 7 +p(z)g(u) =0, inQ
i=1 (11)
w =0, on 0F).
Similarly, o
27c s .
Z s fi(v)2g;z; + o + Szyy — Z +p(z)g(v) =0, inQ
i=1 (12)
z=0, on 0L2.

Relations (11) and (12) yield
S kB s [(£) @ ( )W] L
27rc 1 1 1 1 1
(ol )_77<ﬁ@5_ﬁWQ “”[%)“”‘(%)Wﬂza

Whenever z # w we can rewrite the above equation as follows

’U 1 2wc 1 1 1
Z ) zZ—w xm+sf1(v)(z—w)yy+Tfl(v)(z—w)y+ (f1(’v) - fl(u)>Q(z,w) =0 (13)

where

N-1 i _ i .

(o -(F)w w1 (£ - w

Qz,w) =uyy + Y 77 g, — 5 - - +p(z) 2 1 _
= (5) @ - (£) W PHO (B o-Fw  (F)o-(F

In order to conclude the proof it is enough to show that
Q(z,w) >0 whenever z # w. (14)

Indeed, if (z — w) > 0 at some point in 2, then max(z — w) is achieved in €2, since z = w = 0 on 1.
Q

At that point we have

1 1

filv)  fi(u)

which contradicts (13). A similar argument shows that (z — w) cannot be negative at any point in €.

(= w)oias S0, (= why 0, -w)y=0 and | ) Qe w) <0

Hence z = w in Q which implies © = v on Q.

For every = € €, let us define
p(z) = min(u(z),v(z)) and v(z)= max(u(z),v(z)).
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Thus, by Lemma 1, v < A4 in .

In (13) we apply the Cauchy generalized mean value theorem on every interval [u(z), v(z)] where
z € Q is taken such that z(z) # w(z). Hence, for all i = 2, N — 1 we obtain the existence of &;(x),

o(zx), Mz) € (u(z),v(zr)) C (0,A) such that

(R) 0w~ E*ff—) (W) (%)
a 1

= 7 (&) < M;
#) @) (4)

Using (15), (16) and (17) we find

!
2 2 9
dl 1 o ST : (fl)
Q(z,w) > uyy + Milg,z; + Miug, s, + — inf == + o inf =
vy ZEZPm 1YL, ZEZNZ 1Yz EQ fl(A) (O,A) f{ (O,A) (%)/
1€ Py 1EN

Since the solution u satisfies (7) we obtain that relation (14) is true. This completes the proof.

4 Proof of Theorem 2

Let u and v be two solutions of (3) and set

gl
Ky =—asup = >0.

©0.4) f1 ~

The functions w, z, u and v will have the same signification as in the above proof.
By (11) and (12) it follows that

N-1 N-1 e

Z sfi(v)(2 — w)z;z; + Z s[fi(v) — fi(w)|wg,z; + 7(2 - w)y +s(z — w)yy_
=1 =1

s

2 (7= w) +p()lg(v) —g(u)] = 0.

Whenever z # w, relation (19) may be rewritten in the following form

N-1
3 55i0)( — Wege, + gz = w)y + (s = whgy + [f1(0) ~ Fr(w)]Blz,w) =0,
=1
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where

" fi(v) — fi(u) ™ v—u g(v) — g(u)

R(zw) = iz, + Z e~ hw " T RE - A R - A

Using the maximum principle (as we did in the proof of Theorem 1) we see that the proof will be
concluded if we prove that
R(z,w) <0 whenever z # w.

From now on, we shall consider only the points z € 2 with the property that z(z) # w(z). For these
points, we apply again the Cauchy generalized mean value theorem on [u(z),v(z)] and we obtain 7;(x),
0(z), ((z) € (u(z),v(z)) C (0, A) such that

oD ~BD _ S g By
(@)~ hla(@) ~ @) 2 @ e =N (20)
v(z) — u(z) _ 1
filo(z)) = filu(z)) — fi(0(z)) (21)
9(v(2)) —glu(@) _ g . w
Fio@) @) A0S =" (22
It is easy to verify that hypothesis (Cz) implies
filv(z)) = filu(z)) _ filu(z)) —
FL0(@) = fi(a(@)) < Fi(u(@) foralli =2,N — 1. (23)
On the other hand, since f; is increasing on (0, A),
v(z) —u(x) > 0. o)

fi(v(z)) = fi(u(z))
Combining relations (20), (22), (23) and (24) with the expression of R(z,w) we deduce that

'U/ I
R(z,w) < gz, + Ug;z; + inf =% | gz, + a su ]
(2 0) <+ 3 110 Z( )f1> P

1€Py 1EN, (0,4)

Since u is a solution of (3) satisfying (8) we deduce that R(z,w) is negative. This completes our
proof. O
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