T Available online at www.sciencedirect.com _—
‘ Journal of

st ScienceDirect Differential
s S Equations
ELSEVIER Journal of Differential Equations 295 (2021) 70-112 _—

www.elsevier.com/locate/jde

Standing waves for the pseudo-relativistic Hartree
equation with Berestycki-Lions nonlinearity

Fashun Gao*, Vicentiu D. Ridulescu "“*, Minbo Yang ‘¢, Yu Zheng ©

& Department of Mathematics and Physics, Henan University of Urban Construction, Pingdingshan, Henan, 467044,
People’s Republic of China
b Faculty of Applied Mathematics, AGH University of Science and Technology, al. Mickiewicza 30, 30-059 Krakow,
Poland
¢ Department of Mathematics, University of Craiova, Street A.I. Cuza No. 13, 200585 Craiova, Romania
d Department of Mathematics, Zhejiang Normal University, Jinhua, Zhejiang, 321004, People’s Republic of China
€ Department of Mathematics, Huizhou University, Huizhou, Guangdong, 516007, People’s Republic of China

Received 20 February 2021; accepted 10 May 2021
Available online 1 June 2021

Abstract

We study the following class of pseudo-relativistic Hartree equations

V=e2A+m2u+V@u=e""N(x|7*« Fw) fw) inRY,

where the nonlinearity satisfies general hypotheses of Berestycki-Lions type. By using the method of pe-
nalization arguments, we prove the existence of a family of localized positive solutions that concentrate at
the local minimum points of the indefinite potential V (x), as ¢ — 0.
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1. Introduction and main results

In this paper, we are concerned with the qualitative and asymptotic analysis of solutions for
the following pseudo-relativistic Hartree equation with general nonlinearity

V=e2A+m2u+V@u=e""N(x|"*x Fu)f@m) inRY, (1.1)

where N > 3, u € (0,2), m > 0is a physical constant, ¢ is the semiclassical parameter 0 < e <1,
a dimensionless scaled Planck constant (all other physical constants are rescaled to be 1), V is
a bounded external potential, and F (1) = fou f(r)dr € C/(R, R). Here, the pseudo-differential

operator /—&2A + m? is simply defined in Fourier variables by the symbol /s2|£|% + m?2, see
Lieb and Loss [30]. To the best of our knowledge, the study of pseudo-relativistic Hartree prob-
lems was initiated by Coti Zelati and Nolasco [14,15].

Replacing u(x) by u(ex), we observe that equation (1.1) is equivalent to the following prob-
lem

V=A+m2u+V(x)u=(x|"" % F(u)) f(u), in ]RN, (1.2)

where V. (x) = V (ex).

We refer to Lieb and Yau [32] who studied problem (1.2) in the autonomous case V (x) =
1—-mift N=3,e=pu=1, and f(u) =u. In this case, they proved the existence of solutions
provided that M < M., where M, is the Chandrasekhar limit mass, which is a prediction on the
maximum mass of a white dwarf star. A white dwarf star is the final stage in the evolution of
a star whose mass is not too high, see Chandrasekhar [10]. More precisely, Lieb and Yau [32]
proved the existence in H'/?>(R3) of a radial, real-valued nonnegative minimizer (ground state)
of the associated energy with given fixed “mass-charge” M = fR3 u*dx < M,.

We observe that problem (1.2) is driven by the fractional Laplace operator, which is inten-
sively studied in relationship with the infinitesimal generators of Lévy stable diffusion processes.
We also point out that the exponent 1/2 of this nonlocal operator in problem (1.2) corresponds
to the pseudo-relativistic Hartree equation.

To describe the boson stars in mean-field theory [21,28], a reasonable model is to study the
nonlinear mean-field equation called the pseudo-relativistic Hartree equation defined by
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iy = —A+m>—my+ W)y — (x| x|yHy in RS, (1.3)

where ¥ (¢, x) : R x R® — C is a complex-valued wave field, m > 0 is a physical constant and
W is a bounded external potential in R3. The study of solitary wave type solutions ¥ (z, x) =
e u(x) (where A > 0) for equation (1.3) leads to investigating the pseudo-relativistic Hartree
equation with Coulomb kernel

V=A+m2u+ V@ u=(x|""*uPu in R>. (1.4)

Problem (1.4) can be interpreted as a system of N spinless, identical bosons with two-body inter-
actions governed by the Coulomb potential. These bosons are also subject to a time-independent
external potential V (x), see Frohlich and Lenzmann [22] for more details. In the particular case
V(x) = —m, problem (1.4) was studied by Elgart and Schlein [20] as an effective dynamical de-
scription for an N-body quantum system of relativistic bosons with a two-body interaction given
by Newtonian gravity. This leads to a Chandrasekhar type theory of boson stars.

Equation (1.4) has attracted a great deal of attention in theoretical and numerical astrophysics
over the past years. If V(x) is a constant potential, Lenzmann [27] proved the uniqueness of
ground states for pseudo-relativistic Hartree equations (1.4) and he also obtained local and global
well-posedness for semi-relativistic Hartree equations of critical type in [26]. In a recent paper,
Du and Yang [19] considered the critical Hartree equation and they classified the solutions of the
problem.

By using variational methods and some new variational identities involving the half Laplacian,
Mugnai [36] proved several existence and non existence results of solitary waves for a class of
nonlinear pseudo-relativistic Hartree equations with general nonlinearities. Coti Zelati and No-
lasco [15] obtained the existence of ground states for nonlinear pseudo-relativistic Schrédinger
equations. The authors [41] investigated the existence and asymptotic behavior of the solutions
for the critical pseudo-relativistic Hartree equation. For recent progress in this field, we may refer
to [11,14,22-25] and the references therein.

For the study of semi-classical analysis of the Hartree equations we would like to mention the
papers [1,2,9,12,13,34,37,40]. In [13], Cingolani and Tanaka studied the existence and multiplic-
ity of semi-classical states for the nonlinear Choquard equation with the general Berestycki-Lions
type assumptions. They developed a new variational approach and showed the existence of a
family of solutions concentrating, as ¢ — 0, to a local minima of potential function. In [18] the
authors studied the existence of semiclassical solutions for the critical Choquard equations with
critical frequency. In particular, Cingolani and Secchi [12] studied the semi-classical limit for the
pseudo-relativistic Hartree equation

V=e2A+m2u+V@u=Uy*ul”)u’>u in RV.

Under some proper conditions on m, p and V, they proved the existence of semi-classical
solutions that concentrate at the minimum points of the potential V by means of a varia-
tional approach introduced in [5]. The operator ~/—e2A 4+ m? is a nonlocal operator in RY
that can be realized through a local problem in RV x (0, c0). We describe this construction
in what follows. For any function u € H > (RN), there is a unique function v € H'! (Rﬁ +1) (here,
]R{ﬁ“ ={(x,y) e RN xR :y > 0}) such that
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{ —2Av+mPv=0 i RNH

v(x,0) = u(x) on RV — ARV, (1.5)

Setting

av

Teu(x) = —e—(x,0),

dy

we obtain the equation
—&2Aw +m?w=0 in Ri\_]—i_l,
w(x,0) = Teu(x) on RV

with the solution w(x, y) = —¢ dv (x, y). From (1.5) we have that

2
T(Tsu)(x)——sa—(x 0)=¢ a—()c 0)=(—¢ 2Acv+m v)(x 0)

and hence T2 = (—&2A, 4+ m?). Thus, the operator T, that maps the Dirichlet-type data u to

the Neumann-type data —¢e a“ (x,0) is actually v/ —&2 A + m2. In this way, for equation (1.1), we
will study the following mlxed value boundary problem:

—2Av+mPv=0 in Rﬁ“,

d 1.
_88_” =" N(x|* % F(u(x,0)) f(v(x,0)) — V(x)v(x,0)  onR". (1.6)
y
We may refer the readers to [8,12,15] for more details about the fractional operator.
To treat the convolution part, we need to recall the Hardy-Littlewood-Sobolev inequality.

Proposition 1.1. (Hardy-Littlewood-Sobolev inequality, [30]). Let t,r > 1 and 0 < u < N with
% + % + % =2 fe L'RNY and h € L" (RY). There exists a sharp constant C(t, N, u,r),
independent of f, h, such that

/ fx(’“_) (|y)d dy < C(t, N, w0 f Ll (1.7
RN RN
Ift=r=2N/(2N — ), then
LT 8y [Py TN
Cit,N,u,r)y=C(N,n) = F(N 2){F(N)} .

From the Hardy-Littlewood-Sobolev inequality, for any u € H 2 (RN), the integral

/ IM(X)Iun(Z)I"dMlZ

|x —z|#
RN RN
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is well defined if
2N—,u§q§2N—u.
N N—-1
That is why the exponent 2NN_ £ will be called the lower critical exponent and the exponent
2, = ZZIVV:]“ will be called the upper critical exponent.

In the sequel, we will assume that the potential function V (x) satisfies the following condition:
(V) V e C(RN, R) is a bounded function such that Vi, = infgy V > —m and there exists a

bounded open set O € R" with the property that
Vo=infV <minV.
0 90
Set M={xe€ 0 :V(x)=Vp}.
We assume that the nonlinearity f € C'(R, R) satisfies the general Berestycki-Lions type

assumptions [3]:

(f1) There exists C > 0 such that for every r € R,

2N—p
Lf 1 < CAleP + 117 F);

t
(f2) Let F:teRi—> / f(r)dt and suppose that
0

F( F(
lim 2 0 and tim 2 —o;
=0 [t]? =00 1w

(f3) There exists fy € R such that F(fg) # 0.

The first main result of this paper establishes the following qualitative and asymptotic prop-
erties.

Theorem 1.2. Suppose that N > 3 and 0 < pu < 2. If V(x) satisfies assumption (V) and f €
CY(R,R) satisfies (f1) — (f3) and f(t) =0 for t <0, then, for sufficiently small ¢ > 0, problem
(1.1) admits a positive solution u, € H% (RN, which satisfies

(i) there exists a local maximum points x. of ug such that

lim dist (x;, M) =0,
e—0

and we(x) = ug(ex + x¢) converges (up to a subsequence) uniformly to a least energy solu-
tion of

VoA +mPu+ Vou= (x| Fw) f(), ueH?®R);
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(ii) ue(x) < Cexp(—5|x — x¢|) for some ¢, C > 0.

In order to study multi-peak solutions for the pseudo-relativistic Hartree equation, we assume
that the potential function V satisfies the following hypothesis:

V)YV eCRY,R)is a b_ounded function such that Vi, = infgy V > —m and there exist
bounded disjoint open sets O',i = 1,2, -, k, such that for any i € {1,2,---, k},

m; = inf V(x) < min V(x).
xe0! x€ad 0’

Let M'=Uf_ M’ and 0’ =Ui_| O".
The main result in this case is the following.

Theorem 1.3. Suppose that i € (0,2), N > 3, (V'), f(t) =0fort <0and (f1) — (f3). Then, for
sufficiently small ¢ > 0, problem (1.1) admits a positive solution uc, which satisfies the following
properties:

(i) there exist k local maximum points xé € 0! of ug such that

lim max dist (x., M") =0,

e—>01<i<k

and we(x) = ug(ex + xé) converges (up to a subsequence) uniformly to a least energy solu-
tion of

V=A+mlu+mu=(~x|"*«Fw)fW), u EH%(RN);

(i) ug(x) < Cexp(—g min |x — xé|)f0r some ¢, C > 0.
I<i<k
To prove the main results, we need to study the following the semi-relativistic Hartree equation
with constant potential, which plays the role of limit problem for equation (1.2), that is,

(1.8)

{ V=A+miu+au=(x|""xF@w)f@w) inRY,

ue H? RV,

where a > —m. Equation (1.8) appears in the study of models of stellar collapse, such as neutron
stars. The typical neutron kinetic energy is high, so it must be treated relativistically, see Lieb
[29], Lieb and Thirring [31], and Lieb and Yau [32].

We can reformulate the nonlocal problem (1.8) as the following local Neumann problem

—Av+m*v=0 in ]R_]XH,
0
— o = (| % F@(x. 0) f (v(x.0) —av(x,0)  onEX.
y

(1.9)
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The natural working space for problem (1.9) is the Sobolev space

H%M“)::{veﬁ(M“): f |Vv|2dxdy<oo},

N+1
R+

equipped with norm

|v|| / (|Vv| +v )dxdy

RN+1

For all g € [1, 0o], we denote by | - |, the norm in the space L? (RV) and by || - ll; the norm
in the space L? (]RﬁJrl

By [38], we know that traces of functions H ! (Rf +l) are in H 3 (R™) and that every function
in H%(RN) is the trace of some function in Hl(RfH). Let y : HI(RTH) — H%(RN) be
the linear operator that associates the trace y(v) € H 5 (RN) of the function v € H 1(]Rf“).
Moreover, we know from [14] that for any v € H' (Rﬁ“),

). We denote positive constants by C, Cy, C,C3, .. ..

ly (Vs < csllvll, (1.10)

where 2 < s <2*:= %

We will look for solutions to equation (1.9) as critical points of the Euler functional J, :
H'(RY™) — R defined by

Ja(v)zé f (|1Vv|? +m? vz)dxdy+2/y(v)2dx

RY+ RN
1 / / Fy@@)FyW@) ,
|x — z|# )

RN RN

Clearly, J, is well defined on H 1(Rﬁ+1) and belongs to C!. A function vy is called a ground
state of problem (1.9) if

Jo(vo) = Eq i= inf[Ja(v) :v e H'(RY+1)\{0} is a critical point of (1.9) }

Theorem 1.4. Assume that a > —m, N >3 and n € (0,2). If f € CHR,R) satisfies (f1), (f2)
and (f3), then equation (1.9) has at least one ground state solution v and v € CH*(RN x
[0, +00)) N C2(Rﬁ+1) is a classical solution.

The paper is organized as follows. In Section 2, we study the nonlocal problem (1.9) and
prove the existence, regularity and exponential decay of ground states for the nonlocal problem.
In Section 3, we prove Theorem 1.2 by means of a variational approach introduced in [5]. In
Section 4, by using the method of penalization argument, we construct a positive solution having
multiple concentration regions which concentrate at the minimum points of the potential V.
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2. An autonomous problem

In this Section, we prove the existence, regularity and exponential decay of ground states for
the nonlocal problem

—Av+m?v=0 in ]RiHl,
0
—a—” = (Ix| ™ % F(u(x,00) f (v(x,0)) —av(x,0)  onRY.
y

2.1. Regularity of solutions and PohoZaev identity

In this subsection we are going to show that the solutions for equation (1.9) possess some
regularity properties, which will be used to prove a PohoZaev identity for the pseudo-relativistic
Hartree equation. We adapt the method of Brezis and Kato [4] and obtain the regularity of the
weak solutions by using the Morse iteration method. Similar to the arguments developed in [35,
41] for the nonlocal linear equations dominated by the Laplacian, we have the following estimate
lemma for fractional equations with convolution parts.

2N 2N
Lemma 2.1. Let N >3, u e (0, N) and 0 € (0, N). If H, K € LY (RN) + L¥+1=2 (RN), (1 —
%) <0<+ %), then for any ¢ > 0, there exists C¢ g € R such that for every v € Hl(]RyH),

[ s ayrnry@Prar = [ vuwpPac o [ ek,
RN R+ RN
The regularity property can be stated as follows.

Proposition 2.2. Let v be a critical point for the functional J, on H 1(IRﬁ“Ll), then y(v) €
LY(RN) for all g € [2,+00] and v e LR .

Proof. Let us define the truncation v;: Rﬁ“ — R, for T > 0 large,

-7 if v<-1,
vr(x,y) =1 v(x,y) if —t<v<r, 2.1
T if v>r1.

Since |v|*2v; € Hl(]R{ﬁH) for s > 2 and v is a critical point for the functional J,, taking
|ve S~ 20, as a test function, we obtain
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4(s — 1 s s
(Ssz ) f(|V(vf<x,y)>f|2+m2||vr<x,y)|f|2>dxdy

N+1
R+

< / (V@ (x, YDV (v (x, I 20e (x, 9)) +mP ue (e, v) P 2oe (x, y)o(x, y))dxdy

N+1
R+

= / (xI™% % F(y ) £ (y )]y o) 2y (vr)dx —a / ly 0o)* 2y (ve)y (v)dx.
RN RN

If2<s< NZ—Z_VM, using Lemma 2.1 with 0 = %, there exists C > 0 such that

/(IXIf“ * F(y o) £ (y @)y o)’y (ve)dx
RN

2 _1 S s S
< (ssz ) f(|V<vf(x,y>>f|2+m2||vf(x,y)|f|2>dxdy+c/||y<vf>|f|2dx.

N+1 N
RY+ R

Since |v;| < |v|, we have

2(s—1)
52

/(|V(vf<x,y>)%|2+m2||vf<x,y>|%|2>dxdy

N+1
R+

SC/ Iy(v)lsdx+/(|xr“*If(V(v))I)/(v)lsflI)IF(J/(U))Idx,
RN Ag

where A, = {x e RV : |v| > 7}. Since 2 <5 < Nz—ivu, applying the Hardy-Littlewood-Sobolev
inequality again, we obtain

/ (X1 % LF ) [y @ DIF (v (0))dx
A;

1 1
=c( / @)y P rdx)"( / [Fldx)',
RY Ar

with % =1+ Nz;vﬂ - % and % = % + % By Holder’s inequality, if y (v) € L*(RY), then

Fy)ly)lF~ e L"(RYN) and F(y(v)) € LY(RY), hence by Lebesgue’s dominated con-
vergence theorem,

rliﬁngO/(lxr“*If()/(v))l)/(v)lsflI)IF(V(v))Idx=0~
Ar

On the other hand, by (1.10), we know that there exists a constant C such that
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N-1
SN N s
([ reora) ™ <c [ pwrd.
RN RN

s N
Letting T — oo we conclude that y (v) € L V-1 (RY), By iterating over s a finite number of times

we cover the range s € [2, A%—ﬁ'ﬂ) So we can get ¥ (v) € L*(RN) for every s € [2’ (N_i)%)
. 2 .
Using (f1), we know F(y(v)) € LY(RN) for every g € [21\2/]Xu’ (N_MZ)%N_M)). Since 21\2,&1 <
N 2N?
N—_M < m, we have
U(x):=|x| ™" % F(y(v)) € L°(RN). 2.2)

We claim that y (v) € L?(RY) for any p € [2, +0o0c]. In fact, since v € H'! (Rf“) is a critical
point such that

/ (Vo +mPvp)dxdy +a f Y (0)y (@)dx = / Uy @dx,  (2.3)
Rﬁ“ RN RN

for every ¢ € H' (Rﬁ“), where U (x) is defined in (2.2). For T > 0, we denote

vy =min{vy, T},

where v, = max{0, v}. Since for 8 > 0, |vr|*#v e H! (Rﬁ“), take it as a test function in (2.3),
we deduce that

/ (VoV(lor PAv) + m2lor PP v?)dxdy

Rﬁ*—l
- / lor |2 |VuPdxdy + 28 / v 1Vu)2dxdy + / m2v? vy 2P dxdy
Rﬁ“ {v<T} Rf“
= f U@ f(y)ly o)y (v)dx —a / ly )PPy (v)?dx.
RN RN
Noticing that

/|V<|vf|ﬂv>|2dxdy= / jor Vo lPdxdy + (28 + 8) f v’ |VulPdxdy,

RY+! RN {v=T}

we obtain
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IV (vrlPo)? + [lvr 1Po[Pdxdy

N+1
RY

= / lvr [P |Vuldxdy + (28 + ) f v |VuPdxdy + f llor|Po|2dxdy

RﬁJrl {v<T} RﬁJrl

e f U f(y )y (or) 2Py (v)dx — aC / Iy (or) PPy (0)2dx.
RN RN

where Cg = max{miz, 14 g}. By assumption (f1), we have

2-u
Fr@)y @) < (€ +|y®|Fy@)>.
Since U(x) € L*(R"Y) and y (v) € LP(R") for every p € [2, WI\Z\/—U)’ we know that, for
some constant C| and function g € LN (RN ), g > 0 and independent of T and p,
U f iy )y wp)*y @) < (C1+ ly op) PPy (v)*.
So we have that

/ (|V<|vr|ﬂv)|2+||vr|ﬂv|2>dxdysczcﬁf|y(vr>|2ﬂy<v>2dx

RQH—] RN
+Cp / gly )Py (v)?dx, (2.4)
RN

and, using Fatou’s lemma and the monotone convergence theorem, we can pass to the limit as
T — oo and get

1 1
/ (VI + 103 Pdxdy < C2Cp / ly ()P 0dx 4 g / gly o) PP Dax.
Rﬁ“ RN RN

Forany M > 0,let A; ={g < M}, A, ={g > M}. Since

/gly(v+)lz(ﬂ“)dx:/g|y(v+)|2<ﬁ+1>dx+/g|y(v+)|2<ﬁ+1>dx
RN Ay A

L N N-L
<M f ly )PP Vdx + ( f gVdx)V ( / ly (0| FHORT ax)
Ay Ay Ay

<My ) PVE 4 eM)ly (vp) PV,
we deduce that
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1
10N = Co(Co+ M)y () PV + CpeMDly (0) PV,
Using (1.10) and taking M large enough such that Cﬁc%*e(M ) < 1, we obtain

ly ) PV, <2C5c3.(Co + M)y (vp) BHD 3.

Now a bootstrap argument starting with g + 1 = NL shows that y (vy) € LP(RY) for any

p € [2, +00). Similarly, we can obtain y(v_) € L?(R") for any p € [2, +00) and hence the
same property holds for y (v).

Since y (v4) € L? (RY) for any p € [2, +00), repeating the arguments in (2.4), we obtain that
there exist some constant C and a function g € L2N(RM), g > 0 and independent of T and B
such that

/ (|V<|vr|ﬁv>|2+||vr|ﬂv|2)dxdysclcﬂ/|y(vr)|2ﬂy<v)2dx
R1+1 RN

+Cp / gly )Py (v)*dx.
RN
Using Fatou’s lemma and the monotone convergence theorem, we can pass to the limitas 7 — oo

to get

/ (V)P + o Pydxdy < €1Cp / Y PP Ddx + Cp / gly ) PF D dx.
RN+1 RN RN
Using Young’s inequality, we see
/ gly )PP Vax < lghon|(y )P hly (v o
]RN

1
< Igln(ly )P T3 + X'V(””M 3.

Therefore,
lglan
f (V)2 + 105 Pydxdy < Cp(Cr + glan M)y (v)PH 3 + "A ly ()Pt 3.
]RN+I
2.5)

Using (1.10) and taking A large enough such that Cs lflz’v Ch = 5, we obtain

ly ()P T5 < 263.C(Cr + Iglan M)y (v )P TS = CaCply (0P LS.

Since C2Cg < Com™2+1+p)?* < Mge2V 148 for a positive constant My, we know that
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1
ly (vp)loxp+1) < Mémeﬁ ly (v)l2eg+1)-
Start with By =0, 2(8,4+1 + 1) = 2*(B8, + 1), an iteration shows
no_1 no_ 1
ly (vp)l2xg,+1) = My = WEZH) VT |y () 280+ -
Since 8, + 1 = (%)" = (%)", we can get that

o0 o0
Z ! < o0 and Z¥<oo
— i+l VBt 1

and from this we deduce that
[y (vi)loo = 1im [y (vi)|2x(g,+1) < 00.
n—>oo

Thus, y(v4) € L®[RN). Clearly, the same is true for y (v_) and hence for y (v). We can use the
fact that |y (v4)|p < C3 < +oo for all p in (2.5) (with A = 1) to deduce that, for all 8 > 0,

1 2 1 2 1
12 < cp(Cr + 1glamn) 3P + Cplglan e3P T,

Since by Sobolev’s embedding we have

2(B+1 +1 +1
o 15550, = 105 o < car ),
where 2* := %, we deduce from the above inequality that

1 1 ot 2 1
o550y = 10 o < CCpc3PHY
for a positive constant C. Since the right-hand side of the last inequality is uniformly bounded
for all 8 > 0, we can get that v € LOO(Ri\_""l) as before. Similarly, we can see v_ € L°°(R41Y+l)
and hence the same property holds for v. O

The following property is established in [15, Proposition 2.9].

Lemma 2.3. Suppose that v e H' (Rﬁ“) N L°°(R$+l) is a weak solution of

—Av+m?v=0 in Rf“,
0 .
_9v g(x) on RV, (2.6)
dy

where g € LP(RN) for all p € [2, +00].
Then v € C%*(RN x [0, +00)) N W4 @RN x (0, R)) for any g € [2, +00) and R > 0. If, in
addition, g € C*(RN) then v e C* (RN x [0, +00)) ﬂCz(RﬁH) is a classical solution of (2.6).
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Proposition 2.4. Assume that f € C'(R, R), then the weak solution v € CH*(RY x [0, +00)) N
CZ(RQIH) is a classical solution and satisfies

- N+ 1m
N-d / |Vv(x,y>|2dxdy+¥ f (e, )| dxdy+—/|y(v)|2dx
Rﬁ‘Fl RN+1
_ 2N — i

/(IXI_”*F(V(v)))F(V(v))dX~
RN

Proof. We know from Proposition 2.2 that y (v) € L? (R") for any p € [2, +00], consequently

hi=—y @)+ (x| % F(y ) f(y v)) € LP(R")

for any p € [2, +oc]. From Lemma 2.3 we then deduce that y (v) € C%*(RN) and then that
h e CO%(RN). Again Lemma 2.3 tells us that v € C*(RY x [0, +00)) ﬂCz(RﬁH) is a classical
solution.
We denote D = {z = (x,y) € ]Rﬁ+1 tlzl < 1}.Fix ¢ € Cé(Rﬁ“) such that ¢ =1 on D and
@y = @(Ax, Ay). Then, for A € (0,00) and z € Rf“, the function w; defined by
wi(x, y) =@p(x, y) - Vou(x, y)

can be used as a test function. It follows that

/ Vo(x, y)Vw; (x, y)dxdy + m? / v(x,y)wx(x,y)dxdy+a/V(v)y(wx)dx
RN+ RN+ RN

= / (Ix| 7" % F(y (v))) f (¥ (0)y (wp)dx.
RN
Asin [17, Theorem 6.1], we know that

N—1
lim Vo(x, y)Vw; (x, y)dxdy = ———— / IVo(x, y)[*dxdy,
A—0 2

N+1 N+1
RY RY

N+1
lim / v(x, Y)wa(x, ydxdy = — >+~ / lu(x, y)*dxdy,
A—0 2

N+1 N+1
RY RY

li dx=-Y d
A1_>rr10/y(v)y(uu) x——;/ly(v)l x
RN N

and

N—pun

2
}‘L%/ (IxI 7" Fly ) f (¥ )y (wp)dx = — /(IXI_“*F(V(v)))F(V(v))dX-
RV RN
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The conclusion follows by combining the above equalities. O
2.2. Existence of ground states
It is convenient to show that the functional J, satisfies the mountain-pass geometry.

Lemma 2.5. Assume that f € C' (R, R) satisfies (f1), (f2) and (f3), then

(i). There exist p > 0and B > 0 such that J,|g > B forallve B={v e Hl(RﬁH) vl = p}.
(ii). There exists v € HI(RTF]) such that ||v|| > p and J,(v) < 0, where p is given in (i).

Proof. (i) By the growth assumption (f1), Proposition 1.1 and (1.10), for every v € H 1(]Rﬁ“),
there holds

2N N
[ s Fg @) Fo o =i [ 1FG )
RN RN

2N—p
N

<o [ arei + e Far)

RN

4 2QN—)
= G (ol + o) 7,

and so

1 C _
sz [ (1veee P e mto?)dxdy+ 5 [ yidx =S (ot + ).

N+1 N
RY* R

Note that % > 4 > 2, hence we can choose p sufficiently small and g > 0, such that
Jalp =B forallue B={ue H' RY™): ull = p}.
(ii) From assumption ( f3), we can choose fp € R such that F(#p) # 0. Let w =#px s, , we get

/ (1xI7* % F(y W) F(y (w))dx = F (1) / / x — 2| Fdxdz > 0,

RN By By

where Bj is the open ball centered at the origin with radius 1 in RN. Since H 5 (RM) is dense
2N

in L2@RY) N L¥T(RY) and [pu (Jx|™* % F(y(v)))F(y(v))dx is continuous in L*(R™) N

L% (RY), we know there exists v € H! (]R_/ZH) such that

/ (Ix| = % F(y (v))) F (¥ (v))dx > 0.

RN
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Fort >0, x € RY and yeRy, letv (x,y)= v(%, %), we find that, for 7 > 0,

N 2.L.N+1

5 / |Vv(x,y)|2dxdy+T / |v(x,y)|2dxdy

N+1 N+1
RY RY

Ja(ve) =

Q2.7)

TN 5 .L.ZN—;L B
+7f)/(v) dx — 3 f(IXI K% F(y () F(y(v)dx.

RN RN

Since 0 < p < 2, we can obtain, for T > 0 large enough, J,(v;) < 0. By the proof of (i), we also
know |lv¢|| > p. So, the assertion follows by taking v = v,, with 7 sufficiently large. O

In order to prove the existence of weak solutions, we will apply the mountain pass theorem
[39]. Define the mountain pass level

E}:=inf sup J,(u(1)), (2.8)
t€A 1€[0,1]

with the set of admissible paths defined by
A= {L € C([0, 1] H' RN*1)) 1 1(0) = 0, J,(1)) < 0}.

It is convenient to define PohoZaev functional P : H'! (Rﬁ‘“) — Rforve H 1(Ri‘f“) by

N-—1 5 m2(N + 1) 5
P()=—— IVolx, p)Fdxdy + ———— lv(x, y)|[“dxdy
R§+l Rﬁ+l

— i

/ (Ix|7* % F(y (v))) F (v (v))dx.

aN 2N
+ > / y(v)zdx —
RN RN

In order to construct a PohoZaev-Palais-Smale sequence, foro e R, v € H' (Rﬁ“), x € RN and
y € R4, we define the map @ : R x Hl(]Rf‘H) — Hl(Rf‘H) by

®(o,v)(x,y) =v(e %x,e %y).

Then the functional J, o ® is computed as

(N-1)o m2€(N+l)a
Ju(@(o,0) = / Vote, ) Pdxdy + " / l(x. y)Pdxdy
RﬁJrl RﬁJrl
aeNa e(ZNf;/.)o _
+— f y(@)2dx - ——— / (17" F(y @) F(y (0))dx.
RN RN
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Define the family of paths
A={eC(0,11;R x H' RY™)) :4(0) = (0,0) and J, o D(:(1)) < 0}

and notice that A = {® o ¢ : ¢ € A}. It follows that the mountain pass levels of J, and J,; o @
coincide, that is,

E}=inf sup (J, 0 ®)(t(2)).
teA tel0,1]

From Lemma 2.5 and the min-max characterization of the value E, we obtain 0 < E} < oo.
Using condition (f1), we know that J; o ® is continuous and Fréchet-differentiable on R x
1N+l
H'RI™).
Applying [39, Theorem 2.9] and Lemma 2.5, there exists a sequence {(o,, w,)} in R x
H'(RY™) such that as n — oo

(Ja 0 @) (0, wy) — EX and  (Jg 0 ®) (0, wy) — 0 in (R x H'(RYT))*.
Since for every (h, w) € R x H! (]RT’I),
(Ja © @) (00, wn)[h, w] = S (P (0, wp))[P(on, w)] + P(P (0, wp))h.
We take v,, = ®(0,, w,), then as n — oo,
Ja(vp) = Ex >0, J (vy) >0, P(v,)— 0. (2.9)

Now we are ready to obtain a nontrivial solution from this special sequence by applying a
version of Lions’ concentration-compactness principle for the fractional Laplacian, see [17].

Lemma 2.6. Let {u,,} be a bounded sequence in H > (RN)Y. Assuming that for some o > 0 and
2 < g < 2* we have

sup / lun|?dx — 0, as n — oo,

xeRN
Bo (x)

then u, — 0in LS(RN) for2 <s < 2*.
Lemma 2.7. Suppose that (f1) — (f3), then equation (1.9) has at least one nontrivial solution.

Proof. By direct computation, we obtain, for any n € N,

N—-p+l 2 2 2
Ja n) — P n) = V n , . , d d
(vn) 2N — (vn) 22N — ) /(| v (X, YT+ m? v (x, y)[7)dxdy
R{X-H
Cl(N—/L) 2
P ) dx.
20N ) Y (Un)7dx
RN
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By (2.9), it is easy to see that the sequence {v,} is bounded in H l(IRf‘H). Moreover, we claim
that there exist o, § > 0 and a sequence {x,} C R" such that

liminf / y(vn)zdxz(ﬁ.
n—o0
By (xp)

If the above claim does not hold for {v,}, by Lemma 2.6, we must have that
y(vy) = 0 in L"(RN) for 2 <r <2*. (2.10)
Fix 2 < g < 2%, from assumption ( f2), for any & > 0 there is C¢ > 0 such that
F@ITT < E(1s| W77 + 15| 9) + Celslt Vs > 0.

Since {v,} is bounded in HI(RTH) and hence, by the Sobolev embedding, in L% (RY), we
have

/|F<y<vn>)|%dxscls+czf|y<vn>|‘fdx.
RN RN

Since £ > 0 is arbitrary and (2.10), we have
2N
f |F (y(vp))|?N=1dx — 0,
RN

as n — oo. It follows from the Hardy-Littlewood-Sobolev inequality that

/ (X1 % F G (un))) £ (0 (on))y (v)dx
RN

2N—p
2N

2N—p
2N

— 0,

=i [ IF e Pray)

( / £ )y (o) |77
RV B

which leads to ||v, || — 0. This contradicts with (2.9) and so the claim is proved. And so, up to
translation, we may assume that

liminf / y(vp)?dx > 6.
n—oo
By (0)
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Since {v,} is bounded in HI(RQYH), there exists vg € Hl(]RiiYH), vo # 0, such that, up to a
subsequence, v, converges to vg weakly in Hl(RﬁH) and v, converges to vp a.e. in Rﬁ“.

2N
From ( f1), we know the sequence { F (y (v;,))} is bounded in L2¥-« (R™). Since F is continuous,
we have F(y (v,)) converges to F(y (vo)) a.e. in RV, So,

F(y(un) = F(y(w)) in L7 (RV),

By the Hardy-Littlewood-Sobolev inequality, |x|™* defines a linear continuous map from
2N 2N
L2 (RY) to L'# (RY). Thus we know that

e (F(y (o)) = x| % (F(y (v9))) in L% ®Y).

On the other hand, applying condition ( f1), we can get, for every p € [1, #jlv_u),

Fyn) = fly(v)) in L RM).

2N

We conclude that, for every p € [1, N—+1)

(|7 5 F(y ) f (v (a)) = (X1 7" % F(y (00))) f (¥ (v0)) in LP(R™).

In particular, for every ¢ € H' (Rﬁ“),
0= lim (J;(vn), ¢)
n—oo

= lim ( / (anV(p+m2vn<p)dxdy+a/y(vn)y(w)dx

n—oo
N+1 N
RY R

~ [0 P £ @y )
RN
= / (VvoVw+m2vo<p)dxdy+a/y(vo)y(w)dx

RﬁJrl RN

- /(IXI*”*F(V(vo)))f()/(vo)))/(fp)dx
RN

= (J,(v0), @) .

We conclude that vy is a weak solution of equation (1.9). O
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Proof of Theorem 1.4. The weak lower-semicontinuity of the norm and the PohoZaev identity
in Proposition 2.4 imply that

P (vo)
2N — 1
_N—p+1
2(2N

Ja(vo) = Jo(vo) —

a(N —p)

2
20N — ) y(vo)“dx
RN

/ (V0,2 + m?|vo(x, y)P)dxdy +

RNJrl

N—p+1
§liminf( s

T~ /r- 2
e \zan = / [V (x, Y)| + m?|vg (x, | dxdy 2.11)

RN+1

a(N — ) 2
+72(2N—M) ¥ (vy) dx)
RN
P (vp)
2N —

= liminf[Ja(vn) _ ] = liminf J, (v,) = E7.
n—oo n—0o0o

Since vy is a critical point for functional J, and by the definition of the ground state energy level
E,, we have J,(vo) > E,. So, we can get E; < E}.
We define the path ¢ : [0, 00) — H'(RY*!) by

if T >0,

Xy
(D, y) = I (.7
0 if t=0.

Since the function ¢ is continuous on (0, o), we have, for every 7 > 0,

/ Vi(0) (e, y)Pdxdy +m? / (@) x. y)Pdxdy +a / v (0 Pax

RN+1 RN-H

_ N / Vo (x, y)|2dxdy +m>tN+! / |vo(x,y)|2dxdy+atN/I)/(vo)lde,
RQIH RﬁJrl RN

which implies that ¢ is continuous at 0.
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By the PohoZaev identity in Proposition 2.4, we have

N-1 5 m2N+1 5
Ja(l() = — / [Vuo(x, )| dxdy-i-i / lvo(x, y)|“dxdy
RiJrl RNJrl
atV ) ZN-1 _
+—- / ly (vo)|“dx — /(IXI B F(y (vo) F (v (vo))dxdy
RN RN
N-1 IN- N+ N
N -1 w N+1 w
= (T . i ) / |Vvo(x,y)|2dxdy+m2(r _ W+ De )
2 22N — ) 2 22N — )
RiJrl
) 'L'N Nt 2N—n )
< [ ot pPasdy+a( - 5 —) /l)’(vo)l dx.

N+1
RY

It is easy to see that J,(:(7)) achieves the strict global maximum at 1, that is, for every 7 €
[0, 1)U (1, 00), J4(t(1)) < J4(vo). Then after a suitable change of variable, for every 79 € (0, 1),
there exists a path ¢ € C([0, 1]; Hl(RﬁH)) such that 7 € A, 7(ty) = vg and

Ja (1)) < J,(vg), vVt € [0, to) U (t9, 1].

Let wo € H'(RY )\ {0} be another solution of (1.9) such that J,(wo) < J, (vo). If we lift wo
to a path and recall the definition of E7;, we conclude that J,(vg) < E}; < J,(wp). Thus, we have
proved that J, (vo) = J;(wo) = E, = E};, and this concludes the proof of Theorem 1.4. O

Remark 2.8. Denote by
Sa={ve Hl(RfH) 1 Jo(v) = E, and v is a ground state of (1.9)}

the set of groundstates of (1.9). Then S, is compact in H' (Rﬁ“).
In fact, for every v € S,, we have

N —p+ N
Ja(v)=2(2N7M / (Vo(x, )P +m?[v(x, y)] )dxdy+W/)/(v)2dx

RN-H

Thus, for every {v,} C S,, up to a subsequence and translations, we can assume that v, — v.
Since equality holds in (2.11),

Ja(v)—rN / (Vo )P +muix, )2 )dxdy+—2(2N N RARKE
RN+1
—n‘L“;oi“f(z(ZN / (V0 (e, )2+ m? |, (5, »)P)dxdy

]RN+I
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N —pun /' 2
+— (vn) dx),
20N —p ) T
RN

and hence {v,} converges strongly to v in H'(RY*").
2.3. Exponential decay of the ground states
Now, we took some ideas from [15] to prove the decay of the ground state solutions to (1.9).

Lemma 2.9. Let v € S, be the ground state solution obtained in Theorem 1.4. If f € C'(R,R)

satisfies (f1) and f(t) =0 for t <0, then for any o € (—a,m) N [0, +00), there exists C > 0
such that

0<v(x,y) < Ce~ M=oV |X|2+yze—(7y
for any (x,y) e RN x [0, +00).
Proof. Since f(¢t) =0 for¢ <0, we see that v > 0. By Proposition 2.4, we know v € CheRN x
[0, +00)) N C? (Rﬁ“). The strict positivity of v follows immediately from the maximum princi-
ple: since v > 0, if v(x,y) =0, then y = 0. From the equation we deduce that %(f, 0) =0 and

we reach a contradiction applying the Hopf lemma.
Following [15], for any R > 0 we denote

Bf ={(x,y) eRY*1: /Ix2 432 <R},
QfF ={(x,y) eRﬁH /%12 4+ y?2 > R},

'r={(x,0)¢€ 8R.’X+l :|x| > R}
and define
fr(x,y) = Cre™®e™ = OVRER? for (x, y) € 2,

where the positive constants Cg and o € (—a, m) N [0, +00) will be chosen later on. A simple
computation shows that

VIxE+yr o JIxP+y?

Thus, for R large enough, we have

~Afr+mifr>0 in QF,

a a
_ﬁ:ﬁzgﬁe onl"'}i,'.
dy  9n
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We now define

U)(.x, J’) = fR(-x7 )’) - U(X, y)
for any (x,y) € 5;. We clearly have —Aw + m?w > 0 in Q;. Choosing

Cr = ¢™Rmaxv,
3B}

we also have w(x, y) >0 on 8B;§ and w(x, y) — 0 when |x| + y — oo.

We claim that w(x, y) > 0in 5;. Supposing the contrary, let us assume that inf§+ wx,y) <

R
0. By the strong maximum principle, there exist (xg, 0) € 1"; such that w(xgp, 0) = inf§+ w(x,y)
R
<w(x,y) forall (x,y) € Q;. Defining
px,y) =w(x,y)e"
for some A € (—a, m) N [0, +00), a straightforward calculation shows that
—Aw +m*w=e?(Ap +213yp + (m* — 1%)p).

Since —Aw + m?w > 0, we conclude that Ap +210yp + (m2 — )Lz)p > 0. Another application
of the strong maximum principle yields

p(x0,0) =inf p = infw = w(xp, 0) <O.
e Tk

By Hopf’s lemma we have g—g(xo, 0) <0, hence

0
—2 (x,0) <. 2.12)
dy
Since g—‘y’ = %—';’e)‘y + Awe™, we conclude that
0 ow
22 (x0, 0) = = (x0, 0) + 2w (xo, 0)
dy dy
and so
ap a av
——(x0,0) = —ﬁ(m, 0) + —(x0,0) — Afr(x0,0) + Av(x0, 0)
dy dy dy

= (0 — 1) fr(x0,0) + (a + M) v(x0,0) — (|x| 7 * F(v(x0, 0))) f (v(x0, 0)).

By Proposition 2.2, we know that |x|™* % F(v(x, 0)) € L>°(R"). Combining this with hy-
pothesis (f1), we have

(IxI 7 % F ((x0, 00)) f (v(x0, 0)) = O (2.13)
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as |xg| = oo.
Now, choosing o = A, since A € (—a,m) N [0, +00) (so that, the last term in the above in-
equality is non-negative), the positiveness of (a + A)v(xg, 0) and (2.13) guarantee that

d
~ 2 (x9,0) > 0,
dy
thus reaching a contradiction with (2.12). It follows that
0 <v(x,y) < fr(x,y) = Cre e~ =OWIPH? for (x,y) € Q.
The proof is now complete. O
3. Penalization arguments: single peak solutions
To study problem (1.1), it suffices to investigate equation (1.2).
For any set B C RY and ¢ > 0, we define B, = {x € RN : ex € B} and B® = {x e RV :

dist (x, B) < §}.
Forv e HI(RQ_’H), let

P, (u)—l (V| + m*v¥)dxd +l Vey (v)%d
£ - 2 y 2 A X
R~}X+l RN

1
-3 f (X7 % F(y () F(y ())dx.

RN

Fixing an arbitrary « >0 and v e H 1(Ri‘f‘"l), we define

=10 if x € O,
X =0 g ifxeRV\ 0O,
and
2
0:(v) = / Xey (v)%dx — 1
RN n

Let I, : Hl(RfH) — R be given by

[e(v) = P (v) + 0 (v).

It is standard to check that I', € C'(H 1(]Rﬁ_”'l)). To look for solutions of problem (1.2) that
concentrate in O as ¢ — 0, we shall search for critical points of I'; such that Q, is zero. The
functional Q. was firstly introduced in [7] and it will play the role of a penalization to force the
concentration phenomena to occur inside O.
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Now, we will construct a set of approximate solutions of (1.2). Let

1
§= Edist(A/t,RN\O).

We fix 8 € (0, §) and a cut-off ¢ € CSO(RTH) suchthat 0 < ¢ <1,¢(x)=1for |x|+y <8
and ¢ (x) =0 for |x|+y > 28. Let e (x, y) = ¢(ex, ey), x € RV, y e R and for some xo € M?

and U € Sy,, we define

X0 X0
U (x,y) =@ (x — ?y) U (x — ?y),

where Sy, is the set of least energy solutions of (1.9) with a = Vp. As in [5], we will find a

solution near the set
X, = (U | xo e MP,U € Sy,)
for sufficiently small ¢ > 0. Choosing some fixed U € Sy, and xo € M, we define
We(6.3) = (:Un(r = =.3). where Uy(x.3) = U (=, ).

Lemma 3.1. There exist T > 0, such that for ¢ > 0 small enough, I'c(We 1) < —2.

Proof. By a direct calculation, we get I'e (W, ;) = Pe (W) for any ¢t > 0,

tN—Z mth tN
Ty (U = —— |VU*dxdy + / |U|2dxdy+7vo / ly (U)|*dx
RﬁJrl Rﬂﬂ RN
t2N—p,
-5 / (x| % F(y (UN)F(y (U)dx.
RN

Then there exists T > 1 such that Jy,(Ur) < —2 for ¢ > T. Noticing that

1
Pe(We,r) = Jvy(Wer) + 3 /(Vs(x) — Vo)y (We.)?dx,
RN

we have

Pe(We,t) = Jvy (Up) + O(e),

by the decay property of U in Lemma 2.9. We conclude that I'; (W, 1) < —2 for ¢ > 0 small.
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Let ¢, (¢)(x,y) = W, (x,y) for t > 0. Due to liII(l) We.r =0, let 1,(0) = 0. We define a min-
t—

max value C; by

C. = inf max [.((s)),
1ed, s€[0,T]

where ®, = {1 € C([0, T], H' (RZH)) :1(0) =0, (T) = 1(T)}. Similarly to Propositions 2 and
3 in [5], we have the following property.

Proposition 3.2. We have

lim C; = Ey,),

e—0
where Ev, is the least energy of (1.9) with a = V.

Now define
r“:=fwe H' ®RY™): Te(v) <a)
and for a set A C HI(RQY“) and o > 0, let
AY:={ve H'®RY™) : inf v —w| <a).
weA

In the following, we will construct a special P S-sequence of I';, which is localized in some
neighborhood X¢ of X,.

Proposition 3.3. Let {¢} with lim ¢; =0, {ve;} C ng be such that
Jj—00 /
lim ', (ve;) < Evy, and lim I (ve,) =0. 3.D
j—ooo jooo S

Then for sufficiently small d > 0, there exist, up to a subsequence, {xj} C RN, xo € M, and
U € Sy, such that

lim |e;x; —x0| =0,
J—>0o0

and
lim_lve; — e, (- = x, U — x5, )| =0.
Jj—00

Proof. Without confusion, we write ¢ for ¢ ;. Since Sy is compact, then there exist Z € Sy, x¢ €
(M)B, xo € (M)P, lin}) Xe = X0, such that up to a subsequence, denoted still by {v.} satisfying
E—>

that for sufficiently small ¢ > 0,

Ve — @ (._x_e,.>z<._x_€,.)H§2d, (3.2)




F. Gao, V.D. Radulescu, M. Yang et al. Journal of Differential Equations 295 (2021) 70-112

Set vy (x, ) = @e (X — %, ¥) ve, V26 (x, ¥) = Ve (x, ¥) — V16 (x, y).
Step 1. We claim that

Ce(ve) > Fe(vl,s) + FE(U2,8) + O(e). (3.3)

Suppose that there exist x; € B ( =3 ) \ B ( =, g) and R > 0, such that

lim y(vg)zdx > 0. 34

e—0
B(x¢,R)

Let Wo(x,y) = ve(x 4+ X¢, v), then we get

lim y(We)2dx > 0. (3.5)
—0
B(0,R)
Since ex, € B (x,28) \ B (xs, B), by taking a subsequence, we can assume &x; — X0 e

B (x0,28) \ B (x0, B). From (3.2), one has {W,} is bounded in H (RNH) Without loss of
generahty, we assume that W, — W weakly in H (RN+1) and y(Wg) — y(W) strongly in

l()L (RN) for q €[2,2%). Clearly, (3.5) implies that w # 0 and from (3.1) we get that W is a
nontrivial solution of

—AW+m*W =0 in RY T,
oW _ — — — (3.6)
—5y = TR FGINS W) =VGy W) onRY.
Once choosing R large enough, we deduce by the weak convergence that
tim ( f (IVvel® +m? v [*)dxdy + f Ve (v:)dx)
=0 B(Xe, R) % (0,+00) B(xe,R)
—tm ([ (VWP ent WPy [ Vet Ty (o)
0 BB X0 10) BO.R)
3.7

> / (VWP +m?|WPdxdy + [ V(x%y (W)2dx
B(0,R) x (0,+00) B(0,R)

1 _ _ 1 _
>> / (|VW|2+m2|W|2)dxdy+§/V(xo)y(W)zdx.
R{X*—l RN

By Theorem 1.4, E, is a mountain pass value. One can get E, as being strictly increasing for
a > 0. Then

Jyx0,(W) = Ey 0, = Ey,, since V(x%) > Vj.
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Thus by (3.7) and the Pohozdev identity, we get

im( [ (el [ Vcoy o)
T bR 0400) B R)

1 _ — 1 _
>> / (|VW|2+m2|W|2)dxdy+§/V(xo)y(W)zdx

R{X+1 RN
- 2N —u J W) > 2N — E
N2 VO =N T

Combining this with the exponential decay at infinity of Z and the fact that xo # x°, we get a
contradiction with (3.2) by taking d > O sufficiently small. Then, it follows from [33, Lemma
1.1] that, up to a subsequence,

lim f ly (ve)|9dx =0, forany 2 <gq < 2% (3.8)
e—0

B2 )\s(.2)

Then, by (22) in [40], we know that

/(Ia * F(y (ve))) F(y (ve))dx = /(IXIf“ * F(y (v1,e)) F(y (vie))dx
RN RV

(3.9)
+ /(le_“ * F(y (2,6)) F(y (v2,6))dx + 0. (1).
RN

Thus, it is easy to see

Ce(vg) = Fs(vl,s) + Fs(”Z,s)

X X
- / %(x——g,y)(l—ws(x——S,y))IVvslzdxdy
£ I

B(%,%)\B(%,é)x(o,ﬂo)
Xg Xg )
+ / VAX)J/(%(X—;,y))(l—V(soa(x—?y»)y(vs) dx
(. 2)in(2.2)
— [ (17 FO @ F ) = (7 5 Fy ) Fy o)
RN
— (17 F(y ) F(y (020)) )+ 0: (1)

as ¢ — 0. Therefore, we deduce that (3.3) holds true.
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Step 2. We claim that for d, & > 0 small enough,
Te(v2,6) = collvae (3.10)

for some co > 0.

2N—
By (f»), for any p > 0O there exists b > 0 (depending on p) such that |F ()| < pt* + bt| =
for ¢ € R. Then by the Hardy-Littlewood-Sobolev inequality and Sobolev’s inequality,

/(IXIf“*F(J/(vz,s)))F(V(vz,s))dx

RN
2N—un

<CV, / |F(y (v2.0))| o7 dx

RN
2N—p

2N 4N oN N
=G /(PZN"‘|V(U2,5)|2N"‘ + b2 |y (v2,6)[V-T)dx
RN

2 4 2 22N—p)
= Co (P Mozt 4+ D2V )

It follows that

1 1
Ie(va,e) > Pe(v2e) > 5 / (|VU2,8|2 +m20%’8)dxdy + E f VSV(UZ,S)de

R§+l RN
1

—5/(|x|_“*F(y(vz,s)))F(y(vz,S))dx (3.11)
RN

22N—p)

1
= Callvzel? = 32 (PP ozel + B2 ael V1 ) + 02 (D).

Since 2 < 4 < W, taking d, ¢ > 0 small enough, we can deduce from (3.2) and (3.11) that
Fe(v2e) > c0||v2,8||2 for some ¢¢ > 0.
Step 3. We define

vie(x,y), x€O0,,
vl{g(x,y):{o’l’s( Y) T E O 3.12)

and set We(x,y) = v{ R (x + "?5, y). We can proceed as before and conclude that, up to a subse-
quence, we have as ¢ — 0,

W, — W weakly in H'(RY ),
and W is a solution of

98



F. Gao, V.D. Radulescu, M. Yang et al. Journal of Differential Equations 295 (2021) 70-112

—AW +m*W =0 in RY !,
aw
—E=(IXI*“*F(V(W)))f(V(W))—V(Y)V(W) on RV,

(3.13)

In the following, we prove that W, — W strongly in H'! (Rf *1). As before, assume the exis-

tence of a radius R > 0 and of a sequence x. € R" such that x/ € B (xs—F, %),

. X
lim |x; — = =0
=0 &

and

lim / ly (vi »)[*dx > 0. (3.14)
—>OB(xg,R)

Without loss of generality, we can assume that s:x;3 — x" € O as ¢ = 0. Define VT/E (x,y) =
We(x + xé, y), then up to a subsequence, as € — 0,

We — W #0 weakly in H!(RY™)
and W satisfies
—A~W+m2W=O inRﬁH,
oW

T (IXI7* % F(r (W) f(y (W) = V(x)y(W)  onRM.

(3.15)

With the same arguments as in the proof of Step 1, we can get a contradiction. So, y (W;) —
y (W) strongly in L?(R") for any p € (2,2*), which implies

Sli_rgg)/(lxr“*F(V(We)))F(V(Ws))dx=/(le_“*F(V(W)))F(V(W))dx. (3.16)
RN RN

Then we deduce that
lim Te (v ,) > Tim Pe(v] )
e—0 ’ e—0 ’

T 1 2 2 2 1 2
= Tim (3 f (VWel? +m?|We| )dxdy+5fvg(sx+xs)|y(ws>| dx
RﬁJrl RN
1
3 /(le’“ * F(J/(Ws)))F(V(Wa))dx>
RY (3.17)

1 2 21w 2 1 2
> 2 (IVWI"+m?|W [ )dxdy + > V(xo)ly (W)|“dx

N+1 N
RY+ R
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1 -1
3 (IxI™" % F(y (W) F (y (W))dx
RN

= Jv () (W) > Ey,.

Now, by the estimate (3.3), we get

Tim (T (2,0) + T} ) = M (Ce(v2) + Te(01,0)) < IM T () < By (u18)
Therefore, by (3.10) and (3.17), by choosing d > 0 small enough,
lim Iy (v1 ) = lim Fg(vl1 ) =Ey,. 3.19)
e—0 e—0 ’
By (3.10), ||v2,¢]l = 0 as € — 0. Recalling that E, is strictly increasing for a > 0, we obtain

x0 € M and W(x,y) = U(x — X, y) for some U € Sy, and X’ € RN. Moreover, by (3.16),
(3.17) and (3.19), we have

tim ([ AVWP W Prdxdy [ Vecex + oy (¥ P)
E—>
Rﬁ+l RN

— / (|VW|2+m2|W|2)dxdy+/V(xo)ly(W)|2dx.

N+1 N
RY+ R

Then W, — W strongly in Hl(Rf'H). Let X, = X' + x¢/¢, then ex, — xo € M and
V1 e(x,y) > g (x — X, y)U(x — X, y) in Hl(Rﬁﬂ) as ¢ — 0, which implies that

Vie = ¢e(x =X, MU =X, ¥) +o0:(1) in H' RY™.
The proof is now complete. O

Let
D, = max ¢(t.(s)).
5€[0,T]

Then, we can see easily that the following properties hold.
Proposition 3.4.
(i) We have lim C; = lim D, = Ey,,.
e—0 e—0
(ii) For any d > 0, there exists ag > 0 such that for ¢ > 0 small,
e (te(s)) = De — g implies that 1 (s) € X4/,

As a consequence of Proposition 3.3, we have
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Proposition 3.5. For sufficiently small d > 0, there exist constants o0 > 0 and gy > 0, such that
d
IT.(v)| > o forve TP N(X9\ X2) and ¢ € (0, &).

Proof. By contradiction, we can assume that there exist {¢;} with lim &; =0 and {v.,} with
J—>00 )
d
Vg, € ng \ stj, such that

lim I’y (ve,) < Ey, and lim F;_(vg.)zo.
jooo jooo ST

Thus, by Proposition 3.3, there exist {.ng} CRN, xpeMand U e Sy, such that limo |8jx8j —
Ej—>

xo| =0 and

lim [ve; — @, (- = xe;, WU (= xe, ) =0.
gj—0

d
By the definition of Xe;, we see that limodist (vgl., Xgl.) = 0. This contradicts Vg ¢ st/" Thus,
. ¢ . . . .

we complete the proof. O

Now, we fix d > 0 such that Proposition 3.5 holds. Choose Ry > 0 large enough such that
0 c RY x {0}) N B0, Ry) and t,(s) € HOI(B(O, %)) for any s € [0, T], R > Ry, ¢ > 0 small
enough.

d
Proposition 3.6. Given ¢ > 0 sufficiently small, then there exists a sequence {v,f JC X2 N FSDS N
H} (B0, 2)), such that lim |T,(vi)|| =0in H} (B(0, £)).
n—o0

Proof. The proof uses some ideas found in [5]. To the contrary, for ¢ > 0 small enough,
there exists ag(e) > 0 such that ||, (v)|| > agr(e) for any v € Xsd N FEDS N HO1 (B(O, %)). By
Proposition 3.4, we know that there exists ag € (0, Ey,) such that if & > 0 small enough and

d
e (te(s)) = Dy — ap, then (.(s) € X2 N HO1 (B(0, g)). Thus, by a deformation argument in
H(} (B(O, g)), there exist a kg € (0, ag) and a patht € C ([0, T], Hl(RﬁH)) such that

—1.(s)  if t(s) e Dm0
L(S) d . Dg—ap
€ Xg if to(s) ¢ Te s

and

Ie(t(s)) < Dg — ko, s €[0, T]. (3.20)

Let ¢ € C(RYT) be such that y(x,y) =1 for x € 0% and 0 < y < 8, ¥ (x,y) =0 for
x¢ 0% andy>28, Y(x,y) €[0,1] and |[Vy| < 2. For i(s) € X¢, we define 11(s) = Y,L(s),
1(s) = (1 — Pe)(s), where e = ¥ (ex, €y). Then
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2
0:(t(s)) = /Xstl(S)2+/st2(S)2—l)
+

RN RN

2 2
/xm(s)zl) + (/xgmsnzl)
R¥ L \R¥ i

= Q¢ (11(5)) + Qe (12(5)) .

v

Thus, we have

Fe (1()) = Te (11 (5)) 4+ Te (2(5)) + Qe (1(5)) — Qe (t1(5)) — Qe (t2(s))
+ / (ve (1 = v ViR +m2pe (1 = Yo)lu(s) ) dxdy
RﬁJrl
1
+ / Vewre (1= ¥o)ly () Pdx — f (x| F(y (D) F (y (1)) dx
RN RN

1
+t3 /(|x|7ﬂ*F(V(Ll(s))))F(V(Ll(S)))dx (321
RN

1
+ 3 /(le_" * F(y (2(s)) F(y (a(s)))dx + 0. (1)
RN

1
z e (@) +Te (2(9)) + 5 /(IXI_” * F(y (2(s)) F(y (12(s)))dx
RN

1
-3 /(IXIf“*F(V(L(S))))F(J/(L(S)))dx
RN

1
+§ /(IXI_“*F(V(Ll(S))))F(V(u(S)))dx+05(1).
]RN

By [40, Proposition 7], we know
Sli_r)r(l) f (Ix|™* % F(y (ia(s))) F(y (12(s)))dx =0
RN
and
/[IXI_“ * F(y C(ONIF (v ((s))dx = /[IXI_“ * F(y (i (ONIF (¥ (1 (s))dx + o0g(1).
RN RN
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Then, by (3.21), we can obtain

FCe(e(s)) = Te(e1(s)) + 0e(1). (3.22)
Let
28
) = { o
then

Te(t1(5)) = Te(t](5)). (3.23)

Since 0 < ap < Ey,, we immediately see that L}(s) € ®.. Thus, thanks to [16, Proposition 3.4]
and (3.23), we deduce that

max I's (1(s)) = Ev, + 0:(1).
seT

Combining with (3.20), we get Ey, < D, — ko, which is a contradiction. O

Proposition 3.7. Given ¢,d > 0 sufficiently small, Ty has a nontrivial critical point v € X? N
D
P,

Proof. Let {v}} be a Palais-Smale sequence of I'; obtained above, then due to v € x4n ree,

{vF} is uniformly bounded in H_ (B(0, %)) for n. Up to a subsequence, as n — 0o, vk — vk

strongly in Hy (B(0, £)) and vf is a critical point of I'; on H] (B(0, £)) and satisfies

R
—AvR +m*R =0 in B(0, —),
&
vk ~ R
—~ 3”5 (x,0) = (|x] " % FwR(x,0)) f(F (x,00) = VovB(x,00  x eRY with x| = -
y

(3.24)
where

VR=v, +4 /xaly(vf)l2dx—l Xe-
R¥ n

Since v® € X4 NP N H{} (B(0, %)), we deduce that both {|[vX|}; and {T:(vf)}z are
uniformly bounded for ¢ > 0 sufficiently small. Hence also {Q, (vf )}& is uniformly bounded
for ¢ > 0 sufficiently small. Now a Moser iteration scheme like Proposition 2.2 yields that
{vf} R 1is bounded in L“(Rﬁ“) uniformly for ¢ > O sufficiently small. Taking into account

that {Qs(vf)}R is uniformly bounded in L""(IR_’X+1 ). Similar as in Lemma 2.9, we know

R (e, )| < CeWRPH?2R) e RN yeR,.
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We assume, without loss of generality, that {vf} r weakly converges to some v, in H' (Rf *1y as
R — +ooand v, € Xg N FSDS is a nontrivial critical point of I, that is,

—Av8+m2v£ =0 in Ri\_’“,

_%(x,O)Z(IxI‘M*F(vg(x,O)))f(vs(x,o))_ Vv (x,0) on RV, (3.25)

where

V.=V, +4 /xg|y(ve>|2dx—1 .
RN .

Obviously, 0 ¢ Xg if d > 0 small enough. So v, #0ifd > 0O small. O

Proof of Theorem 1.2. By Proposition 3.7, there exist d > 0 and g9 > 0, such that I'; has a
nontrivial critical point v, € X g’ N FSDS for ¢ € (0, &9). As in the proof of Proposition 2.2, we have
y (ve) € L1(RYN) for all g € [2, +00] and {v,} is bounded in LOO(RfH). By Proposition 3.3, we
have

lim / (IVve]? + ve|P)dxdy = 0.

e—0

RYFI\(M28), x[0,+00))

It follows that

lim sup lve(x, y)| =0
20 (6 y) RN\ (M), x[0,400))

and as in Proposition 3.7 we deduce an exponential decay of the trace y(v;) away from

RN\(Mz'B)E:

0 <y (ve)(x, y) < CreCadistr (M)

which yields that Q. (vs) = 0 for small ¢ > 0. Therefore, v, is a critical point of P.. This com-
pletes the proof. O

4. Multi-peak solution case

In this section, by using the method of penalization argument [6], we construct a positive
solution having multiple concentration regions that concentrate at the minimum points of the
potential V, as ¢ — 0.

Fixing an arbitrary « > 0 and v e H l(IR_Z‘\_"H), we define

w0 ifxeo”,
X =1 e ifxeRV\ O°,
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i =0 ifxeo;,
X = e, ifxeRV\ O,
and
2 2
0:(v) = / xeyldx—1| , 0l(w)= / xly()2dx —1
RN i RN 4

Let [, TEG =1,2, -+, k) : H'(RYT!) — R be given by

Te(v) = Pe(v) + Qe (v), Th(v) = Pe(v) + QL(v),

where P; is given in Section 3. It is standard to check that ', Fi eCl'(H! (RTFI)).
Now, we construct a set of approximate solutions of (1.2). Let

1 .
5= — min {dist(./\/l’, RN\ 0’), mindist (O, OJ)}.
10 i#j

For some x; € (M")#, 1 <i <k, and U; € S,,,, we define

k
.en - x x.
Uz ) = 3 (x = L) U (x = )
i=1

where S, is the set of least energy solutions of (1.9) with @ =m; and ¢ is given in Section 3.
As in [40], we will find a solution near the set

Xe = (US> | xj e MY U € Sy i = 1,2, -+, k)

for sufficiently small ¢ > 0. _
For each 1 <i <k, choosing some U; € S, and x; € M' but fixed, define

; Xi X
W, (x, ») = (9Ui) (x — ;’, y), where Uy (x, y) = Ui (7, ¥)-
Then, as in Lemma 3.1, we have the following property.

Lemma 4.1. There exist T; > 0,i = 1,2, - - -, k, such that for ¢ > 0 small enough, FS(W; Ti) <
—2,i=1,2,--- k.

For any 1 <i <k, let Lé(t)(x, y) = Wg’t(x, y) for ¢ > 0. Due to tlgt(l) Wé’, =0, let Lé(O) =0.

Next, we define the min-max value C é

Cl = inf max TL((s;)),
1edi si€[0,T;]
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where ®. = {1 € C([0, T;], H' (RY™)) : 1(0) = 0, ¢(T}) = (.(T})}. Similar to Propositions 2 and
3in [5], we have forany 1 <i <k,

lim C! = E,,.
e—0
Let
k
()= th(si), 5= (51,52, 5k)
i=1

and

D}, = max [z ((.(s)),
seT

where T = [0, T1] x - x [0, T¢]. Since supp(y: (s)) C (M")? for each s € T, it follows that
k .
Tt () = Pe(ip() = ) Pe((s))
i=1

By the Pohozaev identity, for any 1 <i < k, we have

N-2 N1 2N
Jm,-(U,-,t)z( TN 4 2 )[IVU,~|2dxdy

N+1
R+

N N ON41 NH /|U|2dd
m* 5 TOAN—p 2 ihaxdy

Rﬁ+l
N 2N—
t N TR 2
—_— = Up|“d
+(2 TR ) [ wwopas.
RN
Let
N2 N1 N NN 2N N N 2N-n
HN=—-— L ) =—— , et =——
g1(t) 3 IN—u 2 g2(1) 2 AN—u 2 g3(t) > AN 2

By straightforward computation we deduce that g ‘(t) > 0 fort € (0,1) and g’; f (1) <Ofort>1,
j =1,2,3. Thus, for any 1 <i <k, the function Jm, (Ui,+) achieves a unique maximum point at
t =1 fort > 0, that is,

max Jm; (Ui,t) = Jm,' (Ul) = Em; s
t>0
which leads to the following conclusion.
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Proposition 4.2.

() lim,o D, = Z[ VEm, =E;
(#7) limsup,_,omaxseT e (s (5)) < E, where E = maXl<;<k(Z,¢J En;);
(iii) for any d > O, there exists apg > 0 such that for ¢ > 0 small,

Te((.(s)) > D, — a implies that ((s) € 721/2'
Proposition 4.3. Let {¢,} with lim &; =0, {vs,} C Xy, be such that
j—o0 ’

lim Iy (ve;) <E and lim T, (v;;,) =0
j—00 J J jooo J

Then for sufficiently small d > 0, there exist, up to a subsequence, {xj»} CRN, i=1,2,--k
points x' e M!, U; € Sm; such that

=0,

: i
lim ‘ajxj X
J—>00

and

lim
j—)OO

Z‘Ps, 7’ l(_x;7)H=0

Proof. Without confusion, we write ¢ for £;. Since S, is compact, there exist Z; € Sy,,, xé €
MHB xie MHB i=1,2,- -k, lin})xé = x', such that up to a subsequence, denoted still by
E—>

{ve}, we have for small € > 0,

k xi xi
(- )a( -4

. & &

i=1

Set vy ¢(x,y) = Z‘ﬂe( —%,y>ve,vz,g(x,y)=vg(x,y)—v1,e(x,y).

<2d. “.1

Similar to (3. 8) we can get

lim / |y (ve)|?dx =0, forany?2 <gq <2,

e—0
a(2) ()
i=1
Then, by the proof of Step 1 and Step 2 in Proposition 3.3, we deduce that
Fe(ve) =2 Te(v1,e) + Te(v2,6) + O(e) (4.2)
and for d, ¢ > 0 small enough,
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2
Fs(v2,s) = CO||U2,8 I (4.3)

for some ¢o > 0.
Foreachi =1,2, -, k, we define

i _Juiex,y), xe€Ol,
v],g(xay)_{o’ x¢0£"

and set W;(x,y) = v‘i’g (x + );—é, y). Then for fixed i € {1,2, - - -, k}, we can assume, up to a

subsequence that as ¢ — 0,
W, —~ W' weakly in H'(RY*1),
and W' is a solution of
—AW +m*W' =0 in RY*H,

aw! . . . .
oy =(x|T** Foy(W))) f(y (W) = V(x)y (W) onRY.

Similar to (3.17), forany i =1, 2, - - -, k, we deduce that
lim [, (v} ,) > Tim P (v} ,)
e—0 ’ e—0 ’

=— (1 i2 2 i (2 1 i iN2
=hrr(1)(§ VW~ +m | W,| dxdy—i—i Ve(x +x;/e)|ly (We)|“dx
£—
RﬂJrl RN

1 - i i
-5 f ([ % F(y (WOD F (y (W) dx)
RY (4.4)
1 i 2 21172 1 i iN2
25 / IVW!' " +m~|W!| dxdy+§/V(xl)|)/(Wl)| dx
R{X-H RN
1 . .
-3 / (x| % Fr (W) F(y (W))dx
]RN
=Jyiy(W') = Ep,.

Now, by the estimate (4.2), we get
k k
Iim (rng,g) + Zl re<va,€)) <lim o) < E= Zl Ep,. (4.5)
1= 1=
On the other hand, by (4.3) and (4.4), by choosing d > 0 small enough,
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k k
lim (rswz,g) +y Fs(v’],g)) > Zl Ep,. (4.6)

i=1

Therefore, (4.5) and (4.6) imply that by choosing d > 0 small enough, forany i =1,2,-- -, k

ﬁ(l)rg(vz,g) —0 and lim Te(v) ) = Ep,. €%))
e— e— ’

By (4.3), |lva.¢ll = 0 as ¢ = 0. By (4.4), we have JV(xi)(Wi) = E,,. Recalling that E, is
strictly increasing for a > 0, we obtain xt e M! and Wi(., y) =U;(- —x;,y) for some U; € S,
and x; € RN. Moreover, by (4.4) and (4.7), we have

1 : : 1 : .
111%5 / |VW§|2+m2|W;|2dxdy+§/vg(x+x;/e)|y(wg)|2dx
‘ R{\F]Jrl RN

1 . . 1 . .
-3 / |VW’|2+m2|W’|2dxdy+§fV(xl)|y(W;)|2dx.

N+1 N
RN+ R

It follows that W/ — W' strongly in H'(RY t1). Letting X’ = x; + x! /e, then ex. — x' € M!
and v’iqs — (- — fé, WU (- — ff?, y) in HI(RTH) as ¢ — 0, which implies that

k k

vie=Y Vi, =Y g(x =X, Ui(x = XL, y) +o0:(1) in H'(RY ).
i=1 i=1

This completes the proof. O

Immediately, as a consequence of Proposition 4.3, we have the following property.

Proposition 4.4. For sufficiently small d > 0, there exist constants ¢ > 0 and g9 > 0, such that
/ — _d
IT,(v)| > o forve FSDE N (X(gl \ X2) and ¢ € (0, &).

We fix d > 0 such that Proposition 4.4 holds. Choose Ry > 0 large enough such that O’ C
(RY x {0}) N B(0, Rp) and L(s) € H(} (B(0, §)) forany s € T, R > Ryp.

—d /
Proposition 4.5. Given ¢ > 0 sufficiently small, then there exists a sequence {U,If} cXzn F?S N
H} (B0, 2), such that lim |, uf)||=0in H] (B(0, £)).
n—o0

Proof. Arguing by contradiction, for ¢ > 0 small enough, there exists ar(e) > 0 such that

IT,(v)]| > ar(e) for any v € Yf N FSDS N H(} (B(0, é)). By Proposition 4.2, we know that

there exists «p € (0, E — E) such that if ¢ > 0 small enough and I';(:,(s)) > D, — ap, then
—d

1.(s) € X2 N HY (B, £)). Thus, by a deformation argument in H (B(0, £)), there exist a

ko€ (0,00) and a path ¢ C (T, H'(R}*")) such that
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S ETAOI JROE P
ex’ if ((s) ¢ T,
and
Te(u(s)) < D, — ko, s €T. (4.8)

Let ¢ € CP(RYH!) be such that ¢ (x,y) =1 for x € (0')? and 0 < y < 8, ¥ (x,y) = 0 for

x¢(0)% and y > 28, ¥(x,y) €0, 1] and |[Vy/| < 2. For i(s) € Yﬁ, we define ¢ (s) = Vet(s),
12(s) = (1 — ¥e)L(s), where . = Y (ex, €y). Then, by (3.22), we can obtain

FCe(e(s)) = Te(t1(s)) + 0e(1). 4.9)
Fori=1,2,---,k,let
. i\28
G ={ OO frr Oy
then
Fe(i() = Y Te(d () = Y TLGE (). (4.10)

i=1 i=1

Since 0 < g < E — E, by Proposition 4.2, for all i € {1, 2, - - -, k}, L’i (s) e <I>f;. Thus, thanks to
[16, Proposition 3.4] and (4.10), we deduce that

max Fe(t(s)) = E +o0:(1).

Combining with (4.8), we get E < D], — ko, which is a contradiction. 0O

Proof of Theorem 1.3. Similar to Proposition 3.7, we have that there exist d > 0 and &y > 0,

.. .. . —d !
such that I'; has a nontrivial critical point v, € X, N F?S for € € (0, &9). By the proof of Theo-
rem 1.2, v, is a critical point of P, and

0 <y (W)(x, y) < Cre~CalistteMOE),

This completes the proof. O
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