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ABSTRACT. In this paper, we investigate the following nonlinear magnetic
Schrédinger equation with exponential growth:
(—=iV + A(x))?u + V(2)u = f(z, |u|?)u in R2,

where V' is the electric potential and A is the magnetic potential. We prove the
existence of ground state solutions both in the indefinite case with subcritical
exponential growth and in the definite case with critical exponential growth.
In order to overcome the difficulty brings from the presence of magnetic field,
by using subtle estimates and establishing a new energy estimate inequality
in complex field, we weaken the Ambrosetti-Rabinowitz type condition and
the strict monotonicity condition, which are commonly used in the indefinite
case. Furthermore, in the definite case, we introduce a Moser type function
involving magnetic potential and some new analytical techniques, which can
also be applied to related magnetic elliptic equations. Our results extend and
complement the present ones in the literature.

1. Introduction and main results. This paper is concerned with the following
magnetic Schrodinger equation

(=iV + A(2))?u + V(z)u = f(z, [u*)u,
1(R2 (1)
u € HY (R, C),

where i is the imaginary unit and f € C(R? x R,R) is the reaction. We denote by
A : R? — R? the magnetic potential, and V : R?> — R is the electric potential.
These potentials are the sources of the electromagnetic field (E, B) = (VV,V x A).
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Problem (1) is the nonlinear stationary version of the following linear Schrédinger
equation, which governs the nanoscopic world:

(—ihV + A(z))*u + V(2)u = ihdpu. (2)

Several physical motivations lead to study problems (1) and (2), including su-
perconductivity. This phenomenon occurs for certain materials at very low temper-
atures; they begin to enjoy an “infinite conductivity” and to hate magnetic fields.
What is remarkable is that the only explanations of this observable phenomenon on
a human scale are of a quantum order. At the heart of these phenomena, a model
proposed by de Gennes makes it possible to understand surface superconductivity,
see Fournais and Helffer [18].

We assume the following basic hypotheses:

(V1) V € C(R?,R), V(z) is 1-periodic in z; and xo, and
sup[o(—A4 + V) N (—00,0)] <0 < inflo(—Aa + V)N (0,00)],
where —A 4 1= (—iV + A)?;
(A1) A€ LP (R? R?) with p > 2, and B = curl A is 1-periodic in x1, 73 ;

loc

(F1) f € C(R? x R,R), f(z,t) is 1-periodic in x1, x5, and
fla,t)t"/?

eat

lim

N = 0, uniformly on x € R? for all o > 0;
t|—o0

(F2) limy_,o+ f(x,t) = 0, uniformly on z € R2.

Throughout this paper, we restrict the range of the variable ¢ to the positive
half line ¢t > 0, since we will only consider the nonlinearity f(z,t) = f(x,|ul?).
Hypothesis (V1) is associated with the tunnel effect, which appears when the electric
potential V' has some symmetries, see Helffer and Sjéstrand [20].

Equation (1) arises from looking for the standing waves solution (x,t) :=
eFt/hy(z)(E € R) of the nonlinear evolution equation:

oy

ihr = [V = A@P ¢+ U@y - f(oP),  mRY xR,

where 71 is Planck constant, U(xz) is a real electric potential and the nonlinear term
and f is a superlinear function. The magnetic potential A = (A;, Aa,...,AN) is a
source for the magnetic field B := curlA, where curl is the usual curl operator if N =
3and B = (Bjk), 1 <j,k < N with Bj, = 0;A; — 0, A; for general N. Schrédinger
equation is a fundamental assumption in quantum mechanics, which combines the
concept of matter wave with the wave equation. The standing wave solution of the
Schrodinger equation can be used to describe optical soliton in light, the motion
of superconductors in magnetic fields, and physical phenomena such as the Bose-
Einstein condensates, which plays a crucial role in theories of nonlinear optics,
electromagnetism, superconductivity and so on. When sending Planck constant
h to zero, it performs formally the transition from quantum mechanics to classical
mechanics. Therefore, it is of great significance to investigate standing wave solution
of Schrodinger equation due to its profound physical meaning and application value.

In the past decades, large quantities of excellent results were obtained which con-
cern the existence, multiplicity and dynamical behavior for the Schrédinger equation
without magnetic fields, namely A = 0, see [14-16,19,24,27,29, 30,33, 35,37,38,40].
Meanwhile, the nonlinear magnetic Schrédinger equation aroused great interests
to researchers recently for its relevance in semiconductor theory, condensed mat-
ter physics and plasma physics. To our knowledge, the first result concerning the
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magnetic Schrodinger equation was obtained by Esteban-Lions [17], where they
proved the existence of stationary solutions when N = 2,3 by using concentration-
compactness lemma and solving appropriate minimization problems for the corre-
sponding energy functional. Arioli-Szulkin [4] considered a semilinear stationary
Schrodinger equation in a magnetic field:

(—iV + A)2u + V(z)u = g(z, |u|)u, xRV, (3)

By using constrained minimization and concentration-compactness technique when
g is of critical growth, and employing a minimax argument when g is of subcritical
growth, they obtained the existence of nontrivial solutions for (3) in both cases with
the spectrum o(—Ay4 + V) C (0,400). For the semiclassical magnetic Schrédinger
equation

(%V - A(z))2 u+V(z)u= f(|lu?u, z € RV, (4)

Alves-Figueiredo-Furtado [1] established the relationship between the number of
solutions and the topology of the set where the potential attains its minimum value
for (4) by combining variational methods, penalization techniques and Ljusternik-
Schnirelmann theory, when the nonlinearity f € C! is of polynomial growth and the
potential V' satisfies

(V0) Vo := inf,cgn V(2) > 0 and there exists an open bounded set Q C RY such
that

W < min V(z)

and M :={z€Q:V(z) =V} #0.
While f is only continuous, the methods used in [1] become invalid, so Ji-Rddulescu
[21,23] developed new analytical techniques to obtain the existence and concentra-
tion of solutions for problem (4). We notice that the methods used in [1,17,21]
require that inf,cpy V(z) > 0 or o(—A4 + V) C (0,00), which leads to that the
quadratic part of the corresponding energy functional for (1) can be defined as a
norm, with which they can derive easily the mountain-pass geometry. While V() is
sign-changing and the spectrum of the operator —A 4 + V has a negative part, that
is V satisfies (V1), the fundamental mountain-pass geometry of the corresponding
energy functional cannot be derived, so the methods developed in [1,4,17,21,41]
failed to deal with problem (1). In such situation, the energy functional associated
with (1) is strongly indefinite near the origin (the indefinite case), which is more
difficult and seldom investigated on the magnetic Schrodinger equation. It is nat-
ural to consider whether there exist nontrivial solutions for magnetic Schrodinger
equation in the strongly indefinite case, and we will give an affirmative answer to
this question in the present paper.
On the other hand, the real-valued indefinite Schrodinger equation

—Au+V(x)u = f(z,u), z € RV, 5)
u € HY(RY) (
with (V1) when A = 0 is widely studied in the literature. An effective tool dealing
with the strongly indefinite problem is generalized linking theorem, which is pro-
posed by Kryszewski-Szulkin [24] and improved by Li-Szulkin [26] and Ding [14]
later. Here we mention several papers which achieved outstanding results in such
field and inspired our research on the problem (1). To obtain the ground state
solutions for problem (5), Szulkin-Weth [35] developed a new approach, which is
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based on a direct and simple reduction of the indefinite variational problem to a
definite one and derived a new minimax characterization of the corresponding crit-
ical value. They started their argument by showing that for each w € E\E~, the
set A intersects E (u) in exactly one point which is a unique global maximum point
on @[5, where @ is the corresponding energy functional of problem (5). Here
E := HY(RY) = E* @ E~ corresponds to the spectral decomposition of —A + V
with respect to the positive and negative part of the spectrum; A is Nehari-Pankov
manifold firstly introduced by Pankov [30] which is defined by

N :={ueE\E™ :®(u)u=0and ®(u)v =0 forallve E~},
and E(u) := E~ ® RTu. In order to obtain this conclusion, under the strict mono-
tonicity condition
(S1) u— f(x,u)/|u| is strictly increasing on (—o0,0) and (0, c0),

they proved firstly the following key inequality:
9(s) == f(z.u) [5 (5 + 1) u+ (L4 )] + Flaw) = F@,2) <0, (6)

where s > —1, u,v € R, 2(s) := (1 + s)u +v, F(z,t) = fot f(z,s)ds and z € RY is
fixed. Later, by using non-Nehari manifold method and developing a more direct
analytical technique, Tang [36] showed the existence of Nehari-Pankov type ground
state solutions for (5) under a weaker condition than (S1). Through proving the
following inequality,

1—¢2 T
( 2t7—t0>f(x,7')2/ f(z,s)ds,z e RN, 7#0,t>0and 0 € R, (7)
tt+o

he derives a key energy estimates inequality connecting ®(u), (®'(u), u) and (@' (u),
w) where w € E~, which is crucial in his proof process. For more results concerning
real-valued indefinite Schrodinger equation, we refer the readers to [30,37] and the
references therein. Nevertheless, due to the existence of magnetic potential A,
which makes (1) a complex-valued problem, the method dealing with real-valued
indefinite Schrodinger equation cannot be applied to problem (1). More precisely,
since complex numbers cannot be compared, we cannot derive the inequalities like
(6) and (7) in [35,36], which leads to a failure when dealing with problem (1) by
using the methods in [35,36]. Therefore, new tricks and techniques are required to
investigate the complex-valued indefinite Schrédinger equation (1).

In addition, unlike most of the previous papers on the magnetic Schrodinger
equations which focus on the polynomial growth of nonlinearities, in this paper, we
consider the case when the nonlinearity is of subcritical exponential growth, that
is f satisfies (F1). As is known to all, the Sobolev embedding yields H!(R?) C
L*(R?) for all s € [2,00) but H*(R?) ¢ L>°(R?). Instead of Sobolev inequality, in
dimension 2, Trudinger-Moser inequality established by Cao [7] is used to preserve
the variational structure when the nonlinearity is of exponential growth

Lemma 1.1. Ifa >0 and u € H'(R% R), then

/ (eo‘“2 — 1) < 0.
RZ
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Moreover, if 0 < a < 41 and u € H(R%/R) satisfies |[Vul|3 <1 and |lulz < M <
00, then there exists a constant C' = C(M, o) such that

j/ (™" —1)dz < C(M, ).
]R2

To the best of our knowledge, there are only a few papers focusing on the
magnetic Schrodinger equation with exponential growth. By adopting an argu-
ment of penalization method and qualitative analysis, Ji-R&dulescu [22] showed
the existence and multiplicity of multi-bump solutions for the nonlinear magnetic
Schrodinger equation with critical exponential growth

—(V 4 iA(x)?u+ AV (2) + Z(2))u = f(ju*)u, in R2.

More recently, d’Avenia-Ji [5] studied the following magnetic Schrédinger equation
with critical exponential growth in R2,

éV—A@Wu+WMu:ﬂmﬁm in R2.

By using penalization technique and Ljusternik-Schnirelmann theory, they proved
multiplicity and concentration of solutions for ¢ small. It should be pointed out
that the existing papers concerning the magnetic Schrodinger equation with expo-
nential growth considered only the case where V (z) is a positive potential bounded
away from zero which is the so-called definite case. However, dealing with the
indefinite case (1) is more complicated since it’s difficult to show the bounded-
ness and non- Vanishing of (PS) sequence and the weakly sequential continuity of

= Jge F(x,|u*)dz with the exponential growth nonlinearity when applying
the generahzed hnkmg theorem. So far we have not find a paper investigating the
indefinite magnetic Schrodinger equation with exponential growth.

Motivated by the works mentioned above, in the first part of present paper,
we dedicate to study the existence of nontrivial solutions and Nehari-Pankov type
ground state solutions for (1). There are several main obstacles we must overcome
in the process. To begin with, compared with the definite case, the sign-changing
and strongly indefinite potential V' (z) destroy the mountain-pass geometry of the
corresponding energy functional, which makes it more difficult to show the existence
and compactness of (PS) sequence. In addition, due to the presence of magnetic
potential A(z) which makes (1) a complex-valued problem, the methods dealing
with real-valued indefinite Schrédinger equations developed in [35, 36] is invalid
for (1). Furthermore, the nonlinearity with exponential growth causes several new
difficulties in applying methods in dealing with our problem. Consequently, our
problem is more complicated than the pattern investigated in [5, 21, 35]. Before
stating our results, we present several assumptions on f:

(F3) lim; 00 M = 00 as t — oo uniformly in z € R?;

(F4) f(x,t)t > F(x,t) >0 for all (z,t) € R? x (0,00), and there exist Ty > 0 and
v > 1 such that

t>Ty= f(z,t)t > yF(z,t) >0 and f(x,t) > = f(z,t)t — F(z,t) >0,

4ﬁ2
where B2 > 0 is defined in (2.1).

(F5) f(z,t) is non-decreasing in ¢ on (0, 00).

In the case of indefinite magnetic Schrodinger equations with subcritical exponential

growth, our main results are the following.
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Theorem 1.2. Suppose that (V1), (Al), (F1)-(F2) and (F4) are satisfied. Then
problem (1) has a nontrival solution.

Theorem 1.3. Suppose that (V1), (A1), (F1)-(F3) and (F5) are satisfied. Then
problem (1) has a ground state solution of Nehari-Pankov type.

Remark 1.4. In our theorem, F' is assumed to be superlinear growth at the infin-
ity, which is weaker than the Ambrosetti-Rabinowitz condition commonly used in
related literature such as in [5,21,22],

(AR) 0 < pF(x,t) < 2f(x,t)t for some p > 2 and all t € R\{0}, z € RV,

which implies F(x,t) > c[t|*/> > 0 for [t| > 1 and 2 € RY. Furthermore, by
subtle estimates, we establish a new inequality related to I(u), I(tu+v), (I'(u),wu)
and (I'(u),v) for t > 0, u € X and v € X~ (see Section 3), with which we can
derive easily the boundedness of (PS) sequence and weaken the strict monotonicity
condition to (F5).

In the next part, we consider the case that V and f are asymptotically periodic,

i.e. V and f satisfy
(V1) V(x) = Vo(x) + Vi(x), where V; and V; satisfy

i)Vo € C(R?,R), Vy is 1-periodic in x1, z2, and

sup[o(—=A4 + Vp) N (—=00,0)] < 0 < A :=inf[o(—=A4 + Vo) N (0, 00)];

ii) V1 <0, V4 €0, and |Vi]|o < 5.
(F1) f(z,t) = fo(z,t) + f1(z,t) where fo and f; satisfy

i) fo € C(R?xR), fy is 1-periodic in z1, 2, fo(z,t) = o(t) as [t| — 0 uniformly

in z € R?, and fo(z,t) is nondecreasing in ¢ on [0, 00).

ii) f1 € C(R?,[0,00)) and there exists ¢ > 2, a € © such that fi(z,t) <

a(z) [1+ [¢]972 (e* — 1)], for all a > 0. Moreover, —V;(z)t + Fy(x,t) > 0 for

lz| < 1+ /2 and t # 0.
Here, © denotes the class of functions g € C(R?,R) N L>°(R2, R) such that for every
e > 0, the set {z € R? : |g(x)| > €} has finite Lebesgue measure. Compared with the
case V(z) is periodic, dealing with the asymptotically periodic magnetic Schrodinger
equation is more difficult, since the usual method to recover the compactness of (PS)
sequence of the corresponding energy functional of (1) is combining concentration
compactness lemma with a new “translation” Y (see Section 2), with which it
can be shown that the energy functional is invariant with respect to the action of
Z" , which is valid only for the periodic case. Furthermore, due to the different
structure on V(x) compared with (V1), a new working space should be defined in
this case, which causes several extra difficulties. As far as we know, there are few
results on the existence of ground state solutions to (1) when V(z) is asymptotically
periodic. Therefore, extra efforts are needed to overcome the difficulties caused by
the dropping of periodicity of V' (z).

When the potential V(z) is asymptotically periodic and nonlinearity is of sub-

critical exponential growth, we have the following result.

Theorem 1.5. Suppose that (V1’), (Al), (F1’), (F1)-(F3) and (F5) are satisfied.
Then problem (1) has a ground state solution of Nehari-Pankov type.

In the last part of present paper, we consider the case where V(z) is a positive
potential and the nonlinearity f is of critical exponential growth, i.e. V and f
satisfy
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(V2) V € C(R?,RT), V(x) is 1-periodic in x1, z2, and o(—A4 + V) € (0, +00);
(F17) f € C(R? xR, R), f(z,t) is 1-periodic in 21, 7, and there exists oy > 0 such

that

t t1/2
‘ l‘im M =0 (+00), uniformly on = € R? for all a > ap (a < ap);
t|—o0 e

respectively. By virtue of Trudinger-Moser inequality, the existence of nontrivial
solutions for real-valued Schrodinger equation with critical exponential growth has
been studied widely, see [2,3,12,13] and references therein. The main difficulties
caused by the nonlinearity of critical exponential growth are showing that the Ce-
rami sequence or the minimizing sequence {u,,} is non-vanishing and proving that
the weak limit @ of {u,} is a solution of the original equation. To address these
obstacles, the Moser type function w,(z) supported in B(0, p) is defined in [13] as
follows

Vlogn
wn(e) = { B < ol <

0, lz| > p,

with which one can show that the Cerami sequence does not vanish when the
minimax-level is less than the threshold. This method is then applied widely in
related literatures such as [8,10,31] and so on. Nevertheless, unlike in the real-
valued Schrédinger equation case where one can easily deduce that w, € H!(R?)
and ||Vwy|l2 = 1 by a direct computation, which is significant in the proof pro-
cess, it is difficult to show that Moser’s function belongs to the usual working space
involving the magnetic potential for problem (1)

HY(RY) := {u € L*(RY) : Vu € L*(RV)},

where Vau := (V + iA)u. This leads to a failure when applying directly the
method developed in [13] to problem (1). Moreover, for the magnetic Schrodinger
equation with critical exponential growth, in [6], by exploiting the ideas dealing
with related scalar problem and applying Lagrange multipliers theorem, Barile-
Figueiredo showed the existence of a complex solution to (1) with f(z,|u|?) =
f(Ju|?) under the conditions (F17), (F2) and

(S2) f(s)s— F(s) >0 for every s € R with s > 0 where F(s) = [ f(t)t.

(S3) there exist A > 0 and ¢ € (2,00) such that f(s) > \s(@2/2 for every s €
R with s > 0.

It should be emphasized that the assumption (S3) is essential in their arguments,
with which the minimax-level for the corresponding energy functional can be chosen
small enough such that the main difficulty caused by the critical exponential growth
can be overcome. However, their methods and results do not reveal the essential
characteristic of the critical exponential growth since there is no relationship be-
tween their assumptions and the exponential growth velocity ag in (F17). In the
present paper, we intend to adopt a direct way to obtain the existence of ground
state solution for (1) under the assumption

(F6) liminf, tig’f) > v > o2 uniformly on x € R2, where p is a positive

constant satisfying p < 1/[|V||co + 4¢? and ¢ > 0 is a positive constant defined
in (A2),
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which takes account of the exponential growth velocity ag. Besides (F6), we assume
that A and f satisfy :
(A2) A€ L>(B(0,p),R?) with ¢ := esssup,cpo,,) |A(2)]-
(F7) there exists p > 2 such that
2t f(x,t) > pF(x,t) > 0, Y (z,t) € R? x RT;
(F8) there exists My > 0 and 77 > 0 such that
F(x,t) < Mo|f(z,t)|, V|t > T, € R

In the process of proving that the (PS) sequence of the corresponding energy func-
tional for (1) is nonvanishing, we introduce a Moser type function involving the
magnetic potential, which can be also applied to related magnetic elliptic equa-
tions. We are now in a position to state our last result of the present paper.

Theorem 1.6. Suppose that (V2), (A1)-(A2), (F17), (F2) and (F5)-(F8) are sat-
isfied. Then problem (1) has a ground state solution of Nehari type.

This paper is organized as follows. In Section 2, we give the variational setting
and preliminaries and the proof of Theorem 1.2. Theorem 1.3 and Theorems 1.5-1.6
are proved respectively in Sections 3-5.

Notation

e || - ||, denotes the usual norm of LP(RY,C) for p € [1, oc];

e B(z, R) denotes the ball centered at x with the radius R;

e C; (i =1,2,...) denote positive constants which may be different in different

places.

2. Variational setting and preliminaries. To establish the variational structure
of problem (1), we set

H4(R*,C) :={ue L*(R*C): Vaue L*(R*C)},
where V qu := (V+iA)u. H}(R?, C) is a Hilbert space endowed with inner product

(1, 0) 4 = Re {/R (VAuVav + uv)dm} ,

where Re(w) denotes the real part of w € C and @ denotes its conjugate, and
Cs°(R?,C) is dense in H(R? C) with respect to the norm ||ul|a = (u,u>‘14/2 (see
[17]). Noting that |21 + 22|? = |21]? + |22]? + 2Re(2172) for any 21, z2 € C, we have

/ |VAu\2d:1c=/ |Vu\2d;v+/ |A(x)|2|u|2dx—2Re/ Vu - iA(x)udz,
R2 R2 R? R?

which implies that H}(R? C) and H'(R? C) are incomparable, that is in general
HY(R?,C) ¢ HY(R? C) and H(R?,C) € H'(R? C). The following diamagnetic
inequality established by Lieb-Loss [28] is a crucial tool to deal with magnetic elliptic
problems

U . U
|V|u|(z)| = ’Re (Vu)‘ = ‘Re ((Vu +iAu)—

m >’ < |Vau(z)l], for a.e. x € R?,
u

|ul
by which |u| € H*(R?* R) if u € H}(R? C) and the embedding H}(R? C) —
L4(R?%,C) is continuous for 2 < g < oo and locally compact for 1 < ¢ < oc.

Let £:= —As + V. Since V € C(R?,R) N L>=(R% R) due to (V1), £ is a self-
adjoint operation with domain D(£) = H?(R?,C) (see [16]). Let {E()\) : —oo <
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A < 400} and |£] be the spectral family and the absolute value of £ respectively and
denote the square root of |£| by |£|'/2. Set £ = U|L| the polar decomposition of £,
where U = id— E(0) — E(0™) commuting with £, |£|, and |£|'/2. Let X = D(|£|*/?)
and define

X" =E07)X, X°=[E(0) - E(07)]X and Xt = [id — E(0)]X.
Then for any v € X, we have u = v~ 4+ u® + ut, where
u"=FE0 )ue X, u’=[E0)-FE0)ucX®and u™ = [id — B(0)ju e XT.

Under the assumption (V1), X° = {0} = ker{L}, then X = X~ & X is a Hilbert
space with the inner product and the corresponding norm defined by

(u,v) = (|L)"?u, |L]"?0)g, u,v € X
and
l[ul| = (u,u)/?, uw e X
respectively. For any u € X, it is easy to verify that u = v~ +«™* and
Lu==|Llu, YuecXTNDL).

In such situation, X = H}(R? C) with the equivalent norm in H4(R? C) (see
[4,34]), which means there exist C1, C2 and 8, > 0 such that

Cillull < llulla <Cofull  and  Jlully < Bgllull,  Vwe X, ge[2,00). (8)

Under assumptions (V1), (F1) and (F2), the corresponding energy functional of
problem (1) can be defined as:

1 1
I(w) == (lu™? = v |?) - 7/ F(x, |ul?), Vu=u"+u" €X.
2 2 R2
Using (F1) and (F2), for any ¢ > 0 and « > 0, there exists C. > 0 such that for
any (z,t) € (R, RT),

|f(x,t)] < e+ Cat ™2 —1) and |F(x,t)| < et 4+ Cet/?(et —1).  (9)
In view of Lemma 1.1 and (9), I € C'(X,R) and

(I'(u),v) = (ut,0T) = (u",07) — Re/ f(z, Jul*)uvdz, Vu,veX.
R2

When o(£) C (0,+00) and the nonlinearity f is of polynomial growth, it’s
standard to achieve the mountain-pass geometry of the functional I. If instead,
o N (—00,0) # (), we shall use the following lemma to obtain the infinite dimen-
sional linking geometry.

Lemma 2.1 ( [4,24]). Let E be a Hilbert space and suppose that I € C'(E,R)
satisfies the following hypotheses:

(i) I(u) = $(Lu,u) — (u), where L is a bounded self-adjoint linear operator, 1 is
bounded below, weakly sequentially lower semicontinuous and Vi is weakly sequen-
tially continuous;

(ii) there exists a closed separable L-invariant subspace Y such that the quadratic
form u s (Lu,u) is negative definite on Y and positive semidefinite on Y+;

(iii) there are constants b,p > 0 such that I|S, N Y+ > b, where S, :== {u € E :
[[ull = p};

(iv) there is 2o € S1NYL and R > p such that I|0M < 0, where M = {u =
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y+Azo:y €Y, |ul| < R,A>0}.
Then there exists a sequence {u,} such that

VI(u,) =0 and I(u,) — ¢, (10)
for some ¢ € [b, supy;I].

Lemma 2.2. If (V1), (F1) and (F2) are satisfied, then ¥ (u) is bounded below,
weakly lower semicontinuous and Vv is weakly sequentially continuous, where

w(u) = %/R Flz, [ul?)da.

Proof. We only prove that Vi is weakly sequentially continuous here since the proof
of other parts is standard. Note that

(Vy(u),v) = Re /]R2 f(z, |u*uvdz, YV u,ve X.

Let u,, — u in X, then |lu,|| < Cy for some constants C; > 0. For any ¢ > 0, the
decay of integral implies that there exists R. > 0 such that

/ lv[2dx < €2
R2\B(0,R.)

Let a € (0,27/C?C3), then it follows from Lemma 1.1, (9) and Hélder inequality
that

Re/ f(z, Jun | u,vda
R2\B(0,R.)

< / £ (@, in ) im0
R2\B(0,R.)

3 2 12
< </ |un|2dx> + (s {/ (ea|“”|2 - 1) dx} / |v|2dx
R2 R? R2\B(0,R.)
2 2 2 %
<l [ [ (eetrrteventanr Yl [ o
R2 R2\B(0,R.)

S 036, (11)

2

1
2

n

where we use the fact (e™ — 1)" < ™" — 1 for m > 0 and n > 1. Similarly, we can

derive
Re/ Iz, |u?)uvdz
R2\B(0,R:)
Moreover, the absolute continuity of integrals implies that there exists § > 0 such

that
/ |v]2de < 2
A

for any A C B(0, R.) with meas(A4) < §. Since {u,} is bounded in X, there exists
M. > 0 such that

S 035.

meas(Q,[M.,00)) < 6 and meas(Q[M.,0)) < 4,
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where Q,[M.,00) = {& € B(0,R.) : |up(x) M.} and Q[M.,00) := {z €

=
B(0,R.) : |u(z)] > M:}. Set Q(M,) := {z € B(0,R;) : |u(z)| = M.}, then through
a similar argument of (11), one has

Re/ f(@, |un|?)unvde
Qn[Me,00)UQ(Mc)

2 % alun|? 2 % 2
< / lun|"dz )] + C2 / (e mh— 1) dx / |v|"dz| < Cae,
R2 R2 Q0 [Me,00)UQ(M.)

and

Nl

S C4€.

Re/ f (@, Jun)®)u,vdx
QM)

Since u, — u in L;, .(R?) for 2 < s < 0o and u,, — u a.e. on R?, then

f(z, |un\2)unf1x|un|§M5 = f(=z, |U|2)U17X|u\§ME, a.e. in B(0, R:)\Q(Me).

Moreover,

< t2)t vz € B(0, R.).
_|U‘IEB(O,I;!}?)),(|t\§MEf(:C’ )a UAS (7 E)

|f(x, ‘un‘Z)un@XIu,JgMg
Therefore, the Lebesgue dominated convergence theorem implies that

lim f (@, |un|un® = lim [z, |u]?)uvdz.
7% J B(0,Re)\ (20 [Me,00)UQ(Me ) "% J B(0,Re)\Q[M; ,00)

Noting that |Re(z1 — 2z2)| < |21 — 22| for any z;, z2 € C, one has

lim Re

/ f({E, |un|2)un'l_)
"m0 JB(0,R)\ (2 [ M- ,00)UQ(M.))

= lim Re

n—00 /13(0,35)\Q[Ma,oo)

Taking account of all the estimates above, we can derive

e ([ st uncde— [ stafufyuods ) ‘

Re/ Iz, |un?)u,vde — Re/ f(z, |u*)uvdz
R2\B(0,R.) R2\B(0,R.)

f(z, |u?)uvdz.

lim
n— o0

< lim

T n—ooo

+ lim f(x, |un|*u,vdx

n—00

Re/
B(Osz)\(Qn[Meaoo)UQ(Ms))

— Re / f(z, [ul*)uvda
B(OvRE)\Q[MaOO)

Re/ f (@, [un|?)u,vdr — Re/ f(z, [ul*)uvda
Qn [M.,00)UQ(M.) QM. ,00)
Due to the arbitrariness of £, we have
e ([ st uncde— [ stefufyuods ) \ 0,
R2 R2

lim (Vip(u),v) = (Vap(u), v).

n— oo

+ lim

n—o0

< 058.

lim
n— 00

which implies
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Hence V1 is weakly sequentially continuous. O

Lemma 2.3. If (V1), (F1) and (F2) are satisfied, then there exist constants b,p > 0
such that 1|S, N Xt >b.

Proof. By (F1) and (F2), fixing g > 2, for any «, & > 0, there exists constant Cg > 0
such that
|F(z,t)| < elt| + Celt|7?(e** —1),  Vt>0. (12)

It follows from Lemma 1.1, (12) and Holder inequality that
]1 /2

1 3
F 2 dr < 2 C / 2qd / 2a|u|
[P lude < siplll 4 n ([ uran) [ [ (@ <1)a
1 2 2
< Zlull? q 2aC3|Jull?(|ul/C2lull)® _
< gl + el [ [ (e 1) dr

1 21/«
< Sllull+ Callull?, Ve X*, Jul < 7

which implies

1 1 1 Cs V27 /o
I(u) = S ful* — */ F(z,[ul*)dz > Z|ull® = <> ul|? ¥ ue X, |luf < :

2 2 Jge 4 2 Co
Therefore, there exists b > 0 and 0 < p < 7%7;/06 such that I|S, N X+ > b. O

Lemma 2.4. If (V1), (F1)-(F2) and (F4) are satisfied, there exists 29 € S1 N X"
and Ry > p such that I|0M < 0, where

M ={u=y+Az:ye X ,|ul| <Ry,A>0}

Proof. Arguing by contradiction, for any zg € S; N X, we assume that there exists
yn € X~ and A, > 0 such that |y, + Anzo|| = oo with I(y, + Anzo) > 0. Let
Up = Yn + Anzo and v, = ﬁ :=wv,, +tn20, then ||v,|| =1 and there exists v € X
and ¢ > 0 such that up to a subsequence, v,, — v in X, v, — v in L} (R? C) for
2 < s < oo and v, — v a.e. on R? with ¢, — ¢, which follows that

I(un) _ Alzll®  llynll? 1 / 2
0< == - - F(z,|up|®)dx
[l 2||un 2 2||un||2 2|unll? Jr2

_t 1 [ F(z,|u|?)
= 2l - 3o 2 - 5 [ T Eea
2 gz lunl
Next, we discuss in two cases: (1) t =0; (2) ¢ # 0.
Case (1). t =0, by (F4), one has

1, _ F(x,|un,|?) t2
0< ghonl?+ 5 [ Hrlede < Bl o

This implies ||v, ||? = 0 and 1 = |jv, + tnz0||2 — 0, which is a contradiction.

Case (2). t # 0, then for a.e. x € {y € R2,v(y) # 0}, one has lim,,_, « |, ()] = 00
which, together with (F4) implies that

F(x,|uy
0< T [0l = Sz 2 - 5 wmm

nl?

1 n
< —Hzo||2 - 7/ lim M|Un‘2d‘r — —oo0,
2 R

2 2 n—oo |un‘2
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also a contradiction. The proof is now complete. O

Lemma 2.5. If (V1), (F1)-(F2) and (F4) are satisfied, then any sequence {u,} C X
satisfying (10) is bounded.

Proof. Let {u,} C X satisfying (10), then

e+0(1) = Tlun) = 31/ (un) )
1

2 2_xu2x.:1 S e B d
:§Az[f(a:,|un| MNun|? = F(z, [un|*)]dz : 2/RzF<’|”| V. (13)

Arguing by contradiction, we assume that ||u,| — co. (F1) and (F4) show that
there exist positive constants C3, o and R such that

|f (@, 0)tY?] < C5e®t, ¥ (,t) € R? x R, (14)

and
|fz, )t > C3et/*, Yz eR%t>R. (15)
Let R’ = max{7y, R} and define collections ©; and Qg as follows:

Q= {(x,t) €ER? x [-R,R]: f(z,t) < 4;2}
2

and
1
Q= {(az,t) €eR*x [-R,R]: f(zx,t) > 2}.
403

By virtue of (F1) and (F4), there exists a constant C4 such that

\f(x, )t3 > < CuF(z,t), VY (2,t) € Q. (16)
Using (13) and (F4), one has

1
et o(t) = [ (7o funP)un? = F (o, Junf?)
R2

1 ~ vy—1
> [ FelwP)+ L2 [ PP )
lun| <R’ T Sun >R

=2
As proved in [11, Lemma 2.4], for all ¢ > 0 and s > ¢'/*, there holds
st < (e — 1) + s(log s)"/2. (18)

Now, let t = |uf|/(Callunl|) and s = |f(z, |un|?)||un|/Cs in (18), then combining
(14), (17) and (18) , one has

1
/ G Pyt
un | >R’

[

<! cgcg/ (euum/czuunu)tl) da
[[2n | [tn | >R

2 1 ) 1/2
+62/un>m [f (@, [un[*) | fun] {mg (Cg|f(:l:,|un| )|un|)] }

< Co + v/aCs / F (@, i ?) |t Pz
|2 | | > R
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<Gy +2vaCyye/(y —1) +o(1)

- [[un

=o(1).

Similarly, we have
1

o [ 1 Pl = o)
[unl? Sy >
Furthermore, it follows from (9), (13) and (16) that

L i | lanllofu 2 1
— [z, Jun|?)u u+|da:§7/ [y ||l |de < 2= 0S < o
Tl o, 1@ enPuntinlde < Zaomeis | el B2 -1

and

1 \/Ci B 1/2
i [ 15 Pt < (/ F<x,un2>) et

[[n | [

< V2cCy B2 + 0(1)

[[n|

= o(1).
Through the same argument as above, we can obtain

T
[unll® Jo,

Collecting the estimates above, we can derive

[ un | = (I (un), i — uy,)

_ 1 1 .
f (@, |un|Hunu, |de < 1 and W/@ |f (2, |un P unu, |dz < o(1).

1+0(1) = Tl
1 _
<o | [ G P ol + 1G]
el L .

)
- , || ?)| [tn| Ju w9 w w1 de
A </+/+/||R> (1 e P e | 4 1 G Fan )z ]

which is a contradiction, so {u,} is bounded. O

Proof of Theorem 1.2. In view of Lemmas 2.1-2.5, there exists a sequence {u, } € X
satisfying (10) and a constant Co > 0 such that ||u,| < Cio. Assume

§:= lim sup/ |, |?dx = 0.
B(y,1)

n— o0 yE]R2

Then Lions’ concentration compactness lemma implies u, — 0 in L¥(R?) for 2 <
s < 0o. Let a € (0,47/C3C%,), using (F1) and (F2), we have that for fixed ¢ > 2,
there exists C11 > 0 such that

¢
f(@,8) < o + Oult/ ™92 - 1),
10P2
which, together with Lemma 1.1, implies
/RQ £, [un ) tn 2 (19)
c

§ﬁ/ |un|2dx+011/ |u|q(e‘3“|u”‘2 —1)dz
Clo 2 R2 R2
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%
< 20 > ”u”g + 011||U||§q [/ (62aC§HUnH2(|un|/CzHunH)2 — 1) d$:| <c+ 0(1)
ClOﬁQ R2
(20)
It follows from (F4), (10) and (19) that
1,, 1
e o(1) = 1(un) = 30 (wa).wn) = 5 [ [FGafun el do = P, s ) < § + o(0).

This contradiction implies § > 0. Hence there exists {y,} C R? such that

/ up, |2dz > § (21)
B(yn1) 2

In view of (A1), for all z € Z?2, there holds
B(z + 2) — B(z) = curl A(z + 2) — curl A(z) =0,
which means A(z+2)— A(z) = V¢, (z), for some ¢, € H. _(R?,R) (see [25, Lemma

loc
1.1]). Define translation Y : X x Z? — X by letting T,u(z) = u(z + 2)e'®=(®),
Though a direct computation, we have

/ VAT u(z)]| dx
R2

:/RZ
:/R2
:/W

and
/ T u(x)|%dx = / ‘u(:c + 2)ei?=(@)
R2 R?

where we note that |e!?=(*)| = 1 for any z € R? due to ¢, € H._(R? R). Con-
sequently, for each z € Z2,Y, is well defined and isometry. Furthermore, let
Un = Y[y, Un, where [z] denotes the largest integer not exceeding x, then (21)

implies
Fyoron > 5
v |*dx > —.
B(0,14+2) 2

The periodicity of V' and f yields
I(v,) — ¢ and VI(v,) — 0.

dx

\% [u(az + z)ei@(m)} +iA(z)u(z + 2)ei=@

=@z 4 2) + iu(z + 2) V. (2)e'*® +iA(z)u(z + 2)e'® @ | dz

[Vu(z + 2) + iA(z + 2)u(z + 2)]e?=@

dx:/ |V au(z)|dz.
RQ

e = |u(z)|4dz, Vg €2,00).
R2

Then the boundedness of {v,,} can be deduced from Lemma 2.5. Going if necessary
to a subsequence, there exists v € X such that v, — v in X and v, — v in
Lj (R?,C) for s € [1,00), which leads to

)
/ |vn|?dx > .
B(0,14v72) 2

and then v # 0. Recalling Lemma 2.1, the weakly sequentially continuity of v (u)
implies, for any ¢ € C§°(R?,C),

(I'(0).€) = (*,€%) — (v ,67) — Re / F(, [0]2)véda
RQ
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= lim [{(v},&F) — (v, ,67) — Re/ f(z, |vn|2)vngdx =0.
n— o0 R2

Hence I'(v) = 0 and v is a nontrivial solution of problem (1). O

3. Ground state solutions. In this section, we prove the existence of ground
state solution of Nehari-Pankov type for problem (1), i.e. we show that there exists
u € X such that I(u) = inf s I, where

Ni={ue X\X™ : (I'(u),u) =0 and (I'(u),v) =0 for all v € X~ }.
Lemma 3.1. Under the assumptions (F1)-(F3) and (F5), for any z1,2z2 € C and
t > 0, there holds

1—¢2 1 1
—5— f@ 2P|l = tf (@ [2]*)Re(2122) + 5 F (@, [t21 + 2[*) = S F (@, [1]?) > 0.

2
(22)
Proof. Note that by (F5), we can get
fla,t)t > F(x,t) >0, Y (z,t) € R? x RT.
Define function g(t) : R — R as follows

1—¢2 1 1
9(t) = —5—f (@, ) P~ tf (2, |2 P Re(z122) + 5 F (x, [tar +22) = 5 F (| ).

If z1 = 0, then g(t) = $ F(x,]22/%) > 0. So in the following part, we assume 21 # 0.

By virtue of (F3) and (F5), it is easy to verify that

9(0) = 5[, | P)a1 P~ F(a, [2a )]+ 5 (i [22) > 0 and g(t) — +o0,a5t - oo.

Assume that ¢(¢) achieves its minimum at ¢y € [0, 00), then we have ¢'(t9) = 0, i.e.
tof(x, |z1D)|21 + f(z,|211*)Re(2122) — f(x,|tz1 + 22|*) Re(z1T0z1 + 22) = 0. (23)

Set z = tgz1 + z2. We discuss in two cases: 1) Re(z12) = 0; 2) Re(z1Z) # 0.

Case 1. Re(z1Z) = 0, which leads to

1—1t2 | 1
g(to) = 5 Cf(x,|z1*) 2] — tof (x,|21]*) Re(z12 — oz1) + §F(l‘7 |2%) — §F($» |21]%)
1-— t(g) 2 2 2 2 2 1 2 1 2
= Tf(ﬂﬂzll MNat™ + o f (0, |21]7)] 21 +§F($,|Z\ )—§F(l‘7|zll )
1

t2 1
=3 [f(z,|z1]*)|21|* = F(z, |21 ]*)] + 5°f(w, 21 %) |21 ] + QF(% |2*) > 0.

Hence we have (22) holds.

Case 2. Re(z1Z) # 0, which means z; # 0 and z # 0. We consider the two
possibilities: (i) |z1] = |2| (ii) |z1] # |2|. When |z1]| = |z|, let 23 = x1 + iy, and
z = X9 + iys where x;, y; (i = 1,2) denote the real part and imaginary part of z;
and z, respectively, then

Re(z12) = w12 + 1y < /o + 93y /23 + 43 = |aallz] = =i,
which implies

1 —t2 1 1
g(to) = 3 f (@, |z1)*)|21)? — tof (z,|21]*) Re(z12 — toz1) + §F(«’E, |2|*) — §F($» |21 ]%)

1 —t2
= Tof(m, |21%)|21]? = to f (x, |21]°) Re(212) + t5 £ (z, |21 ]?) | 21|
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>

1—t2
5 S f(x, |21 ?) |z = tof (x, |21 ) |21 | + t5 £ (=, |21 ]?) |21 |
(1 —t9)?

= f 21z f* > 0.

When |z1| # |z|, without loss of generality, we assume that |21 < |z|. Using (23),
one has f(x,|21]?) = f(z,|2|?), which, together with (F5), implies f(z,t) = const
for t € [|z1]%, |2]%], and then

|21
F(z,]2?) = F(z, |2[?) = " fla t)dt = f(, [z ) (|2l = ). (24)
zZ1
Note that
|Z|2 = (toZl + Zz)tozl + 29 = t8‘21|2 + 2t0R6<2’122) + |22|2. (25)
It follows from (F5), (24) and (25) that
1—1t3 1
g(to) = =5 f (@[22 * = tof(x, |21 ") Re(122) + S [F (@, [21%) = F(w, [21]%)]
1—1t3 1
= — @ = P)al® = tof (@, | ) Re(21%2) + 5 f(@, [21*) (12 = 1)
1
= i@ laPlel 20
Here we also have (22) holds. The proof is now complete. O

Lemma 3.2. If (V1), (F1)-(F3) and (F5) hold, then for any u € X, v € X~ and
t > 0, there holds

1—¢2
2
Proof. According to the definition of I, one has

I(u) — I(tu +v)

(I'(w),u) = t(I'(u), v). (26)

1
I(u) > I(tu+v) + §||v||2 +

1—t2 +12 1—t2 —2 — 1 2 1 2 2

=Lt = A )+ Sl 4+ L [ PGt o) P e
]R2

11—, / 1 2 11—t PN 2\

L w0 ) 4+ S0l 4 Re [ [ pe )l — e s
R2
1 2 1 2
+§F(:v,|tu+v| ) — §F(m‘, |u )] dx, (27)

where we use the fact (u™,v) = 0 in the process, due to v € X . Combining (22)
with (27), we have that (26) holds. O

From Lemma 3.2, we can derive the following corollaries directly.

Corollary 3.3. If (V1), (F1)-(F3) and (F5) are satisfied, then for any v € X and

t > 0, there holds

11—t
2

Corollary 3.4. If (V1), (F1)-(F3) and (F5) hold, then for any u € N, v € X~

and t > 0, there holds

I(u) > I(tu™) + %Hu_llg + (I'(u), u) + (1" (u), u”). (28)

I(u) > I(tu +v), (29)
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Lemma 3.5. If (V1), (F1)-(F3) and (F5) hold, then there exist p > 0, ¢, € [k1,m)]
and {un} € X such that

I(un) — cyy VI(u,) — 0, (30)
where

k1 =inf{I(u) :u € X, |jul| = p} and m:ijr\lff].

Proof. For any u € X, using (12) and Holder inequality, we have

1 1
1) = 3l = 5 [ PlajuP)da

1

1
2 2
> - L+ o (2 dz (62040%HUHZ(\U\/C2IIHH)2 _ 1) e
2 462 R2 R2

Sl = Gl v < Y22,

2
which shows that there exists p > 0 such that x; > 0. Furthermore, for any u € N,
there exists s > 0 such that sut € (X~ @ Rtu) NS, then combined with (29) we
can deduce m > k1 > 0. Choose {vy} C A such that

2

1
mgl(vk)<m+g, keN.

By virtue of (F5) and the definition of m, one has

1 ~ 1 1
m < I(vg) = (oI = llog 1) = 5 | Fla, loe[*)dz < S llof |7,
2 2 e 2

.
which implies ||v}f || > v2m > 0. Let e, = m, then e € X* and |jvf||=1. In
k

view of Lemma (2.4), there exists R, > max{p, ||vk||} such that sup I(0M}) < 0,
where

My ={u=y+Xer: ye X, ||lul| <Ry, A>0}, ke N.

Consequently, Lemma 2.1 yields that there exist constants c; € [Hl,Supm I] and
sequences {ug.,} C X such that

I(ukpn) — ¢ and VI(ug,) —0, k€N
Since v € My, using Corollary 3.4, one has

I(vg) > I(tvg +w), Vt>0, we X™.
It follows that I(vx) = sup,eyy, {(u), which implies

1
I(ugp) = ce <m+ % and VI(ugn) — 0, keN.

Choose {ny} C N such that

1 1
I(uk,n,) < m+ z and (IVI(ug )l < o ke N.

Now, let up = ugn,, k € N. Going if necessary to a subsequence, we have
I(ug) — ¢4 € [K1,m] and VI(ug) — 0.
O

Lemma 3.6. If (V1), (F1)-(F3) and (F5) hold, then any sequence {u,} C X
satisfying (30) is bounded.
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Proof. Let {u,} C X satlsfylng (30). Arguing indirectly, we assume that ||u,| — oo
as n — oo. Let w, = H nE then there exists w € X such that up to a subsequence,
wy, = win X, w, — win Lj (R?,C) for 2 < s < 0o and w,, = w a. e. on R, We
claim that
§:= lim sup / lw; |*dx > 0. (31)
B(y,1)

n—oo y€R2

Indeed, if it is not true, then the Lions’ concentration compactness lemma implies
w — 0 for 2 < g < oo. For fixed s > /2(cs + 1), set € = ﬁ and a € (O,Sgl%)

2 2
n (12), then one has

<
- ( |S’U} | )dl‘ — 252

1, Css|w I3, [/ (62a52c§|\wx|\2<|wz|/c2uw:||>2 _ 1) dw] ’
]R2

||w+||2+03/ |sw+‘q< as?lwi? 1) dr

IN

2

%—1—0(1).

Let ¢, = . Combining (28) with (30), we have

t2 e 1—t2

o llug

2
—"nnW—f/’F [t [2)de
2

3
—MnW—§/ Fle. swf Pz > e+ -+ of1),
]R2

e +o(1) = I(uy) > I(tyut) + BT (), ) 4 2 (T (ug), )

This contradiction implies that our claim is true. Through a similar argument of
the last part of the proof of Theorem 1.2, there exists v, := Y|, jw, such that

[onl = [lwn|| and
1)
/ v, |2dz > —. (32)
B(0,1+v/2) 2
Going if necessary to a subsequence, v, — v in X, v, — v in Lj (R?,C) (2 < s <
—l—vn—HJ;éOa.e. on

”unl
R2. For a.e. z € {y € R? : v(y) # 0}, we have |i,| = |v,|||un| — 00 as n — oco. It
follows from (30) and (F3) that

o) and v, — v a.e. on R2. Define i, = Y1y, Un, then

I(Un) 1. [ 2 2 F(a:,\un|2)
0= lim 5 Jm ] * = ey |* = | —ea—=de
n=oo [lupl - 2n w2 [un?
1 1 F
2 R2 n—o0 | n|
This contradiction implies that {u,} is bounded in X. O

Proof of Theorem 1.3. In view of Lemmas 3.2-3.6, through a similar argument of
the proof of Theorem 1.2, there exists a bounded sequence u, — u € X\{0} such
that

lim I(u,) = cs and I'(u) =0, (33)

n—oo
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which shows I(u) > m. As is proved in [39, Lemma 6.15], the functional I is weakly
upper semicontinuous, which implies u ¢ X ~. Otherwise, using (F5) and (33) that

1 1 _
0> 2||u|| 2/RQF(x,\u|) I(u)fgirr;ol(un) ¢y >0,
a contradiction. Hence u € N and I(u) > m. It follows from (F5) and Fatou’s
Lemma that
1
m>c, = lim [I(un) - 2(]'(un),un)]

n— oo

> 5 [ i [P = Fafun )] de
2 R2 n—oco
1 1
=5 | [Pl = Pl uP)] do = 1) = (7 ) ) = ().
Therefore, I(u) < m and so I(u) =m = infar I > 0. O

4. The asymptotic case. In this section, we consider the case where V' is asymp-
totically periodic and f is of subcritical exponential growth. In such situation, we
define a new operator Ly := —A4 + Vo with the spectral family {E(A) : —oc0 <
A < +o0}. Through a similar argument of Section 2, we can define a new functional
space Xo = D(|Lo|2) with the inner product and norm defined by
1 1
(u,v)0 = ([Lol2u, |Lol2v)2, V u,v € Xo,

1/2
and lullo = (u.u)g/
where

uf =07 )u € X5~ :=£(07)Xo, vt := (id — £(0))u € X5 := (id — £(0)) Xy,

and Xy = H(R% C) with the equivalent norm in H}(R? C) , which means there
exist constants still donated by C1, C» and S, such that

, respectively. Furthermore, for any v € Xo, v = u~ +u+

Cillullo < [lulla < Callullo  and  [lullqg < Bgllullo, YV u € Xo, g€ [2,00).
Define the limit function of Iy as follows
1 1
Iy(u) = f/ [V aul? + Volul?|dz — 7/ Fo(x, |up|*)dz, ¥ u € Xo.
2 R2 2 R2

It follows from (V1’), (F1), (F1’) and (F2) that I € C!(Xo,R) and
(I} (u),v) = (™, v8F) — (u~,0%7) —/ fo(z, [ul®)|ulPdz, ¥ u,v € X,.
R2
The corresponding Nehari-Pankov manifold is defined by
No = {u € Xo\X5™ : (I'(u),u) = 0 and (I'(u),v) = 0 for all v € X5~ }.

Lemma 4.1. If (V1), (F1), (F1’) and (F2) are satisfied, and u,, — 0 in Xo, there
hold

lim Fy(x, |up|*)dx = 0, lim Re/ f1(2, [un|?)u,v = 0, Vv e Xo,
n— o0 Rg n—oo RQ
(34)
and

n—oo n—roo

lim Vi(z)|u,|?dx = 0, lim Re/ Vi(z)u,® = 0, Vove Xy (35)
R2 R2
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Proof. Let u, — 0 in Xg, then |lu,|lo < C; for some C; > 0. For any ¢ > 0, by
(F1’) ii), there exists Ry > 0 such that meas[U.(R1)] < €, where U.(R.) = {z €
R? |a(z)| > €,|z| > Ri}. Recall that for any o > 0 and fixed ¢ > 2, there holds

filz,t) <a(x) [1 + tla=2)/2 (e* — 1)} . (36)
Then (36) and Holder inequality yield
Re [ i fununods (37)
Ue(R1)

< / i@, [un ) un|0]dz
UE(Rl)

g/ a(x)\un\|v|da:+/ [a@) ] (e = 1] ]| de
U:(R1) Us(R1)

3/‘1
1/3 g—1 3 aC2 Up 2 Un|/Collun 2
<C||a||oo“)5(R1)| / qHuan H’u||3q |:/2 (e qalCs|lunllg(lunl/C2llunllo) ]) da::|

1
+ llalloc|Us(B1)[3 [Jun|ls]vlls < Cse, (38)
where we let a € (0,47/(3¢C3C3)) in (36). In addition, Since u,, — 0 in L], (R* C)
for s € [2,00), then for n large enough,
/ |un |®dr < e,
B(0,R1)
which leads to
Re/ f1(z, |un|? unvda
B(0,R1)
ot 2
S O A I I G G PR
- B(0,R1) R2
Hlalelivlla [ JunPde < Cue, (39)
B(0,Ry)
where we choose « € (0,27/(qC%C32)) in (39). Similarly, we have
Re/ fi(z, |un|?)u, vda
R2\[Uc (R1)UB(0,R1)]
<ellunlld |v]l2q V <e2qaa§Hun|\3<|un|/c2nunno>2 _ 1) dx] ‘
R2
—|—€||UH2/ i i < Cie. (40)
B(0,R1)
Combining (37), (39) with (40), we derive
lim Re/ f1(z, [un)?)u,vdz = 0.
n— 00 R2
Through a similar process above, we have that (34) and (35) hold. O

Lemma 4.2. If (V1’), (F1’), (F1)-(F3) and (F5) are satisfied, then for any t >
0, ue Xy, ve Xg_, there holds

1

1 1—¢2
1) 2 Itut o)+ 51l — 5 [ Via)lofda+
RZ

3 (I'(u), w) = (I (u), v). (41)
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Proof. The proof is similar to Lemma 3.2, so we omit here. O
Corollary 4.3. If (V1’), (F1’), (F1)-(F3) and (F5) hold, then for any t > 0, u €
Xo, there holds

_ 42
) 2 10 -5 [ e Pt 0 42000,

(42)

Lemma 4.4. If (V1’), (F1), (F1)-(F3) and (F5) hold, then for any t > 0, u €

Xo, v € X5, there exist constants p > 0, ¢ € [k, m] and a sequence {u,} C X
such that

I(u,) — ¢, VI(u,) — 0. (43)

where
=inf{I(u):u € X5T,|Jul| = p} and m = ian I(u).

0

Proof. For any u € X¢T, using (12), (V1’) and Hélder inequality, we have

1 1 1
I(w) = Sllul§+ 5 [ Vi(@)ulPde -5 [ F(z,|u*)d
2 2 R2 2 R2

1 VAl 1
> 5”“”3 B = w3 - @HUH%

LG (/ |u|2qu>2 V (czocEhtiul/ealido? _ 1) dx} :
RQ

1 V1|loo 21/«
z( - )n 2= Collulld, ¥ flullo < ¥

4 Cy

which shows that there exists small p > 0 such that ko > 0. The rest part is similar
to Lemma (3.5), so we omit here. O

Lemma 4.5. If (V1’), (F1’), (F1)-(F3) and (F5) hold, then any sequence satisfying
(43) is bounded.

Proof. Arguing indirectly, we assume that there exists {u,} C Xy satisfying (42)
and ||upllo = oco. Let w, = Hiﬁ’ then ||wgpllo = 1. Going if necessary to a
subsequence, w,, — @ in Xy. When @ # 0, by a standard argument, we can derive
a contradiction. Therefore, we only consider the case w = 0, which follows that
wEt —0and w&E™ — 0in X,. If

n—oo y€R2

§:= lim sup/ |wEt|2dx > 0, (44)
B(y,1)

then the Lions’ concentration compactness lemma implies ws ™ — 0 for 2 < ¢ < oo.
For fixed s > /2(¢+ 1), set ¢ = ﬁ and « € (0, Sf—g%) in (12), then one has

RIS

aszw5+
<t E+ Co [ sy (e — 1) o

. . 1/2
<5 + Costllu g, U G A B DY dz] = 5 +olb)
R2
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Let t . Combining (35) with (42), we have

-5
™ lunllo
2

~ tn e_ ty, _
o o1) = Huwn) = It ) + s[5~ 2 [ Vi)l P
R2

1—1t2
+ 9 n([’(un),un>—|—ti<]'(un),ui_>
> t 2L p w2
> Hunllg (z, [tpuy, " |%)d
2 2 Jgo
1

2

This contradiction implies that our claim is true. Through a similar argument
of last part of the proof of Theorem 1.2, there exists v, := T, jw, such that
[onllo = llwnllo and

2
3
w2 = f/ Fla, |swst)dz > 6+ > + (1),
2 . 4

1)
/ v |2d > ~. (45)

B(0,1+v/2) 2
Going if necessary to a subsequence, v, — v in X, v, — v in Lj (R?,C) (2 < s <
o0) and v, — v a. e. on R% Define u, = Ty, 1Un, then ﬁ =v, > v #0a.

e. on R% For a. e. x € {y € R? : v(y) # 0}, we have |i,| = |vp|||unllo = oo. Tt
follows from (43) and (F3) that

0= lim L(tn

n=o0 [lun||3

]. . — F x, un2
= 5 Jm | lS I = R+ [ Vi Pds - [ FED
R

2 n=o0 ze unlld

~ 12
1ol gy Fetnllial)
R

~—

<573 v, |?dz = —o0.

This contradiction implies that {u,} is bounded in Xj. O

Lemma 4.6. If (V1’), (F1°), (F1)-(F3) and (F5) hold, for anyu € Xo\X&~, there
exists t >0 and w € X5~ such that tu+w € Nj.

2n§o |'an|2

Proof. Observe that Xg " @®Ru= Xg ~ @ RTu. Without loss of generality, we can
assume that u € Xg *. Through similar arguments of Lemmas 2.3 and 2.4, we can
deduce that I(tu) > 0 for small t > 0 and I(u) < 0 for u € (X§~ @RTu)\Bg(0) for
some R > 0, which implies 0 < SUD, e X~ @Ry I(u) < co. Taking advantage of the

weakly upper semi-continuity of I on Xg_ ® RTu, there exists ug € Xg_ ®RTu

such that I(ug) = SUD, ¢ xE- gR+y I(u). Then ug is a critical point of I|X§7@R+u,
so (I'(ug),uo) = (I'(up),v) = 0 for all v € X5~ @ RTu. Consequently, ug € Ny N
(X5~ ®RTu). 0

Proof of Theorem 1.5. In view of Lemmas 4.4 and 4.5, there exists a bounded se-
quence {u,} C Xy satisfying (43). Going if necessary to a subsequence, u, — u in

Xo. Suppose that u = 0, then u,, — 0 in L; (R? C) for s € [2,00). Note that
1

1
Io(u) = I(u) — 3 /R Vi(z)|u)?dx — 3 /R Fy(x,|ul®)dz, YV u€ X,

and

(I (w),v) = (I'(w), v) — Re /

Vl(x)uﬁdm—Re/ fi(z, |u*)uvde, YV u,v € X,
R2 R2
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which, together with (43) and Lemma 4.1, implies that
I()(Un) — 5, VIQ(Un) — 0.

Through a similar argument of the proof of Theorem 1.2, there exists {y,} € R?
such that

/ |w,|?de > ~.
B([ya] 1+V2) 2
for some 0 > 0. Let v, (z) = Yy, un, then |[v,|o = [[un|lo and
]
/ o, |2dz > —. (46)
B(0,1+/2) 2

Passing to a subsequence, we have v, — v in Xy, v, — v in LfOC(RQ,(C) for s €
[2,00), and v,, — v a. e. on R2. (46) implies v # 0. Due to the periodicity of Vo (z)

and fo(z,t) in x, one has
Iy(vy,) = ¢, Viy(vy,) — 0.

Analogous to the last part of Theorem 1.3, we can show that I)(v) = 0 and Ip(v) < é
Therefore, v # 0. By virtue of Lemma 4.6, there exists tq > 0 and wg € Xg ~ such
that tov +wo € Ny, which leads to I(tgv +wg) > m. Since fo(z,t) is nondecreasing
in ¢ on (0,00), similar to (22), we can derive

2
S ol )t [ ) Re(or22) - Fo(a [t21 +22f7) 4 5 Fol, |21 7) > 0.
(47)
follows from (V1’) and (47) that
m > ¢
> Io(v)
= Dotav +w0) + 3wl + 25 G 00 et + [ [F5E Rl Pl

_tfo(w, |Z1|2)R6(212_2) + §F0(1', |tZ1 + 22‘ ) + F() |Z1| :|
1
> Io(tov + wo) + §\|wo\|(2)

1 1 1

= f||w0||g+1(tov+wo)—f/ Vl(m)|tov+w0\2dw+7/ Fl(x,|tov+w0|2)d:r
2 2 Jp2 2 Jp2

> I(to’l}-i-wo) Zﬁl,

This contradiction implies @ # 0. Through a same argument of the last part of the
proof of Theorem 1.3, we can prove that I'(@) = 0 and I(a) = m = infar, I, hence
@ € Xy is a ground state solution to (1). O

5. The critical case. In this section, we consider the case when the spectrum of
the operator £ has a positive infimum and f is of critical exponential growth (that
is f satisfies assumption (F1”) and V satisfies (V2), which leads to X~ = {0}).
Then for any v € X,

full = { [ (9al? + Viayaz}
R2

1 1
1) = gl =5 [ Plafun o

and
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Using (F17) and (F2), for any € > 0 and a > «yg, there exists C. > 0 such that for
any (z,t) € (R%,RT),
|f(z,t)| < e+ Cat™V2(e™ —1) and |F(x,t)| < et + Ct/? (e — 1),

which, together with Lemma 1, implies I € C!(X,R) and

(I'(u), v) = Re (; /R IV 4u¥ a0 + V(2)ut)de — % /R (@, |u|2)u5dx> .
The corresponding Nehari manifold is defined by

M = {u e X\{0} : (I'(u),u) = 0}.
Lemma 5.1. If (V2), (F17), (F2) and (F5) hold, there holds
1— ¢

I(u) > I(tu) + (I'(u),u), VueX, t>0. (48)

Proof. Tt follows from (F2) and (F5) that

S = / =) (o TNl + Bz, )~ Bz, [a?]))do 2 0.

I(u)—I(tu)—
Here we use the fact that for any z € C and ¢t > 0,

(1= ) f(, 12| = F(a, [t2]?) — F(a, |2?) = / “s[ef? [f(a, $2121%) — o 2] ds > 0.
1 O
In view of Lemma 5.1, through a similar arguments in Section 2, we can derive
the following lemmas and corollaries.
Corollary 5.2. If (V2), (F17), (F2) and (F5) hold, then
I(u)zrgagc[(tu), Yue X, t>0.

Lemma 5.3. If (V2), (F17), (F2) and (F5) hold, there exist a constant ¢* € (0, m*)
where m* = inf,epm I(u) and a sequence {u,} € X such that

I(un) = ¢y [T (un)[[(1+ [lunl)) = 0. (49)
Lemma 5.4. If (V2), (F17), (F2), (F5) and (F7) are satisfied, any sequence {u,}
satisfying (49) is bounded.

Lemma 5.5. If (V2), (F17), (F2) and (F5) hold, for any u € X\{0}, there exists
ty > 0 such that t,u € M.

Proof. For fixed v € X\{0}, define g(t) := I(tu) on [0, 00), which follows that
gt)=0s t?|ul® - / F (@, [tun|?)|tun |Pde < (I (tu), tu) = 0 < tu € N.
RQ

By virtue of (F1”) and (F2), analogous to the proof of Lemma 2.3, we have g(0) = 0,
g(t) > 0 for t > 0 small and g(t) < 0 for ¢ large. Therefore, there exists ¢, > 0 such
that g(t,u) = max;e(o,00) 9(t) and then t,u € M. O

In spired by [6, 13], we define a Moser type function involving the magnetic
potential w,, (x) = e**@u, (z) , where ¢(x) = A(0) -z = 25:1 A;(0)x; and

1%2% 0 < |z < p/n,
(@) = § B pin < 2| < p,

0, |lz| = p.
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where p < /||V]leo +4¢2. Firstly, we claim that w,(z) € X. It suffices to show
that Va(e”®@u) € L} (R%,C) for u € H'(R%R) and supp u C B(0,p). Recall
that |21 + 22]? = |21|> + \z2|2 + 2Re(2z1%3) for any z1, 25 € C, then we have

/ VA(ew(z)u)‘ dx :/
R2 R2
. 2
:/ V(eztb(ac)u)‘ dm—i—/

R2

. 2 . -
A(x)e“ﬂm)u‘ dz —2Re | V(e"u) - iA(z)ei*@ udz.
R2
Note that

V(e ®y) + iA(x)ei¢<m>u‘ dz

R2

Veit(®) — iei‘b(w)VqS(:c) = ieid’(w)A(O).

Through a direct computation, we get

J.

. 2 < N
v(equ(z)u)‘ dr — V( igd(x) ) v(ei¢(r)u)dx
Rz

— /RQ (uvei¢(w) + ei¢(m)Vu) . (uveiqb(m) + eiqb(m)vu) da

:/ <‘Vei¢(””) ?
R2

+e @V - Vo(x)(—ie” @) + [e'*®) \2|Vu\2) dx

- / (AP + [Vul?)de
RQ

lul?> + i@ uVe(z) - Vue @

and

Re V(e @) - iA(z)ei*@y dx
R2

—pe [ (ie"OuTo(a) + 40Va) - iA()e O do
R2

__ /]R A(s) - Vo) dr = - / A(z) - A0)u2dz.

R2
It follows from (A2) that |A(z)| < ¢ a. e. on B(0, p). On the basis of the equalities

above, we obtain
< / |Vu|?dx + 4¢3 u?dr < oo,
B(0,p)

Va(ei® %)‘ dx:/RQ [1A0)]Pu? + [Vul® + |A(2)Pu? + 2A(x) - A(0)u?] da

/.
B(0,p)

from which we can deduce that our claim is true. Moreover, via an elementary
computation, one has

/ Jw,|?dz = / / u? dx
B(0,p) B(0,p/n) B(0,0)\B(p/n)

_pzlogn /p rlog?( p/r
- 22 271'10gn

p?logn p? [ 1 logn  log? n}

2n? logn |4  4n?2 20?2 2n2

1 1 1

2 2 9

_ - — ) = 0, f > 2.
p (410gn 4n?logn 2n2) P = ydorn
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Hence we have
. 2
||wn||2 :/ UVA (ew(z)un) } dx
]RZ

s/ |Vun|*dz + 4¢° uidm+/ V(z)upde =1+ (V] +4¢*)p’0n-
B(0,p) B(0,p) B(0,p)

2 )
+ V(x) e @y

Lemma 5.6. If (V2), (F17), (F2), (F5)-(F8) are satisfied, then there exists k € N

such that 5
max [ (twg) < =il
t>0 (67}

Proof. By virtue of (F6) and (F8), we can obtain that there exists € > 0 and ¢. > 0
such that

tE(z,t) > (v —e)e™t, Vo €R? |t| >t., (50)
and A
vV —¢
> 51
l+e ™ a3p? (51)

respectively. In the following part, we discuss in three cases, where the inequalities
hold for n € N large enough.

Case i. t € [O, \/Zﬂ/ao]. It follows from (F7) that

2 1
I(twa) = 5wl ~ / F(a o)
L (V]| 4+ 400202 5 7 72 ([V]|wo +4C%) 21
< o0 POnyp T TP s <
- 2 e’ 2040 logn (e7y]

Case ii. t € {\/277/040, V(1 —I—E)/Oto} . Since [twy,| > /te for x € B(0, p/n), by

virtue of (51), one has

t2 1
R2
< 1 (Voo + AC)p*0% 2 TPV =€) eorionn
2 t?n2logn
< LT (V1o + 442)P2Q721t2 _ agmpP(v—e) o 2ot lesn
a 2 4(1 +e)n?logn
= @n(t) = art® — age st
where
a = LWl + 40020, aompiv—<) - aplogn
2 T T 41+ o)nlogn’ P or

Let t,, € [0, 00) such that ¢’(¢,) = 0, which means

1
1 3
tn = < log ! )
as o203
2r T+ (Voo +4¢?)p?02 4(1 4+ e)n?logn 27 E
aglogn & 2 apmp?(v —e) aglogn

{47r {1 - Jog[L+ ([V[leo + 4¢?)p*0p] +log[4(1 +¢)] — log[(v — e)a%pg]} };
Qo 2logn ’
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Hence ¢, (t) achieves its maximum at ¢, that is for each n € N,

a
en(t) < pn(tn) =arty, — —
as
2y 2 2 2y 2 2
:1+WVMD+MWPQwi_ﬂU+OWWm+4<MQA7Vt>a
2 aplogn
(52)
Using (51), we have
L+ (Ve +4¢00%3
2 n
27
= o L (Vi +4¢%)%])]
[ Yol (Vs +4¢%)%62) + logl4(1 + <)) — logl(v — <)a3p’
2logn
_ 22
< 20 1y Ve + ayeh + B o= 9] (L)
Qo 2logn log“n
) o 4 2\ 2 1
S”G+WW+‘UP)+O< 2), (53)
oo 4logn log“n

Combining (52) with (53), we derive
I(twn) S@n(tn)

2 0 +4 2) 2 1 o +4 2\ 2,2 1
20 (1 Wl IOV sl (Ve 440G (L)
Qo 4logn aplogn log”n
2 2 — oo +4C%)p? 1 2
22Vl O] (L) 2
Qg 4logn log“n Qg
Case iii. t € [\/47(1 + €)/ap, 00]. Similarly, we have |tw,| > v/t for = € B(0,p/n)
and
£ 2 1 2
Htwa) = S wal? ~ 3 [ Pl o, )
R2
< 1+ (Ve + 442)0267%752 _ m2p?* (v —¢) e(;—gtz—Z) logn
- 2 t2logn
24 )L+ (Voo +4¢*)p%00] _ aomp®(v —e)n* _ 27

< —,
- Qg 4(1+¢)logn Qg
where at the second inequality, we use the fact that the function

_ L4 UVl +4E)0%00 2 ™07 (v =€) (5042-2)10gn
2 t2logn

U (t) :

is decreasing on [y/47(1 + €)/agp, 00| since its stationary point of i, (t) tends to
\/M as n — oo and the last inequality can be deduced due to % — 00 as
n — oo. Indeed, set
as = (|v]|oo +4¢*p? and a5 = 12p*(v —¢).
By a direct computation, one has
as(cpm~tlogn — 2) (504

") =1]1+2 2 —2)logn )
ql)n() + 2a40;, t410gn e
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Since ¥, (t) > 0 as t — 0 and ¢/, (t) < 0 as n — oo, there exists t, > 0 such that
! (tn) = 0, which implies

a5(a07r_1tn logn — 2) (g‘o t2 —2) logn

1+ 2a40% = wtn (54)
ttlogn

It is easy to see that {t,} is bounded due to (54). Passing to a subsequence, we
have that t,, — tg > 0. Note that

~1
as(aom_tnlogn — 2)6(3727:3’/72)1()%” — 00, if tg > “747r as n — 0o
Y ) Y
Qo

t4 logn
and
1
t,l —2) (o 4
as(com” ogn = 2) el gti*2)l°g”—>0, if t0<,/i, as n — 0o,
td logn g
while

1+ 2a402 — 1, as n — oo.

Therefore, the stationary point of 1, () tends to /=™ 4™ as n — 0o. The proof is now
complete. O

Applying Lemmas 5.5 and 5.6, we can derive the following lemma.
Lemma 5.7. If (V2), (F17), (F2) and (F5)-(F8) hold, then m* = infy( I < 27/ .

Through a similar argument of [13, Lemma 2.1], we can deduce the following
lemma.

Lemma 5.8. If (F17), (F2) and (F6) are satisfied, u, — u in X and there exists
constant C1 > 0 such that

[ £GP unfe < 1
Then for every € € C5°(R?, C), there holds
lim Re/ fz, |un P uné = hm Re/ fz, |ul®)u
n— oo

Proof of Theorem 1.6. In view of Lemmas 5.3 and 5.4, there exists a sequence
{un} C X satisfying (49) and ||u,|| < Cs for some Cy > 0, hence ||uyl2 < Cs
for some C5 > 0. By (F6) and (49), one has

1 -2
Lir ), un) > A2 / £ Jun ) un i,
2/_1, R2

c*+o(l) =1(u,) — 5

which shows
[ 16 lunl)un P < (55)
RQ

for some C4; > 0. Assume

§:= lim sup/ [, [2dz = 0.
B(y,1)

n—oo y€R2

Then Lions’ concentration compactness lemma implies u,, — 0 in L*(R?) for s €
(2,00). Define
Qn(a,b) := {x € R? a < |u, ()| < b}.
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For any € € (0,71/C4My), choose R. > \/CyMy/e, by virtue of (F8) and (55), one
has
[ PauPde <My [ f )
Qp (Re,00) Qp (Re,00)
M
< | r@lPP<e (60
e JQyn(Re,00)

It follows from (F2) and (F6) that there exists r. € (0,1) such that

e
/ F(z, [ug|*)dz < / F@ fun)funde < 5 llunl3 < (57)
Q4 (0,7¢) Q,(0,7¢) 3

Due to the continuity of f, there holds

[ FluP)ds < ol = o) (53)
Qn(T57RE)
and
/Q - F(@, [unl*)un*de < Cslun |5 = o(1). (59)
Combining (56), (57), (58) and (59) with the arbitrariness of €, we can obtain
/ Fla, |un|?)dz = o(1). (60)
R2
Applying Lemma 5.7 and (60), there exists £ > 0 such that
4
unl? < 2m* + o(1) = 07”(1 —38) +o(1). (61)
0

Choose ¢ € (1,2) such that
(1+28)(1—38)q
1-¢
It follows from Lemma 1, (F1”), (61) and (62) that

/ f (@, [un|?)|%da SC'e‘/ [eao(1+5)q|un\2 _ 1} da
Qp (1,00) Qp (1,00)

</ [eao<1+é>qnun\|2(|um/||unu)2 _ 1] da < Cy,
R2

<1. (62)

which, together with Holder inequality, implies

q

/ F(@, lun|*) Jun[*da < [/ |f($7un|2)|qd$] [ull?g = o(1). (63)
Qp(1,00) Qp(1,00) q—1
Taking account of (57), (58), (60) and (63), we have
" 1, 1
¢ +o(1) = I(un) = 5{I'(un), un) = */ [ (@, [unl*) | = F (@, un)ldz < = +o(1).
2 2 e 2
This contradiction implies § > 0. Then there exists a sequence {y,,} C R? such that

0
/ | |2de > .
B(yn71) 2

Similar to proof of Theorem 1.2, we let v, = Ty, juy,, then

5
/ v, |2 dz > =, (64)
B(0,14+/32) 2
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and

I(vn) = ¢ M (o) |1+ [Jonl) — 0.
Lemma 5.4 shows that {v,} is bounded. Going if necessary to a subsequence, there
exists © € X such that v, — ¥ in X, u, — 0 in L} (R? C) for s € [2,00) and

loc

vy, — ¥ a. e. on R2. Then ¢ # 0 due to (64). For any ¢ € C§°(R?,C), by applying
Lemma 5.8, we have

lim Re /R T fonPyoné = Re /R oo,

n—oo

Therefore
(I(3),€) = lim (I'(6,),) = 0,
which shows I'(9) = 0 and I(¥) > m*. Through the same process of the proof

of Theorem 1.3, we can deduce that I(0) = m* = infa I(u). The proof is now
complete. O
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