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In this paper, we are interested in a fractional Choquard–Kirchhoff-type problem involv-
ing an external magnetic potential and a critical nonlinearity

M(‖u‖2
s,A)[(−∆)s

Au + u] = λ

Z
RN

F (|u|2)
|x − y|α dyf(|u|2)u + |u|2∗s−2u in R

N ,

‖u‖s,A =

 ZZ
R2N

|u(x) − ei(x−y)·A(
x+y

2 )u(y)|2
|x − y|N+2s

dxdy +

Z
RN

|u|2dx

!1/2

,

where N > 2s with 0 < s < 1, M is the Kirchhoff function, A is the magnetic
potential, (−∆)s

A is the fractional magnetic operator, f is a continuous function,

F (|u|) =
R |u|
0

f(t)dt, λ > 0 is a parameter, 0 < α < min{N, 4s} and 2∗s = 2N
N−2s

is
the critical exponent of fractional Sobolev space. We first establish a fractional version
of the concentration-compactness principle with magnetic field. Then, together with the

∗Corresponding author.

1850004-1

http://dx.doi.org/10.1142/S0219199718500049


May 17, 2019 15:54 WSPC/S0219-1997 152-CCM 1850004

X. Mingqi, V. D. Rădulescu & B. Zhang

mountain pass theorem, we obtain the existence of nontrivial radial solutions for the
above problem in non-degenerate and degenerate cases.

Keywords: Choquard–Kirchhoff equation; fractional magnetic operator; variational
methods; critical Sobolev exponent.
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1. Introduction and Main Results

In this paper, we consider the existence of solutions to the following Choquard–
Kirchhoff-type problem:

M(‖u‖2
s,A)[(−∆)s

Au + u] = λ(Kα ∗ F (|u|2)f(|u|2))u + |u|2∗
s−2u in RN , (1.1)

where V : RN → R+ is the scalar potential, Kα(x) = |x|−α, A : RN → RN is the
magnetic potential, λ > 0 is a real parameter and (−∆)s

A is the fractional magnetic
operator which, up to normalization, may be defined as

(−∆)s
Au(x) = 2 lim

ε→0+

∫
RN\Bε(x)

u(x) − ei(x−y)·A(x+y
2 )u(y)

|x − y|N+2s
dy, ∀x ∈ R

N ,

whenever u ∈ C∞
0 (RN , C), see [12] and the references therein for further details on

these kinds of operators. Here s ∈ (0, 1), N > 2s and Bε(x) denotes a ball in RN

with radius ε > 0 centered at x ∈ RN . Clearly, the operator (−∆)s
A is consistent

with the definition of fractional Laplacian (−∆)s if A ≡ 0. For more details on the
fractional Laplacian, we refer to [14]. The fractional Laplacian operator (−∆)s can
be seen as the infinitesimal generators of Lévy stable diffusion processes (see [1]).
Moreover, the fractional Laplacian allows to develop a generalization of quantum
mechanics and also to describe the motion of a chain or array of particles that
are connected by elastic springs and unusual diffusion processes in turbulent fluid
motions and material transports in fractured media (for more details see for exam-
ple [4, 9] and the references therein). In fact, a great attention has been focused on
the study of fractional and nonlocal operators of elliptic type in recent years. This
type of operators arises in a quite natural way in many different applications, such
as, continuum mechanics, phase transition phenomena, population dynamics and
game theory, as they are the typical outcome of stochastically stabilization of Lévy
processes, see [4, 9]. The literature on nonlocal operators and on their applications
is very interesting and quite large, we refer the interested readers to [10, 15, 28, 33]
and the references therein. For the basic properties of fractional Sobolev spaces and
their applications by variational methods, we refer the readers to [14, 27].

On the one hand, this paper is motivated by some works that appeared in recent
years concerning the following fractional Schrödinger equations with magnetic field:

(−∆)s
Au + V (x)u = f(u), (1.2)
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where the magnetic Schrödinger operator is defined as

−(∇− iA)2u = −∆u + 2iA(x) · ∇u + |A(x)|2u + iudivA(x).

As stated in [34], up to correcting the operator with factor (1 − s) it follows that
(−∆)s

Au converges to −(∇u − iA)2u in the limit s ↑ 1. Thus, up to normalization,
we may think the nonlocal case as an approximation of the local case. If A ≡
0, then (1.2) becomes the fractional Schrödinger equation, which was proposed
by Laskin [21, 22] as a result of expanding the Feynman path integral, from the
Brownian-like to the Lévy-like quantum mechanical paths. In the last 10 years,
there has been a lot of interest in the study of Eq. (1.2), see for instance, [7, 10,
15, 33, 39]. If the interaction between the particles is considered, that is, f(u) =
(Kα ∗ |u|p)|u|p−2u, this kind of problem is usually named Choquard equation and
has been investigated by many authors, see [5, 11, 13, 20].

On the other hand, Lü in [25] studied the following Kirchhoff-type equation

−
(

a + b

∫
R3

|∇u|2dx

)
∆u + Vλ(x)u = (Kα ∗ uq)|u|q−2u in R

3, (1.3)

where a ∈ R+, b ∈ R
+
0 are given numbers, Vλ(x) = 1+λg(x), λ ∈ R+ is a parameter

and g(x) is a continuous potential function on R
3, q ∈ (2, 6 − α). By using the

Nehari manifold and the concentration-compactness principle, the author obtained
the existence of ground state solutions for (1.3) if the parameter λ is large enough.
Indeed, problem (1.1) is related to the Kirchhoff equation proposed by Kirchhoff in
1883 as a generalization of the well-known D’Alembert’s wave equation

ρ
∂2u

∂t2
−
(

p0

λ
+

E

2L

∫ L

0

∣∣∣∣∂u

∂x

∣∣∣∣2 dx

)
∂2u

∂x2
= 0 (1.4)

for free vibrations of elastic strings. Kirchhoff’s model takes into account the
changes in length of the string produced by transverse vibrations. Here, L is the
length of the string, h is the area of the cross-section, E is the Young modulus of the
material, ρ is the mass density and p0 is the initial tension. In [1], it was pointed out
that the problem (1.4) models several physical systems, where u describes a process
which depends on the average of itself. Nonlocal effect also finds its applications
in biological systems. A parabolic version of Eq. (1.4) can be used to describe the
growth and movement of a particular species. The movement, modeled by the inte-
gral term, is assumed to be dependent on the energy of the entire system with u

being its population density. In [17], Fiscella and Valdinoci first proposed a station-
ary Kirchhoff variational model, in bounded regular domains of R

N , which takes into
account the nonlocal aspect of the tension arising from nonlocal measurements of
the fractional length of the string. For more details about stationary Kirchhoff prob-
lems involving the fractional Laplacian, we refer the interested readers to [16, 30, 37].
Recently, the solvability or multiplicity of the Kirchhoff-type equations with critical
growth has been paid much attention by many authors, see [6, 31].
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In [26], Mingqi et al. first investigated the existence and multiplicity of solu-
tions for fractional Schrödinger–Kirchhoff-type equation with an external mag-
netic potential. Subsequently, Pucci, Xiang and Zhang in [32] studied the following
fractional p-Laplacian equation of Schrödinger–Choquard–Kirchhoff type:

M(‖u‖p
s)[(−∆)s

pu + V (x)|u|p−2u]

= λf(x, u) + (Kα ∗ |u|p∗
α,s)|u|p∗

α,s−2u in R
N , (1.5)

where p∗α,s = (pN − pα/2)/(N − ps) is the critical exponent in the sense of Hardy–
Littlewood–Sobolev inequality. The authors obtained several existence results for
Eq. (1.5) by using variational methods in non-degenerate and degenerate cases. As
M(t) = a + bt and p = 2, with the help of variational methods, Wang and Xiang
in [36] investigated the existence of two solutions and infinitely many solutions for
problem (1.5) with external magnetic operator in non-degenerate and degenerate
cases.

Motivated by the above works, we are devoted to the study of radial solutions for
problem (1.1) involving an external magnetic field and critical Sobolev exponent.
For this purpose, we first establish a fractional version of concentration-compactness
principle with magnetic field. Then, together with the mountain pass theorem, we
obtain the existence of nontrivial radial solutions for problem (1.1). It is worth
stressing that the appearance of the magnetic field also brings additional difficul-
ties to the problem. For example, the effects of the magnetic fields on the linear
spectral sets and on the solution structure, and the possible interactions between
the magnetic fields and the linear potentials. Concerning the study of elliptic equa-
tions with critical Sobolev exponent, we refer to the pioneering contributions of
Brézis and Nirenberg [8].

Now we begin with the assumptions on the Kirchhoff function M :

(M1) M : R
+
0 → R+ is continuous and there exists m0 > 0 such that inft≥0

M(t) = m0.

(M2) There exists θ ∈ [1, 2∗s/2) such that

M(t)t ≤ θM (t), ∀ t ∈ R
+
0 ,

where M (t) =
∫ t

0 M(τ)dτ .

A typical example is given by M(t) = m0 + btθ−1, where b ∈ R
+
0 , t ∈ R

+
0 . If

M(t) = a + bt with a > 0, b ≥ 0, for all t ≥ 0, f(u) = |u|p−2u and s ↗ 1−,
then (1.1) reduces to the following equation:

(a + b‖u‖2)[−(∇− iA)2u + u] = λ(Kα ∗ |u|p)|u|p−2u + |u|2∗−2u, (1.6)

where 2∗ = 2N/(N−2). Hence problem (1.1) can be regarded as a fractional version
of Eq. (1.6). In particular, when b = 0, Eq. (1.6) without the critical term has been
studied by some authors recently, see for example [2, 25]. Here we call Eq. (1.1) is
non-degenerate if a > 0, b ≥ 0, while Eq. (1.1) is degenerate if a = 0, b > 0.
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Moreover, we impose the following assumptions on the nonlinearity f :

(f1) f ∈ C(R+, R);
(f2) There exist C > 0 and p ∈ (2, 2N−α

N−2s ) such that

|f(t)| ≤ C(1 + t
p−2
2 ) for all t ∈ R

+
0 ;

(f3) There exists σ ∈ (2θ, 2∗s) such that 0 < σF (t) ≤ f(t)t2 whenever t ∈ R+,
where F (t) =

∫ t

0
f(τ)τdτ .

To state our main results, we first give the definition of (weak) solutions for prob-
lem (1.1).

Definition 1.1. We say that u ∈ Hs
A(RN , C) is a (weak) solution of prob-

lem (1.1), if

M(‖u‖2
s,A)�

[∫∫
R2N

(u(x) − ei(x−y)·A(x+y
2 )u(y))(ϕ(x) − ei(x−y)·A(x+y

2 )ϕ(y))
|x − y|N+2s

dxdy

+
∫

RN

uϕdx

]

= �
∫

RN

(Kα ∗ F (|u|2))f(|u|2)uϕdx + �
∫

RN

|u|2∗
s−2uϕdx,

for any ϕ ∈ Hs
A(RN , C).

Theorem 1.1 (Non-degenerate case). Let s ∈ (0, 1), N > 2s and 0 < α <

min{N, 4s}. Assume that A ∈ C(RN , RN ), M satisfies (M1) and (M2), f satisfies
(f1)–(f3) with 2θ < p < 2N−α

N−2s . Then there exists λ∗ > 0 such that for any λ ≥ λ∗

problem (1.1) has a nontrivial radial solution in Hs
A(RN , C).

Next we consider the degenerate case for problem (1.1). To this aim, we also
require:

(M3) there exists m1 > 0 such that M(t) ≥ m1t
θ−1 for all t ∈ R+ and M(0) = 0.

For the nonlinearity f , we also need the following hypothesis:

(f4) there exist C > 0 and max{2, θ} < p < 2∗s such that

|f(t)| ≤ C|t| p−2
2 for all t ∈ R

+
0 .

Our second result reads as follows.

Theorem 1.2 (Degenerate case). Let s ∈ (0, 1), N > 2s and 0 < α < N .
Assume that A ∈ C(RN , RN), M satisfies (M2) and (M3), f satisfies (f1), (f3)
and (f4). Then there exists λ∗ > 0 such that for any λ ≥ λ∗ problem (1.1) has a
nontrivial radial solution in Hs

A(RN , C).
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Finally, we would like to point out that it remains an open problem to verify the
multiplicity of solutions or the existence of sign-changing solutions for problem (1.1).
In particular, the existence of infinitely many solutions for problem (1.1) would be
interesting. All these problems will be investigated in a future work by the authors.

This paper is organized as follows. In Sec. 2, we recall some necessary defini-
tions and properties of spaces Hs(RN ) and Hs

A(RN , C). In Sec. 3, we establish the
principle of concentration-compactness in fractional Sobolev space Hs

A(RN , C). In
Secs. 4 and 5, we give the proofs of Theorems 1.1 and 1.2, respectively.

2. Preliminaries

In this section, we first give some basic results of fractional Sobolev spaces that will
be used in the next sections. Let 0 < s < 1 be real number satisfying 2s < N and
the fractional critical exponent 2∗s be defined as 2∗s = 2N

N−2s . Let L2(RN ) denote
the Lebesgue space of real-valued functions with

∫
RN |u|2dx < ∞. The fractional

Sobolev space Hs(RN ) is defined as follows:

Hs(RN ) = {u ∈ L2(RN ) : [u]s < ∞},
where [u]s denotes the Gagliardo semi-norm

[u]s =
(∫∫

R2N

|u(x) − u(y)|2
|x − y|N+2s

dxdy

) 1
2

,

equipped with the inner product

(u, v)s =
∫∫

R2N

(u(x) − u(y))(v(x) − v(y))
|x − y|N+2s

dxdy +
∫

RN

uvdx, ∀u, v ∈ Hs(RN )

and the norm

‖u‖s = (‖u‖2
L2(RN ) + [u]2s)

1
2 .

The embedding Hs(RN ) ↪→ Lν(RN ) is continuous for any ν ∈ [2, 2∗s] by [14, Theo-
rem 6.7], that is, there exists a positive constant Cν such that

‖u‖Lν(RN ) ≤ Cν‖u‖s for all u ∈ Hs(RN ). (2.1)

To prove the existence of radial weak solutions of Eq. (1.1), we need the following
embedding theorem due to Lions in [23, Théorème Π.1]. For further comments we
refer to [35].

Theorem 2.1. Let 0 < s < 1 be real numbers with 2s < N . Then for any 2 < ν <

2∗s, there is a compact embedding

Hs
r (RN ) ↪→↪→ Lν(RN ),

where

Hs
r (RN ) = {u ∈ Hs(RN ) : u(x) = u(|x|), ∀x ∈ R

N}.

1850004-6
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Let L2(RN , C) be the Lebesgue space of complex-valued functions with∫
RN |u|2dx < ∞ endowed with the scalar product

〈u, v〉L2 := �
∫

RN

uvdx for all u, v ∈ L2(RN , C),

where the bar denotes complex conjugation. Suppose that A : R
N → R

N is a
continuous function. Consider the magnetic Gagliardo semi-norm defined by

[u]s,A :=

(∫∫
R2N

|u(x) − ei(x−y)·A(x+y
2 )u(y)|2

|x − y|N+2s
dxdy

)1/2

,

and set

H = {u ∈ L2(RN , C) : [u]s,A < ∞},
endowed with the norm

‖u‖s,A := (‖u‖2
L2 + [u]2s,A)1/2,

where ‖u‖L2 = (
∫

RN |u|2dx)1/2. The scalar product on H defined by

(u, v)s,A := 〈u, v〉L2 + 〈u, v〉s,A,

where

〈u, v〉s,A = �
∫∫

R2N

(u(x) − ei(x−y)·A( x+y
2 )u(y))(v(x) − ei(x−y)·A(x+y

2 )v(y))
|x − y|N+2s

dxdy.

By [12, Proposition 2.1], we know (H, (·, ·)s,A) is a real Hilbert space. Moreover,
the space C∞

c (RN , C) is a subspace of H, see [12, Proposition 2.2].
Now we define Hs

A(RN ) as the closure of C∞
c (RN , C) in H.

Lemma 2.1. For each u ∈ Hs
A(RN ) it holds |u| ∈ Hs(RN ). More precisely,

‖|u|‖s ≤ ‖u‖s,A, for all u ∈ Hs
A(RN ).

Proof. The proof follows by using the pointwise diamagnetic inequality:

||u(x)| − |u(y)|| ≤ |u(x) − ei(x−y)·A(x+y
2 )u(y)|,

for a.e. x, y ∈ RN , see [12, Lemma 3.1, Remark 3.2].

Following Lemma 2.1 and using the same discussion as in [12, Lemma 3.5], we
have the following embedding result.

Lemma 2.2. The embedding Hs
A(RN , C) ↪→ Lp(RN , C) is continuous for all p ∈

[2, 2∗s]. Furthermore, Hs
A(RN , C) ↪→ Lp(K, C) is compact for all 1 ≤ p < 2∗s and

any compact set K ⊂ RN .

By Lemma 2.1, Theorem 2.1 and the Brézis–Lieb Lemma, we have the following
result.

1850004-7
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X. Mingqi, V. D. Rădulescu & B. Zhang

Lemma 2.3. Set

Hs
r,A(RN , C) := {u ∈ Hs

A(RN , C) : u(x) = u(|x|), ∀x ∈ R
N}.

Then for any ν ∈ (2, 2∗s) the embedding Hs
r,A(RN , C) ↪→ Lν(RN , C) is compact.

Lemma 2.4. Assume 1 < r, t < ∞ and 0 < α < N with 1
r + 1

t + α
N = 2. If

u ∈ Lr(RN ) and v ∈ Lt(RN ), then there exists C(N, α, r, t) > 0 such that∫∫
RN

|u(x)||v(y)|
|x − y|α dxdy ≤ C(N, α, r, t)‖u‖Lr(RN )‖v‖Lt(RN ).

3. The Concentration-Compactness Principle
with Magnetic Operator

In [24], Lions established the principle of concentration-compactness in classical
Sobolev space, and then the concentration-compactness principle was well used
to solve elliptic problems involving critical exponent, see also [18]. In [29], the
authors established the principle of concentration-compactness in fractional Sobolev
spaces by using profile decomposition. In [38], Xiang, Zhang and Zhang established
the concentration-compactness principle in fractional Sobolev space, which can be
regarded as the fractional version of the principle of concentration-compactness in
classical Sobolev space. However, their version of concentration-compactness prin-
ciple cannot be directly applied to solve our problem because of the presence of a
magnetic field. To this end, we will establish the concentration-compactness prin-
ciple in Hs

A(RN ) with magnetic operator.
Let Cc(RN ) be the functions in C(RN ) with compact support sets and denote

by C0(RN ) the closure of Cc(RN ) with respect to the norm |η|∞ = supx∈RN |η(x)|.
As is known to all, a finite measure on RN is a continuous linear functional on
C0(RN ). Now we give a norm for measure µ

‖µ‖ = sup
C0(RN ),|η|∞=1

|(µ · η)|,

where (µ, η) =
∫

RN ηdµ.
From now on, we shortly denote by ‖ · ‖q the norm of Lq(RN ).

Definition 3.1. Let M(RN ) denote the finite non-negative Borel measure space
on R

N . For any µ ∈ M(RN ), µ(RN ) = ‖µ‖ holds. We say that µn ⇀ µ weakly * in
M(RN ), if (µn, η) → (µ, η) holds for all η ∈ C0(RN ) as n → ∞.

Theorem 3.1. Let {un}n ⊂ Hs
A(RN , C) such that ‖un‖s,A ≤ C for all n ≥ 1, where

C is a positive constant. Put µn(x) =
∫

RN

|un(x)−ei(x−y)A( x+y
2 )un(y)|2

|x−y|N+2s dy + |un(x)|2,

1850004-8
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x ∈ RN , n ∈ N. Assume

un ⇀ u weakly in Hs
A(RN , C),

µn ⇀ µ weakly * in M(RN ),

|un|2∗
s ⇀ ν weakly * in M(RN ),

then

µ =
∫

RN

|u(x) − ei(x−y)A( x+y
2 )u(y)|2

|x − y|N+2s
dy + |u|2 +

∑
j∈J

µjδxj + µ̃, µ(RN ) ≤ C2,

ν = |u|2∗
s +

∑
j∈J

vjδxj , ν(RN ) ≤ S− 2∗s
2 C2,

where J is at most countable, sequences {µj}j, {νj}j ⊂ [0,∞), {xj}j ⊂ RN , δxj is
the Dirac mass centered at {xj}j , µ̃ is a non-atomic measure,

ν(RN )
1
2∗s ≤ S− 1

2 µ(RN )
1
2 , ν

1
2∗s
j ≤ S−1/2µ

1
2
j , ∀ j ∈ J,

and

S = inf{‖u‖2
s,A : ‖u‖2∗

s
= 1}.

Lemma 3.1. Assume that {un}n ⊂ Hs
A(RN , C) is the sequence given by Theo-

rem 3.1, let x0 ∈ R
N fixed and let ϕ ∈ C∞

0 (RN ) such that 0 ≤ ϕ ≤ 1; ϕ ≡ 1 in
B(0, 1), ϕ ≡ 0 in R

N\B(0, 2) and |∇ϕ| ≤ 2. For any ε > 0, set ϕε(x) = ϕ(x−x0
ε )

for all x ∈ RN . Then

lim
ε→0

lim sup
n→∞

∫∫
R2N

|un(x)|2|ϕε(x) − ϕε(y)|2
|x − y|N+2s

dxdy = 0.

Proof. The proof is completely similar to that of [38, Lemma 2.3], so we omit it.

Proof of Theorem 3.1. We divide the proof into four parts.

Part 1. µ(RN ) ≤ C2 and ν(RN ) ≤ S−2∗
s/2C2.

For R > 0, take η ∈ C∞
0 (B2R(0)) satisfying 0 ≤ η ≤ 1 and η ≡ 1 on BR(0).

Then ∫
RN

µnηdx →
∫

RN

ηdµ.

Since ‖un‖ ≤ C, we obtain∫
RN

µnηdx ≤
∫

RN

µndx ≤ C2.

Hence µ(BR(0)) ≤ ∫
RN ηdµ ≤ Cp. Let R → ∞, we get µ(RN ) ≤ C2. Similarly, we

have ν(RN ) ≤ S−2∗
s/2C2, since

∫
RN |un|2∗

s dx ≤ S−2∗
s/2C2 by the definition of S and

‖un‖s,A ≤ C.

1850004-9
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Part 2. µ =
∫

RN

|u(x)−ei(x−y)·A( x+y
2 )u(y)|2

|x−y|N+2s dy + |u|2 +
∑

j∈J µjδxj + µ̃, where {xj}j ⊂
RN , {µj} ⊂ [0,∞), J is at most countable set, µ̃ ∈ M(RN ) is a non-negative
non-atomic measure and δxj is the Dirac mass at xj .

Take 0 ≤ η ∈ C0(RN ) and set

F (u) =
∫

RN

(∫
RN

|u(x) − ei(x−y)·A(x+y
2 )u(y)|2

|x − y|N+2s
dy + |u(x)|2

)
ηdx.

It is easy to verify that F is a continuously differentiable convex functional on
Hs

A(RN , C). So F is weakly lower semicontinuous on Hs
A(RN , C). Thus,

lim inf
n→∞

∫
RN

µnηdx

≥
∫

RN

(∫
RN

|u(x) − ei(x−y)·A( x+y
2 )u(y)|2

|x − y|N+2s
dy + |u(x)|2

)
ηdx.

It follows from µn → µ weakly * in M(RN ) that

lim
n→∞

∫
RN

µnηdx =
∫

RN

ηdµ.

Hence ∫
RN

ηdµ ≥
∫

RN

(∫
RN

|u(x) − ei(x−y)·A(x+y
2 )u(y)|2

|x − y|N+2s
dy + |u(x)|2

)
ηdx.

The arbitrariness of η ∈ C0(RN ) with η ≥ 0 implies that

µ ≥
∫

RN

|u(x) − ei(x−y)·A(x+y
2 )u(y)|2

|x − y|N+2s
dy + |u|2.

Therefore, we obtain

µ −
∫

RN

|u(x) − ei(x−y)·A(x+y
2 )u(y)|2

|x − y|N+2s
dy − |u|2 =

∑
j∈J

µjδxj + µ̃.

Part 3. ν = |u|2∗
s +

∑
j∈J νjδxj , where {xj}j is as above and {νj}j ⊂ [0,∞).

Since un ⇀ u weakly in Hs
A(RN , C), there exists a subsequence still denoted

by {un}n such that un → u a.e. in RN . Take η ∈ C0(RN ). It follows from the
boundedness of {un}n in L2∗

s (RN , C) and the Brézis–Lieb Lemma that

lim
n→∞

∫
RN

(|un|2∗
s − |un − u|2∗

s )ηdx =
∫

RN

|u|2∗
s ηdx.
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Set ν = ν − |u|2∗
s . By the fact that

∫
RN |un|2∗

s ηdx → ∫
RN ηdν as n → ∞, it yields∫

RN

ηdν =
∫

RN

ηdν −
∫

RN

|u|2∗
sηdx = lim

n→∞

∫
RN

|un − u|2∗
sηdx, (3.1)

so that |un − u|2∗
s ⇀ ν weakly * in M(RN ). Furthermore,

ν = ν − |u|2∗
s =

∑
j∈J′

νjδyj + ν̃.

Next, we prove that the atom of ν is that of µ and ν̃ = 0. Let x0 ∈ RN fixed
and let ϕ ∈ C∞

0 (RN ) such that 0 ≤ ϕ ≤ 1; ϕ ≡ 1 in B(0, 1), ϕ ≡ 0 in RN\B(0, 2),
and |∇ϕ| ≤ 2. Denote ϕε(x) = ϕ(x−x0

ε ) for all x ∈ RN . Then,∫
RN

|unϕε|2∗
s dx =

∫
RN

|un|2∗
s ϕ

2∗
s

ε dx →
∫

RN

ϕ
2∗

s
ε dν as n → ∞,

and ∫
RN

ϕ
2∗

s
ε dν → ν({x0}) as ε → 0.

Similarly, we have ∫
RN

µnϕ2
εdx →

∫
RN

ϕ2
εdµ as n → ∞

and ∫
RN

ϕ2
εdµ → µ({x0}) as ε → 0.

Hence, we obtain

lim
ε→0

lim
n→∞

∫
RN

|unϕ|2∗
s dx = ν({x0}) (3.2)

and

lim
ε→0

lim
n→∞

∫
RN

µnϕ2
εdx = µ({x0}). (3.3)

In view of the definition of S, we get∫
RN

|unϕε|2∗
s dx

≤ S
−2∗s

2

(∫∫
R2N

|un(x)ϕε(x) − ei(x−y)·A(x+y
2 )un(y)ϕε(y)|2

|x − y|N+2s
dxdy

+
∫

RN

|unϕε|2dx

)2∗
s/2
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= S
−2∗s

2

(∫∫
R2N

|un(y)|2|ϕε(x) − ϕε(y)|2
|x − y|N+2s

dxdy

+ 2�
∫∫

R2N

ϕε(x)un(y)e−i(x−y)·A(x+y
2 )(un(x) − ei(x−y)·A(x+y

2 )un(y))

× (ϕε(x) − ϕε(y))
|x − y|N+2s

dxdy

+
∫∫

R2N

|un(x)− ei(x−y)·A(x+y
2 )un(y)|2|ϕε(x)|2

|x − y|N+2s
dxdy+

∫
RN

|unϕε|2dx

)2∗
s/2

,

(3.4)

By the Hölder inequality, we have∣∣∣∣∣∣∣∣∣∣
�
∫∫

R2N

ϕε(x)un(y)e−i(x−y)·A(x+y
2 )(un(x) − ei(x−y)·A(x+y

2 )un(y))

× (ϕε(x) − ϕε(y))
|x − y|N+2s

dxdy

∣∣∣∣∣∣∣∣∣∣
≤
(∫∫

R2N

|un(y)|2(ϕε(x) − ϕε(y))2

|x − y|N+2s
dxdy

)1/2

×
(∫∫

R2N

|ϕε(x)|2|un(x) − ei(x−y)·A(x+y
2 )un(y)|2

|x − y|N+2s
dxdy

)1/2

≤ C

(∫∫
R2N

|un(y)|2(ϕε(x) − ϕε(y))2

|x − y|N+2s
dxdy

)1/2

.

Therefore, in view of Lemma 3.1, we have

lim
ε→0

lim sup
n→∞

�
∫∫

R2N

ϕε(x)un(y)e−i(x−y)·A(x+y
2 )(un(x)− ei(x−y)·A(x+y

2 )un(y))

× (ϕε(x) − ϕε(y))
|x − y|N+2s

dxdy

= 0. (3.5)

By (3.2)–(3.5), we deduce that

ν({x0}) ≤ S−2∗
s/2µ({x0})2∗

s/2. (3.6)

Then the arbitrary of x0 implies that the atom of ν is that of µ, that is {yj : j ∈
J ′} ⊂ {xj : j ∈ J}. Therefore, we get

ν − |u|2∗
s =

∑
j∈J

νjδxj + ν̃.

It remains to show that ν̃ = 0. To this aim, let ũn = un − u. Then ũn ⇀ 0
weakly in Hs

A(RN , C). Hence there exists a subsequence of {ũn}n still denoted by

1850004-12
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{ũn}n such that

µ̃n :=
∫

RN

|ũn(x) − ei(x−y)·A(x+y
2 )ũn(y)|2

|x − y|N+2s
dy + |ũn(x)|2 ⇀ µ weakly in M(RN ).

For any 0 < r < R, take η ∈ C∞
0 (BR(x0)) satisfying 0 ≤ η ≤ 1 and η ≡ 1 on

Br(x0). It follows from the definition of S that∫
BR(x0)

η2∗
s |ũn|2∗

s dx

=
∫

BR(x0)

|ηũn|2∗
s dx

≤ S−2∗
s/2

(∫
RN

∫
RN

|η(x)ũn(x) − ei(x−y)·A( x+y
2 )η(y)ũn(y)|2

|x − y|N+2s
dy

+ |ηũn|2dx

)2∗
s/2

= S−2∗
s/2

[∫
RN

∫
RN

|(η(x) − η(y))ũn(x)|2
|x − y|N+2s

dydx

+ 2�
∫

RN

∫
RN

ũn(x)η(y)(ũn(x) − ei(x−y)·A( x+y
2 )ũn(y))

× (η(x) − η(y))
|x − y|N+2s

dydx

+
∫

RN

∫
RN

|η(y)(ũn(x) − ei(x−y)·A( x+y
2 )ũn(y))|2

|x − y|N+2s
dydx

+
∫

RN

|ηũn|2dx

]2∗
s/2

. (3.7)

Note that |η(x)−η(y)|2 ≤ (‖η‖C1 +2)2 min{1, |x−y|2} for all x, y ∈ BR(x0). Hence,
by the compact embedding for fractional Sobolev spaces on bounded domains, we
obtain that ũn → 0 strongly in L2(BR(x0), C). Furthermore,∫

BR(x0)

∫
BR(x0)

|(η(x) − η(y))ũn(x)|2
|x − y|N+2s

dydx

≤ (‖η‖C1 + 2)2
∫

BR(x0)

min{1, |x − y|2}
|x − y|N+2s

dy

∫
BR(x0)

|ũn(x)|2dx

≤ C(‖η‖C1 + 2)2
∫

BR(x0)

|ũn(x)|2dx → 0 as n → ∞,

and with a similar discussion as in [38] and [39], we obtain

lim sup
n→∞

∫
RN\BR(x0)

∫
BR(x0)

|η(x)ũn(x)|2
|x − y|N+2s

dxdy = 0
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X. Mingqi, V. D. Rădulescu & B. Zhang

so that

lim sup
n→∞

∫
RN

∫
RN

|(η(x) − η(y))ũn(y)|2
|x − y|N+2s

dydx = 0, (3.8)

this together with the Hölder inequality implies that

lim sup
n→∞

�
∫

RN

∫
RN

ũn(x)η(y)(ũn(x) − ei(x−y)·A( x+y
2 )ũn(y))(η(x)− η(y))

|x − y|N+2s
dydx

= 0. (3.9)

Note that

lim sup
n→∞

∫
RN

∫
RN

η2(x)|ũn(x) − ei(x−y)·A( x+y
2 )ũn(y)|2

|x − y|N+2s
dy + η2(x)|ũn(x)|2dx

≤
∫

RN

η2dµ ≤
∫

BR(x0)

dµ = µ(BR(x0)). (3.10)

Inserting (3.8)–(3.10) in (3.7), we obtain

ν(Br(x0)) ≤
∫

RN

η2dν = lim
n→∞

∫
RN

|ũn|2∗
s η2dx ≤ S−2∗

s/2(µ(BR(x0)))2
∗
s/2.

Let r → R−, we get

ν(BR(x0)) ≤ S−2∗
s/2(µ(BR(x0)))2

∗
s/2, (3.11)

this means that ν is absolutely continuous with respect to µ. Hence the Radon–
Nikodym theorem implies that there exists a function h ∈ L1(RN , µ) such that
dν = hdµ. Then we derive from Lebesgue’s differential theorem and (3.11)
that

h(x0) = lim
R→0

ν(BR(x0))
µ(BR(x0))

≤ S−2∗
s/2 lim

R→0
µ(BR(x0))

2∗s
2 −1

= S−2∗
s/2µ ({x0})

2∗s
2 −1

. (3.12)

Now we show that ν̃ = 0. For ∀x ∈ RN\{xj : j ∈ J}. If h(x) �= 0, then by (3.12) we
know that µ({x}) �= 0, thus ν({x}) �= 0. Note that (3.1) implies that ν and ν have
the same atom, so that x is an atom of µ, which is a contradiction. Hence h ≡ 0 on
RN\{xj : j ∈ J}. Therefore, ν = 0 on RN\{xj : j ∈ J}. In conclusion, ν̃ = 0, since
ν̃ is a non-atomic measure.
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Part 4. ν(RN ) ≤ S−2∗
s/2µ(RN )

2∗s
2 , and ν

1/2∗
s

j ≤ S− 1
2 µ

1/2
j for all j ∈ J .

Take η ∈ C∞
0 (B2R(0)) satisfying 0 ≤ η ≤ 1, η ≡ 1 on BR(0) and |∇η| ≤ 2/R.

Observe that∫
RN

η2∗
s |un|2∗

s dx

≤ S−2∗
s/2

(∫∫
R2N

|(η(x) − η(y))un(x)|2
|x − y|N+2s

dxdy

+ 2�
∫∫

R2N

un(x)η(y)(un(x) − ei(x−y)·A( x+y
2 )un(y))(η(x) − η(y))

|x − y|N+2s
dxdy

+
∫∫

R2N

|η(y)(un(x) − ei(x−y)·A( x+y
2 )un(y))|2

|x − y|N+2s
dxdy +

∫
RN

|ηun|2dx

)2∗
s/2

,

and ∣∣∣∣∣
∫∫

R2N

un(x)η(y)(un(x) − ei(x−y)·A( x+y
2 )un(y))(η(x) − η(y))

|x − y|N+2s
dxdy

∣∣∣∣∣
≤
(∫∫

R2N

|un(x)|2(η(x) − η(y))2

|x − y|N+2s
dxdy

)1/2

×
(∫∫

R2N

η(y)2|un(x) − ei(x−y)·A( x+y
2 )un(y)2|

|x − y|N+2s
dxdy

)1/2

.

Since η ≡ 1 on BR(0), we obtain∫∫
R2N

|(η(x) − η(y))un(x)|2
|x − y|N+2s

dydx

=
∫

RN\BR(0)

∫
RN\BR(0)

|(η(x) − η(y))u(x)|2
|x − y|N+2s

dydx

+
∫

BR(0)

∫
RN\BR(0)

|(η(x) − η(y))un(x)|2
|x − y|N+2s

dydx

+
∫

RN\BR(0)

∫
BR(0)

|(η(x) − η(y))un(x)|2
|x − y|N+2s

dydx

≤ CR−2s

∫
RN

|un(x)|2dx

≤ CR−2s → 0 as R → ∞. (3.13)

Letting n → ∞, we have∫
RN

η2∗
s dν ≤ S− 2∗s

2

(
CR−2s +

∫
RN

η2dµ

) 2∗s
2

. (3.14)
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Using ν(BR(0)) ≤ ∫
RN η2∗

s dν and letting R → ∞ (3.14), we get

ν(RN ) ≤ S− 2∗s
2 (µ(RN ))2

∗
s/2.

A similar discussion as (3.6) gives that ν
1/2∗

s

j ≤ S−1/2µ
1/2
j . Thus, the theorem is

proved.

Actually, Theorem 3.1 does not provide any information about the possible loss
of mass at infinity of a weakly convergent sequence. The following theorem expresses
this fact in quantitative terms.

Theorem 3.2. Let {un}n ⊂ Hs
A(RN , C) such that∫

RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy +

∫
RN

|u|2dx ⇀ µ weakly * in M(RN ),

|un|2∗
s ⇀ ν weakly * in M(RN),

and define

µ∞ = lim
R→∞

lim sup
n→∞

∫
|x|>R

∫
RN

|un(x) − ei(x−y)·A(x+y
2 )un(y)|2

|x − y|N+2s
dydx,

and

ν∞ = lim
R→∞

lim sup
n→∞

∫
|x|>R

|un|2∗
s dx.

Then the quantities µ∞ and ν∞ are well defined and satisfy

lim sup
n→∞

∫
RN

∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dydx =

∫
RN

dµ + µ∞,

and

lim sup
n→∞

∫
RN

|un|2∗
s dx =

∫
RN

dν + ν∞.

Proof. Let η ∈ C∞(RN ) such that 0 ≤ η ≤ 1; η = 1 in RN\B2(0), η ≡ 0 in B1(0).
For any R > 0, define ηR(x) = η(x/R), then∫

|x|>2R

∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dydx

≤
∫

RN

(∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy

)
ηRdx

≤
∫
|x|>R

(∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy

)
dx.

1850004-16



May 17, 2019 15:54 WSPC/S0219-1997 152-CCM 1850004

A critical fractional Choquard–Kirchhoff problem with magnetic field

This means that

µ∞ = lim
R→∞

lim sup
n→∞

∫
RN

(∫
RN

|un(x) − ei(x−y)·A(x+y
2 )un(y)|2

|x − y|N+2s
dy

)
ηRdx.

A similar discussion gives that

ν∞ = lim
R→∞

lim sup
n→∞

∫
RN

|un|2∗
s ηRdx = lim

R→∞
lim sup

n→∞

∫
RN

|unηR|2∗
s dx.

Note that∫
RN

(∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy

)
dx

=
∫

RN

(∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy

)
ηRdx

+
∫

RN

(∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy

)
(1 − ηR)dx. (3.15)

It is easy to see that∫
RN

(∫
RN

|un(x) − ei(x−y)·A(x+y
2 )un(y)|2

|x − y|N+2s
dy + |un(x)|2

)
(1 − ηR)dx

→
∫

RN

(1 − ηR)dµ,

as n → ∞. Hence, we get

µ(RN ) = lim
R→∞

lim
n→∞

∫
RN

(∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy

)
(1 − ηR)dx.

Here we have used the fact that limR→∞ limn→∞
∫

RN |un(x)|2(1− ηR(x))dx = 0. It
follows from (3.15) that

lim sup
n→∞

∫
RN

(∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy

)
dx

= lim
R→∞

lim sup
n→∞

∫
RN

(∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy

)
dx

= lim
R→∞

lim sup
n→∞

[∫
RN

(∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy

)
ηRdx

+
∫

RN

(1 − ηR)dµ

]
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= lim
R→∞

lim sup
n→∞

∫
RN

(∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dy

)
ηRdx + µ(RN )

= µ∞ + µ(RN ).

Similarly, we can obtain that lim supn→∞
∫

RN |un|2∗
s dx = ν(RN ) + ν∞.

4. Proof of Theorem 1.1

The functional associated with problem (1.1) is defined as

Iλ(u) =
1
2
M ([u]2s,A) − λ

4

∫∫
R2N

F (|u(x)|2)F (|u(y)|2)
|x − y|α dxdy − 1

2∗s

∫
RN

|u|2∗
s dx.

for all u ∈ Hs
r,A(RN , C).

By (f2), we have

F (|u|2) ≤ C(|u|2 + |u|p), ∀u ∈ Hs
A(RN , C).

Note that, by the Hardy–Littlewood–Sobolev inequality, the integral∫∫
RN

F (|u(x)|2)F (|u(y)|2)
|x − y|α dxdy

is well defined if F (|u|2) ∈ Lr(RN ) for some r > 1 satisfying
2
r

+
α

N
= 2,

that is r = 2N
2N−α . Actually, by α < min{N, 4s}, it follows that 2 < 2r < 2∗s.

Moreover, from 2 < pr < 2∗s, we deduce∫
RN

|F (|u|2)|rdx ≤ 2r−1Cr

(∫
RN

|u|2rdx +
∫

RN

|u|prdx

)
≤ 2r−1Cr(C2r

2r‖u‖2r
s,A + Cpr

pr‖u‖pr
s,A) < ∞, ∀u ∈ Hs

A(RN , C).

(4.1)

By a standard discussion, one can show that Iλ is of class C1 and

〈I′
λ(u), v〉

= M(‖u‖2
s,A)

�
∫∫

R2N

[u(x) − ei(x−y)·A( x+y
2 )u(y)]

× [v(x) − ei(x−y)·A( x+y
2 )v(y)]

|x − y|N+2s
dxdy

+�
∫

RN

uvdx

 − λ�
∫

RN

(Kα ∗ F (|u|2))f(|u|2)uvdx −�
∫

RN

|u|2∗
s−2uvdx,
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for all u, v ∈ Hs
r,A(RN , C). Hence a critical point of Iλ is a (weak) solution

of (1.1).
Since the embedding Hs

r,A(RN , C) ↪→ L2∗
s (RN , C) is not compact, we will use

Theorem 3.1 to get the existence of solutions of (1.1). Some techniques for finding
the solutions are borrowed from [19].

Lemma 4.1. Let {un}n ⊂ Hs
r,A(RN , C) be a Palais–Smale sequence of functional

Iλ, that is,

Iλ(un) → cλ and I ′
λ(un) → 0 in (Hs

r,A(RN , C))′,

as n → ∞, where (Hs
r,A(RN , C))′ is the dual of Hs

r,A(RN , C). If 2 < p < 2N−α
N−2s and

cλ <

(
1
2θ

− 1
2∗s

)
(m0S)

2∗s
2∗s−2 ,

where S comes from Theorem 3.1, then there exists a subsequence of {un} strongly
convergent in Hs

r,A(RN , C).

Proof. By Iλ(un) → cλ and I ′
λ(un) → 0 in (Hs

r,A(RN , C))′, there exists C > 0
such that

C + C‖un‖s,A ≥ Iλ(un) − 1
σ
〈I ′

λ(un), un〉

=
1
2
M (‖un‖2

s,A) − 1
σ

M(‖un‖2
s,A)‖un‖2

s,A

− λ

4

∫
RN

(Kα ∗ F (|un|2))F (|un|2)dx

+
λ

σ

∫
RN

(Kα ∗ F (|un|2))f(|un|2)|un|2dx

+
(

1
σ
− 1

2∗s

)∫
RN

|un|2∗
s dx.

It follows from (M2) and (f3) that

C + C‖un‖s,A ≥
(

1
2θ

− 1
σ

)
M(‖un‖2

s,A)‖un‖2
s,A ≥ m0

(
1
2θ

− 1
σ

)
‖un‖2

s,A,

this together with 2 ≤ 2θ < σ implies that {un} is bounded in Hs
r,A(RN , C). Then

there exists u ∈ Hs
r,A(RN , C) such that, up to a subsequence, it follows that

un ⇀ u in Hs
r,A(RN , C) and in L2∗

s (RN , C),

un → u a.e. in R
N ,

|un|2∗
s−2un ⇀ |u|2∗

s−2u weakly in L
2∗s

2∗s−1 (RN , C),

‖un‖s,A → β.

(4.2)
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Since 2 < p < 2N−α
N−2s < 2∗s and 2 < 4N/(2N − α) < 2∗s, by Theorem 2.1 we get that

|un| → |u| strongly in L
2Np

2N−α (RN ) ∩ L
4N

2N−α (RN ). Hence the Brézis–Lieb Lemma
implies that un → u strongly in L

2Np
2N−α (RN , C) ∩ L

4N
2N−α (RN , C). By (f2), we have∫

RN

|F (|un|2) − F (|u|2)| 2N
2N−α dx

≤
∫

RN

|f(|u|2 + ϑ(|un|2 − |u|2))| 2N
2N−α ||un|2 − |u|2| 2N

2N−α dx

≤
∫

RN

[C(1 + (|un| + |u|)p−2)]
2N

2N−α (|un| + |u|) 2N
2N−α |un − u| 2N

2N−α dx

≤ C
2N

2N−α 2
α

2N−α

∫
RN

(|un| + |u|) 2N
2N−α |un − u| 2N

2N−α dx

+ 2
α

2N−α C
2N

2N−α

∫
RN

(|un| + |u|)(p−1) 2N
2N−α |un − u| 2N

2N−α dx.

By the Hölder inequality, we arrive at∫
RN

|F (|un|2) − F (|u|2)| 2N
2N−α dx

≤ C
2N

2N−α 2
α

2N−α ‖(|un| + |u|) 2N
2N−α ‖L2(RN )‖|un − u| 2N

2N−α ‖L2(RN )

+ 2
α

2N−α C
2N

2N−α ‖(|un| + |u|)(p−1) 2N
2N−α ‖

L
p

p−1 (RN )
‖|un − u| 2N

2N−α ‖Lp(RN )

≤ C‖|un − u| 2N
2N−α ‖L2(RN ) + C‖|un − u| 2N

2N−α ‖Lp(RN )

→ 0,

as n → ∞, where C > 0 independent of n. Thus, we obtain that F (|un|2) → F (|u|2)
in L

2N
2N−α (RN ). Note that by the Hardy–Littlewood–Sobolev inequality, the Riesz

potential defines a linear continuous map from L
2N

2N−α (RN ) to L
2N
α (RN ). Then

(Kα ∗ F (|un|2)) → (Kα ∗ F (|u|2)) in L
2N
α (RN ) (4.3)

as n → ∞.
For ϕ ∈ Hs

r,A(RN , C) fixed, by (f2) with ε = 1 we have∫
RN

|f(|un|2)unϕ| 2N
2N−α dx

≤ 2
α

2N−α C
2N

2N−α

(∫
RN

(|un||ϕ|) 2N
2N−α dx +

∫
RN

|un|(p−1) 2N
2N−α |ϕ| 2N

2N−α dx

)
≤ 2

α
2N−α C

2N
2N−α

(
‖|un| 2N

2N−α ‖L2(RN )‖|ϕ|
2N

2N−α ‖L2(RN )

+ ‖|un|(p−1) 2N
2N−α ‖

L
p

p−1 (RN )
‖|ϕ| 2N

2N−α ‖Lp(RN )

)
≤ C,
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thanks to 2 < 4N
2N−α < 2∗s and 2 < p 2N

2N−α < 2∗s, where C > 0 denotes various
constants. Clearly, f(|un|2)unϕ → f(|u|2)uϕ a.e. in RN . Hence, up to a subse-
quence, �f(|un|2)unϕ weakly converges to �f(|u|2)uϕ in L

2N
2N−α (RN ). This together

with (4.3) yields that

lim
n→∞�

∫
RN

(Kα ∗ F (|un|2))f(|un|2)unϕdx = �
∫

RN

(Kα ∗ F (|u|2))f(|u|2)uϕdx

(4.4)

for each ϕ ∈ Hs
r,A(RN , C).

Now we claim that

un → u in Hs
r,A(RN , C) (4.5)

as n → ∞. In fact, it follows from Theorem 3.1 that there exist an at most countable
set of distinct points {xi}i∈J , non-negative numbers {µi}i∈J , {νi}i∈J ⊂ [0,∞) and
a non-atomic measure µ̃ such that

µ =
∫

RN

|u(x) − ei(x−y)·A(x+y
2 )u(y)|2

|x − y|N+2s
dy + |u|2 +

∑
i∈J

µiδxi + µ̃,

ν = |u(x)|2∗
s +

∑
i∈J

νiδxi .

(4.6)

Now, in order to prove (4.5) we proceed by steps.

Step 1. Fix i0 ∈ J . Then we prove that either νi0 = 0 or

νi0 ≥ (m0S)2
∗
s/(2∗

s−2). (4.7)

Let ϕ ∈ C∞
0 (RN ; [0, 1]) be a radial symmetric function satisfying ϕ = 1 in

B(0, 1); ϕ = 0 in RN\B(0, 2) and |∇ϕ| ≤ 2. For any ε > 0 we set ϕε = ϕ(x−xi0
ε ).

Clearly {ϕεun} is bounded in Hs
r,A(RN , C) and 〈I′

λ(un), ϕεun〉 → 0 as n → ∞.
Hence

M(‖un‖2
s,A)(un, ϕεun)s,A

= λ�
∫

RN

(Kα ∗ F (|un|2))f(|un|2)unϕεundx + �
∫

RN

|un|2∗
s−2unϕεundx.

(4.8)

It is easy to verify that

lim
ε→0

lim
n→∞

∫
RN

(Kα ∗ F (|un|2))f(|un|2)|un|2ϕεdx = 0,

since

lim
n→∞

∫
RN

(Kα ∗ F (|un|2))f(|un|2)|un|2ϕεdx =
∫

RN

(Kα ∗ F (|u|2))f(|u|2)|u|2ϕεdx

and limε→0

∫
RN (Kα ∗ F (|u|2))f(|u|2)|u|2ϕεdx = 0.
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Observe that

(un, ϕεun)s,A = 〈un, ϕεun〉s,A + 〈un, ϕεun〉L2,V

=
∫∫

RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2ϕε(x)

|x − y|N+2s
dxdy

+�
∫∫

RN

(un(x) − ei(x−y)·A( x+y
2 )un(y))(ϕε(x) − ϕε(y))un(y)
|x − y|N+2s

dxdy

+
∫

RN

|un|2ϕεdx. (4.9)

First, it is easy to see that∫∫
RN

|un(x) − ei(x−y)·A(x+y
2 )un(y)|2ϕε(x)

|x − y|N+2s
dxdy +

∫
RN

|un|2ϕεdx →
∫

RN

ϕε(x)dµ

(4.10)

as n → ∞ and ∫
RN

ϕε(x)dµ → µ(xi0 ) = µi0 (4.11)

as ε → 0. Similarly,

lim
ε→0

lim
n→∞

∫
RN

|un|2∗
s ϕε(x)dx → ν({xi0}) = νi0 . (4.12)

Note that the Hölder inequality implies∣∣∣∣∣
∫∫

R2N

(un(x) − ei(x−y)·A( x+y
2 )un(y))(ϕε(x) − ϕε(y))un(y)
|x − y|N+2s

dxdy

∣∣∣∣∣
≤
(∫∫

R2N

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2

|x − y|N+2s
dxdy

)1/2

×
(∫∫

R2N

|ϕε(x) − ϕε(y)|2|un(y)|2
|x − y|N+2s

dxdy

)1/2

≤ C

(∫∫
R2N

|ϕε(x) − ϕε(y)|2|un(y)|2
|x − y|N+2s

dxdy

)1/2

.

By Lemma 3.1, we have

lim
ε→0

lim sup
n→∞

∫∫
R2N

|ϕε(x) − ϕε(y)|2|un(y)|2
|x − y|N+2s

dxdy = 0.

Hence,

lim
ε→0

lim sup
n→∞

∫∫
R2N

(un(x) − ei(x−y)·A( x+y
2 )un(y))(ϕε(x) − ϕε(y))un(y)
|x − y|N+2s

dxdy = 0.

(4.13)
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Combining (4.9), (4.11) with (4.13), we obtain by ‖un‖s,A → β that

lim
ε→0

lim
n→∞ M(‖un‖2

s,A)(un, ϕεun)s,A = M(β2)µi0 .

Inserting this into (4.8) and using (4.12), we deduce

M(β2)µi0 = νi0 .

By (M1), we get m0µi0 ≤ νi0 . It follows from νi ≤ S−2∗
s/2(µi)2

∗
s/2 for all i ∈ J that

νi0 ≤ S−2∗
s/2

(
νi0

m0

)2∗
s/2

.

Hence νi0 = 0 or νi0 ≥ (m0S)2
∗
s/(2∗

s−2).

Step 2. We claim that (4.7) cannot occur, hence νi = 0 for all i ∈ J .

By contradiction we assume that there exists a i0 such that (4.7) holds true. By
Iλ(un) → cλ and I ′

λ(un) → 0 as n → ∞, it follows that

cλ = lim
n→∞

(
Iλ(un) − 1

2θ
〈I ′

λ(un), un〉
)

. (4.14)

Moreover, by (M2) and (f3), we have

Iλ(un) − 1
2θ

〈I ′
λ(un), un〉

≥ 1
2
M (‖un‖2

s,A) − 1
2θ

M(‖un‖2
s,A)‖un‖2

s,A

+
λ

2θ

∫
RN

(Kα ∗ F (|un|2))f(|un|2)|un|2dx − λ

4

∫
RN

(Kα ∗ F (|un|2))F (|un|2)dx

+
(

1
2θ

− 1
2∗s

)∫
RN

|un|2∗
s dx

≥
(

1
2θ

− 1
2∗s

)∫
RN

|un|2∗
s ϕεdx, (4.15)

thanks to θ ≥ 1, 2θ < σ < 2∗s and 0 ≤ ϕε ≤ 1, where ϕε = ϕ(x−xi0
ε ) is defined as

above. Combining (4.14) with (4.15), we have

cλ = lim
n→∞ Iλ(un) = lim

n→∞

(
Iλ(un) − 1

2θ
〈I ′

λ(un), un〉
)

≥
(

1
2θ

− 1
2∗s

)∫
RN

ϕεdν,

from which, by letting ε → 0 and using (4.7), it yields that

cλ ≥
(

1
2θ

− 1
2∗s

)
νi0 ≥

(
1
2θ

− 1
2∗s

)
(m0S)2

∗
s/(2∗

s−2),

which contradicts the assumption. Hence νi = 0 for any i ∈ J .
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Step 3. The assertion (4.5) holds

We first show that un → u in L2∗
s (RN , C). Assume that χR ∈ C∞(RN) satisfies

χR ∈ [0, 1] and χR(x) = 0 for |x| < R, χR(x) = 1 for |x| > 2R, and |∇χR| ≤ 2/R.
With a similar discussion as in the proof of Theorem 3.2, we have

µ∞ = lim
R→∞

lim sup
n→∞

∫∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2χR(x)

|x − y|N+2s
dydx (4.16)

and

ν∞ = lim
R→∞

lim sup
n→∞

∫
RN

|un|2∗
s χR(x)dx. (4.17)

Thus a similar discussion as in the proof of Theorem 3.1 (see Part 2 of the proof of
Theorem 3.1) gives that

ν∞ ≤ S−2∗
s/2µ

2∗
s/2

∞ . (4.18)

It follows from 〈I′
λ(un), χRun〉 → 0 as n → ∞ that

M(‖un‖2
s,A)

[∫∫
R2N

|un(x) − ei(x−y)·A(x+y
2 )un(y)|2χR(x)

|x − y|N+2s
dxdy

+�
∫∫

RN

(un(x) − ei(x−y)·A( x+y
2 )un(y))(χR(x) − χR(y))un(y)
|x − y|N+2s

dxdy

+
∫

RN

|un|2χRdx

]
= λ

∫
RN

(Kα ∗ F (|un|2))f(|un|2)|un|2χRdx +
∫

RN

|un|2∗
s χRdx + o(1). (4.19)

With a similar discussion as in Lemma 3.1, we have

lim
R→∞

lim sup
n→∞

M(‖un‖2
s,A)

×
∣∣∣∣∣
∫∫

RN

(un(x) − ei(x−y)·A(x+y
2 )un(y))(χR(x) − χR(y))un(y)
|x − y|N+2s

dxdy

∣∣∣∣∣ = 0.

Hence we deduce from (4.16) and (4.17) that

lim
R→∞

lim sup
n→∞

M(‖un‖2
s,A)

[∫∫
R2N

|un(x) − un(y)|2χR(x)
|x − y|N+2s

dxdy +
∫

RN

|un|2χRdx

]

≥ lim
R→∞

lim sup
n→∞

m0

[∫∫
R2N

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2χR(x)

|x − y|N+2s
dxdy

+
∫

RN

|un|2χR(x)dx

]
= m0µ∞. (4.20)
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It is easy to see that

lim
R→∞

lim sup
n→∞

∫
RN

(Kα ∗ F (|un|2))F (|un|2)χRdx

= lim
R→∞

∫
RN

(Kα ∗ F (|u|2))F (|u|2)χRdx = 0. (4.21)

Therefore, we conclude from (4.19)–(4.21) and (4.17) that

m0µ∞ ≤ ν∞,

this together with (4.18) yields

m0Sν
2
2∗s∞ ≤ ν∞,

which implies that ν∞ = 0 or

ν∞ ≥ (m0S)
2∗s

2∗s−2 . (4.22)

Assume (4.22) holds. Since ‖un‖2
s,A and ‖un‖2∗

s
2∗

s
are bounded, up to a subsequence,

we can assume that ‖un‖2
s,A and ‖un‖2∗

s
2∗

s
are both convergent. Then by (4.16)

and (4.17), we obtain

lim
n→∞ ‖un‖2

s,A =
∫

RN

dµ + µ∞

and

lim
n→∞ ‖un‖2∗

s
2∗

s
=
∫

RN

dν + ν∞.

Thus, we have

cλ = lim
n→∞

(
Iλ(un) − 1

σ
〈I ′

λ(un), un〉
)

≥ lim
n→∞

[(
1
2θ

− 1
σ

)
m0‖un‖2

s,A +
(

1
σ
− 1

2∗s

)∫
RN

|un|2∗
s dx

+
3λ

4

∫
RN

(Kα ∗ F (|un|2))F (|un|2)dx

]

≥ m0

(
1
2θ

− 1
σ

)∫
RN

dµ + m0

(
1
2θ

− 1
σ

)
µ∞+

(
1
σ
− 1

2∗s

)∫
RN

dν+
(

1
σ
− 1

2∗s

)
ν∞

≥ m0

(
1
2θ

− 1
σ

)
µ∞ +

(
1
σ
− 1

2∗s

)
ν∞

≥ m0

(
1
2θ

− 1
σ

)
Sν

2/(2∗
s)

∞ +
(

1
σ
− 1

2∗s

)
ν∞ ≥

(
1
2θ

− 1
2∗s

)
(m0S)2

∗
s/(2∗

s−2),

due to 2θ < σ and (4.22), which is a contradiction. Hence ν∞ = 0. In view of J = ∅,
we have

∫
RN |un|2∗

s dx → ∫
RN |u|2∗

sdx as n → ∞. Furthermore, the Brèzis–Lieb
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Lemma implies that

lim
n→∞

∫
RN

|un − u|2∗
s dx = 0. (4.23)

Now we define an operator as follows

〈L(v), w〉 = �
∫∫

R2N

(v(x) − ei(x−y)·A( x+y
2 )v(y))(ω(x) − ei(x−y)·A( x+y

2 )ω(y))
|x − y|N+2s

dxdy

+�
∫

RN

vωdx,

for all v, w ∈ Hs
r,A(RN , C). Obviously, L is a bounded bi-linear operator, being

|〈L(v), w〉| ≤ ‖v‖s,A‖w‖s,A,

by the Hölder inequality. Hence the weak convergence of un ⇀ u in Hs
r,A(RN , C)

implies

lim
n→∞〈Lun, u〉 = 〈Lu, u〉 and lim

n→∞〈Lu, un − u〉 = 0. (4.24)

Clearly, 〈Iλ(un), un − u〉 → 0 as n → ∞. Hence, by (4.24), one has

M(‖un‖2
s,A)〈L(un) − L(u), un − u〉 = λ�

∫
RN

(Kα ∗ F (|un|2))f(|un|2)un(un − u)dx

+�
∫

RN

|un|2∗
s−2un(un − u)dx + o(1).

Thus, we deduce from (4.2) and (4.23) that

M(β2) lim
n→∞ ‖un − u‖2

s,A = 0.

It follows from (M1) that un → u in Hs
r,A(RN ) as n → ∞. Therefore, (4.5) holds

true.

Now we state the general version of the mountain pass theorem in [3], which
will be used later.

Theorem 4.1. Let K be a functional on a Banach space E and K ∈ C1(E, R).
Let us assume that there exist α, ρ > 0 such that

(i) K(u) ≥ α, ∀u ∈ E with ‖u‖ = ρ,

(ii) K(0) = 0 and K(e) < α for some e ∈ E with ‖e‖ > ρ.

Let us define Γ = {γ ∈ C([0, 1]; E) : γ(0) = 0, γ(1) = e}, and

c = inf
γ∈Γ

max
t∈[0,1]

K(γ(t)).

Then there exists a sequence {un}n ⊂ E such that K(un) → c and K ′(un) → 0 in
E′ (dual of E).
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In the following, we show that Iλ satisfies geometric properties (i) and (ii) of
mountain pass.

Lemma 4.2. The functional Iλ satisfies the assumptions (i)–(ii) in Theorem 4.1.

Proof. For each λ > 0, by the fractional Sobolev embedding Hs
r,A(RN , C) ↪→

Lp(RN , C), we have for all u ∈ Hs
r,A(RN , C) that

Iλ(u) ≥ m0

2
‖u‖2

s,A − λ

4
C(N, α)‖F (|u|2)‖2

L
2N

2N−α (RN )
− 1

2∗s
S−2∗

s/2‖u‖2∗
s

s,A

≥ m0

2
‖u‖2

s,A−
λ

4
C(N, α)2

α
2N−α C

2N
2N−α (C

4N
2N−α
4N

2N−α

‖u‖
4N

2N−α

s,A

+ C
2Np

2N−α
2Np

2N−α

‖u‖
2Np

2N−α

s,A )
2N−α

N − 1
2∗s

S−2∗
s/2‖u‖2∗

s

s,A

≥ m0

2
‖u‖2

s,A − λC(‖u‖4
s,A + ‖u‖2p

s,A) − 1
2∗s

S−2∗
s/2‖u‖2∗

s

s,A.

It follows from 2 < p that there exist ρ > 0 small enough and α0 > 0 such that
Iλ(u) ≥ α0 > 0 for all u ∈ Hs

r,A(RN , C) with ‖u‖s,A = ρ, and all λ > 0. Hence (i)
in Theorem 4.1 holds true.

Now we verify condition (ii) in Theorem 4.1. Let ϕ0 ∈ C∞
0 (RN .C) be a radial

symmetric function, with ‖ϕ0‖s,A = 1. By (M2), we have

M (t) ≤ M (1)tθ for all t ≥ 1.

Then by (f3), there holds

Iλ(tϕ0) ≤ M (1)t2θ − λ

4

∫
RN

(Kα ∗ F (|tϕ0|2))F (|tϕ0|2)dx − t2
∗
s

2∗s

∫
RN

|ϕ0|2∗
s dx

≤ M (1)t2θ − t2
∗
s

2∗s

∫
RN

|ϕ0|2∗
s dx,

and hence Iλ(tϕ0) → −∞ as t → ∞, since 2θ < 2∗s. Therefore, there exists t0 large
enough such that Iλ(t0ϕ0) < 0. Then we take e = t0ϕ0 and Iλ(e) < 0. Hence (ii)
of Theorem 4.1 holds true. This completes the proof.

Proof of Theorem 1.1. We claim that

cλ = inf
γ∈Γ

max
t∈[0,1]

Iλ(γ(t))

<

(
1
2θ

− 1
2∗s

)
(m0S)

2∗s
2∗s−2 . (4.25)

Now we assume (4.25) holds true, then Lemmas 4.1, 4.2 and Theorem 4.1 give the
existence of nontrivial critical points of Iλ.
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To prove (4.25), we choose v0 ∈ Hs
r,A(RN , C) such that

‖v0‖s,A = 1, ‖v0‖2∗
s

> 0, lim
t→∞ Iλ(tv0) = −∞,

then supt≥0 Iλ(tv0) = Iλ(tλv0) for some tλ > 0. Hence tλ satisfies

M(t2λ)t2λ = λ

∫
RN

(Kα ∗ F (|tλv0|2))f(|tλv0|2)|tλv0|2dx +
∫

RN

|tλv0|2∗
s dx. (4.26)

Furthermore, by (M2) and (f3), we get

θM (‖tλv0‖2
s,A) ≥ M(‖tλv0‖2)‖v0‖2

s,A

= λ

∫
RN

(Kα ∗ F (|tλv0|2))f(|tλv0|2)|tλv0|2dx + t
2∗

s

λ

∫
RN

|v0|2∗
s dx.

≥ t
2∗

s

λ

∫
RN

|v0|2∗
s dx. (4.27)

Now we show that {tλ}λ is bounded. Without loss of generality, we assume that
tλ ≥ 1 for all λ > 0. Using (M2) again, we deduce from (4.27) that

θM (1)t2θ
λ ≥ t

2∗
s

λ

∫
RN

|v0|2∗
s dx.

It follows from θ < 2∗s/2 that {tλ}λ is bounded.
We claim that tλ → 0 as λ → ∞. Arguing by contradiction, we can assume that

there exist t0 > 0 and a sequence λn with λn → ∞ as n → ∞ such that tλn → t0
as n → ∞. By (f2) and Lebesgue’s dominated convergence theorem, we deduce∫

RN

(Kα ∗ F (|tλnv0|2))f(|tλnv0|2)|tλnv0|2dx

→
∫

RN

(Kα ∗ F (|t0v0|2))f(|t0v0|2)|t0v0|2dx

as n → ∞. From which it follows that

λn

∫
RN

(Kα ∗ F (|t0v0|2))f(|t0v0|2)|t0v0|2dx → ∞ as n → ∞.

Hence, (4.26) implies that

M(t20)t
2
0 = ∞,

which is absurd. Therefore, tλ → 0 as λ → ∞. Further, we deduce from (4.26) that

lim
λ→∞

λ

∫
RN

(Kα ∗ F (|tλv0|2))f(|tλv0|2)|tλv0|2dx = 0.

Moreover,

lim
λ→∞

λ

∫
RN

(Kα ∗ F (|tλv0|2))F (|tλv0|2)dx = 0,
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from this, tλ → 0 as λ → ∞ and the definition of Iλ, we get

lim
λ→∞

(
sup
t≥0

Iλ(tv0)
)

= lim
λ→∞

Iλ(tλv0) = 0.

Then there exists λ∗ > 0 such that for any λ ≥ λ∗,

sup
t≥0

Iλ(tv0) <

(
1
2θ

− 1
2∗s

)
(m0S)

2∗s
2∗s−2 .

If we take e = Tv0, with T large enough to verify Iλ(e) < 0, then we obtain

cλ ≤ max
t∈[0,1]

Iλ(γ(t)) by taking γ(t) = tT v0.

Therefore, cλ ≤ supt≥0 Iλ(tv0) < ( 1
2θ − 1

2∗
s
)(m0S)

2∗s
2∗s−2 for λ large enough.

5. Proof of Theorem 1.2

In this section, we start with the study of the degenerate case of (1.1). To this end,
we always assume that s ∈ (0, 1), N > 2s, 0 < α < N , θ ∈ [1, 2∗s), A ∈ C(RN , RN ),
M satisfies (M2) and (M3), and f satisfies (f1), (f3) and (f4). We first give a crucial
lemma in the proof of existence of solutions for problem (1.1).

Lemma 5.1. Let {un}n ⊂ Hs
r,A(RN , C) be a Palais–Smale sequence of functional

Iλ, that is,

Iλ(un) → cλ and I ′
λ(un) → 0 in (Hs

r,A(RN , C))′,

as n → ∞, where (Hs
r,A(RN , C))′ is the dual of Hs

r,A(RN , C). If

cλ <

(
1
2θ

− 1
2∗s

)
(m1S

θ)2
∗
s/(2∗

s−2θ),

where S is the number given in Theorem 3.1, then there exists a subsequence of
{un}n strongly convergent in Hs

r,A(RN , C).

Proof. If infn≥1 ‖un‖s,A = 0, then there exists a subsequence of {un}n still denoted
by {un}n such that un → 0 in Hs

r,A(RN ) as n → ∞. Thus, we assume that d :=
infn≥1 ‖un‖s,A > 0 in the following proof.

By Iλ(un) → cλ and I ′
λ(un) → 0 in (Hs

r,A(RN , C))′, there exists C > 0 such
that

C + C‖un‖s,A

≥ Iλ(un) − 1
σ
〈I ′

λ(un), un〉
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=
1
2
M (‖un‖2

s,A) − 1
σ

M(‖un‖2
s,A)‖un‖2

s,A − λ

4

∫
RN

(Kα ∗ F (|un|2))F (|un|2)dx

+
λ

σ

∫
RN

(Kα ∗ F (|un|2))f(|un|2)|un|2dx +
(

1
σ
− 1

2∗s

)∫
RN

|un|2∗
s dx.

It follows from (M2), (M3) and (f3) that

C + C‖un‖s,A ≥
(

1
2θ

− 1
σ

)
M(‖un‖2

s,A)‖un‖2
s,A

≥ m1

(
1
2θ

− 1
σ

)
‖un‖2θ

s,A,

this together with 2 ≤ 2θ < σ implies that {un}n is bounded in Hs
r,A(RN , C). Then

there exists u ∈ Hs
r,A(RN , C) such that, up to a subsequence, it follows that

un ⇀ u in Hs
r,A(RN , C) and in L2∗

s (RN , C),

un → u a.e. in R
N ,

|un|2∗
s−2un ⇀ |u|2∗

s−2u weakly in L
2∗s

2∗s−1 (RN , C),

‖un‖s,A → β.

(5.1)

Similar to Lemma 4.1, we have as n → ∞
(Kα ∗ F (|un|2)) → (Kα ∗ F (|u|2)) in L

2N
α (RN ) (5.2)

and

lim
n→∞�

∫
RN

(Kα ∗ F (|un|2))f(|un|2)unϕdx = �
∫

RN

(Kα ∗ F (|u|2))f(|u|2)uϕdx

(5.3)

for each ϕ ∈ Hs
r,A(RN , C).

Now we claim that

un → u in Hs
r,A(RN , C) (5.4)

as n → ∞. By Theorem 3.1, there exist an at most countable set of distinct points
{xi}i∈J , non-negative numbers {µi}i∈J , {νi}i∈J ⊂ [0,∞) and a non-atomic measure
µ̃ such that

µ =
∫

RN

|u(x) − ei(x−y)·A( x+y
2 )u(y)|2

|x − y|N+2s
dy + |u|2 +

∑
i∈J

µiδxi + µ̃,

ν = |u(x)|2∗
s +

∑
i∈J

νiδxi ,

(5.5)

Next, in order to prove (5.4) we proceed by steps.
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Step 1. Fix i0 ∈ J . Then we prove that either νi0 = 0 or

νi0 ≥ (m1S)2
∗
s/(2∗

s−2). (5.6)

Let ϕ ∈ C∞
0 (RN ; [0, 1]) be a radial symmetric function satisfying ϕ = 1 in B(0, 1);

ϕ = 0 in RN\B(0, 2) and |∇ϕ| ≤ 2. For any ε > 0 we set ϕε = ϕ(x−xi0
ε ). Clearly

{ϕεun}n is bounded in Hs
r,A(RN , C) and 〈I′

λ(un), ϕεun〉 → 0 as n → ∞. Hence

M(‖un‖2
s,A)(un, ϕεun)s,A

= λ�
∫

RN

(Kα ∗ F (|un|2))f(|un|2)unϕεundx + �
∫

RN

|un|2∗
s−2unϕεundx.

(5.7)

It is easy to verify that

lim
ε→0

lim
n→∞

∫
RN

(Kα ∗ F (|un|2))f(|un|2)|un|2ϕεdx = 0. (5.8)

Note that by (M3), there holds

M(‖un‖2
s,A)

∫∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2ϕε(x)

|x − y|N+2s
dxdy +

∫
RN

|un|2ϕεdx

≥ m1

(∫∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2ϕε(x)

|x − y|N+2s
dxdy +

∫
RN

|un|2ϕεdx

)θ

.

Using a similar discussion as in Lemma 4.1, we deduce that

lim
ε→0

sup
n→∞

M(‖un‖2
s,A)(un, ϕεun)s,A ≥ m1µ

θ
i0 . (5.9)

Similar to Lemma 4.1, we have

lim
ε→0

lim
n→∞

∫
RN

|un|2∗
s−2unϕεundx = 0. (5.10)

Inserting (5.8)–(5.10) into (5.7), we obtain

m1µ
θ
i0 ≤ νi0 .

It follows from νi ≤ S−2∗
s/2(µi)2

∗
s/2 for all i ∈ J that νi0 = 0 or

νi0 ≥ (m1S
θ)2

∗
s/(2∗

s−2θ). (5.11)

Step 2. We claim that (5.11) cannot occur, hence νi = 0 for all i ∈ J .

By contradiction we assume that there exists a i0 such that (5.11) holds true.
Similar to Lemma 4.1, by (M2) and (f3), we deduce

cλ ≥
(

1
2θ

− 1
2∗s

)∫
RN

|un|2∗
s ϕεdx. (5.12)

It follows from (5.11) that

cλ ≥
(

1
2θ

− 1
2∗s

)
(m1S

θ)2
∗
s/(2∗

s−2θ),

which contradicts the assumption. Hence νi = 0 for any i ∈ J .
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Step 3. The assertion (5.4) holds.

We first show that un → u in L2∗
s (RN , C) as n → ∞. Assume that χR ∈ C∞(RN)

satisfies χR ∈ [0, 1] and χR(x) = 0 for |x| < R, χR(x) = 1 for |x| > 2R, and
|∇χR| ≤ 2/R. With a similar discussion as in the proof of Theorem 3.2, we have

µ∞ = lim
R→∞

lim sup
n→∞

∫∫
RN

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2χR(x)

|x − y|N+2s
dydx, (5.13)

ν∞ = lim
R→∞

lim sup
n→∞

∫
RN

|un|2∗
s (x)χR(x)dx (5.14)

and

ν∞ ≤ S−2∗
s/2µ

2∗
s/2

∞ . (5.15)

It follows from the fact that 〈I′
λ(un), χRun〉 → 0 as n → ∞ that

M(‖un‖2
s,A)

[∫∫
R2N

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2χR(x)

|x − y|N+2s
dxdy

+�
∫∫

RN

(un(x) − ei(x−y)·A( x+y
2 )un(y))(χR(x) − χR(y))un(y)
|x − y|N+2s

dxdy

+
∫

RN

|un|2χRdx

]

= λ

∫
RN

(Kα ∗ F (|un|2))f(|un|2)|un|2χRdx +
∫

RN

|un|2∗
s χRdx + o(1). (5.16)

With a similar discussion as in Lemma 3.1, we have

lim
R→∞

lim sup
n→∞

M(‖un‖2
s,A)

×
∣∣∣∣∣
∫∫

RN

(un(x) − ei(x−y)·A(x+y
2 )un(y))(χR(x) − χR(y))un(y)
|x − y|N+2s

dxdy

∣∣∣∣∣ = 0.

Hence we deduce from (5.13) that

lim
R→∞

lim sup
n→∞

M(‖un‖2
s,A)

[∫∫
R2N

|un(x) − un(y)|2χR(x)
|x − y|N+2s

dxdy +
∫

RN

|un|2χRdx

]

≥ lim
R→∞

lim sup
n→∞

m1

[∫∫
R2N

|un(x) − ei(x−y)·A( x+y
2 )un(y)|2χR(x)

|x − y|N+2s
dxdy

+
∫

RN

|un|2χR(x)dx

]θ

= m1µ
θ
∞. (5.17)
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Similar to Lemma 4.1 we can obtain that

m1µ
θ
∞ ≤ ν∞,

this together with (5.15) yields

m1Sν
2
2∗s∞ ≤ ν∞,

which implies that ν∞ = 0 or

ν∞ ≥ (m1S
θ)

2∗s
2∗s−2θ . (5.18)

Assume (5.18) holds. Since ‖un‖2
s,A and ‖un‖2∗

s
2∗

s
are bounded, up to a subsequence,

we can assume that ‖un‖2
s,A and ‖un‖2∗

s
2∗

s
are both convergent. Then by (5.13)

and (5.14), we obtain

lim
n→∞ ‖un‖2

s,A =
∫

RN

dµ + µ∞

and

lim
n→∞ ‖un‖2∗

s
2∗

s
=
∫

RN

dν + ν∞.

Thus, we have

cλ = lim
n→∞

(
Iλ(un) − 1

σ
〈I ′

λ(un), un〉
)

≥ lim
n→∞

[(
1
2θ

− 1
σ

)
m1‖un‖2θ

s,A +
(

1
σ
− 1

2∗s

)∫
RN

|un|2∗
s dx

+
3λ

4

∫
RN

(Kα ∗ F (|un|2))F (|un|2)dx

]

≥ m1

(
1
2θ

− 1
σ

)(∫
RN

dµ + µ∞

)θ

+
(

1
σ
− 1

2∗s

)∫
RN

dν +
(

1
σ
− 1

2∗s

)
ν∞

≥ m1

(
1
2θ

− 1
σ

)
µθ
∞ +

(
1
σ
− 1

2∗s

)
ν∞

≥ m1

(
1
2θ

− 1
σ

)
Sν

2/(2∗
s)

∞ +
(

1
σ
− 1

2∗s

)
ν∞ ≥

(
1
2θ

− 1
2∗s

)
(m1S

θ)2
∗
s/(2∗

s−2θ),

thanks to 2θ < σ and (5.18), which is a contradiction. Hence ν∞ = 0. In view of
J = ∅, we have

∫
RN |un|2∗

s dx → ∫
RN |u|2∗

s dx as n → ∞. Furthermore, the Brèzis–
Lieb Lemma implies that

lim
n→∞

∫
RN

|un − u|2∗
s dx = 0. (5.19)

A similar discussion as in Lemma 4.1 yields that un → u in Hs
r,A(RN ) as n → ∞.

Therefore, (5.4) holds true.
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In what follows, we prove that Iλ satisfies geometric properties (i) and (ii) of
mountain pass.

Lemma 5.2. The functional Iλ satisfies the conditions (i) and (ii) in Theorem 4.1.

Proof. For each λ > 0, by the fractional Sobolev embedding Hs
r,A(RN , C) ↪→

Lp(RN , C), we have by (M3) and (f4) that

Iλ(u) ≥ m1

θ
‖u‖2θ

s,A − λC‖u‖2p
s,A − 1

2∗s
S−2∗

s/2‖u‖2∗
s

s,A,

for all u ∈ Hs
r,A(RN , C). It follows from max{2, θ} < p that there exist ρ1 > 0

small enough and α1 > 0 such that Iλ(u) ≥ α1 > 0 for all u ∈ Hs
r,A(RN , C)

with ‖u‖s,A = ρ1, and all λ > 0. Hence (i) in Theorem 4.1 holds true. Similar to
Lemma 4.2, we can show that (ii) in Theorem 4.1 holds true.

Proof of Theorem 1.2. By using the same discussion as the proof of Theorem 1.1,
we deduce that

cλ = inf
γ∈Γ

max
t∈[0,1]

Iλ(γ(t)) <

(
1
2θ

− 1
2∗s

)
(m1S

θ)
2∗s

2∗s−2θ .

The rest of the proof is the same as in the proof to Theorem 1.1.
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[27] G. Molica Bisci, V. Rădulescu and R. Servadei, Variational Methods for Nonlocal
Fractional Equations, Encyclopedia of Mathematics and its Applications (Cambridge
University Press, 2016).
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