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Abstract We study the Fermat—Torricelli problem in the framework of normed linear
spaces by using some ingredients of convex analysis and optimization. Several general
formulations of the Fermat—Torricelli problem are presented. Sufficient conditions for
the existence and uniqueness of the minimum point are formulated. Existence condi-
tions for the minimum point are related to reflexivity assumptions on the normed space.
Uniqueness conditions are related to strict convexity assumptions on the normed space.
In the second part of the paper we study the Fermat problem subject to constraints in
the plane and on the sphere.
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1 Introduction

Fermat challenged Torricelli with the following problem: “given three points in the
plane, find the minimizer of the sum of distances to these three points”. Torricelli found
several solutions of this problem. The minimizer is a point called the Fermat—Torricelli
point.

In 1909, Weber formulated in [24] a generalization of Fermat’s problem in economic
terms, multiplying the distances by some scalars, which are the costs of the distances.
In Weber’s problem the costs for transportation net that connects a central point to
the branches of the manufacturing facilities were minimized. A great interest for the
Fermat-—Torricelli problem appeared after Weber’s generalization was published. This
can be seen in the papers of Haikimi [12], Kuhn [17], Perreur and Thisse [22], Wendel
and Hurter [26] and Witzgall [28]. New results were obtained in the optimization
problems in the case of different parameters such as natural factors that include the
relief, natural resources, human or economic factors were taken into account.

The Fermat—Torricelli problem, as well as its generalizations, still draw the atten-
tion of many mathematicians as they are mathematically interesting and have a wide
range of applications including those connected to network optimization and wireless
communications.

Some of the reference books that contain surveys on the Fermat—Torricelli problem
are Boltyanski et al. [3], Drezner et al. [10], Radulescu et al. [16] and Mordukhovich
and Nam [21].

In [25] Weiszfeld proposed an algorithm that approximates the minimum point for
the generalized Fermat problem for n given points. Martelli [19] and Sokolowski [23]
studied generalized methods to find the solution for the weighted Fermat—Weber prob-
lem. Klamroth [15] was concerned with the facility location problem with barriers.
Such barriers, as rivers, mountains or motorways are usually met in practice. In this
sense, there are presented structural results and also algorithms for this problem of
non-convex optimization, which depends on the distance function and the number and
the location of the passages on the barrier. Mordukhovich and Nam [20,21] developed
new applications of the variational analysis to the following optimization problem:
“given n closed subsets in a Banach space, find a point such that the sum of distances
to these subsets is minimum” . Mordukhovich and Nam considered that the study of this
generalized problem is of great interest and has many applications in location theory
and in optimal networks. Several authors studied the facility location problem on a
sphere [2,8,13,29]. Drezner and Wesolowsky [8] formulated the following problem:
“given n points on a sphere, find a point such that the weighted sum of distances on
the geodesics to the n given points is minimum . They proposed some algorithms of
Weiszfeld type whose convergence to the global minimum is not proved.

The following papers studied the Fermat—Torricelli problem in normed linear
spaces: Alexandrescu [1], Durier and Michelot [9,11] and Vesely [27]. Durier and
Michelot in [9,11] studied geometric properties of the Fermat—Weber point in spaces
with scalar product, and Vesely studied generalized Chebyschev centers in [27].
Alexandrescu [1] studied the Fermat point problem for a system of n distinct points
in Hilbert spaces. The author established the existence and uniqueness of the solution
and the location of the Fermat point in the convex hull of the given n points. There are
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Facility location in normed linear spaces 1355

given closed form formulas for the Fermat point in the case of three and four distinct
points. Iterative methods for finding the Fermat point were developed.

In the paper of Brimberg and Love [5], the Fermat—Torricelli problem is generalized
replacing the sum of distances from the point x to the points a, ..., a, in RV with
the function

f) =2 i(lx —al), xeR". ()

i=1

The generalized Fermat—Torricelli problem consists in minimization of the function
(1). The results obtained in Brimberg and Love [5] are in the setting of R with the
[p norm.

Inthecase ¢; (t) = w;t,i = 1, ..., nthe generalized problem is the Weber problem.
In the case when in (1) all functions ¢; are equal to the function ¢ () = 2 arcsin(z/2),
we obtain the Fermat—Torricelli problem on the unit sphere of a Hilbert space. In this
problem one considers the distance between two points x and y on the unit sphere to
be the geodesic length that connect the points. Thus

d(x,y) = ¢(llx — y|) = 2arcsin(||x — yl|/2).

In the present paper we complement the results from Brimberg and Love [5] by formu-
lating a more general Fermat—Torricelli problem in normed linear spaces of arbitrary
dimension and we obtain conditions for existence and uniqueness of the minimizer.
More precisely if Ay, ..., A, € L(E, F) are invertible operators we denote

di(x,y)=||Aix — Aiyll, x,yeE,i=1,...,n.

Let ay, ..., a, be points in F. We study the more general facility location problem,
that is to find the minimizer of the function:

f) =D ¢ildix, A™'a)), x€E. )

i=1

This is an extension of the Fermat—Torricelli problem. We introduced the operators A;,
i = 1,..., n with the purpose of characterizing the anisotropy of the space. They lead
to an useful extension of the Fermat—Torricelli problem that generate more generalized
structures of the space E.

In Sects. 3 and 4 is considered the Fermat—Torricelli problem with constraints on a
hyperplane and on a sphere of a Hilbert space. This issues are considered here for the
first time.

2 Existence of the minimum point
Let E, F be normed linear spaces, L(E, F) is the set of linear continuous operators

fromEto F,p; : Ry — R,i =1,2,...,n,n € N. We consider the distinct points
aj,az,...,a, € F,A; e L(E,F),i=1,...,nand f : E — R, given by
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1356 S. Radulescu et al.

n
F) =D ei(lAix —ail). 3)

i=1
Our purpose is to find conditions on the spaces E and F, on the functions ¢1, ¢2, ..., ¢y
and on the operators A;, i = 1, ..., n such that the point of global minimum of the

function f exists. We also give conditions under which this point is unique. We start
with some preliminary results.

Lemma 2.1 Let ¢ : Ry — R be a convex, increasing function. Then ¢ is continuous.
Proof Tt is known that a convex function on an interval [a, b], where a < b, is

continuous on (a, b). As ¢ is increasing, ¢(40) exists. We prove that ¢ (0) = ¢(40).
Indeed, for every A € (0, 1) and for every x > O we have

p(x) = o((1 =10+ Ax) < (1 — 2)e(0) + Ap(x).
Letting x — 0+ we obtain
p(H0) < (1 =1)e0) + 1p(+0), Vi e (0,1).
Hence
(1 =Me(+0) < (1 —1)p(0).

Thus, ¢(4+0) < ¢(0). But ¢ is increasing, so ¢(0) < ¢(40). We deduce that ¢(0) =
@(+0). i

Lemma 2.2 Let ¢1, 92, ...,¢0, : Ry — R be real functions, A; € L(E, F),i =
1,2,...,n, f: E — R be given by relation (3) with the properties:

(i) ¢; isincreasing, i = 1,...,n;
(i) forall j € {1, ..., n} there exists c; € (0, 00) such that

[Ajxll = cjllxll, Vx e E;

(iii) lim_ (Z go,-) (1) = co.
Then iy voo £(x) = 0.

: 1
Proof Let t) = max<j<p l|laj|. Forall x € E with |x] > mil’(l)Cj we have

@ Springer
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n n
F) =D gillAix —aill) = D @i(lAix]| — llaill)

i=l i=l
n

> 2@ (12“}2” l4j] = max la; ||)
1=
n n

= 2@- (é“};‘n IAjx] = lo) = 2@ ((1?],12” c,/) = lo) :
1= 1=

This relation implies that lim ;| 00 f(x) = 00. O

Lemma 2.3 Let 1, ¢2, ..., ¢, : Ry — R be increasing functions, A;j € L(E, F),
i €{1,2,...,n}. Suppose there exists k € {1,2,...,n} such that tlim ek (t) = 00
—00

and Ay is invertible. Then:

I lulm J ) = eo.

Proof Note that there exists a constant L > 0 such that ||x|| > L implies:

f@) =" 0i(lAix —ail) = D ¢i(0) + i (| Arx — ax )

i=1 i#k
> > 0i(0) + g (| Axx]| — llax ).
i#k
As limjy| - oo [|Arx || = oo results that limy |0 f(x) = 00.
The next result is a strong reason why convex functions and reflexive spaces are so
important in optimization. O

Theorem 2.1 Let E be a reflexive Banach space and let ¢; : Ry — R (i =
1,2, ..., n)beconvex andincreasing functions for which there existsk € {1,2, ..., n}
such that lim;_, o @k (t) = 00 and Ay is invertible. Then the function f defined by (3)
admits at least one minimum point.

Proof Let xg € E and define M = {x € E| f(x) < f(xp)}. Note that:

(i) M is closed, since f is continuous;
(i) M is convex, since f is a sum of convex functions;
(iii) M is bounded, since lim|y|— o0 f(x) = 00 (see Lemma 2.3).

Now, since M C E and E is a reflexive space, we deduce that M is weakly compact.
The continuity and convexity of f imply that f is weakly lower semicontinuous on
the weakly compact set M, hence f attains its minimum, which is also its global
minimum. O
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1358 S. Radulescu et al.

3 Uniqueness of the minimum point

We start with some auxiliary results that provide sufficient conditions for the strict
convexity of the function f defined by (3).

Definition 3.1 A norm is strictly convex if and only if ||x 4+ y|| = [|x|| + ||y] and
x # 0, y # 0 imply that there exists A > 0 such that y = Ax.

Lemma 3.1 Let E and F be normed linear spaces such that the norm on F is strictly
convex, Aj € L(E,F),i =1,...,n, letg; : Ry - R@GE =1,2,...,n) be convex
increasing functions, ay, as, . ..,a, € F, and

f) =D ei(lAix —ail),  x€E.
i=1

If there exists k € {1, 2, ..., n} such that ¢ is strictly increasing and strictly convex
and Ker Ay = {0}, then f is strictly convex.

Proof Note that f is continuous and convex since it is the sum of convex functions.
Suppose that f is not strictly convex. This implies that there are x, y € E, x # y,
such that

2f (%) — F0) + fO).
We have
2> (|4 (57) -«
i=1

which is equivalent to:

n n
) = > @i(lAix —ail) + D ei(lAiy — ail).
i=1 i=1

n

> [goi(nA,-x —aill) + @i (1Aiy — aill) — 2¢; (H

i=1

Aix —a;i +Ajy —a;
2

-+

All the terms of the above sum are nonnegative, and ¢; are convex functions, for all
i €{l,...,n}. Therefore

H Aix —a; + Ajy —a;
2

ei(lAix —a; D) + @i (1A;y — aill) = 2¢; (

We have

Axx —ag + Axy — ag
29 5

lArx — arll + 1Ary — all
) < 2¢ ( >

H Apx —ag + Ay — ax

2

)

< oc(1Akx — ai ) + ek (1AkY — akll) = 2¢% (
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We used here the fact that ¢y is increasing and convex.
Since ¢ is strictly increasing, and hence injective, it follows that

Akx_ak-i‘Aky_ak‘

5

| = Akx = all + Axy = el

Combining this relation with the fact that ¢y is strictly convex, we deduce that || Axy —
agll = [|Axx — agl.

Denote Axy — ar = u, Axx — ap = v. Since |lu + v|| = |lull + (|v]l, lull = |v|
and || - || is a strictly convex norm, it follows that Ay — ax = Axx — a; and hence
Arxx = Ay which implies that x = y as Ker Ay = {0}. This contradicts the fact that
f is not strictly convex. O

Lemma 3.2 Let F be a strictly convex space, ¢; be convex, strictly increasing func-
tions, ¥i € {1,...,n}, A; be invertible operators, ¥i € {l,...,n} and Ai_la,-,
(i = 1,...,n) be noncolinear points. Then the function defined by relation (3) is
strictly convex.

Proof Suppose that f is not strictly convex. Then there exist x, y € E, x # y such

that 2.f (’%) — f(x) + f(y). This implies that there exists k € {1,2, ..., n)

such that x, y, Ak_lak are non-collinear.
From relation

0=re+ 0 —27(*52)

= [gol-(uAfx —ail) + i (lAry — ail) — 201 (nm% - aiu)] )

i=1

and ¢; convex, i = 1,2, ..., n, results that all the terms are nonnegative and hence
they are null. Therefore we further obtain that

X+y
2¢; (HAi 7 TG

) =¢illAix —aill) +@i(lAiy —aill), Vi=1,....n,05)

but

x+y Aix —a; + Ajy —a;
2¢; (”AiT —ai||) =2¢;i (H l — l

=)

< 2(pi(IIAix —ail -; Aiy — aill)

= ¢i(llAix —ail) + i (|Aiy —aill), Yi=1,....n

From relation (5) results that the first term is equal to the last one and hence all are
equal.

@ Springer



1360 S. Radulescu et al.

As g; is strictly increasing fori = 1,2, ..., n we obtain:
lAix —a; + Aiy —aill = llAix —ai|| + |Aiy —aill, i=1,2,...,n

From here and from the fact that F' is strictly convex, results that the points 0, Ayx —
ay, Ary — ay are collinear, which is equivalent to ax, Axx, Ay collinear, which is
further equivalent to A,:lak, x, y are collinear. This is a contradiction.

The following theorem establishes the existence and uniqueness of the minimum
of f. O

Theorem 3.1 Let E be a reflexive Banach space, F be a strictly convex Banach
space and ¢; : Ry — R (i = 1,...,n) be increasing convex functions. Assume
that there exists k € {1, ..., n} such that ¢y is strictly increasing, strictly convex and
Ker Ay = {0}. Then f admits a point of global minimum and this is unique.

Proof The existence is proved in Sect. 2. In the following, we deal with the uniqueness
of the minimum point. Suppose that there exist two distinct points of global minimum,
say x1 and x,. Let

L={xe€E| f(x)=fxD}

Then x, € L and (x1 + x2)/2 € L. Using the strict convexity of f we deduce that

f(X1 +x2) _ fx) + fx2) .

2 2

This relation contradicts the fact that x; is a global minimum point . Therefore the
minimum of f is unique. O

The following theorem establishes similar conditions, which ensure the existence
and uniqueness of the global minimum point for the function f.

Theorem 3.2 Let E be a reflexive Banach space, F be a strictly convex Banach space
andg; :Ry — R (i =1,2,...,n) be convex, strictly increasing functions. Suppose
that Ai_lai e E,i =1,...,n, are non-collinear. Then there exists and is unique a
minimum point of f.

The proof of this theorem is similar to the proof of the theorem above.

Remark (i) The functions ¢; (t) = c;t?, p; € [1, 00), ¢; > 0 satisfy the conditions
in the above theorem.
(ii) The spaces L” () with 1 < p < oo are reflexive and strictly convex.

Theorem 3.3 Let E be a Hilbert space, A; € L(E,E), i = 1,...,n, be linear
continuous and invertible operators with the property that for alli = 1, ..., n there
exists B; > O such that ATA; = i1, i € {1,...,n}. Let the functions ¢; : Ry — R,
i € {l,...,n} be differentiable on (0, co) with (plf(t) > 0, Vt € (0,00) and i €
{1,...,n}anday,...,a, € E.

@ Springer
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If X is a global minimum point of the function
n
) =D gillAix — ail)
i=1

— -1 —1 -1
thenx € co(A| a1, Ay aa, ..., A, ay).

Proof If x € {Al_lal, e, A;lan} then, obviously x € co{Al_lal, R A;lan}.
We consider

n
A’-kA,'x — A’."a,'
Vi) =) ¢/(lAix — ail) ———
; e O Aix —a
forallx € E\{A['ay, ..., A; a,).
Ifx e E\{Al_lal, e, A;lan} is the minimum point of f, then
Vikx)=0.
"(|A; X — a;
Denote by «; = M, ief{l,...,n}.
|A;x — a;l

Notice that o; € (0,00),i = 1,...,n and
n
VFE) =D ai(AfAX — Afa;) =0
i=1

which is equivalent to

n n
ZaiA;kA,’)_C = ZO[,’A?CI,’.
i=1 i=1

Taking into account that A;“Ai = pBil,i =1, ..., n,then the relation below becomes:

n n

el k
E a;fix = E a;Aja;
i=1 i=1

which is further equivalent to:

n n
— -1
X =D aifiA;a
i=1 i=1

@ Springer



1362 S. Radulescu et al.

where from we get
n
—1
Z aiBiA; ai
i=1

n
Zaiﬁi
i=1

X =

thatis ¥ € co(A] a1, ..., A, ay). o

4 Facility location problem with constraint in the hyperplane
4.1 Existence of the minimum

As so far, we present a qualitative property in the most general context. The following
result is a refined version of Corollary 3.23 in Brezis [4].

Theorem 4.1 Let E be a reflexive Banach space withdimE > 2, ¢1, ..., ¢, : Ry —
R be convex, increasing functions with the property that there exists k € {1,...,n}
such that lim, _, o, @i (1) = 00, Ay be invertible, n € E', n # 0, d € R. Consider the
set H = {x € E|n(x) = d}. Then the following properties hold:

(i) limjoeoo £ () = 00
(ii) there exists X € H such that f(x) > f(x), forall x € H.

Proof Let xo € H. Since dimE > 2 there exists y € E\H such that y # 0 and
n(y) = 0. Then xg +ty € H forall € R and

lim ||xo + ty] = oo.
11— 00
We take into account that
lim |Agx]|| = oo.

||[x||—>o00,xeH
Then, there exists L > 0 such that ||x|| > L implies
n
f0) =D eillAix —aill) = D ¢i(0) + r (| Ax | — lla ),
i=1 ik

where from we get lim | o0, xen f(X) = 00.
(i1) We define the convex, closed and bounded set:

M={x e H|f(x) < f(x0))}.

@ Springer
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Using (i) and the hypothesis that E is reflexive and f is continuous and convex, we
deduce that f is lower semicontinuous and hence weakly lower semicontinuous on
M, that is weakly compact. This implies that f attains its minimum on H. O

Remark Let E be a Hilbert space. If ¢ € E with |c|| = 1 and d € R, we define the
following closed hyperplane

H = {x € E|{c,x) =d}. (6)

Ifa € E, let mya denote the projection of a on H. It follows that (see also Corollary
5.4 in Brezis [4])

wga =a+ (d—{(c,a))-c.

Theorem 4.2 Let E be a Hilbert space, ay, . . ., a, € E bedistinctpoints, 1, ..., ¢, :
Ry — R be convex, increasing and differentiable functions on (0, o0) and ¢! (t) > 0,
forallt € (0,00),i € {l,...,n}. Suppose that there exists k € {1, ..., n} such that
lim;_, oo i (1) = 00. We consider A; € L(E, E) invertible and suppose that there
exists B; > 0, Vi € {1,...,n} such that A;‘Ai = Bil,i € {1,...,n}. If H is given
by relation (6) , then there exists X € H such that f(x) > f(X), forall x € H and
X e co(nHAl_lal, R nHArjlan).

Proof The existence of the minimum point results from Theorem 4.1. We define the
function:

Fx,A) = f(x) —A({c,x)—d), xe€eE,»eR.

ForxeE\{Aflal,...,A,jlan}and)LeR,wehave
n
A’»“A,‘X—Afka,'
Vi F(x,)) = "NAix —ai]) - — L —)c.
F ) =D ¢f(lAix — aill) A al

i=1
Then V, F(x, ) = 0. Hence we have
"o (AT — a; L@ (AT —
z‘ﬂ;(” i ilD -A;»FA,‘)_CZZ%(” i llDA?‘ai—{—kc.

[Aix — aill [Aix — a;l

i=1 i=1

Multiplying the relation above by ¢ we get:

n / — n / —_
o; (1A x — a; ) o — @;(I1A;x — a;i ) N
— L (ATAX,c) = - . {c, Aq; A.
D T P T SR
We further obtain:

n / —
AT Al
A= m(AiAix—Aiai,C),
i=1
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1364 S. Radulescu et al.

end hence
Z”:so;(nAif—ain) 'A*A,)_C_Z”:¢;<||A,-f—al-||>A* _
= lAx —all e = JAXx—all l

"ol (|AiX — a;
- M(A;‘ai ~ATAT C) - c.
iX — a;

"(|Ai X — a;
Denote by: o; = —(p’(” . il
Aix — aill

We get: Z:-l:] OliA;-kA,')_C = Z:-l:] oziA;f‘ai - Z?:] Oli(ATLZi — A?Aif, c¢) - ¢ which
is equivalent to

, Vi=1,...,n.

n n n
D i AJAX = aiAfa; — <Z ai(Afa; — ATAT), c> -c.
i=1 i=1 i=1

Taking into account that A¥A; = B; I, thatis A} = ﬂiAl._l, i=1,...,n, we obtain:

n n
ZaiﬁiAi_lai - <z ai,B,'(Al._lai —X), c> c
i=1 i1
n
> aipi
i=1
n n
D A ai = D aiBi(A e =X, c) ¢
_ =l i=1
- n
> aipi
i=1
n
> wipi (A7'a = (47 =%, 0)) -
i=1
n
> aipi
i=1

n
Zai,ﬁi (Ai_lai + (c,x — Ai_la,-)) -c
i=1

n
> aipi
i=1

X =

@ Springer
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n n
> aipi[A e+ @ = (AT a e ] D wpimnAa
i=1

i=1

n n
> i > aipi
i=1 i=1

This representation of X shows that if X € E\{Al_lal, ...,A;lan}, then x €
co(nHAl_lal, R nHA,jlan), this means that the existence of a minimum point
X implies that X belongs to the convex hull of the projections on the hyperplane
H.If x € {A;lal,...,A,flan}, we suppose that X = A,:lak, ar, € H. As
Ala = np A ak, implies that ¥ € co(my Ay ar, ..., tu Ay ay). o

5 Conditions on the existence of the minimum point on the sphere

In this section we establish sufficient conditions for the existence of the minimum
point on the unit sphere.

Theorem 5.1 Let E be a reflexive Banach space, ay, ...,a, € E be distinct points
and ¢; : Ry — R be convex and increasing functions (i = 1,2,...,n). If X is a
global minimum point for the function f defined by (3) and ||X|| > 1, then f attains
its minimum on S = {x € El||x|| = 1}.

Proof The existence of X results from Theorem 2.1. Indeed, if || x|| = 1 then X € S.
Suppose that || x|| > 1. The set B = {x € E| ||x]|| < 1} is convex, closed and bounded
in the space E and hence it is weakly compact. Next, since f is continuous and convex,
it follows that f is weakly lower semicontinuous on weakly compact sets and therefore
it attains its minimum in B. Let X € B be the minimum point of f on B. We consider
the function

u() = f((1 —t)x +1x), te][0,]1],

where X is the point of global minimum of f on E and X is the minimum point of f
on B.

Let x* be the intersection of the segment [X, X] with the sphere S. Therefore there
exists 7o € [0, 1] such that x* = (1 — #)X + tox. We notice that u(ty) = f(x™).

Note that the convexity of f implies that u is convex and u(¢) > u(0) = f(x) for
all + € [0, 1], which implies that u is increasing. Thus, u(0) < u(#) < u(l), which
implies

fX) < fx") < fX) < fxXM).

We further conclude that f(x*) = f(x), thatis, f attains its minimumon S at x* € S.
O
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5.1 Facility location problem subject to constraint on the sphere

If E is a normed space, we denote by S = {x € E|||x|| = 1}. Forx € E and x # 0,
we define the projection of x on the sphere S by rgx = .

llx]
Theorem 5.2 Let E be a Hilbert space, a; € E, i = 1,...,n be distinct points,
¢i : Ry — R be convex, continuous and differentiable functions on (0, co) with
(plf(t) > 0on (0,00), foralli = 1,...,n, A; € L(E, E) be linear, continuous and
invertible operators, i = 1, ..., n, with the following properties:

(1) (Al._la,-,AJTIaj) >0, Vi,je{l,...n);

(2) foralli = 1,...,n, there exists f; > 0 such that AfAi = Bi1, where I is the
unit operator. If x € S has the property that

f@) = f), Vxes,

then
— —1 -1
X ensco(Al ai,..., A, an).

Proof Consider the auxiliary function

F(x,2) = f(x) —A(IxI* = 1), x€E, »eR. @)
Then
2@l (1Aix — ail)
ViF(, )= 0 TP (AfAix — Afa;) — 2Ax,
F(x, 1) ; Ax —ar] (A7Aix — Aja) X
x e EAar, ..., A a,), A eR
Ifx € S\{Al_lal, R A;lan}, then there exists A € R such that

V, F (%, A) =0,

which is further equivalent to

n / Af—a
3 AUAXZ D (e x— ara - 23 =0, ®

< AT —ail
Multiplying relation (8) by X we obtain
n / —
@ (1Aix — ail) - _
> e (A — (A @i ) ) = 20 ©)

~ ||Aix — aill
i=1
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"(|A:X — a;
We denote by o; = M, i =1,...,n. Then we have:
|Aix — il
Za,ﬂ, (1- (a7 "a.®) =22
and hence we have
n n
> aipiAa; ZaiﬁiAi_lai
i== : (10)
Zailgi —2x Z“zﬂz i ah X)
i=1
Equation (10) is equivalent to:
X- Za,ﬁ, A a;, X Za,ﬂlA ai. (11)
Multiplying Eq. (11) by «; 8 A;laj and summing after j we obtain:
n n
—1 — -1 — —1 —1
D wiBilA 4, DA a4, By = D wifiaBiA] a4, ATlay). (12)
i,j=1 i,j=1
We have:
n 2 2
(Zaiﬂim;lm,ﬂ) = BiAT |
i=1
wherefrom we deduce that :
n n
<)_€, ZaiﬂiAilai> =€ ZaiﬁiAflai , eef{=1,1} (13)
i=1 i=1

From Eq. (13) and taking into account that H > oci,BiAi_lai

(Al._lai, A;laj) > ( results that:

n
-1
GzaiﬁiA,- a;
i=1
n
-1
> A
i=1

2
=20 i BB
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~1
D wiBiA a

H 2 aiﬂiAi_lai‘
We prove that

Letu = . This means that X = €u.

||u—Ai_1a,-|| < —u—Ai_lain, Viell,...,n}. (14)
We square relation (14) and we obtain:
al® = 2{u, A7 i)+ NAT @il < Jull® + 2w, A7 ) + 147 a2
which is further equivalent to:
<u,A;‘a,->zo, ic(l,... . n.
The functions ¢; are increasing and hence
o (lu=atal) o (1 —u-ar'al), i=1...n

From here results that f(u) < f(—u), butx € {—u, u}, therefore we have:

n
> aipiA]

i=1

n
ZaiﬁiAi_lai

i=1

X =

This shows that X is the projection on the sphere of the point belonging to
co {Al_lal, - A;lan} Ifx e {Al_lal, e, A;lan] , then x = Ak_lak, which

implies that X = nsAlzlak and hence we have X € mgco {Aflal, ...,A;lan} .
The proof is now complete. O
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