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We study the existence of compactly supported solutions for the following Schrédinger equation
— Au+V(z)u = a(@)|u|’"u+ \b(z)g(u), zeRV, (0.1)

where N > 3,A>0,0< g <1 and a, b, V are indefinite potentials.
Let S denote the best Sobolev constant, namely S|ul|5. < ||Vull3 for all u € H'(RV).
We assume that the following hypotheses are fulfilled.
(A) a € L*(RY), 27 ={z € RN, a(z) > 0} # 0, limy|—,4oca(z) < 0, and there exist positive numbers
R; and « such that a=(z) > « for all |z| > Ry;
(B) b e C.(RY,Ry) and supp (b) C 27;
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(G) g : R — R is a continuous and g(z) < g(|z|) for all z € RY;
(V) V € L®(RN), limy,| 4V (2) > 0, V(z) > 0 for all z € 2" and IV=ly <s.
The main result in this paper establishes that problem (0.1) has solutions with compact support, provided

that a suitable perturbation of the second reaction terms is sufficiently small. This perturbation is described
below in terms of the real parameter A\ in relationship with the small values of the first reaction term with
respect to a certain topology.

Theorem 0.1. Assume that conditions (A), (B), (G) and (V') hold. Moreover, suppose that N > 3 and

0 < g < 1. Then there exist positive numbers Ao and m such that if |\| < Ao and |la™ +xpo,r)||__2+  <m,
2% —qg—1

then problem (0.1) has at least one nonnegative solution with compact support.

We first study the following auxiliary equation:
— Au+V(z)u = a(z)u|" ", zeRN. (0.2)

Theorem 0.2. Let (A) and (V) be satisfied. Assume that N > 3 and 0 < q < 1. Then there exists
m > 0 such that problem (0.2) has at least one nonnegative solution with compact support, provided that
la* +xBo.r)l 20 <m.
2% —g—1
Let £ .= H! (RN) N Latt (RN) . Define the following energy functional on E:

I(u)= %/]RN (\Vu|2 + V(x)u2) dx — q-y-% i, az)|u|" da. (0.3)

Under assumptions (A) and (V), the functional I is well-defined, of class C! on E and any critical point
of I is a weak solution of problem (0.2).

1. Proof of Theorems 0.1 and 0.2
1.1. Study of problem (0.2)

In our previous paper [1] we have proved, under the same assumptions of Theorem 0.2, that problem (0.2)
has infinitely many solutions. However, we did not establish some qualitative properties of these solutions.
This is the main purpose of this paper.

Lemma 1.1. Let d € R and F C E be a closed subset. Then I satisfies the (PS)pq Palais—Smale
condition.

Proof. The proof is identical to that of Lemma 4.3 of [1] and will be omitted. [

Lemma 1.2. There exists m > 0 such that if |[a™ + xp(o,ry)ll2* /(25 —q—1) < m, then problem (0.2) has at
least ome positive solution.

Proof. We start by showing that there exists v > 0 such that

I(u) >~ forall we F and |ju| =1. (1.4)
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Let u € E. From conditions (A) and (V'), Sobolev’s and Young’s inequalities, we have
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where Cg is a positive constant. Therefore, using the inequality (z +y)>/2 < 22 + y?™L, for all z > 0,
0 <y <1, we obtain, for [Ju|| <1,

g+1
T—q
1—q, % | 2(¢+1)
I(u) > collul|* - Tcsl ! S lla® + XB(0 Rl)H ) (1.5)
_ 7 e
s
”Vﬁl‘ﬂ min(e,1)
with ¢g = min ¢ (§ — —g5=), 5gt1) (- Lhen, by (1.5) and for
co
||CL +XBORl)H < g+l
_q 2F _g—1 2 2( +1) I—q
_ 1—q q
(1 CI)CS ) IV ~=ln/o
e
we deduce that I(u) > ¢o/2 = . This proves our claim (1.4).
Next, we consider the minimization problem
c= inf I(u). (1.6)

u€B(0,1)

It is clear that —oo < ¢ < 0. Then, by Lemma 1.1 and [2, Lemma 4], there exists ug € E such that wug is
a solution of problem (0.2) and ¢ = I(ug). More precisely, there exists a (PS)E(O,p),c sequence (Up)n, C E
such that w, — uwg and ¢ = lim, 400l (uy,). Since ¢ < I(Juy,|) < I(uy), then (Juy|)y is also a minimizing
sequence of problem (1.6). Consequently, we can take uy > 0 a.e. in RY. 0O

Lemma 1.3. Let c(y) € L'(B(x,2)) for some t > & with le@) Lt (B(z,2)) < 1. Furthermore, assume that
hypothesis (B) holds and that u > 0 satisfies

/ Vquo—i—cugog/ bo forall ¢ € Hy(B(z,2)) and ¢ >0 in B(z,2).
B(z,2) B(z,2)

Then ||ull oo (B(x,1)) <

Cllull 2(B(w,2)) + 1l Lt (B(2,2)))s where C = C(N, 1) is a positive constant.

Proof. Invoking condition (B), we deduce that b € L*(B(z,2)). The rest of the proof is a simple application
of Theorem 4.1 in [3, p. 67]. O

Lemma 1.4. Let (A) and (V) be satisfied. Then any nonnegative weak solution u of Eq. (0.2) is a classical
solution and lim|,|_, 4 oou(x) = 0.
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Proof. The regularity of u follows by boostrap arguments; see [4, Appendix B]. Let R > R; such that
V(z) > 0, for all |z| > R. For € B°(0, R+ 3), we have B(z,1) C B(x,2) C B°(0,R) and —Au(y) < 0 for
all y € B(z,2). Applying Lemma 1.3 with ¢ = b = 0, we obtain [|ul[ze(B(z,1)) < cllullL2(p(s,2)), for some
positive constant c. Hence, since u € L?(RY), we have lim |, ou(z) =0. O

Lemma 1.5. FEvery nonnegative classical solution of problem (0.2) is compactly supported.

Proof. From conditions (A) and (V) and Lemma 1.4, there exist positive numbers R and ag such that for
every x € B¢(0, R), we infer that

u(z) < A, a=(z) >ap and V(x) >0, (1.7)
a L C
Wlth A = %[WM] T—q, If we take, fOI' any Yy S B (O7 R + 2),
1—q
ao 2
W(z) = |z —y|Ta,
[@(ﬁq + N - 2>]
we deduce that
— AW(z) = —aoWi(z) in B(y,1). (1.8)

In what follows, we show that W (z) > w(z) in B(y,1). Arguing by contradiction, we assume that there
exists zg € B(y, 1) such that W(z¢) < u(xg). By Lemma 1.4, we may assume that W — u attains minimal
value at xo. Hence, using (1.7) and (1.8), we get

0> —A(W —u)(2) = (a”u? — agW? + Vu?)(xg) > (agu? — agW)(zg) > 0,
contradiction. Thus, 0 = W(y) > u(y) > 0 for all y € B°(0,R+2). O
Proof of Theorem 0.2 concluded. By Lemma 1.2, uy is a nonnegative solution of problem (0.2).

Applying Lemma 1.5 with u = ug, we conclude that ugy is a nonegative classical compactly supported
solution of problem (0.2). O

1.2. Study of problem (0.1)

We first establish uniform estimates for solutions of problem (0.2). Next, by exploiting the previous section
and some ideas coming from [5], we conclude the proof of our main result.

Lemma 1.6. Let u € E be an arbitrary classical nonnegative solution of problem (0.2). Then [[u| foo gy
is attained in Q2.

Proof. By Lemma 1.4, we may assume that [|u[[ o rn) is attained at 21, but is not in 2+, Let 2 be the
connected component of ({2+)¢, which contains z;. By the strong maximum principle and conditions (A)
and (V), we deduce that u(z) = u(x;) in . Taking into account that 2+ N 2 # (), we conclude the proof
of Lemma 1.6. O

Let O be an open bounded set in RY such that 2+ U {z € RN, V(z) <0} cC O.

Lemma 1.7. For any positive integer s > 2, we have |Jul|pr1)n/v-2) 0y < Cllull2+, where u € E is a
nonnegative classical solution of Eq. (0.2) and C = C(a,q,N,s,V).



152 A. Bahrouni et al. / Applied Mathematics Letters 84 (2018) 148-154

Proof. Fix k > 2. Multiplying Eq. (0.2) by |u|k71u7 we obtain

’“/ ‘“'k_1|W|2dx+/ V(:c)lulk“dx:/ a(@)ul*+"dz,
RN RN RN
and thus

k:/ |u|k_1|Vu|2dx§/ V_(x)\u|k+1dx+/ o (@) |u]dz.
RN RN RN

By the Sobolev inequality, it follows that

4kCs o / _ k41 / ¥ k+q
7 v dz + dx. 1.9
(k+1)2H H - ; (@)|ul"™ dx a (@) |ul" dx (1.9)

Now, we estimate the integral on the second part of right-hand side of Eq. (1.9) as

/a+($)IUIq+kdas:/ a*(x)|u|q+kd:z:+/ a* (@)ul"* do
0] {z€0, |u(z)|<1} {z€0, |u(z)|>1}

s/ a+(x)d:c+/ at (@) |ul* T da. (1.10)
o o
Therefore

4kCs k+1 -, ¥ k+1 "

(kH)QII ul| G SV +aT oo llull i oy + lla™|a- (1.11)

(0)

Fix s > 2. In (1.11), we start with k + 1 = 2* = 2% and then we follow the sequence (k + 1),
(k+ 1)(%)2, ..., until we pass s + 1. Since O is bounded, the proof is completed. [

Lemma 1.8. There exists M > 0 so that, for every classical nonnegative solution u € E of problem (0.2),
we have ||ul| poo @ny < M, with M = M(N,q, 2%, |[a¥|| oo mny)-

Proof. Invoking conditions (A) and (V'), we infer that

1 1
f/ [Vul® — 7/ V7 (x)uldx S/ at(@)|u|"™dz < |ja
2 RN 2 RN RN

By (V), it follows that (S — ||V~ HN/2)||VU||2 <2||a

. Thus, by Sobolev’s inequality and (V),

there exists C' > 0 such that [jull2x < C’Ha*”l/(1 Q)q 1) Choosmg s > 2 so that (s +1)~5 > ¥ in
view of Lemma 1.7, we know that ||ull,n(st1)/(n-2) () is uniformly bounded. By elliptic estimates (see [6]),

we obtain [lul , i1 <C <||Au N1 A u|l yaa ) . Therefore, in light of Lemma 1.6, we have
w2 (o) L72 (0) L™2 (0)

shown our desired result. [

1.2.1. Proof of Theorem 0.1
Choose a smooth function h : RY — R such that 0 < h <1 in RY, h(z) = 1 for |z| < 2M and h(z) =0
for |x| > 4M (M is given in Lemma 1.8). Then the function

u(t)
G(t,u) == h(u(t))G(t,u(t) = h(u(t))/o b(s)g(s)ds

is of class C. Hence, by (B) and (G), G(t,u) and G,(t,u) are bounded on R x R¥.
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Next, we define Jy : E — R by
1 1
Iy (u) = / S(\Vul + V(@) u)de — —— [ a(z)|u|"de — )\/ hu(x))G(z, u(z))de.
RN 2 q + 1 RN RN

A critical point of Jy is a solution of the problem
— Au+ V(z)u = a(@)ul" "4 Mo(u) Gy (1) + A (w)G(z, u). (1.12)

We say that u is an Ekeland solution of Jy if J{ (u) = 0 and Jy(u) = ¢, where ¢ given in (1.6). We say that
Jy has an Ekeland geometry if there exist R > 0 and v with ||v]| < R such that Jy(v) < inf ||ul| = RJx(u).
We also observe that with the same arguments as in the proof of Lemma 1.1, we deduce that J) satisfies
the Palais-Smale condition.

Lemma 1.9. There exists A\g > 0 such that Jx has an Ekeland geometry when || < |Aol.

Proof. By the boundedness of G(x,u), we have I(u) —CA < Jy(u) < I(u)+C\ for all u € E, where C > 0
is independent of A and w. Thus, for [A| small enough, it follows that —oo < ¢y =inf, 5 ,)Jx(u) <0 and
0 <infueap(o1)(u) + CA <infueppo1)Ja(u). O

Lemma 1.10. Let (Ay)n C R be a sequence converging to zero and u, be an Ekeland solution of Jy,.
Then, up to a subsequence, (u,) converges to an Ekeland solution v € E of I.

Proof. We recall that I(u) — CA, < Jy, (u) < I(u) + CA, for all u € E, hence inf, 5 1)I(u) -CX\, <
infueao,l)JAn (u) éinfueg(o’l)f(u) + C\, for all uw € E. Therefore ¢, — ¢ as n — +oo. By (G) and
since G(z,u) and (G),(z,u) are bounded and )\, — 0, we deduce that (u,) is a (PS) sequence of I. So, by
Lemma 1.1, u,, = v in E. We conclude that I(v) =cand I'(v) =0. O

Lemma 1.11. Let (A\,;)n, C R be a sequence converging to zero and u, be a nonnegative Ekeland solution
of Jn,- Then [[uplloc = ||un||Loo(F

) for all n € N. Moreover, up to a subsequence, u,, converges to a limit
w in LOO(Q+), where w is an Ekeland solution of 1.

Proof. For the first part, the proof is identical to that of Lemma 1.6.

For the second part, we apply Lemma 1.10. Thus, u,, — w in E, where w is an Ekeland solution of I.
So, it is sufficient to prove that u,, is bounded in W2’¥(O). We claim that for all s > 2, there exists
Cy = C1(0,s,q,N,b,g,a,V) such that |u,| 1y~ < Cllug|2+ for all n € N. Fix k > 2. Multiplying

L N=2 (0)

Eq. (1.12) by |un|* " u,, we obtain
k:/ \un\k_1|Vun\2dx+/ V(m)|un|k+1dx:/ o) |+ dz
RN RN RN
4 An(/ \un|k_1unh(un)Gu(x,un)dx+/ ot [t (10 G, 10 ).
RN RN
So, for n large enough, we infer that
k‘/ |un|k71\Vun|2dx§/ V_(ac)|un|k+1dx+/ a+(x)\un\k+qu+0/ b(x) |tn " upd.
RN RN RN RN

Using the arguments as in Lemma 1.7 and the above estimation, we deduce our claim. By this claim and
|un]loo = ||un||LOO(F), the rest of the proof is the same as for Lemma 1.8. O
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Lemma 1.12. There exists A\g > 0 such that any nonnegative Ekeland solution v € E of Jx with |A] < Xg
satisfies ||v]|co < 2M.

Proof. By contradiction, there exist A, € R and u,, € E such that A\, — 0, u, is a nonnegative Ekeland
solution of Jy,, and ||up||ec > 2M. By Lemmas 1.10 and 1.8, (u,) converges to an Ekeland solution w € E
of I with | w||ec < M. By Lemma 1.11, ||up||co < 2M for n large, contradiction. O

Choose Ag > 0 that satisfies Lemmas 1.9 and 1.12. By Lemma 1.9, [2, Lemma 4] and since J satisfies
the Palais—Smale condition, there exists uy € E such that uy is a critical point of Jy and ¢y = Jy(uy)
with [A| < [Ag|l. By Lemma 1.12, ||ux]leo < 2M. Thus, h/(uy) = 0 and h(uy) = 1. By a standard bootstrap
argument, u) is a classical nonnegative solution of (0.1). It remains to prove that u) is compactly supported.
Indeed, by (B), (G) and (V), for every 0 < A < Ag, we have V() > 0 and b(z) = 0 for all |x| > R, with R
large enough. From now on the proof is identical to that of Lemma 1.5 and it will be omitted. The proof of
Theorem 0.1 is now completed. [
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