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Abstract
In this paper, we study the existence of ground state solutions for the following Schrédinger—
Poisson—Slater equation: .

—Au+ (7" P = )PP+ ", in R

where n > 3, « € (0, n). By combining the Nehari—-Pohozaev method with compactness
arguments, we first obtain a positive ground state solution for above equation. Then we
establish several qualitative properties of the ground state solutions.
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1 Introduction and main results

The Schrodinger equation is central in quantum mechanics and it plays the role of New-
ton’s laws and conservation of energy in classical mechanics, that is, it predicts the future
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behaviour of a dynamical system. The linear Schrodinger equation is a central tool of quantum
mechanics, which provides a thorough description of a particle in a non-relativistic setting.
Schrodinger’s linear equation is

872m

Ay +

(E-V@&)y =0,

where ¥ is the Schrodinger wave function, m is the mass of the particle, & denotes Planck’s
renormalized constant, E is the energy, and V stands for the potential energy. Schrodinger
also established the classical derivation of his equation, based upon the analogy between
mechanics and optics, and closer to de Broglie’s ideas. He developed a perturbation method,
inspired by the work of Lord Rayleigh in acoustics, but he also proved the equivalence
between his wave mechanics and Heisenberg’s matrix.

The nonlocal version of this equation was first studied in the 1928 pioneering paper by
Gamow [12], who proved the tunneling effect, which lead to the construction of the electronic
microscope and the correct study of the alpha radioactivity. The notion of “solution” used
by him was not explicitly mentioned in the paper but it is coherent with the notion of weak
solution introduced several years later by other authors such as Leray, Sobolev and Schwartz.
This is the Schrodinger—Poisson—Slater, which was considered in [28] as a simplification of
the Hartree—Fock model.

In this paper, we study the following Schrédinger—Poisson—Slater equation:

— Au+ (x]7" % Ju)Pu = wlul”2u + [u)* "2u, in R, (1.1)

where n >3, @ € (0,n),2* =2n/(n —2), p > 0 and u > 0 is a parameter. In Eq. (1.1),
[x |7 % |u|2 is known as the repulsive Coulomb potential, which makes the usual Sobolev
space H'(R") not to be a good framework for Eq. (1.1). The following Coulomb—Sobolev
space is the suitable working space (cf. [19])

xh% = (v e DV2(R"); L(v) < oo},

2
o=

is the so-called Coulomb energy of the wave. It is well known that every solution to Eq. (1.1)
is a critical point of the energy functional J : X'** — R, given by

1 1 1
Ju) = 7/ [Vul>dx + —L(u) — ﬁ/ |u|f'dx——/ |u|?
2 R 4 p R 2* RrR"?

In [4, 18], the authors studied the following Coulomb—Sobolev inequality

where

r(n+a)—4n m—r(n=2)
gl < ClIVl, " [L()] Fata (1.2)
with n # 4 + o, where
re[3HY o), n=2;
r6[2(24f;‘),n2_"2], 3<n <4+ (1.3)

24
re[n 5 (2:;)], n>4+a.

@ Springer



Groundstates of the Schrodinger—Poisson-Slater equation... Page3of34 128

The best constant of (1.2) is helpful to estimate the lower bound of the Coulomb energy. To
obtain the best constant, one can consider the minimization problem

r(nta)—4n 2n—r(n—2)

IVl T [L(@)] 2 e
inf
$#0 &1}
In [2], the authors proved that the minimization problem (1.4) is attained under the assumption
(1.3).
To find solutions of the minimization problem (1.4), it is natural to study the following
Euler-Lagrange equation

(1.4)

— AuA (e |* " uPyu = plu)Pu, in R (1.5)

From a physical standpoint, Eq. (1.5) appeared in various physical frameworks, such as
plasma, semiconductor physics and the Hartree—Fock theory (cf. [6, 11, 18] and the references
therein). In particular, when « = 2 and n = 3, the motivation in the study of problem (1.5)
originates from the Slater approximation of the exchange term in the Hartree—Fock model,
we refer to [28]. In this setting, r = % is an important exponent in problem (1.5). Of course,
other exponents have been employed in various approximations, see [5, 6] for more details
related to these models and their variants. From the mathematical point of view, there is a
series of analytical results on the Schrodinger—Poisson systems in the literature, see [1, 9, 10,
13-17,20, 23-25,27, 31] and so on. Especially, Ianni and Ruiz [14] focused on the following
version of the Schrédinger—Poisson—Slater equation:

—Au+<|u|2* )u:ululrdu, in R3.

47 |x|
With the aid of the monotonicity trick, a positive ground state solution was obtained when
3 < r < 6. Following the ideas in [29], the authors [16] considered the higher-dimensional
version of the Schrodinger—Poisson—Slater equation (1.5) where r belongs to the intervals
in (1.3). Under the assumption 2(o +4)/(2 4+ «) < r < 2n/(n —2) whenn < 4 + «,
or2n/(n —2) <r < 2(¢+4)/(2+ «) whenn > 4 4 «, they obtained a ground state
solution of the Nehari—Pohozaev type. In 2019, Liu et al. [24] investigated the following
Schrodinger—Poisson—Slater type equation with critical growth:

— Au+ (|u|2* >“=Mlu|"2u+|u|“u, in R?. (1.6)

|4 x|
where > 0. When r € (3, 6), they obtained the existence of positive ground state solutions
by combining a new perturbation method and the Mountain—Pass theorem.

Based on the work of [24], we are also concerned with the existence of ground state
solutions (which are not limited to radial structure) of higher-dimensional equation (1.1).
In addition, we want to establish some necessary and sufficient condition for ground state
solutions obtained.

Before stating our main results, we introduce the following functionals and sets, respec-
tively:

T(u) = / |Vu|?dx,

—4 .
Q(u)=/ IVulzdx—MM/ Iul”dx—/ wl? dx,
RrR" p(4 + o — n) R n

A={ueX":u#0and K@) := (J'(u),u) =0},
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G={ueA:Ju)<J)forallve A},
M={ueX": u+#0and Q) =0}.

Set
M={uecueXx"\{0}: Iu) =0},
where
Ty =1 _Z”b fR \Vul2dx + 2 _4nbL(u) _P _p"bM/Rn ulPdx — 2*;”]7 / ul? dx,

withb =2/2 4+ «a),q = (8 +2a)/(2 + ). A function u € A is called a bound state of
(1.1). A function u € G is named a ground state of (1.1).
Now our first main result in this paper can be stated as follows.

Theorem 1.1 Let g = (8 4+ 2a) /(2 + @). Then Eq. (1.1) has a positive ground state solution
on M under one of the following cases:

(i) Whenn =3, q < p < 4 for u enough large;

(i) Whenn =3,4 < p < 6 forany u > 0;
(iii) When3 <n <4+a,q < p <2* forany u > 0.

In the case of n > 4 4 «, it seems difficult to find ground state solutions of (1.1) in space

X1 So we restrict X ¢ in radial space Xrlag = {u e X" u(x) = u(|x|])}. Set

M= {uexpino: Tu =of,

- —q —nb —q —nb —p—nb —2* —nb .
Ty =_—"94=" / \Vuldx + 27" py - P u/ ulPdx — " / [ dx,
2 " 4 p " 2* R"

5withb = —2/(2 + «). Then we obtain the following main results:

Theorem 1.2 Let g = (8 +2) /(2 + ). Assume that 2" < p < g withn > 4+ a. Then Eq.
(1.1) has a positive ground state solution on M for any > 0.

Theorem 1.3 Under one of the following assumptions:

M n=3248/B+a)<p<60<a<landpu > 0;
2y n=3,24+8/B+a) <p<61<a<3andp isenough large;
B)d4<sn<d4+0,248/(n+a)<p<2n/(n—2)and pn > 0.

Then

(1) A and G are nonempty.
(i1) u € G if and only if u solves the minimization problem

{”eM’ , (1.7)
J(u) = min{J(w) : w € M}.

l,a

In radial space X 4,

we also have the following result:
Theorem 1.4 Assume pu > Qand2n/(n —2) < p <2+ 8/(n+ ) withn > 4 + «. Then

(1) A and G are nonempty.
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(i1) u € G if and only if u solves the minimization problem

u €M,
J () = min{J(w) : w € M},

where 9 = {u e X"y £ 0and Q(u) :0}.

Remark 1.1 Whenn = 3 and o = 2in (i)—(ii) of Theorem 1.1, we recover Theorem 1.1 in [24]
by using the Nehari—Pohozaev manifold method instead of using a perturbation method and
the mountain pass theorem. More importantly, our approach can handle higher-dimensional
case of the Schrodinger—Poisson—Slater equation. Moreover, we also discover a sufficient
and necessary condition for ground state solutions obtained.

Remark 1.2 Let us discuss some subtle difficulties during our research process:

(1) The lack of compactness. A general tool that could be useful to overcome the lack of
compactness is the Schwartz rearrangement map u — u*. The following properties are well
known (see [16]):

/ |Vu* |2a'x</ |Vul?dx;

2 * * 2
// Ju (x)|? Iu(y)l // ™ () [ u* ()] WP vy
nJor = ye e =y

/ |u|pdx:/ lu*|Pdx, 1< p < +oo.
R" R"

For (1.1), however, if we use the Schwartz rearrangement technique, it is impossible to
overcome the lack of compactness due to the nonlocal term.

(2) Since ¢ = (8 + 2a)/(2 + o) and g < 4, it is difficult to prove the boundedness of
(P S) sequence of J. In the present paper we have opted to use the Nehari-Pohozaev manifold
M to avoid the difficulty. However, we would like to point out that this method produces
a new difficulty, that is, proving that the minimization sequence in M (or in M) of J is a
Palais—Smale sequence.

(3) As we mentioned in the case n > 4 + «, it seems difficult to estimate the threshold
value of the energy functional J because of the following fact:

2
/ / Jue PO )y / luglPdx — +o0

lx — y|"—

as ¢ — 0, where u, is as in Lemma 2.5 below. However, in radial space x!
embedding results

the following

rad ’

XL s 12 (RY), XL s LPRY) 2% < p < (8 +20)/2 + a))

rad

are compact. Employing the above embedding results, we can establish a ground state of
(1.1). Furthermore, we do not need to estimate the threshold value of the energy functional
J even if problem (1.1) satisfies critical growth.

2 Proof of Theorem 1.1

We firstly establish the following result.
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Lemma 2.1 The functional J is unbounded from below.

Proof Letu € X', and u, = tu(t’x), b = 2/(2 + ), t > 0. By the standard scaling we
have

/ |Vu,|2dx:ﬂ*””/ \Vul?dx, L(u;) =t9"""L(u),
Rl’l Rll

/|ut|f’dx:tpf"”/ lulPdx, /|ut|2*dx:t2**””/ [ul* dx.
Rﬂ R}’l R}’l n
Hence,

1 1 " 1 *
J(u;) = 5/1‘@ |Vut|2dx + ZL(ut) - ;/R" lug|Pdx — Zj /R” |ut|2 dx

ta—nb 14—nb tp—nb tZ*fnb .
= / |Vul>dx + L - Y f lu|Pdx — / lu|? dx.
2 R" 4 P R" 2% n

Noting that p > ¢, we see that J(u;) - —oo ast — 4-o00. O

and

By calculations, we can easily get the following lemma.

Lemma 2.2 Letay, ay, a3 be positive constants, and f(t) = aytd=nb — gyppnb a3t2*_”b
fort > 0. Then f has a unique critical point, corresponding to its maximum.

Assume that u is a critical point of J. Write u;, = fu(rPx) with b = 2/24+a)andt > 0.
Clearly, ¢(t) := J(u,) is positive for small # and tends to —oo as t — +o00. By Lemma
2.2, ¢ has a unique critical point which corresponds to its maximum. Since u is a critical
point of J, the maximum of ¢(¢) should be achieved at t = 1 and ¢'(1) = 0. Therefore,
define the manifold M as (2.1) Obviously, M # @. Indeed, for given any v # 0, Lemma 2.2
shows that there exists ¢ > 0 such that u} € M. Moreover, the curve I' = {u,} intersects the
manifold M and J|r attains its maximum along I" at the point u. If « is a mountain pass type
solution of problem (1.1), it is natural to look for the minima of J on M. In addition, For
any nontrivial critical point u of J, it is standard to prove the following Pohozaev identity

) ) .
Pu) = L/ \uldx + T Ly — ﬂ/ wPdx — == [ w¥dx=o.
2 R 4 p n 2 R

It is clear that I () = (J'(u), u) — bP(u) with b = 2/(2 + «). Therefore, M is called the
Nehari—Pohozaev manifold here. If u is a nontrivial solution of (1.1), then u € M.
Moreover, we have the following result.

Lemma 2.3 M is a C'-manifold and every critical point of J in M is a critical point of J.

Proof We proceed in four steps.

Step 1. We claim O ¢ 9 M.
For u € X1%\{0}, by the Gagliardo—Nirenberg’s inequality, there exists C > 0 such that

pn+a)—4n

) 2(4+a—n) 2n—pn-2)
/ lu|Pdx < C / |Vu|“dx (L(u)) 2@=n+a) |
n R”

Therefore, by Sobolev inequality, there holds

pn+a)—4n
+a—n

1 *
J(u>>5uwn2—cm|vm| L — C||Vul?
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for some C > 0. We see that there exist 7, p > 0 (p enough small), such that J () > r for
llul| = p. Thus, 0 ¢ IM.

Step 2. We claim inf g J > 0.
For any u € M, there holds

1 1 1 .
Ju) = 7f IVul?dx + ~L(u) — ﬁ/ lulPdx — — | |ul* dx
2 Jrn 4 P JRrR" R”

2*
1 p— * .
= P28 wpax 4 =L ax @b
pq—nb Jg 2*q —nb Jrr
> 0.

Step 3. We claim that M is a C'-manifold.

By the implicit function theorem, it only need I'(u) # O for any u € M. We prove it
by argument of contradiction. Namely, suppose that I’(u) = 0 for some u € M. Thus, in a
weak sense there holds

—nb 2* —nb X
— AuA (2 s Py = p 2+ T 2 2y, 2.2)
q —nb q —nb

Multiplying (2.2) by u and integrating, we have
—nb 2* —nb «
/ \Vul?dx + L(u) — 2" f u|Pdx — =" / w¥dx =0. (2.3)
R" q— nb R" q — nb
The Pohozaev identity corresponding to Eq. (2.2) is

—2 — b 2% — nb .
" / WVuldx + "% Ly — WP ﬁ/ ulPdx — = " / ul? dx = 0.
2 n 4 q—nbp n 2% q_nb n

2.4)

It follows from 7 (#) = O that

—nb 2 — nb .
ﬁ/ \VulPdx + SL@) — 22" / Py — —= " / u? dx = 0.
2 Jrn 4 pq—nb Jpn 2% g —nb Jpr

Therefore, by (2.3) that
2 o
|Vul“dx = —L(u).
R" 4
Multiplying (2.3) by % and applying /(1) = 0, we have

11 11 1 1\ 2*—nb .
S / \Vul?dx + (- — — L) = — — — " / lu)? dx.
2 p)Jr 4 p 2* p) q—nb Jgn

Applying the relation fRn |Vu|?dx = % L(u) to the above equation, we obtain
2 —2a —8 1 1\ 2" —nb *
pCro—2e-8, _(L_1 " / % dx.
8¢ 2 p) qg—nb Jg
Since (8 + 2a)/(2 + @) < p < 2*, we have

1 1
p2+a)—2¢—-8>0, ———<0.
2% p

Therefore, we reach a contradiction. Thus, M is a C'-manifold.
Step 4. We claim that every critical point of J on M is a critical point of J in X ¢
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Assume that u is a critical point of J on M, there exists a Lagrange multiplier A such that
J'(u) = AI'(u). It can be written, in a weak sense, as

—Au A+ (X7 % P — plu)” 2w — (> "
—nb 2% —nb o«
—a [—Au (2 s P — P g2 - 222 —Zu]
q—n q —nb
That is,
— 2% — %
—<1—x>Au+(1—x><|x|“*"*|u|2>u=u(1— 2 "bx> \u|P*2u+<1— ””A) 2.
q —nb q —nb
(2.5)
We see that A # 1, it remains now to prove that A = 0. Denote
B=M/ lu|Pdx, czf Jul?
R" RV!
We can establish the following equations
1T+ L( ) 1 p—nb 1 2% —nb _0
Z ) — —
2 pq—nb 2% q—nb ’
1 p—nb 1 2% —nb
T+ L - 11— A — 1-— A =0 2.
+L0 l—A( q —nb )B 1—A< q —nb )C ’ (2.6)
— — *_
n 2T+n+aL(u)fﬁ 1 <17p nb}\>87 1 (172 nb)ic 0.
2 pl—»a q —nb 1—2 q —nb 2%

where the second equation follows by multiplying (2.5) by u and integrating, and the third
equality is the Pohozaev identity corresponding to Eq. (2.5).
It follows from the first and the third equations in (2.6) that

1 1 p—nb 1 p—nb
~L(u) = - A)——
e [m—x)( q—nb) pq—nb]B

2.7
1 2% —nb 1 2* —nb
+|l 01— —F2 C
2(1 =) q —nb 2* —nb
Applying the the first and the second equations in (2.6), we have
—4- -2 — nb
T w=—" (128 1— B
4 2(1 — 1) q —nb 1—x q—nb
n—2 2% — nb — nb n
+ 1- 1— —C
2(1—=2) — nb —X — nb 2%
1 —2)p—2
_ (n—=2)p—2n b\g
1—A 2p q —nb
Consequently,
1 1 —2)p—2 —nb
L) = (n=2p=2n(, pP=nb\p (2.8)
1-=2n—-4—-a) 2p q —nb
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It follows from (2.7) and (2.8) that
1 2* —nb 1 2% —nb
1-— n A —— n C
2(1 —A) q —nb 2* g —nb
| p—nb 1 p —nbk
" Llplg—nb)  201-1) q —nb
1 —2)p—2 —nb
+ (n )P " 1-— p—n A)|B.
1-2MNn—-4—0a) 2p q —nb
That is,
1 2* —nb 12*—nb
Z 1_7n)» _77'1(1_)\)@
2 q —nb 2* g —nb
—nb 1 —nb
|25 (1 - 22 (2.9)
p(g —nb) 2 q —nb
1 —2)p — —
(n )p —2n |- P nb)\ B
n—4—a« 2p q —nb
Noting that
2*—nb _ n
g—nb  n-=2"
On one hand, we have
1 2% —nb 1 2* —nb 1 n 1 n 1
—(1- A)— — A=n==(1- A - — A=) =—— 2.
2( q —nb ) 2* g —nb 2( n—2) 2*n—2 n—2

On the other hand, there holds

—nb 1 —nb
LT - (1-222
p(q —nb) 2 q —nb
1 —2)p—2 -
. (n=2p—2n( p-nb
n—4—« 2p q —nb
_ p—nb 1 1 (n—2)p—12n
T plg-nb) 2 n—d—a 2p
p—nb p—nb 1 n—2)p—2np—nb )
p(q —nb) 2(q—nb) n—4—« 2p q —nb
Note that
8 + 2« 2n 244+ o —n)
q —nb= - = :
24+« 24+« 24«
By computing, there hold
p —nb 1 1 (n—2)p—2n_0
plg—nb) 2 n—4—«a 2p o
and
p—nb p—nb 1 (n—2)p—2np—nb p—nb8+2a—p2+a)
_p(qfnb) 2(q7nb)_n74fot 2p qg—nb  q—nb 2pn—4—a)
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128 Page 10 of 34 C.Leietal.

From the above information and (2.9), we obtain
p—nb8+2a—p(2+a))LB_ 1
g—nb 2pn—4—a) T on-=2

Sincen <4+« and (8 + 2a)/(2 + o) < p < 2%, we have

AC.

p—nb>0, g—nb=>0,

so that
p—nb8+20—pR2+a)
qg—nb 2pn—4—a)

Consequently, we conclude that

> 0.

2 =0.
Therefore, we obtain J' (1) = 0 forn > 3,i.e., u is a critical point of J. The proof is complete.
O

Lemma 2.4 Assumeq < p < 2* withn < 44«, and u is the ground state related to problem
(1.1). Then

J(u) = inf{J(v) : v e M}. (2.10)

Proof We proceed in two steps.
By Lemma 2.3, the minimizing problem (2.10) is well defined. Thus, we denote

d = inf{J(v) : v € M}.

Step 1. J(u) > d.
We only prove that /(1) = 0 for u € A. Since u is a ground state related to problem (1.1),
then

(J'(u), u) = 0 = Pu).
Consequently
2
T(w) = (J' (W), u) — —— =0.
) = {J'@),u) - 3 n 5 )
This implies that u € M. By the definition of d, we have
J(W) >d.

Step 2. J(u) < d foranyu € A.
For any v € M, if K (v) = 0, noting that u is the ground state solution, then we have

J) > J(u).

By the arbitrariness of v, we have d > J(u). We are done.
If K(v) # 0, setting v;, = Av(APx), where b = 2%{ From Lemma 2.1, we have

K (v) = A" (T (v) + L(v)) — M’*”bu/ lv|Pdx — AZ**"b/ lv| dx.
Rﬂ

n

Set
K (vy)

H(\) = VTR
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Since g < p < 2%, we see that
}igb H(,)=Tw)+ L) >0, AETOOH(U)‘) =—

This implies that there exists A9 > 0, such that

H(vy,) =0,
or equivalently,

K (vy,) = 0.
Moreover, it follows from K (vy,) = 0 that

J (i) = J ().

On the other hand, in view of Lemma 2.1,

—nb nb
97 (v;) = %,\q—”b“/ \Vul2dx + 4 A “nb=11 ()

R"
_M(P—nb))hpfan/ |u|pdx_2 _nb)LZ*fnbflf ul dx
p n n

2*
1
=1 .
3 (v3)
Now, we define
qg—nb._, . 2 qg—nb . .
F) =1(vy) = qu |Vul2dx + ——— 297" L(u)
R"
—nb 2% b« %
P =D s s [ pay — Z 2 [
p n 2% n

Assume that there exists A1 such that (A1) = 0. It follows v € M and f(A;) = O that

—nb - g—nb —nb —nb) , p—nb b ) 2%~ *
KT fyn IVoPdx + D50 L)) — BEEERTY o fulPdx — ZEATY o o dx =0,
“nb —nb —nb *_ *

q 2n f]R" WUlde + %L(v) _ M f]R" w|Pdx — 2 2*)1b f]R” ‘v‘z dx = 0.

Then

- b _ — b * — *
P22 (b =Y | oppde = =2 (030 —507) | o,
1 1 1
p R" 2 R"

Noting that

g <p<?2*
Once A1 > 1, we derive
P Y N (S L\ )
which is an absurd. If A < 1, then
PR Y N (R S L )

we reach a contradiction. Therefore, the equation f(A) = 0 admits a unique positive solution
A = 1. As aresult, we obtain

0,J(vy) >0, forall A € (0, 1),
d0,J(vy) <0, forall A € (1, 4+00).
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128 Page 12 of 34 C.Leietal.

We thus get that J (v;) < J(v) forany A > 0 and A # 1. In particular, we have
J(vny) < J ().
Thus,
JW) < J(vyy) < J()
for v € M. Taking the infimum over v, one has
J(w) <d.

From the above information, we establish the relation J(u) = d. The proof is complete. O
Denote
[ —2)1'F [n(n — 26?5

=—, U (x) = ———F—
(1+1x])

U (and U,) satisfies the limit equation

N

Ux) ,xeR" ¢>0.

[}

n—

(2 +1x1%) 2

n=2"
2

AU+UY'=0, U>0inR".

Choose 1 € Cg°(Bs(xo), [0, 11) where Bs(xo) C € such that (x) = I near x = xo and
u(x) >m > 0forx € Bs(xg). Denote u, = U,n.

Lemma 2.5 Assume (8 +2a)/(2+ a) < p <2* withn < 4+ «. Then

1 n
sup J(tug (t"x)) < —S2
t>0 n

for sufficient small ¢ > 0, where b = 2/(2 + ).
Proof From Lemma 1.1 in [8], we have
/ |Vue |*dx = / IVUdx + O(" %) = §5 + 0(s"72),
n Rn

f u¥ dx = / U¥dx + O(s") = S% + 0(s"),
R" R"

and
(n—2)t n
ce 2 1t < ——
n—2"
t _ 2 _
f uldx = { ce?|lnegl, 1= 2 (2.11)
" (n—2)t I’ln -
ce"" 2, <t < 2%
n—2

Since lim;_, o+ J(tug(tbx)) =0 and lim;— 400 J(tug(tbx)) — —o0 ast — 00, there exists
a T, > Osuch that sup, >0 J(tug(t°x)) = I(T.u(Tsx)). Moreover, we can obtain that there
exist t1, f > 0 (independent of &, 1), such that

1 < Ty <t < 4o0.
Notice that

L(u) < Clul*,

n+a
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for some C > 0 (which is implied by the Hardy-Littlewood—Sobolev inequality). Conse-
quently,

ta—nb t2*7nb N
sup J(tug(tbx)) < sup 3 Sz — Sz

t>0 >0 2%
tq—nb tp—nb
+2—L(u,) — a1 f uldx 4+ 0("?)
4 p e .
1 ., 47'1 Il"C(
< 757+0(8"72)+C</ uﬁ*“dx) —Cu/ uldx.
n n R
(2.12)
(i) When n = 3. It follows from (2.11) that
3+a
12 =5
</ uZ* dx) < Ce? + Cce'te,
R3
Ifg=8+2x)/2+a) < p < 6, then we have
<0, 2 <a <3,
8+2 _ 2= _ —
2 a=d o0 0=,
>0, O<a<?2.
This implies that
P
/ wldx =1 €F =P =3 2.13)
R3 Ce’™ 2, p>3.
Ifg < p <4,wehaveg/2 > 1 and 3 — ¢/2 > 1. Hence, it follows from (2.12) and (2.13)
that
3ta
b 1.3 =
sup J(tug(t°x)) = =S2 + 0(e) + C u; " dx —Cu uldx
(>0 3 R R3
1.3 2 30
< =874+ Ce—pu(Ce? +Ce7)
P
< =82
3

provided e enough small and p > .y (4 suitable large).
If4 < p < 6, we see that

b o3
sup J(tug(t"x)) < =82
10 3

provided ¢ enough small and © > 0.
(i1)) When 4 < n < 4 + «, on one hand, there holds

8 + 2« n _6n+na—l6—4ot
24a n-=-2  Q24+a)n-=2)

Then, it follows from (2.11) that

> 0.

(n=2)p

/ uldx = Ce"™ 2

@ Springer



128 Page 14 of 34 C.Leietal.

On the other hand, since n > 4 and @ < n, we have

4n n nBn — 8 —a) 0
— = > 0.
n+a n—2 n+a)yin—2)

Thus

nta

_An_ n _2(=2)  nta
( / u;“’dx) =C(" Thre ) = Ccettem,
n

Therefore, noting that

22n —4 —a) 8+ 2« 2(n — 4 — )

n—2  24a -2C+a)

’

which implies that

8+ 2« 22n —4 — )
> .
2+ o n—2

p >

Consequently,

_(=2)p

44a—n.
2<—|—ocn

In addition, since n > 4, we have
n 8+2a_16—6n—(n—4)a

n—2 24a  @m-=-2)2+a)

This implies that

8 + 2« n 4
> > .
24« n—2" n-—2

p >

As a result,

_ (m=2p

> <n-—2.

nta

4n N
sup J(tue (1°x)) < Sz +0@E"H4+C (/ ul™ dx) - cu/ uldx
120 4 R"

n=2)p

% _|__ 0(8”72) + C84+C¥7n _ Cﬂ8n7 W)

:\»—;\._.
(ST

S
< =S

for € enough small and i > 0. The proof is complete. O

Let us define F: X'¢ — R as

2
Fa) —/ |Vu|2dx+/ f Ll 'Tn(yi' dxdy.

lx —

Lemma 2.6 Let {u,,} C M be a minimizing sequence of J, and d < %S%. Then {u,,} is a
bounded (P S)q sequence for J. Moreover, there exist a subsequence of {un,}, still denoted
itself, a number k € N U {0} and a finite sequence

(vo,vl,...,vk)CXl’“,vi #0, fori >0
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of critical points problem (1.1) and k sequences {S,},}, ey {S,’f,} C R”", such that as m —
+00,

k

g — 00 = " v(- = &) = 0.

i=1
[€nl > +o00, 15}, —&nl = +oo, i # j,
k
J(@° J') =d =inf J. 2.14
(v)+§ () inf 2.14)

Proof Step 1. Let {u,,} C M be aminimizing sequence of J in M, thatis, J (u,,) — inf g J
as m — 0o. We claim that {u,,} is a (PS) sequence of J. In fact, by the Lemma 2.4, we can
obtain that {u,,} is also a (P S) sequence of J in A. By the Ekeland variational principle (see
Theorem 8.5 in [30]), there exists {}A,,} C R such that

J(uy) — iH J,
J (p) — A K () — 0as m — oo.
Then
0= (J (um), um) = A (K" W), um) + o(1).
Since (K'(uy), un) # 0, we find
lim X, =0.
m—00

Thus we obtain that {u,,} C M is (PS) sequence of J. Namely

J(um)—>ifr\1/lfj, J () — 0as m — oo. (2.15)

It follows from J'(u,,) — 0 and I (u,,) = O that
P(u,) — 0 asm — oo. (2.16)
By (2.1), there holds

1 p—gq
pq—nb

12— .
“/w |um|1’dx+2—*q_n‘2 /R " dx = inf J (m — 00).

which leads to
/ lum|Pdx < +00, / lum|* dx < +oo.
R'l R"
By I(u,,) = 0, that is,

—nb —nb —nb 2* —nb
e e M [, " ax =o.
R 4 P R7 R?

2 2%

we obtain that {u,,} is bounded in X'2.

Step 2. Since {u,,} is bounded in X '*, we can find a subsequence of u,, denoted by itself
such that i, —v° weakly in X% when m — oo. It follows from J'(u,,) — 0 (m — 00)
that
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0 2 O
/ VvOV<pdx+/ / LGl |(”y)f(y)dxdy
Rn n n

Ix —y
—u/ [0P~ 2vowlx—/ 1012 " 2%dx = 0
Rn

R”

for ¢ € Cg°(R™). Then v¥ is a critical point for J. Thereby,
(J'@0", 0% =0, and P°) =0.

Denote u,ln = Uy — v, then u,ln—\O in X when m — oo. By the Brézis—Lieb lemma
(cf. [2,7]), we have

/ |u}n|2*dx:f |um|2*dx—/ 10012 dx + o(1), (2.17)
n RV[ RH
/ |W,§1|2dx=/ |Vum|2dx—/ [V 2dx + o(1), (2.18)
Rn Rn Rll
/ |u,1n|pdx:/ |um|pdx—/ 1W01Pdx + o(1), (2.19)
Rll Rﬂ Rn
and
L)) = L(uy) — L@% +o(1) (2.20)

when m — oo. Hence, from the above information, we obtain

Twh) = J(um) = J°) + o(1) > infpg J — T (°), @21
J'(ul) =0, '
and
Pum)
-2 X
= / Vit Pl + #L(un» - u%/R | Pdx — ;/R | dx

= v d ey Pdx — — d
5 f Vi P+ “ = Ly,) — p/Rn 1P = 5 |l dx

+—/ Vo0 2dx + 22 L) — ﬁ/ |v°|f’dx—£/ [v01% dx + o(1)
4 p Jre 2* Jre

n_2 + n *
= /|Vu [dx + —— I L(uy,) — p ;/R"Iu,lnlpdx—z—*/wlurlnlzdx—i-o(l),

when m — o0. In view of (2.16), we have

1,_"n—-2 12 nta 0N pa. 12"
Pu,,) = > /]R" [V, |“dx + 7 L(uyy,) Mp_/ Iu |Pdx 7 Jn [y, |~ dx (2.22)
=o(1).

If
u,ln =0 in X" (m— 00),

we are done. Indeed, by the Coulomb—Sobolev inequality,

.
/ luy,|1Pdx — 0, / lul|*dx — 0, asm — oo.
R" R
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By (2.1), we have

J% = i/r\l/lfj >0, Fum] — F°] (n — 00).

Observe that in this case v° # 0 and v° € M.
If

u,ln -0 in X" (m - o).

Recall (2.15) and that v? is a solution, then when m — oo,
). tt) = Flin) = [ TP = [
R" R"
~ 0=/ - u/ [0 |Pdx —/ [0 dx.
Rll R"
Next, the argument is divided into two cases

Case 1. lim |u,,,|"dx:/ [0 Pdx;
R'l

li
m—00 R
Case?2. lim lum|Pdx # f [v0|Pdx.
m— 00 Rn Rn
In Case 1, when m — o0, it follows from (2.22) that

n—2
2

In addition, by (2.15) and (2.17)—(2.20), we see that as m — oo,

n+a n *
/R” \Vul 2dx + TL(u}n) -0 /R lul 1 dx = o(1). (2.23)

/ |Vu) 12dx +/ V0 2dx + L)) + L%
R" R"
—f ul ¥ dx — / 1001 ¥ dx — M/ 10 1Pdx = o(1).
n n Rn
The equality combined with (J "%, %) =0 gives that

/ \Vul Pdx + L)) —/ lul ¥ dx = o(1) (m — o). (2.24)
R" R

It follows from (2.23) and (2.24) that

4 —
#L(u}n) = o(1) (m — o0).
Consequently
L(ul) =o(1) (m — o).
Namely
/ |Vu) 12dx —/ lu) 12 dx = o(1). (2.25)
Rﬂ Rl’l
Set
lim |Vu,£1|2dx =1
m— 00 Rn
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Then [ = 0. Otherwise, if / > 0. By using (2.25) and Sobolev inequality, we obtain
[>S 3.
Hence, we obtain

1 5 1 m ) 1 5
Tam) =5 | 1VunPdx g L) = | unPdx = o5 | dx 4 o(h

1 1,2 1 02 1 1 1 0 [ 1
= E/Rn [Vu,,| dx+§/Rn |Vv©| dx—i—ZL(um)—i—ZL(v )_; . |u,, |Pdx

H 0 1 02* 1 2%
_;/]R"lv |1’dx—?/w|v| dx—z—* Rnluml dx + o(1)

1 1 .
=5 /R |Vul |2dx — 5 /R lul 1> dx + J (%) + o(1)
11

_(Z_ = 12 0
_<2 2*)/];%” [Vu,,|°dx + J(v°) + o(1)

1 0
:;l—l—](v )+ o(1)

> LTG0 + o)
when m — oo. Thus we have
%S% + T < J(um) — d < %S%.
This implies that
J(%) <o0.
Consequently
W0 £ 0.

Since v

is a solution of (1.1), thus
(J'@%,v") =0, and P% = 0.
This combining v° # 0 imply
e M.
Therefore,

JY > infJ =d > 0.
M

We reach a contradiction. Therefore,

As a result,
/ |Vul [Pdx — 0, / lul 1Fdx — 0
Rf’l R’l
as m — oo. Thus we obtain J (v®) = inf »q J > 0, which implies that v0 £ 0. Thus, by the

strong maximum principle, v is a positive ground state solution of (1.1), and Theorem 1.1
is proved.
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In Case 2, since X1+® <> Llpoc (R™) is compact, there exist §; > 0, {5,,11} c R” such that
/ lup, (x + E)|Pdx > 81 > 0. (2.26)
By

This and (2.26) lead to |£) | = +00 (m — 00).

m

Step 3. Define v,ll = u,ln -+ S,L). Obviously, it is a bounded (PS) sequence at level
inf,ens J — J (%) (recall (2.21)). Up to a subsequence, we may assume that

ul =o' in XM (m — o0),

and v! is a solution of (1.1). By (2.26) we also have that v! # 0, and vl e M.
Define

2. 1 1 1
Uy, =u, —v (-—§,).

Then
ufn—\O in X" (m = o00).
Arguing as in Step 2 and taking into account (2.21), we obtain that when m — oo,
Flull = Fluy,] — Flo'l+ o(1) = Flum] — Fv°] — Flv'] + o(1),
T () = J () = J @) = J () = J @) = J (") +o(D),
J (uz) = 0,
P(u%n) — 0.

2.27)

If u2, — 0 (m — oo) in X% we are done. In fact, when m — oo, u}, — v'(- —&})
in X% Asin Step 2, we can obtain that v! is a nontrivial solution of (1.1) with J(v!) =
infyepm J > 0.

If u, /4 0 (m — oo) in X, Similarly, if u2, — 0 (m — 00) in LP(R"), we are done
and J(v") = inf,epq J > O. If u,zn -+ 0 (m — o0) in L?(R"), we may assume the existence
of {£2} C R" such that

/ 2, (x +£2)|Pdx > 8, for some &, > 0.
By

Since
ufn—\O, and uﬁl(- —I—E,,lq)—\Oin X (m — 00),
we deduce that when m — o0,
651 = +00, &7 — £, > +o0.
Therefore, up to a subsequence, we may assume that
Uy, (- + &)= () in XM (m — 00),
and v? is a nontrivial solution of (1.1). We now define
u,3n = u,zn — (- — é,%l).

Iterating the above procedure we construct sequences {1}, } j and &) j»1in the following way
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wh =y — 07— &),
. j_l .
Fli] = Flun] = Y Flv'1+o(1) (m — o0),
i=0
A il
T @) = J () = Y J@) +o(1) (m — o0),
i=0
J'(w) =0, fori>0.

Noting that Flu,,] is bounded and
1Jf[v"] > 1/ Vol 2dx + lL(uf) > inf J
2 72 e 4 M

which implies that the iteration must stop by at most finite steps. Namely, there exists some
positive integer k, such that u¥, — 0 (m — o0) in X!:*. The proof is finished. o

Proof of Theorem 1.1 We apply Lemma 2.6 to obtain

k
;J(v ) =i/1\14f1. (2.28)

Since v/ (i = 1, ..., k) is a solution of Eq. (1.1), we have J'(v') = 0 and P(v') = 0 for
i =0,1,...,k. This implies that vi € M, and thus J(vi) >infpg J fori = 1,... k.
Applying (2.28) and noting that Step 2 in Lemma 2.3, there are two possibilities: either
v0 £ 0and k = 0, or v° = 0 and k = 1. In the first case, u,, (- + 5,111) — v0() (m > o00)
in X' (by (2.14)) and v? € A is a solution of Eq. (1.1) (by Step 4 in Lemma 2.3) with
J° = inf oq J (by (2.28)), and so wWeGisa positive ground state solution of (1.1). In the
latter, u,, (- + énll) > v in X" asm — oo (by (2.14)) and vleGisa positive ground
state solution of Eq. (1.1) with J(") =inf g J (by (2.28)). The proof is ended. ]

3 Proof of Theorem 1.2

Lemma 3.1 The functional J is unbounded from below.

__2
24’

1o

Proof Forn > 4 +a,letu € Xy, and u, = t’lu(tgx), b=

scaling we have

t > 0. By the standard

/ |w,|2dx=fq—"5/ \VulPdx, Lu)=1"9"PL(),
R’l Rn

/|u,|pdx:t_p_"bf lulPdx, f|ut|2*dx:t_2*_”b/ lu* dx.
Rﬂ RVI RVI n

Hence,

1 1 14 1 *
Juy) = E_/Rn |Vut|2dx+ ZL(ut) — ;/R" lug|Pdx — 2—*/1.@ |”t\2 dx

—q—nb t—q—nb (—P—Nb t72*7ng
- / IVul2dx + L(u) — “7/ u|Pdx — / > dx.
2 R" 4 P R 2% R"

and

Since 2* < ¢ whenn > 4 + «, we see that J (u;) — —o0 as t — +o00. m]
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Similar to Lemma 2.2, since —q — nb < —p - nb < —2* — ng, we have the following
lemma.

Lemma3.2 Let

~T1 1 t—p—ni; t—2*—n5 .
o) =19 |~ [ | VulPdx + L) | = B | juppdx — [u)® dx
2 R” 4 p R 2* n

foru € M and t > 0. Then ¢ has a unique positive critical point, corresponding to its
maximum.

It is clear that 7 (u) = —(J'(u), u) — bP(u) with b = 2/(2 + a).

Firstly, similar to the proofs of Lemmas 2.3 and 2.4, the conclusions of Lemmas 2.3 and
2.4 hold true when 2* < p < (8 +2w)/(2 + &) withn > 4 4 «.

Secondly, compared with Theorem 1.1, we do not need to estimate the functional threshold
for the case n > 4+«. We just need the (P S) sequence to be strongly convergent in legc (R™).
Indeed, since 2* < p < (8 + 2«)/(2 + @) with n > 4 + «, the the embedding

Xiad = Lie(®")

is compact, we obtain the following result.

Lemma3.3 Let {u,} C M be a minimizing sequence of J. Then {uy,} is a bounded (P S)
sequence for J. Moreover, there exist a subsequence of {u,,}, still denoted itself, a number
k € N U {0} and a finite sequence

(vo,vl,...,vk) C Xrla’g,vi £0, fori>0

of critical points problem (1.1) and k sequences {S,b}, ey {S,]f,} C R”", such that as m —
+00,

k

lim —0° =D v =IO,

i=I
€| — +o0, & — &l — +o0, i # .
k
T+ J) =inf J.
i=1 M

Proof We divide the proof into three steps. Step 1. Let {u,,} C Mbea minimizing sequence
of J in /\7{, that is, J (u,) — inf 37 J as m — oo. We claim that {u,,} is a (P S) sequence of
J. In fact, by the Lemma 2.4, we can obtain that {u,,} is also a (P S) sequence of J in A. By
the Ekeland variational principle, there exists {A,;} C R such that

J(upy) — inf J,
M
J () — A K () — 0as m — 0.
Then
0= (J’(um), Up) = Am(K/(”m), upm) +o(l).
Since (K'(up), uy) # 0, we find
lim X, =0.

m— 00
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Thus we obtain that {u,,} C Miis (PS) sequence of J. Namely

J@py) — inf J, J'(up) = 0asm — oo.
M

It follows from J' (i) — 0 and 1 (u,,) = O that
P(uy,) — 0 asm — oo.

Since {u,,} C JT4, we have

1 g— 1 g—2* .
7617{/ |um|de+7q7~/ |2 dx — inf J (m — 00),
p_q_nb n 2% nb n M

leading to

N
f lm|Pdx < 400, / lum|* dx < +o0.
Rn R"

By 1 (u;y) = 0, that is,

—p—nb
wEp=nb) [ gy

—g —nb —g —nb
q—f Vit P + —L="2 L) —
R" 4 R

2

—2* —nb :
R"

g —nb
&/‘ |Vum|2dx+
2 R

Then

g—nb
%L(um) < C < +00.

This implies that {u,,} is bounded in Xrad

0

Step 2. Smce {u,} is bounded in x! up to a subsequence, we may assume that u,, —v

rad ’
weakly in X ad < when m — oo. It follows from J'(u,,) — 0 (m — oo) that

0 2,0
/ VvOV<pdx+/ / " (x)|v (y)fﬂ(y)dxdy
RYI n n

|x — y=

M/ [v0|P~2 O(pdx—/ 10017 20%dx =0
RN R"

for ¢ € C§°(R"). Then v¥ is a critical point for J. Thereby,
J WM, =0, and P°) =0.

Denote u,]n = Uy 0 then u —01in X ad ¢ when m — oco. By the Brezis-Lieb lemma,

we have
/ |u}n|2*dx=/ |um|2*dx—/ 10012 dx + o(1),
n Rn Rll

/ |Vu,1n|2dx:/ |Vum|2dx—/ Vv 2dx + o(1),
R}I Rﬂ R”I
and

L)) = L(uy) — L@% +o(1)
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when m — o0o. Hence, from the above information, we obtain
{J(u,ln) = J(p) — J(0°) + o(1) — inf iy J — J(°),
J’(u,]n) — 0.
If
ul =0 in Xrla’g (m — 00),

then Theorem 1.2 is proved. Indeed, by the Coulomb—Sobolev inequality,
/ ul1Pdx — 0, / b dx — 0, asm — oc.
R" R"
By (2.1), we have
J%) =inf J > 0, Flu,] — F°] (m — o0).
M

Observe that in this case v° % 0 and v° € M.
If

1o

ul 0 in X.q (m— 00).

Next, the argument is divided into two cases

. * *
Case 1. lim Iuml2 dx = / |v0|2 dx;
m n

— 00 R

Case 2. lim |um|2*dX7$/ 1w dx.
Rn

m—00 R"
In Case 1, since the the embedding
XL s LP[RY

is compact for 2* < p < g. Therefore,

lim lul|Pdx = 0.
m—00 R"

It follows from (J'(u,,), u;,) = o(1) that

/ |Vu,1n|2dx+/ Voo 2dx + L(ul) + L)
Rn RM

—/ [00% dx —M/ [WO1Pdx = o(1).
n R}’l

The equality combined with (J’ @9, 9 =0 gives that
/ |Vul Pdx + L@ul) = o(1) (m — o0).
R"

Consequently,
Uy —> W0 in Xrla'g (m — 00).

This implies that

J%) =inf J,
M
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and
e M.
Thus, v° is a positive ground state solution of (1.1), and Theorem 1.2 is proved.

In Case 2, since Xrla’g’ < legc (R™) is compact, there exist §; > 0, {E,ll} C R”" such that

/ lul (x +£1)Pdx > 8 > 0. (3.1)
B

This leads to |£) | — 400 (m — 00).
Step 3. Define v,ln = u,l,, -+ E,}l). Obviously, it is a bounded (PS) sequence at level
inf, .o J—J (v°). Up to a subsequence, we may assume that

1 1 . 1,
u,—v in X 5 (m— 00),

and v! is a solution of (1.1). By (3.1) we also have that v! £0,and v! € M.
Define

2 ._ 1 1 1
Uy i=Uy — v (- —§,).

Then
w2 =0 in X" (m — o).
Arguing as in Step 2, there holds that when m — oo,
Fluy] = Fuy,] = FLo' 1+ 0(1) = Flup] = FL°] = Flv'] +o(1),

Jug) = Juhy) = J@H = J ) — J@) = J@") + o(D),
J'(u%) — 0.
If u,zn — 0 (m — o0) in Xrla’g we are done. In fact, when m — oo, u,ln - vl = 5,,11)
in X1%. Asin Step 2, we can obtain that vlisa ground state solution of (1.1) with Jh =
inf, vy J > 0.

It u, /> 0 (m — oo) in X%, Similarly, if u, — 0 (m — oo) in L*"(R"), we are
done and J(v') = inf, 5y J > 0. Ifu2, -+ 0 (m — o) in LZ (R"), we may assume the
existence of {S,,%} C R” such that

/ |ufn(x + E,i)lz*dx > &y for some & > 0.
By

Since
2 2 1 oy la
u,—0, and u;, (-+§,)—0in X & (m — 00),
we deduce that when m — oo,
2 2 1
&1 = +o0, [, — &, > +o0.

Therefore, up to a subsequence, we may assume that

2 2 2 vl

iy, (- + &) =0 () in X (m — 00),

and v? is a nontrivial solution of (1.1). We now define

3. 2 2 2
Uy, = U, — V(- —§,).
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Iterating the above procedure we construct sequences {u{;l }j and {S,{; } j, in the following way
=l — v — &),
A i1
Flug] = Fluw] =Y Fv'l+o(1) (m — o0),
i=0
. il
JWh) = T ) =Y J@) +o(1) (m — o0),
i=0

J @) =0, fori >0.
Noting that Flu,,] is bounded and

1.1 . 1.
—Flv'] > f/ Vo |?dx + ~L(v") > inf J,
2 2 Jrn 4 M

which implies that the iteration must stop by at most finite steps. Namely, there exists some

positive integer k, such that u’,‘n — 0 (m — o00) in X 3;3- The proof is finished. O

Proof of Theorem 1.2 By Lemma 3.3,

k .
> I =infJ.
— M
i=0

Similar to the proof of Theorem 1.1, we obtain that v° or v! is the positive ground state
solution of (1.1). The proof is now complete. O

4 Proof of Theorem 1.3

Similar to Lemma 2.4, we have the following relation.

Lemmad4.1 Let2+8/(n+«a) < p < 2n/(n —2) when 4 + « > n, and u be the ground
state related to problem (1.1). Then

J(u) = inf{J(v) : v e M}. 4.1)
Proof We proceed in three steps.

Step 1. We claim that the minimizing problem (4.1) is well defined. Indeed, let v € M, it
follows that

J() =J(@) - $0W)

1 1 —4
=-L()+— (M _ 1) ,u/ [u|Pdx
4 P R"

24 —n+ )
1 —8—2a—2 1 «
:7L(u)+l’(n+a) o nM/‘ |u|”dx+f/ Wl dx
4 2p4—n+a) R" n Jr
> 0.

Thus, we denote

d :=inf{J(v) : v e M}.
Step 2. J(u) > dforu e A.
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We shall prove that u € A = u € M. Since u is a ground state related to problem (1.1),
we have

/|Vu|2dx+L(u)—u/ |u|1’dx—/ [ul* dx =0,
R" RV! R’l

— 2 *
" f uldx + "% L) — EM/ u|Pdx — i/ 2 dx =0,
2 n 4 p R” 2* Rn

such that

—4— —4— * 4n —
U/. |Vul>dx U/. Ju|? dx_{_wu [ulPdx.
4 n 4 n 4p R

Consequently

_4 *
/ |Vuldx = MM/ |u|de+/ u|? dx.
n p(4+0[ —I’l) R R"

This implies that Q(u) = 0, namely u € M, and so
Ju)>d

Step 3. J(u) <d foranyu € A.
For any v € M, if K (v) = 0, noting that u is the ground state solution, then we have

J() = J(u).

By the arbitrariness of v, we have d > J(u). We are done.

n+a 4
If K(v) # 0, setting v), = AFFasT v(A#e=n x). An easy computation yields that

2n+2a 8 1
/ IV 2dx :WJM/ \VulPA7ne - ——dx = AZ/ \Vudx,
R” " )\'4 n+a "

2 2
L(ux)—m”ﬁ”/ / W), qeme dxdy = L(u).

8
|x_)’|n Ol A4 Vl”-%—u

Thus
2 p(n+a)—4n 2% (n4a)—4n o
Kwy) =A°T(w)+ L(v) — A Fnta [v|Pdx — A~ 4=n+a v dx,
Rll n

We see that

lim K(v;) =L(w) >0, lim K(vy)=—

A—0 A——+00
This implies that there exists 19 > 0, such that

K(UAO) =0.
Moreover, it follows from K (vy,) = 0 that
T (i) = J ().

On the other hand, by some basic calculations, we have

—4n phte)—4n
B J () = AT() — MA Tra—n 1#«/ [v|Pdx
Rﬂ

péd+a —*n)
2*(n +a) — nkﬂrﬁx#_l |v|2*dx
2*(4+a —n) R" ”
4 p(n+a)—4n 2% (n+a)—4n _
ZA.T(‘U)— M}\. 4+a—n IM |v|pdx_ 4+a—n 1 |v|2*dx
p@+a—n R R
= — U)p)-
X Q(vy)
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Now, we define

~ —4 pn+a)—4n 2*(n+a)—4n
FO) = 0(wy) = A2T(v) — MA Tra—n M/ [v|Pdx — A~ dFa—n / |v|2*dx‘
p@&+oa—n) R" A

Assume that there exists A such that f (A1) = 0. It follows v € M and ]7 (A1) = 0 that

p(nta)—4n 2% (nta)—4n

+a)—4 a—n “dfa-n *
JAT (v) — BUe=tny STy Lo olPdx — A T [ 02 dx =0,
+a)—4 *
T @) = B fon I01Pdx + [ 10 dx.

Then

+ _ 4 p(nta)—dn 2% (n4-a)—4n .
% (x% — 2, T )M/R o|Pdx = (xl e —A%) f o] dx.

Noting that

pn+o)—4n 2_p(n+oz)—8—2a—2n

>V,
44+a—n 44+a—n
and
2% —4
Yta)=dn 5 o 5o,
44a—n
If A; > 1, then
pnta)—dn 2% (n+a)—4n
}\% _ }‘11 d+a—n < 0, )"1 4+a—n _ )\% - 0’

which is a contradiction. If A; < 1, then

pnta)—dn 2% (n+a)—4n
}L% _ }‘1 44a—n > 0, )"1 4+a—n _ )\‘% < 0’

we reach a contradiction. Therefore, the equation )7 (1) = 0 has a unique positive solution
A = 1. As aresult, we obtain

0,J(vy) >0, forall A € (0, 1),
0,J (vy) <0, forall A € (1, +00).

We thus get that J (v;) < J(v) for any A > 0 and A # 1. In particular, we have
J(vy,) < J(v).
Thus,
JW) < J(vpy) < J()
for v € M. Taking the infimum over v, one has
Jw) <d.
From the above information, we establish the relation J (1) = d. The proof is complete. O

Lemma4.2 Every critical point of J in M is a critical point of J in X%,
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Proof Assume that u is a critical point of J in M, there exists a Lagrange multiplier A such
that J'(u) = AQ’(u). It can be written, in a weak sense, as
pn+a)—4n

_ *_
y P wlul P20 — 2% uF ~2u).

—Au+ (1 s )Py — P2 — (a2 = A(—20u —
That is,

pn+a)—4

— (=20 Au + (x*"  uP)u = (1 — 2 Ty lulP 20+ (1 = 20l "2u. (4.2)
44a—n

It remains now to prove that A = 0. Denote

A:=M/ lu|Pdx, B:=f lu|* dx.
Rl‘l RH

By (4.2), we can establish the following equations we can establish the following equations

_ pta)—4
T =ttty g

(1= 22)T ) + L) = (1 — 224D A 4 (1 — 2*1)B, (4.3)
121 = 20T @) + L) = (1 - ALGEOZA A | B (1 —2%)B,

where the second equation follows by multiplying (4.2) by u and integrating, and the third
equality is the Pohozaev identity corresponding to Eq. (4.2).
From (4.3), we can obtain

L(u) = [1 — pR0Fe)=dn _ plda)—dn 1 533IA 4 (2 — 2%)AB,

44a—n p(4+a—n)
L () = [2(1 — ARG 152 (1 — 2) BOEZMA 4 1522 — 2%)AB,
From the above relations, we have
4+a—-n _,
(Lu,p,ar + Hy p o)A — f(Z —2)AB =0, 4.4)
where
L . pn(n—i—ot)—4n2 pn+a)in—2)—4n(n —2)
BPETT p(d 4o —n) p@+a —n)
p(n+a)2—4n(n—|—oz) 2p(n+a)2—8n(n+a)
4(4 +a —n) 4pd+a—n) ’
H _ (m+o)lp@—-2n)+4n] n (n—=2)[pr+a)—4n]

P 4p(4+a —n) p 2pd+a—n)

By computing,
H _pnt+a)d—2n)+4n(n+a) —4nd+a —n)+2pn—2)(n +a) —8n(n —2)
P 4p(d+a —n)
=0.
L _ 4pn(n + o) — 16n2 — 4p(n +a)(n —2) + lon(n —2) — p2(n + oz)2
P 4p4+a—n)
dnp(n +a) +2p(n +a)2 —8n(n + )
+
4pd+a—n)

_2p(n+a)? — pP(n+0)* 4+ 8np(n + @) —4p(n+a)(n —2) — 8n(4 +n + )

- 4p44+a —n)

_ p(n+ot)(6n+2a+87p(n+o£)78n(4+n+a)

N 4p@d~+oa—n)

L x>+ 6n+20+8)x —8n(4+n+a)

- dp(d+a —n) ’

@ Springer



Groundstates of the Schrodinger—Poisson-Slater equation... Page 29 of 34

128

where x = p(n + «). Consider that the equation
OO =—=x"+6n+20+8)x —8n(4+n+a).
We claim that f(x) < O when x > 8 + 2« + 2n with n < 4 + «. Indeed,
A= (6n+20+8)%—32nM@+n+a)=4n—a—4)>

Consequently, it follows from f(x) = 0 that

= (6n 420+ 8) +2/(n —a —4)?
= ) .

X
Observing that for n < 4 + o, we have
x=pn+ao)=8+2a+2n, or x =pn+a)=4n.

Noting that

+ <p< :
n+ao P n—2

we see that

fOO <0

8
n+o

4+a—n
2

for x > 8 + 2« 4+ 2n, namely p > 2 + . Consequently, it follows from (4.4) that

[Ln, A — Q* — 2)13] <0

for2 + % <p< nZTnz Thus, again from (4.4), we obtain

r=0.
Thereby
J'(u) =0.
The proof is thus complete.

Lemma4.3 Assume that2+8/(n+a) < p <2* withn < 4+ «, then

nto 4 1 n
sup J (t4+afn ug(t4+afnx)> < —-82.
r>0 n

Proof Case 1:2+8/(n +a) < p < 2* withn < 4 + «. Since

. _nta 4
lim ](l AFa—n us(l‘ AFa—n x)) =0
t—0F

and

. _nta _4
lim J(t#enyy(t+a—nx)) — —00
t—400

ast — 00, there exists a T, > 0 such that

n+o 4
sup J(tug(t"x)) = J(TH " ug (T, x)).
t>0
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Moreover, we can obtain that there exist 71, 7> > 0 (independent of &, 1), such that
11 <T. <t < +oo.

Case2:n=3and2+8/(3+«a) < p < 6. We find

8 5—
24> 3=2"%_.
3+« 34«
2
o t 1 6G+a)—12
sup J(t e u, (1T x)) < sup <—/ Vi, Pdx — —1 T /ugdx)
>0 (>0\2 Ja 6 Q
34a
1 12 =5
+7(/‘ u,;”"’dx) —CM/ uldx
4 R3 R3
12 3 1% 3 2 I+« 3-L2
< sup | =52 ——=82)+Ce+Ce"+Ce —Cue’™ 2
r>0 2 6
1 :
< gs% +Ce—Cusit

If 0 < o < 1, we see that

Consequently,

and so

3+ 4 I}
sup J(t Heug(tTHex)) < =82
£>0 3

for & enough small. If 1 < o < 3. Let p be suitable large, we also get
3+a 4 1 3

sup J(t Feug(tT+ex)) < =S2.

t >0 3

Case 3:2+4+8/(n +a) < p < 2* with4 < n < 4 + «. Noting that

s 8 _n =n2—16+4n+a(n—4)>0’
n+a n—2 n+a)in—2)
P -y <n-"2 2+ ) -2
_ —n=2)<n——"=% —(n—
" 2 P " " 2 n+a
n—4)—(n )n+a
<0,
and
2y 8 84+20 22n—-4-—0a)
> > > .
p n+ao 24+« n—2
Consequently,
-2
n—u<4+a—n.

2
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So
n+a 4
sup ](t A+a—n ug([ 4+o¢—nx))
t >0
2% 2% (n+a)—4n * 1 4n %
< sup / |Vue|? dx——t #Fa-n /ue dx |+ - / ult dx
120 Q 4 \Jr»
—Cp [y ufdx
* (n=2)
< sup ( / [Vue|*dx — — / ug dx) + CetteT —cpe"m 2 ‘
t >
< lS% + Ce" 2 4 Cettan _ Cue"™ ”("2 2
n
I »
< =82
n
provided ¢ enough small. The proof is complete. O

Proof of Theorem 1.3 We proceed in three steps.
Step 1. (1.7) has nonzero solutions. Since M # ¥, J has a minimizing sequence {u,} by
Lemma 4.1. In particular, Q (u,,) = 0 and J (u;,) — d. Furthermore, note that

~ 1 pn+a)—8—2a—2n 1 *
1 2
d <« J(up) — 50@m) = 741,(um) + e /n [um|Pdx . /}1 |lum|” dx

which implies that
1 1 .
—L(unm) + |t |Pdx + — lum|” dx < C < +00,
4 R n Jrr

for some C > 0. Since

n+o)—4n X
T (um) = uu/ |t |7 dx +/ lum|? dx < +o0,
pA+a—n) " Jpr R
we can obtain that {u,,} is bounded in X"¢. Similar to Lemma 2.6, we know that {u,,} is
also a (PS) sequence of J in A.
From J'(u,,) — 0 as m — oo. Similarly to Lemma 2.6, there exist k € N U {0} and a

finite sequence

(v, V1, ..., 0) C X % v; 20, fori >0

of solutions of problem (1.1) and k sequences {S,il}, ey {S,’fl} C R", suchthatas m — +o0,
k .
wm —vo— Y _viC—&)| =0

i=1 Xl.a

60| = +00, 16, —&nl = +00, i # j; 4.5)

k

Y J()=d (by Lemma4.1). (4.6)

i=0

Since v; (i =0, 1, ..., k) is a solution of Eq. (1.1), we have J'(v;) =0fori =0,1,..., k.
This implies that v; € A, and thus by Lemma 4.1, we have

J)>d> inf J(u) > 0 fori =0,1,....k.
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Applying (4.6), there are two possibilities: either vg # Oand k = 0,0orvg =0and k = 1. In
the first case, iy (- + f;fm) — vg(-) in X1 (by (4.5)) and vy is a solution of Eq. (1.7) with
J(vg) = d (by (4.6)). In the latter, u,, (- +$ ) — vi(+) in X' asm — oo (by (4.5)) and v
is a solution of Eq. (1.7) with J(vy) = d (by (4.6)). Hence we prove Step 1.

Step 2. Every solution of (1.7) satisfies Eq. (1.1). Consider any solution u of (1.7). For

_2_
o> 0,letu(x) =072u,(ox), we have

1
/ |Vul*dx = W/ |Vue |2dx,
Rn —_— RV!

o P2

I
/n JulPdx = W/ el
B Jre

o

and

Thus

p(n—=2)—2n

Qi) =" 77 Qu) =0,

and so u, € M. Since u = u; satisfies (1.7), we deduce that f(o0) = J(u,) satisfies
f/(1) = 0. By using the property u, € M, we have

f/(l) - (J/(u)7 u)(xlu)fl,xl,a,

where J' is the gradient of the C! functional J, i.e.,

2
Jw) = =Au+ (/ Lﬂ_dy) u— plulP2u = u)* "u.
R

| =yt

Notice that
—4
Q/(u) = —2Au — I](::L.l)—knﬂlulp—zu _ 2*|u|*_2u.
—n+a
It follows from u € M that
<Q/(L£), u)(xl,a)—qul,a 4
=2~ P)/ [Vu|?dx — (2 — p)/ lul* dx
R” RVI

< 0.
Finally, since u solves (1.7), there exists a Lagrange multiplier A such that
J'(u) =10 (u).
Thus,
0= (J'(u), u) (x10)-1 x1a = A{Q" (), u) (x10y-1 x1a0-

Noting that (Q'(u), u)x1.0)-1 y1a < 0, we obtain A = 0. Consequently, J'(u) = 0, which
means that u solves Eq. (1.1).
Step 3. Conclusion. Consider

[ =min{J (@) : u € Al. A4.7)
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Let u € G be such that J(u) = [. From Step 2 in Lemma 4.1, we have u € M. So J (u) > d.
In particular

I=Jw) >d. (4.8)

Consider now a solution v of (1.7). Since J (v) = dandv € A (by Step 2), it follows from
(4.7) thatd > I. Combining with (4.8), we obtain d = /. The equivalence of the two problems
follows easily. This completes the proof. O

Proof of Theorem 1.4 Similar to the Step 1 in the proof of Theorem 1.3, we can prove that
{u,} is bounded in Xr]a’g. Since the embedding

X5 e LD (R

rad loc

is compact, we are able to overcome the lack of compactness by the method of Lemma 3.3.
Thus, the same result as in Theorem 1.3 can be obtained.
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