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1. Introduction

In this paper, we consider the existence and concentration of solutions to the quasi-
linear elliptic problems with potentials
e2A%u — eAju + V(x)‘—zl = K(z)f(u) in RV, (11)
u € BL(RY), '

where N > 3, € > 0 is a positive parameter, V, K, f satisfy some proper conditions and
BL(RY) is a space of functions of bounded variation, which will be defined in Section 2.
The 1-Laplacian operator is formally defined as

. Du
Alu = le(m),
and the 1-biharmonic operator is given by
Au
A2y = A(—).
11U ( |AU| )

In the last years, the interest in elliptic problems involving the 1-Laplacian operator
has increased a lot. The 1-Laplacian operator comes out from an optimal design problem
in the theory of torsion and from the level set formulation of the Inverse Mean Curvature
Flow, and also appears in the variational approach to image denoising restoration. On the
other hand, from a purely mathematical point of view, there are a lot of papers on this
highly singular operator. For example, in [2], F. Andreu, C. Ballesteler, V. Caselles and
J.M. Mazén made a pioneering study of problems involving this operator, and produced
the monograph [3]; in [1,8,11,12], the authors analyzed related questions based on the
energy functional of the space BV, and in [17-20], the authors used a method based on
approximation through p-Laplacian problems. The 1-Laplacian operator can be seen as
the p-Laplacian ones, as the parameter p — 17. As pointed out in [10], this fact has
great mathematical significance because diffusion processes involving this operator do
not have diffusion on different levels.

One can consider its higher-order counterparts, including problems involving the 1-
Ay

[Au]
ones, as the parameter p goes to 17. The difference is that few articles discuss the problem
of designing this operator. Indeed, in [21], E. Parini, B. Ruf and C. Tarsi first studied
the problem of such operator and dealt with the related eigenvalue problem; they proved

that

biharmonic operator A2u = A( ), which can be seen as the limit of the p-biharmonic
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A
mn fQ I u|
weBLo(Q\{0} [lullx

A () =
is attained by a non-negative and superharmonic function v that belongs to the space
BLo(Q) = {u € Wy (); Au € M()}

where M() is the space of the Radon measures defined on Q. In fact, their result is
more complete, as it also provides information about the shape of the domain Q that
maximizes Aq1(€2). In [23], the same authors also dealt with the 1-biharmonic operator;
they studied the following minimization problem

A
. Jo | UI'
uec=(@\{0} |lullx

Ail(ﬂ) =

Similarly, in [23] the authors also studied the shape of the subset that maximizes the
quantity Af 1(€2). In [22], these authors studied some optimal constants of Sobolev em-
beddings in some spaces of functions related to 1-biharmonic operator. In [6], S. Barile
and M.T. Pimenta studied some existence results of bounded variation solutions to the
following quasilinear fourth-order problem

— Au _
U—M—O on 0F),

{ A2y = f(x,u) in Q,
where f is superlinear and subcritical at infinity which satisfies the Ambrosetti-
Rabinowitz condition and a monotonicity one or f is sublinear. In [13], E.J. Hurtado,
M.T. Pimenta and O.H. Miyagaki proved some compactness results of BL,.q(RY), the
space BL(RY) of radially symmetric functions and the existence of the ground state
solution for the quasilinear elliptic problem

Atu—Aju+t ph = f(u)  inRY,
u € BL(RM).

Moreover, Alves and Pimenta [1], Che [9], Liu and Guo [15] considered existence and
concentration of solutions for quasilinear elliptic problems with potentials; see also the
references there. The above applications make one consider if these relevant results can
be generalized to problems involving the 1-biharmonic operator.

Motivated by the aforementioned works, we will deal with some generalizations of the
above results to problem (1.1) under the following assumptions:

(f1) [ is continuous in R;
(f2) limys 0 f(s) = 0;
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(f3) There exist constants c1,ca > 0 and p € (1,1*) such that
1f(8)| < e1 +eals|Ph, Vs €R;
(f1) There exists k£ > 1 such that
0 < kF(s) < f(s)s, fors=#0,

where F(s fo

(fs) fis 1ncreasmg

Moreover, the potentials are assumed to satisfy some of the following conditions:

(V1) V(z) € C(RY) and Vo = liminf ;)00 V(2) > Vo = infcrn V(z) > 0;

(Va) V(z) € C(RY), Voo = lim|y| 00 V() = V(2) > 0 for z € RY;

(K1) K(:c)Ne C(RYN), KO = max, gy K(2) > K(z) > Koo = lim|;|00 K(x) > 0 for
z € RY;

(K2) K(x )E CRN), lim ;|00 K (2) = Koo > K(z) > 0 for z € RY;
(VK) A={zeRY:V(z)=Vo} and Ay = {z e RV : K(2) = Ko}, and AN Ay # 0.

Obviously, note that V(z) satisfies the Rabinowitz’s condition when (V1) hold, and K (z)
is a bounded continuous function.
The main results in this work are the following.

Theorem 1.1. Suppose that assumptions (f1) — (f5), (V1), (K1) and (VK) hold. Then
there exists eg > 0 such that for each ¢ € (0,e9), problem (1.1) has a nontrivial
ground state solution u.. Moreover, u. has a global mazimum point x. € RN such that
lime_o V(ze) = Vo and lim._,g K(z.) = Ko. More specifically, there exists C > 0 such
that for all § > 0, there exist R > 0 and ng € N such that,

fup)vpde < N6 and / f(vp)vpde > Cel
®r(Zo)

En

for allm > ng.

Our second result shows the existence of solution for all € > 0 when V' is asymptotically
constant and it has the following statement.

Theorem 1.2. Suppose that assumptions (f1) — (f5), (V2) and (K2) hold. Then for each
e >0, problem (1.1) has a nontrivial ground state solution u..

Our third result shows the existence of a ground state solution to the autonomous
problem
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Ay — Aju+ VooTu] = Koof(u) inRY,
u € BL(RY),

where V, and K, are constants.

Theorem 1.3. Suppose that assumptions (f1) — (f5), (V1) and (K1) hold. Then problem
(1.2) has a ground state solution wy,.

The proofs of Theorem 1.1- 1.3 are based on an abstract version of the Mountain-
Pass Theorem which can be applied to the space of functions (see Theorem 4.1). The
difficulties arise mainly from the following facts:

o The energy functional associated with the problem (1.1) lacks smoothness;
o The space BL(RY) lacks reflexivity.

Therefore, we need to use the critical point theory of nonsmooth functional.

Since a version of the Lions’ Lemma to BL(RY) seems not available in the literature,
we will give its proof by drawing on the literature [14]. We consider it is interesting in
its own way because it is a classical and largely used tool in the analysis of quasilinear
elliptic problems.

Theorem 1.4. (Lions’ Lemma in BL(RY)). Suppose there exist R >0, 1 < g < 1*, and
a bounded sequence (u,) in BL(RN) such that

sup / |up|?dr — 0, asn — oco.
yeRN
Br(y)

Then u, — 0 in L*(RY) for all s € (1,1%).

This paper is arranged as follows. In Section 2 we give a detailed description of the
variational framework and the properties of the working space defined by the energy
functional. In Section 3 we prove the Lions’ Lemma in BL(RY). In Section 4 we consider
the autononous case and give the proof of Theorem 1.3. In Section 5 we present the proof
of Theorem 1.1, studying separately the arguments on existence and concentration of
the solutions. Finally, we give the proof of Theorem 1.2 in Section 6.

2. Preliminaries
2.1. The space and the energy functional

First of all, making the change of variable © = ez, we note that the problem (1.1) is
equivalent to the problem
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A=A+ Vier)py = K(ex)f(u)  in RV,
u € BL(RM).

Let us introduce the space we are going to deal with, which is defined by
BL(RY) :={ue W' (RY): Aue MRV)},

where we recall M(RY) is the set of Radon measures in RY. In [21], it is proved that
u € WHLHRYN) belongs to BL(RY) if and only if

[ 180l < 4o,
RN

where

/ |Au| := sup {‘R/ uApdx : @ € C’{)X’(RN), lolloo <1
RN N

The space BL(RY) is a Banach space when endowed with the following norm

Jul oy = [ 18al +[Val + ful,
RN

and it is continuously embedded into L"(RY) for all € [1,1*] (see [13]).

Nevertheless, as one can see, the space of smooth functions is not dense in BL(RY)
with respect to the topology of the norm, and it is dense with respect to another, weaker,
notion of convergence. We say that a sequence (u,,) C BL(R™) converges tou € BL(R")
in the sense of the “strict convergence” if both of the following conditions are satisfied

up, —u in WHHRY),

and

as n — +oo. In fact, with respect to the “strict convergence”, C°(R™) N BL(RY) is
dense in BL(RY) and C§°(RY) is dense in BL(RY).

For a vector Radon measure u € M(RY RY), we denote by p = p® + p* the usual
decomposition stated in the Radon Nikodym Theorem, where y® and p® are, respec-
tively, the absolute continuous and the singular parts with respect to the N-dimensional
Lebesgue measure £V . Denoting with |u| as the scalar Radon measure defined like in
[5], the usual Lebesgue-Radon-Nikodym derivative of p with respect to |u| is given by
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It is easy to see that J : BL(R™) — R, given by

ﬂm:/mm+/wmm+/ww (2.2)
RN RN RN

is a convex functional which is Lipschitz continuous in its domain and lower semicon-
tinuous with respect to the W (RY) topology, for » € [1,1*]. Meanwhile, 7 is lower
semicontinuous with respect to the L"(R¥) topology, for r € [1,1*) (see [13]). Although
nonsmooth, the functional J admits some directional derivatives. More precisely, as is
shown in [4], given u € BL(RY), for all v € BL(RY) such that (Av)® is absolutely
continuous with respect to (Au)®, (Av)® vanishes LV-a.e. in {z € RY; (Au)*(z) = 0},
Vo vanishes a.e. in the set where Vu vanishes and v = 0, a.e. in the set where u vanishes,
it follows that

7' () _/ (Au)*(Av)? Au Av Vu-Vvdx

B R A R (
2.3)
—l—/sgn(u)vdm,

RN

where sgn(u(z)) = 0 if u(z) = 0 and sgn(u(z)) = u(x)/|u(x)| if u(x) # 0. In particular,
taking (2.3) into account, for all u € BL(R"), we have

J (u)yu = J(u). (2.4)

Hu||5:/\Au\+/|Vu|dx+/V(59:)|u|d:r. (2.5)

Then we present the energy functional associated to (2.1). Let ®. : BL(RY) — R be
given by
D (u) = Je(u) — F(u),

where J. = ||lul|. and F : BL(RY) — R is defined by

IWZ/KWWMM
RN

It can be a plain matter to prove that J. is a convex functional which is Lipschitz
continuous in its domain and F € CY(BL(RY),R). Similar to (2.4), we have
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7 () :/ (Au)“(Av)ad Au Av Vu - Vvdx

[ e R T

(2.6)
+/V(5az) sgn(u)vde.
RN

In particular, note that, for all u € BL(RY), J!(u)u = J.(u). Moreover, taking v = u
in (2.6), it shows that

O (u)u = J.(u)u — / K(ex) f(u)udz = ||ul| — / K(ex)f(u)udz. (2.7)
RN RN

Let us give a precise definition of the solution we are considering. Since ®. can be

written as the difference between the Lipschitz functional 7. and a smooth functional

F, we say that u. € BL(RY) is a solution of (1.1) if 0 € 0®.(u.), where 0P (u.)

denotes the subdifferential of ®. in w., as defined in [7]. This, in turn, is equivalent to

F'(ue) € 0T (ue). However, since the convexity of 7., it implies that F'(u.) € 0Je (ue)
if and only if

T-(v) — Te(us) > F(ue)(v —ue), Yove BLRY),

or equivalently

Jolle = el > [ K(en) (e —u)ds, o€ BLEY) 28)
R

Hence, every ug € X, such that (2.8) holds is going to be called a solution of (1.1).
2.2. The FEuler-Lagrange equation

In this section, we give the precise version of the problem satisfied by critical points of
®., whose formal version is given by (2.1). More specifically, we prove that if u € BL(RY)
is such that 0 € 9®.(u), then there exists z € WHH(RN) N L>°(RY), which plays the role
of @—Zl in (2.1) and is well defined even where Au = 0, Vu = 0 or v = 0. In order to do so,
we start by extending the functionals 7., F and ®, to the space E = L'(RN)N LY (RY)
equipped with the norm

1+, u€ k.

lullz = llully + [u

More precisely, define the functionals 7., F, ®. : E — R U {+oc}, by

. [7. ifueBLRY),
Jelw) = { too, if ue E\BL(RYN),

F(u) = F(u), and &.(u)=T.(u)— F(u), Yué€ E.
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By standard arguments, one can easily see that the function F belongs to C'(E,R) and
J- is convex and lower semicontinuous, then the subdifferential ([24]) of J., introduced
by 0., is well defined. The following result is immediate.

Lemma 2.1. If u. € BL(RY) is such that 0 € 0®.(u.), then 0 € 0P, (u.).

Proof. Suppose that u. € BL(RY) is such that 0 € O®.(u.), then u. satisfies (2.8).
Consider v € E and note that:

o if v e BL(RY)N E, then

«75(7)) —Z(us) = js( ) js( s)
> F(ue)(v — ue)

/fus v — ue)d.

= .7: (ue)(v — ue);

o ifve B\ BLRY), since J:(v) = +o0 and J-(u:) < +00, it follows that

jE(U) - 75(“6) = ioo

> F (ue)(v—ug).
Then, in any case 0 € 0@, (u.). O

Let us assume that u. € BL(RY) is a bounded variation solution of (2.1). Since
0 € 0P, (ue), from the last result it follows that 0 € 8<E(u€). Since 7. is convex and F
is smooth, it follows that 7l(u€) € 0J.(uz). Then, we set the functionals J1, 72 : E —
R U {400}, by

f(u) _ f]RN |Au| + IRN |Vuldz, %f u € BL(RN)7N
+00, if u € E\BL(R"),

and

J2(u) = / V(ew)|u|dz.

RN
Note that J2 € C(E,R), J2 € C (BL(RY),R) and
T-(u) = JX(v) + T2(u), Vu€E.

Since J! and J2 are convex, and J2 is finite and continuous in every point of BL(RYN),
it follows that
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F(u) € 0T-(u) = 0T (u) + 0T2(u).

By E. Parini, B. Ruf and C. Tarsi [21], there exist a function v € Lo v(RY) and a
vector field z € WHHRN) N L2 (RY) such that ||z]|o < 1 and

divz € Loo n(RY), Az € Lo n(RY),

Jrn ueAz — [pn ucdivade = [pn [Aus| + [gn [Vue| dz,
v|ue| = V(ex)u. a.e. in RV,

Az —divz +v = K(ex)f(u.), ae.in RV,

(2.9)

where
Looy (RY) ={g:RY =R measurable ; ||g||oc,ny < 00}

and

loloony = sup / gédal.
[[ll1+lpllix <1

Hence, (2.9) is the precise version of (1.1).
Analogously, we can define the norms

||u||VOO:/|Au|+/\Vu|d:c+/Voo|u|dx,

RN RN RN
fulv, = [ 18ul+ [ (Vuldo+ [ Valuldz,
RN RN RN

and the functionals

S / Koo F(u)dz,
RN
Bo(u) = [ulv, — /KOF(u)dx.
RN

Similarly we define critical points of the functionals ® (u) and ®o(u), since they have
the same properties that @, (u).

3. Proof of Theorem 1.4

In this section, let us present the proof of the Lions’ type result.
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Proof of Theorem 1.4. Let ¢ < s < 1* and u € BL(RY). Since BL(RY) < L"(RY) for
all r € [1,1%], then u € LY(RN) and u € L' (RN).
q

For R > 0, by interpolation inequality with 6 = S—q? and embedding inequality,

we have

0
lallze Ban) < Il sali o Il e

< CHUHLq BR(y))H HJGBL(BR(Q))'

Let us cover RY by balls of radius R and center in (y,,) in such a way that each point
in RY belongs at most N + 1 balls, we obtain that

/\u| da:<z / luf*d

BR(yn)

(1-06)
< CZ ||UHL,1 B:(yn))” HBL Br(yn))

(1-6)s 0)5
<c| sup /\u|qu lim (g/ | Aul
yeRN k—)+oo
Br(y) Rr(Yn)
+ / |Vu|dx + / |u|da:>
BR(yn) BR(yn)
(1-0)s e)e
o E A IS fEe
Br(y)
+/XBR(yn)(\Vu|—|—|u\) 1;)
]RN
a-os
= aq i A
‘ ysellikpN / fuf*de king/;XBR(ynﬂ ul
Br(y) N
k 0s
+ / ZXBR(yn)(|VU| + |u|)dx>
RN n=1
a-o)
sc| suwp /\ul"dx (N + 1) .
yeRN
Br(y)

Suppose that (u,) is bounded in BL(RY), by the last inequality and the hypothesis, we
have
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u, — 0 in L*(RY), (3.1)

for all ¢ < s < 1*.

Then, if ¢ = 1 we are done. Otherwise, if 1 < ¢ < 1%, let us consider 1 < s < ¢ and
take so € (g,1*) in such a way that (3.1) holds. Note that v € L'(RY) N L*0(R¥) and,
since s € (1, 9), by doing

So— S
0= ——
s(sg— 1)’
we have that
1 6 1-6
- =-+4+ and 0<#6<1.
s 1 So

Then, again, the interpolation inequality, the embedding of BL(RY) and (3.1), imply
that

lunlls < lunllxllunllsy < llunllllunlls, =0,
as n — 00, since (u,) is bounded in BL(RY). 0O
4. The autonomous case
Let us first recall the Mountain-Pass Theorem in its version from [13].
Theorem 4.1 (Mountain-Pass Theorem). Let E be a Banach space, ¥ = Iy — I, where

I € CYE,R) and Iy is a locally Lipschitz convex functional defined in E. Suppose that
the functional ¥ satisfies the following conditions:

(g1) There exist p > 0 and o > W(0) such that ¥[sp, ) > a.
(g2) ¥(e) < ¥(0), for some e € E\ B,(0).

Then for all T > 0, there exists x. € E such that
c—17< V() <cHr,
and
Io(y) — Io (w) = I (27) (y — 27) — 7 lly = 27| for all y € E,
where ¢ > « is characterized by

c=inf sup U(v(1)),
7€l tel0,1)
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where I' = { € C([0,1], E) : v(0) =0 and v(1) = e}.

Now let us verify that the functional ®. : BL(RY) — R satisfies the geometrical
conditions of the Mountain-Pass Theorem.

Lemma 4.2. There exist o, p > 0 such that,

(1) ®:(u) > o for each u € BL(RY) such that ||ul|. = p;
(g92) There exists e € BL(RY) such that ||u||. > p and ®.(e) < 0.

Proof. We start to verify the first condition. Note that, from (f2) — (f3), for all n > 0,
there exists A, > 0 such that

F(s) <nls|+ A,|s|’, VseR, (4.1)

where p is as in (f3). Then, by (K1), (4.1) and the continuous embeddings of BL(R™)
we have that

<I>E(u):/|Au|+/|Vu|da:+/V(sx)|u|dx— /K(sx)F(u)dw
BN

> [[ull. — Kon / luldz — Ko A, / lufPde
RN RN

> ||lulls = KonCllull: — KoA,C|lullZ

= (1 — KonO)llull: — KoA,C|lullZ.

Let us consider n > 0 such that (1 — KonC) > 0 and p such that

1—KonC, 1
O0<p<(——F—F)r 1.
p<( Kod,C )
Hence, from (4.2), it implies that
D (u) > 0> 0, (4.3)

for all u € BL(RY) such that |lu||. = p, where o = (1 — KonC)p+ KoA,Cp? > 0. Hence
we have verified the condition (g;) in Lemma 4.2.

Now let us prove that & satisfies (g2). Note that condition (f4) implies that there
exist constants di,ds > 0 such that

F(s) > di|s|® —dz, VseR. (4.4)
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Let u € BL(R™), with compact support, u # 0 and let ¢+ > 0. Then
D, (tu) < tlulle — Koodit™|ull + Kodz|supp(u)| — —oo, (4.5)
as t — +o00. Since k > 1 and then we can choose e € X such that ®.(e) < 0. O

Analogously, @, (u) and ®p(u) also satisfy the geometrical conditions of the
Mountain-Pass Theorem. Then the following minimax levels are well defined

¢ = inf sup (I)E(V(t))y
vels t€[0,1]

Coo = Inf  sup P (7(2)),
Y€l t€[0,1] ( >)

and

co = inf sup Po(y(¢)),
7€l ¢e[0,1)

where I'. = {y € C°([0, 1], BL(R™)); 7(0) = 0, ®.((1)) < 0} and I's, I'g are defined in
an analogous way.
Now let us define the Nehari manifolds associated to ®., which are well defined by

N: = {u € BL(RM)\{0}; . (u)u =0} .

This set is going to give us a better characterization of the minimax level c.. Arguing
as in [11] it is possible to show that M. contains all nontrivial solutions of (1.1). More
specifically, Figueiredo and Pimenta performed a study of the fibering maps v, (t) :=
@, (tu), by using (f1) — (f5) to show that A is radially homeomorphic to the unit sphere
in X,. In fact, for each u € X \{0}, by (f2) and (f3), it can be seen that there exists tg > 0
such that v, (to) > 0. On the other hand, (f4) implies that ~,(t) - —oo as t — +oc.
Then there exists ¢, > 0 such that 7, (t,) = max;>ov,(t) and then that ~,, (¢,) = 0.
But (f5) implies that such t, is unique. Then for each v € BL(RY)\{0}, there exists a
unique ¢, > 0 such that ¢,u € N¢. This establishes such a radial homeomorphism. Still
with arguments presented in Rabinowitz [16], one can prove that the minimax level ¢,
satisfies

= = uepathi o TEF P00 = B )

Similarly, setting
N = {u € BLRV)\{0}; ., (w)u =0},

and
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No = {u € BL(RM)\{0}; @ (u)u = 0},
then one can easily prove that co, = infar ®o and ¢y = infa; Po.
4.1. Proof of Theorem 1.3

In this section, let us consider that existence of ground-state solutions to the au-
tonomous problem

A2 — Aqu+ VooTul = Kof(u) inRY,
u € BL(RY).

Since P (u) satisfies the geometrical conditions of the Mountain-Pass Theorem, then

by the Mountain-Pass Theorem, given a sequence 7,, — 0, there exists (w,) C BL(RY)
from [13] such that @, (w,) — o and moreover,

HMWE—W%M@ZU/K&ﬂwww—ﬂmﬂx—ﬂﬂv—wﬂww Vv € BL(RY), (4.6)

as n — oo.
Let us show that the sequence (w,,) is bounded in BL(RY).

Lemma 4.3. The sequence (wy,) is a bounded sequence in BL(RY).

Proof. Taking as test function v = 2w, in (4.6), we get

Jwnlve 2 [ Koefwayonds =7l

RN
which implies that
(et mlwalve > [ Koot (w,)wnde. (17)
RN
Then, by (fs) and (4.7), it yields
Coo F 0n(1) > P (wy,
1
- ||wn\|v + / Ka ~ Flun)de— [ Ko f(uw)unds
RN (4.8)
Tn
> 1l ™
il (= = )

> Cllwnllv..,
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for some C' > 0 uniform in n € N. Then we conclude that (w,) is bounded in
BL(RY). O

Since the sequence (w,,) is bounded in BL(RY) and the compactness of the embed-
dings of BL(RY) in L} (RY) for 1 < g < 1*, there exists weo € BLjoe(RY) such that

Wy, — Weo in LY (RY), for 1 < g < 1%, (4.9)
and
Wy, — Weo  a.e. in RY, (4.10)

as n — +o0. Note that ws, € BL(RY). In fact, by Fatou’s Lemma, it follows that
Woo € LY(RYN). For a given R > 0, from the semicontinuity of the norm in BL (Bg(0))
with respect to the L(Br(0)) convergence, we have that

< limi < limi < .
[ 1dwci <tmint [ Aw,] < it o lpen <€ (@1
Br(0) Br(0)

where C' does not depend on n or R. Since the last inequality (4.11) holds for every R > 0,
then Au € M(RY). Hence, by Proposition 2.1 of [13], it follows that w., € BL(RY).
Moreover, there exist R, 3 > 0 and a sequence (y,,) C R such that

lim inf / |wy| dz > 8.

n—-+oo
BR(yn)

Indeed, otherwise, from [13], w, — 0 in LI(R™) for all 1 < ¢ < 1* and then, by (f2) and
(f3), Poo(wy,) — 0, which lead to a contradiction with the fact that co, > 0. Since P
is invariant by translation, we can assume that w., # 0 without lack of generality.

Now let us consider the following Lemma.

Lemma 4.4. ®/_(weo)weo < 0.
Proof. Note that, if ¢ € C*(RY), 0 < » <1, ¢ =1 in Bg(0), ¢ = 0 in Bar(0)° and
there exists a fixed positive constant C' > 0 such that |Vy| < C and |Ap| < C, for
¢or = ¢(-/R), it shows that for all u € BL(RY),

(A(pru))® is absolutely continuous w.r.t. (Au)®. (4.12)

Indeed, note that

A(pru) =Apru+2Vegr - Vu+ orAu
=Apru +2Vor - Vu+ or(Au)® + pr(Au)®,  in D'(RY).
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Then it follows that

(A(pru))® = (pr(Au)®)* = pr(Au)®.

Taking (4.12) into account and the fact that prw, is equal to 0 a.e. in the set where
U, vanishes, note that prw, and w, fulfill two of the three requirements that would
allow us to calculate ®/_(w,)(prw,). However, we have no ensure that (A(prw,))® =
Aprwy, + 2VorVw, + or(Aw,)* vanishes a.e. in the set

{z € RY; (Aw,)"(z) = 0}.

Hence, it might not be possible to calculate the Gateaux derivative ®/_(w,)(prwy,) and
then we have to work in a slightly different way. In fact, it will be enough to work with
the left Gateaux derivative

which, by (4.6), satisfy

t—0- t

< on(1). (4.13)

In order to calculate the limit above, let us first calculate separately a part of it. Let us
define for all u € BL(RY),

Tulu) = / |(Au) ()] de.
]RN

Then, for all u,v € BL(RY), we have that

Ta(u + tv) — Ty (u)

lim t = Jim 3 [ (A0 + 1a0)°] - (3w o
RN
B - (A (Ao (4.14)
_ T/|(Av) d +RN/’ Ea

where T, = {z € RY; (Au)*(z) = 0}.
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Taking into account (4.13) and (4.14), it follows that

on(1) > / (Awy,)*[Aprwy, + 2V R - Vw, + or(Awy,)?] de

|(Awy,)?|
R \Twn
- / [(Aprw, + 2Vyg - Vw,)|dx
T,

Aw, Vwy, - (Vorw, + prVws,)
er(Awy,)® / dx
| Awy,| [Vwn|

o
RN

+/Voo Sgn(wn)(Qprn)dx_ /I(oof(wn)QOandaj

RN RN
(Awy,)*(Aprwy, + 2Vpgr - Vwy,) dx

_ / erl(Awn)?|dz + / [(Aw,)"]

RN\T'UJ/,'L RN\TU]/VL

— /|A¢an+2V<,OR-an)|dx

/ ™ |(pR (Auwy)* / Vw, - (Verw, + prVw,) i

[Vwy|

—l—/Voo |wy| ordx — /Koof(wn)gonndx.
RN RN

Noting that fRN\T ©r |(Awy)* de = [gn ¢r|(Awy)*| dz and calculating the lim inf
in the inequality above as n — 400, we have that

(A
0 > lim inf (R/¢R|Awn |dx_|_/| wn QDR (Awy,)?®

n—-+oo

+ lim inf / (Awn)® (A@an +2Ver - an)dx
n—-+oo |(Awy,)?|
RN\Twn
— lim sup / [(Aprwy, + 2VoR - Vwy,)| dz (4.15)
n——+00
+ lim inf / Vun - (Viprtn + SOvan)dx
n—-+4oo |an‘
RN
+ / Voo |Woo| ordx — /Koof(woo)nproodx.
RN RN

Now, by the lower semicontinuity of the norm in BL(Bg(0)) w.r.t. the L'(Bg(0)) con-

vergence and also the fact that % = ﬁ a.e. in Br(0) with (4.15), we have that
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Aw,)* (A o+ 2 . N
/ |Aws| < — lim inf / (Awn)*(Aprwy 4+ 2VeR - Vw )dx
e [(Aw, )]
Br(0) RNAT,
+hms‘1p/|(A¢an+2V¢R~an)|dx
n—+00
Tan \V4 v (4.16)
—hminf/ Wn (Vorwa + 9rVW)
norteo [Vw,|
RN
RN RN

And since (w,,) is a bounded sequence in L!'(R"), it shows that

lim |lim inf

/ Wy (Awy, ) - A@Rdx

R> 400 n—»00 [(Aw,)e|
RMT,,
< 1 L .
< Rgrfm(llm nlggo / |wn| |Apr|dx) (4.17)
RN\Tw,
< i ¢ (lim inf |wy| dz) =0
< plim 5 (lim inf wy,| dx) = 0.

RN\ Ty,

Similarly, we can also get that

lim |lim inf / (Awn) (2V@Rlvw")dm =0,
R Y00 n—»00 [(Awy,)?|
N
R\ T (4.18)
i, it [ andon +2Ven- Fuldn =0
Twn
and
lim liminf/wdx = 0. (4.19)
R—+o00 [n—+00 |an|

RN

By doing R — +oco in both sides of (4.16) and taking into account (4.17), (4.18) and
(4.19), we get that

/|Awoo|+/\Vwoo|da:+/Voo |weo| dx < /Koof(woo)woodaj, (4.20)
RN RN RN RN

and the Lemma is proved. O
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Proof of Theorem 1.3. By the last results, then there exists t», € (0,1] such that
tooWoo € No. Note also that

Coo + On(l) = (I)OO(wn) > / Kw(f(wn)wn - F(wn))dx + On(l)a (421)
RN

and under (f5), it is easy to see that t — f(t)t — F(¢) is increasing for ¢ € (0, +00) and
decreasing for t € (—00,0), then by Fatou Lemma in the last inequality, we derive that

which implies that too = 1, Poo(Weo) = Coo- And it follows by [11] that ws is a ground-
state solution of problem (1.2). O

Remark 4.5. Note that, by the same reason, there exists a critical point of @y, wy €
BL(RY), such that ®q(wg) = co.

5. Proof of Theorem 1.1
5.1. Ezistence of solution

First of all, we study the behavior of the minimax levels c., when ¢ — 0%. Without
lack of generality, let us suppose that V(0) = V5 and K(0) = Kp.

Lemma 5.1. lim,_,g+ c. = ¢g.

Proof. Let ¢, — 0 as n — +o0. Let ¢ € CSO(RN) be such that 0 < ¢ < 1,9 =0 in
B3(0)¢, =1 in B1(0), [V¢| < C and |Ay| < C in RY. Let us define

We,, (.’t) = ¢(5n$)w0($),

where wy is a ground-state critical point of ®;. And note that w., — wo in BL(RY)
and @g (we,) = Po(wyp), as n — +oo. Let ., > 0 be such that ¢, w., € N, and let us
suppose just for a while that t., — 1 as n — +00. Then we have
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Ce, <P (Lo, we,)
/|A te, We, ) |—|—/|V tgnwan)|dx+/V(En:r)|tsnwsn\dx
RN
/K enx)F(t., we, )dx

= ®q (t.,we,) + / (V (enz) — Vo) |te, we, | dz — /(K(snx) — Ko)F(te, we, )dx.
RN RN

Using the Lebesgue Dominated Theorem, it follows that

limsupec., < @ (wo) = co.
n——+4oo

On the other hand, since ®(u) < ®., (u) for all u € BL(RY), it follows that ¢y < c.,,.
Then

lim ¢.. = cp.
n—too M 0

Now let us prove that in fact t., — 1, as n — +o0. Since ®, (., we,)w., =0, it
shows that

/|Aw5n|+/|Vw€n\dx+/V(5na:)|w5n|da:: /K(Enx)f(tsnwgn)wgndm.
RN RN RN RN

We claim that (tfn)5n>0 is bounded. Indeed, on the contary, up to a subsequence, t., —
+00. Let ¥ C RY be such that |X| > 0 and wg(z) # 0 for all z € . Hence it holds for
all n € N that

||w€n ||5n / K gnflf t wgn) t5nw5" dm

> / HK(snx)tF (te"we")dx.

n

b
Then by (f4) and Fatou’s Lemma, it follows that
||w€n||6n — 400, asn — oo,

which contradicts the fact that w., — wp in BL(RY) as n — co. Now we have to
verify that ¢, - 0 as n — +o0. Indeed, on the contrary, from (f;) and the fact that
te, we, € N, , we would have that

e, .. = / K(ena)f (tew., ) we, dz = on(1),
RN
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which lead to a clear contradiction. Then there exist «, 8 > 0 such that
a<t, <pforallneN

and then, up to a subsequence, t., — t > 0, as n — +o0. Since
/ |Aw,, | + / |Vwe, |dz + / Venz)|we, |dz — / | Awg| + / |Vwg|dx
RN RN RN RN RN

n / V(0) [wo| de,

RN
and
/ K (en2) f(w.. )dz — / K(0) f(wo)d,
RN RN

from the definition of wy, it follows by (f5) that t = 1. Hence, lim._,g+ c. = co. The
proof is complete. O

Since by (V7) and (K1), we know Vy < Vo, and Ky > Ko, it shows from the mono-
tonicity of the energy functional w.r.t. the potentials that

co < Coo- (5.1)
Thus, from Lemma 5.1 and (5.1), we can easily get the following Corollary.
Corollary 5.2. There exists 9 > 0 such that ¢. < cs for all e € (0,g9).

As in the proof of Lemma 4.3, it is possible to prove that (u,) is a bounded sequence
in BL(RY). By Theorem 4.1, for each ¢ > 0, there exists a Palais-Smale sequence
(un) C BL(RYN) to ®. in the level c., i.e.

lim ®.(uy) = e, (5.2)

n—roo

and

[olle = llunlle = /K(m“)f(un)(v —un)da — Ty |lv —uplle, Vo€ BLRY), (5.3)
R

where 7, — 0 as n — oo. As in the proof of Lemma 4.3, it is possible to prove that
the sequence (u,) is a bounded sequence in BL(RY) and by the compactness of the
embeddings of BL(RY) in L] (RY) for 1 < g < 1*, there exists u. € BLj,.(R") such
that



T. Huo et al. / Bull. Sci. math. 186 (2023) 103275 23

Up — Ue in L

(RN, for1<q< 17, (5.4)
and
Up — ue  ae. in RY, (5.5)

as n — +oo. Note that as in the last section, it is possible to prove that u. € BL(RY).
The next result is a key tool in our work. We will use Concentration of Compactness
Principle due to Lions [14] to get its proof.

Lemma 5.3. If (u,) C BL(RY) is a sequence satisfying (5.2) and (5.3). Then there exists
ue € BL(RY) such that for all € € (0,e0), where ¢ like in Corollary 5.2, and u, — u.
in LY(RN) for all 1 < ¢ < 1*.

Proof. Let us use the Concentration of Compactness Principle of Lions to the following
bounded sequence in L'(R¥), and set the function p, (z) = lun@]  Note that

T lunlh

lunlls - 0, asn— +oo. (5.6)

Indeed, otherwise, by interpolation inequality (u,,) would converge to 0 in LI(RY) for
all 1 < ¢ < 1*. By taking w = u,, + tu, in (5.3) and doing ¢t — 0, it is easy to see that

el = /K(sz)f(un)undquon(l). (5.7)

RN

Then, by the last equality, (f2), (f3), the fact that u,, — 0 in LY(RY) for all 1 < ¢ < 1*
and the Lebesgue Convergence Theorem, we have that u,, — 0 in BL(RY), implying
that ¢. = 0, which is a contradiction.

It is easy to see that (p,) is bounded in L!'(R"), then the Concentration of Compact-
ness Principle implies that one and only one of the following statements holds:

(i) (Vanishing) For all R > 0, there holds lim,,, { o SUp,cg~ fBR(y) pndz = 0;
(ii) (Compactness) There exist (y,) C RY such that for all n > 0, there exists R > 0
such that

/ pndxr >1—1n, VYneN; (5.8)
BR(yn)

(iii) (Dichotomy) There exist (y,) C RN, a € (0,1), Ry > 0, R, — +oo such that the
functions pn,1(2) := XBg, (y.) (2)Pn(x) and pp2(2) == XBg, (y.)(®)pn(x) satisty

/ pn1dxr — a  and / pn2dr =1 —a. (5.9)
RN RN
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Our target is to show that (p,,) verifies the Compactness condition and in order to do
so we act by ruling out the others two possibilities. Note that the Vanishing case does
not occur. Indeed, otherwise, it will hold that p, — 0 in LI(RY), for all 1 < ¢ < 1*.
Taking (5.6) into account, this implies that u, — 0 in L4(RY), for all 1 < ¢ < 1* and
then, this will lead us to c¢. = 0, which is a clear contradiction.

Now we show the Dichotomy case also does not hold. Firstly, it follows from (5.3) that
D! (up)un = 0p(1), as n — co. As far as the sequence (y,,) is concerned, let us consider
the following two possible situations.

¢ (yn) is bounded.

In this case, the function w. is nontrivial, since [ Br(yn) lunl g2 — a, it implies that

n) llunll
/ |un|dx > 5, for n sufficiently large.
BR(yn)

Thus, by taking Ry > 0 such that Bgr(y,) C Bg,(0) for all n € N, then

I} Br. (0) |un|dz > & for n large enough. It follows from the Sobolev embedding in-
0

equality that

|ue|dx > 6,  for n sufficiently large. (5.10)
Brg (0)
Similarly to the proof of Lemma 4.4, we obtain that
O’ (ue)ue < 0.
Then, there exists t. € (0, 1] such that t.u. € N.. Note also that
ce +on(1) = P (uy) > / K(ex)(f(un)un — F(uy))dz + 0, (1), (5.11)
BN

and by (f5) and Fatou Lemma in the last inequality, we have that
Ce > / K(ex)(f(ue)ue — F(ue))dx
RN

> / K (e2) (f(tous e — Ftous))da
RN

= (teue) — PL(teue)toue

= q)a(taus)

> Ce.
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Hence, t. = 1, ®.(u.) = ¢, and by (5.11),
K(ex)(f (un)tn — Fuy)) = K(ex)(f (ue)ue — F(ue)) in LY(RY). (5.12)

Moreover, by (f1), we have

0<(1- %)fwn)un < fltn)un — Flun),

and
0<(k—1)F(up) < flup)un, — F(uy).
Then, by (5.12), we can apply the Lebesgue Dominated Convergence Theorem to get
K(ex) f(un)u, — K(cx)f(us)ue in LY(RY), (5.13)
and
K(ex)F(u,) — K(ex)F(u:) in LYRY). (5.14)

Since that ||uc||, = [g~ K(e2)f(uc)ucdz, by the limit (5.13) combines with (5.7), we
obtain

lunlle = lluell. (5.15)

from where it follows that

unlls = [Juellr, (5.16)

as n — oo. As a consequence, since (y,) is bounded and R, — +oo, the L'(RY)
convergence of (uy) leads to

/ |un|de — 0, asn — +oo. (5.17)
Bg,, (yn)
On the other hand, since u,, — u: # 0 in L'(R™) and by (5.9), it follows that
/ [un|dz — (1 — a)|Juclls >0, asn — +oo,
B%n(yn)

which is a contradiction with (5.17).
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o (yn) is unbounded.
In this case, we should define the sequence {u,}, where @, = u,(- + y,). Indeed,
note that {@,} is bounded in BL(R™) and then converges, up to a subsequence, to
some function u € BL(RY) in L}, (RY), where @ # 0 by (5.9).

loc

Now let us show a claim.
Claim 5.4. ®/_(u)u < 0.

Let us define

||u|\57yn:/|Au|—|—/|Vu|dx+/V(€x—|—5yn)|u|dx

RN RN RN

and

Doy (1) = [ty — / K(ex + eyn) Fu)dz,
RN

for all u € BL(RY). Note that, just like before, ®. , (u)v is well denoted for all u,v €
BL(RY) such that (Av)*® is absolutely continuous with respect to (Au)*, (Av)® vanishes
LN-a.e. in {x € RY; (Au)?(x) = 0}, Vv vanishes a.e. in the set where Vu vanishes and
v = 0, a.e. in the set where u vanishes, it follows that

o [AwAwt [ Au Av YV
%y 0= [ S *R[ A e DA | g

(5.18)
+ / V(ex + eyn) sgn(u)vdz — / K(ex + eyp) f(u)vdz.
RN RN

Similar to the Lemma 4.4, taking into account that |y,| — +oo and the invariance of
translation, we can get

Ly, (n) (PRin) = 0n(1), (5.19)
and
/|M|+ / |Vﬂ|dm+/Vw\ﬂ|dm§ /Koof(mdx, (5.20)
RN RN RN RN

and the Claim 5.4 is proved.
Then from Claim 5.4 and % # 0, it follows that there exists £ € (0,1] such that
tu € No. Note that
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ce +0n(1) = P(uy) + 0,(1)

- /K(gm)(f(un)un — F(uy,))dx (5.21)
RN

~ [ Ko @i - F@)da
RN

Then from (5.21), (K1) and Fatou’s Lemma, we have that
> / K(ex)(f(@)ii — F(@))dz > / K () (f(F)fii — F(F))da = B (Ti) > oo,
RN RN

which is a contradiction with Corollary 5.2.
Therefore, we can inference that Dichotomy case does not hold and then, it follows
that Compactness must happen.

Claim 5.5. The sequence (y,,) in (5.8) is bounded in RY.

Now we can prove this claim by contradiction that, up to a subsequence, |y,| — 400
and then proceed as in the case of Dichotomy, where (y,) is unbounded, getting that
Ce 2 Coo, which is also a contradiction with Corollary 5.2.

By Claim 5.5, for n > 0, it follows from (5.8) that there exists R > 0 such that

/ pndxr <m, VneN,
Bx(0)
that is,
/ |un | do < nljunplls < Cn, Vn € N. (5.22)
B%(0)
Since u. € LY*(RY), there exists Ry > 0 such that
/ lue|da < 1. (5.23)
B%,(0)

Therefore, for Ry > max {R, Ry}, since u, — u. in L'(Bg,(0)), there exists ng € N
such that

|t — us|de <n, Vn > ng. (5.24)

Br, (0)
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Then from (5.22), (5.23) and (5.24), it follows that if n > ny,

/|un—u€|dx§ / |y, — ue|dz +n < / |t | dz + / lue|dx +n < Cin.
RN B, (0) Bg, (0) Bg, (0)

Thus, u, — u. in L'(RN), and since (u,) is bounded in L' (RY), we have from the

interpolation inequality that
U, —ue in LYRY), 1<qg<1%.
The proof of Lemma 5.3 is complete. O

Proposition 5.6. Under the assumptions of Theorem 1.1, problem (1.1) has at least a
nontrivial ground state solution.

Proof. Firstly, from (f2), (f3) and Lemma 5.3, it follows that

/K ex) f (up)upde — /K ex)f(ue)u.dx, asmn— +oo. (5.25)
RN

From (5.3), (5.25) and the lower semicontinuity of the norm w.r.t. the L (RY) conver-
gence, we have that

ol = llucll, > /K(ax)f(ue)(v —u.)dz, e BLRY). (5.26)

Hence, u. is a nontrivial solution of problem (2.1). Moreover, by (5.2), we have that

/ K(e _ P(u.))ds
(5.27)

= (u n) +on(1)

= ce.

Thus, u. is a ground state solution of problem (2.1) and then v, = u.(-/¢) is a ground
state solution of problem (1.1). O
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5.2. Concentration behavior

In the last section, we have proved that for each £ € (0,g¢), there exists a solution
ue € BL(RY) of problem (2.1) such that ®.(u.) = c.. Now let us show that the sequence
of solutions concentrate on the intersection set of global minimum points of V(x) and
maximum points of K (x). And before I do that, let us prove the following preliminaries
lemmas.

Lemma 5.7. There ezist {y.}.., C R and R,§ > 0 such that

lim inf / |ue| dz > > 0. (5.28)
e—0

BR(ya)

Moreover, the family {ey.}->o is bounded in RY.

Proof. Suppose by contradiction that (5.28) does not hold. In fact, on the contrary,
thanks to Lions’ Lemma in BL(RY), it follows that u_ — 0in L49(RY) forall 1 < ¢ < 1%,
where g,, — 0, as n — co. Then, by (f2), (f3) and the Lebesgue Convergence Theorem,
it shows that

/ K(enx) f(ue, )ue, dz = op(1).

RN

Taking w = w,, + tu., in (2.8) and passing to the limit as ¢ — 0", we obtain

e, Il = / K () f (i, e, d = 0 (1),

RN

which implies that ¢., = ®., (ue, ) = 0,(1). This leads to a contradiction with Lemma 5.1
and then (5.28) holds.

Set yp, ==y, and u, = u.,. Suppose by contradiction that there exist e, — 0, such
that |e,yn| — 00, as n — 0o. Next we proceed as in the proof of Claim 5.4 of Lemma 5.3.
Note that, if pg is as in the proof of such claim, it shows that

¢/5nyyn (an)(QPRﬁn) = 0,

where %, = u,(- + yn). As (up), (i) is bounded in BL(RY) and then %, — @ in
L}, (RY) where @ # 0. Then, as before, we also get that

loc
o'_(7)a < 0,

and then there exists ¢ € (0,1] such that ti € Nas. Therefore, in the same way of
Claim 5.4, we will get the contradiction that ¢y = lim, o ¢c, > ¢oo. Hence, {ey,} is
bounded. O
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Corollary 5.8. If £, — 0, then up to a subsequence, there exists a point xo € RY such
that €,Yyn, — xo where

14 =VW= inf V d K =Ko = K.
) =10 = BV and Bloo)=Ho = I

Proof. If &,, — 0, according to Lemma 5.7, we know that {e,y,} is bounded, then there
exists a point g € RN such that e,y, — x¢. Denote a functional ®y, K(zo) as follows:

@VK(IO)(u):/|Au|+/|Vu|dx+/V(x0)\u|dx— /K(mo)F(u)dx.
RN RN RN RN

Since V(zg) > Vp and K (x0) < Kj, similarly to the arguments that used in the proof of
Claim 5.4 and of Lemma 5.7, it is possible to prove that

co= lim c., > cyi(a) = Cos
n—oo

where cy () is the mountain pass minimax level of problem (2.1) with V(zo) playmg
the role of V(ex) and K (z) playing the role of K (ex). Then it shows that V(zg) =
inf,cgn V and K(zg) = Ko = max,crny K. Thus, g € AN Ay, ie., V(zg) =W and
K (z0) = Ko. The proof is complete. 0O

Lemma 5.9. If ¢, — 0, then there exists t € BL(RY) such that

Up 1= Un(' - yn) —u in Llloc(RN)7

and

fn)td, — f@a  in LYRY). (5.29)

Proof. Firstly, note that as in Lemma 4.3, it is possible to prove that (u,) is bounded
in BL(RY) and then that @, — @ in L}, (RY) for all 1 < ¢ < 1*, where u € BL(R").
As in the proof of Lemma 5.7, we can prove that ¢ € (0, 1] such that tu € Ny and verify
t = 1. Hence, & € Ny and note that Do (u) = cp. Indeed,
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Co S (I)() (ﬂ)

Then

tim [ Kol ()it — F(i,))de = / Ko(f(@ - F(@))dz,
RN RN

and hence Ko(f(tn)tn — F(u,)) — Ko(f()u — F(@)) in L*(RY). Therefore, by (f1),
we have

flup)u, — f@)a  in LYRY). O

Proof of the last part to Theorem 1.1. Based on the previous results, we can finish the
proof of Theorem 1.1. Indeed, if &, — 0, as n — oo, denoting L = [pr f(u)udz > 0, for
a given § > 0, by (5.29), there exist R > 0 and ng € N such that, for n > no,

[ $@ds <
B§(0)
which implies that
f@p)apdx > L — 6 4 o,(1).
Br(0)

By the change of variable u,(z) = v,(en2 + €nyn) and the above inequalities indicate
that

/ f(Un)Undl‘ < 5712[67 (530)

BgnR(Enyn)

and

/ J(vn)vpde > 052[7 (5.31)

BE'n, R(En yn)
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where n > ng and C' > 0. Taking into account the fact that €, y, — xo where V(x¢) = Vj
and K (xg) = Ko, we can consider R > 0 such that, for n > ng, Br(enyn) C Bg(zo),
and then from (5.30) and (5.31), for all n > ng

f(vp)vpde < N6,

B;j(ro)
and

flop)vpde > Cs

\

snR

The proof of Theorem 1.1 is complete. O
6. The asymptotic constant case

In the section, we can prove Theorem 1.2 under (f1) — (f5), (V) and (K32). It can be
seen from the statement of Theorem 1.2 that our existence result is related to € > 0, and
then we can assume € = 1 without lack of generality.

Proof of Theorem 1.2. Let us denote [jully = [pn [Aul + [pn [Vulde + [pn V(x)|u|dz,
P(u)y = ||lully — [z~ K(2)F(u)dz and consider ®o, as in Sect. 2.

As in proof of Lemma 4.2, it is easy to see that &y and ®., satisfy the geometric
conditions of the Mountain Pass Theorem and then the minimax levels are well defined

cy = inf sup Py (y(¢)),
€LY tefo,1]

Coo = Inf sup P ,
Juf s (v(t))

where 'y = {v € C°([0,1], BL(RY));4(0) = 0, @y (y(1)) < 0} and T'w is defined in a
similar way.

By the results in Sect. 4, it follows that there exists a critical point of @, we €
BL(RY), such that @, (ws) = oo- Now let us define the Nehari manifolds associated
to @y and P, which are well defined by

Ny = {u € BL(RM)\{0}; @ (uw)u = 0},
N = {u € BLRV)\{0}; @/ (u)u=10}.

From [11], we know that ¢y = infp, @y and cs = infp,, Poo. Moreover, it has been
proved there that if there exists ug € BL(RY) such that ®y (ug) = infps, @y, then ug is
a solution of (1.1).

By (V2) and (K>), it is easy to see that @y (u) < ®(u) for all u € BL(RY) and as
a consequence,
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¢y < Coo- (6.1)
To prove Theorem 1.2, let us consider two possible cases of ¢y and c.
o Case A: cy = Co.

If this case holds, problem (1.1) has a ground state solution. Indeed, since wo, € N,
then

||woo||y:/|Awoo\—|—/|Vwoo|dx—|—/V(w)\woo|das
RN RN RN

§/|Awm\+/|Vwoo|dx+/Vm|woo|d:E
RN R¥ R¥

= / Koof(woo)wood$7
RN
is that,
D (Woo )Weo < 0.
Then there exists ¢ € (0,1] such that tws € Ny. Hence, from (f5), we have that

cy < @y(twoo)
= Dy (twe) — Py (Fweo ) tWoo

_ / K (@) (f (bwo s — F(twe))da

It indicates that ¢t = 1 and w4 is also a minimizer of @y on Ny and then is a ground-state
solution of (1.1).

o (Case B: ¢y < cso.
From [13], there exists (u,) C BL(R") such that

lim ®y (u,) = cy, (6.2)

n—oo
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and

Jolly = Jually > [ K@) fua)o = un)ds = llo = wnlly o€ BLEY), (63
RN

where 7, — 0, as n — o0o. Note that as in Lemma 4.3, it is possible to prove that (u,) is
bounded in BL(R¥). From the compactness of the embeddings of BL(RY), it implies
that there exists ug € BLjo.(RY) such that

(RY)  forall1<q< 1%,

Up —ug in Lj

and
Uy —> Uy  a.e. in RN,

as n — 4o00. In addition, note that as in Section 4, it is possible to prove that uy €
BL(RY). And as in the proof of Lemma 5.3, let us use the Concentration of Compactness
Principle of Lions to the following bounded sequence in L*(R%), and set the function
pn(z) = . Note that

llwn 2

lunlls - 0, asn — +oo. (6.4)

Similarly, the Concentration of Compactness Principle implies that one and only one
of the following statements holds:

(i) (Vanishing) For all R > 0, there holds lim,, 1« sup,cg~ fBR(y) pndx = 0;
(i) (Compactness) There exist (y,) C RY such that for all > 0, there exists R > 0
such that

/ pndx >1—1n, VneN; (6.5)

Br(yn)

(iii) (Dichotomy) There exist (y,) C RY,a € (0,1), Ry > 0, R, — 400 such that the
functions p, 1(2) = XBpg, (4.)(®)pn(z) and p,2(x) = XBg, (y) (2) pr () satisfy

/ pnaidr — o and / Pn2dr —1— o
RN RN

As can be seen in Lemma 5.3, we also have that the Vanishing case and the Dichotomy
case do not hold. It follows that Compactness must occur and then, the sequence (y;)
is bounded. Then, for n > 0, it follows from (6.5) that there exists R > 0 such that
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/ pndx <m, VYn €N,
B%(0)

that is,

/ ltnldz < nllunlls < Cn, Vn € N. (6.6)

Since ug € L*(RY), there exists Ry > 0 such that
|uglda < . (6.7)
Bg,(0)

Therefore, for Ry > max {R, Ry}, since u,, — ug in L'(Bg,(0)), there exists ng € N
such that

|t — ugpldx <n, Vn >mng. (6.8)

Br, (0)
Then from (6.6), (6.7) and (6.8), it follows that when n > ny,

/|un7u0|dx§ / |t —ugldz +1n < / |, | dz + / lug| dz +n < Cyn.
RN

B, (0) B, (0) B, (0)

Thus, u, — uo in L'(RY), and since (u,) is bounded in L' (R"), we have from the

interpolation inequality that
u, —up in LYRY), VI <qg<1*. (6.9)

From (f2), (f3) and (6.9), it follows that

/ K(z)f(up)updx — / K (x)f(up)uode, (6.10)
RN RN
as n — +o0. From (6.3), (6.10) and the lower semicontinuity of the norm || - ||y w.r.t.

the LY(RY) convergence, we have that

Jolly = luolly > [ K@) (uo)(w -~ uo)ds, o € BLEY).
RN

Hence, ug is a nontrivial solution of problem (1.1). Moreover, by (6.2), we have that
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cy < (I)y(’LLO)
= Dy (ug) — Py (uo)uo

/ K(x)(f(uo)up — F(up))dz

n—oo

<11m1nf/K U )Up, — F(uy))dzx

(I>Y(un) + On( )

Thus, ug is a ground-state solution of problem (1.1). The proof is complete. O
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