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Abstract

The fact that the time optimal controls for parabolic equations have the bang—bang property has been
recently proved for controls distributed inside the considered domain (interior control). The main result
in this article asserts that the boundary controls for the heat equation have the same property, at least in
rectangular domains. This result is proved by combining methods from traditionally distinct fields: the
Lebeau—Robbiano strategy for null controllability and estimates of the controllability cost in small time
for parabolic systems, on one side, and a Remez-type inequality for Miintz spaces and a generalization of
Turédn’s inequality, on the other side.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction and main result

Let m be a positive integer, let £2 C R be an open and bounded set and let I” be a non-empty
open subset of d§2. We consider the heat equation

%(x,t) = Az(x,t) for (x,t)e £2 x (0, 00), (1.1)

with the initial and boundary conditions
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2(x, 1) =u(x,t) on I x (0,00), (1.2)
2(x,1)=0 on (32 \ ") x (0, 00), (1.3)
2(x,0) = z0(x) forx € 2. (1.4)

It is known (see, for instance, Tucsnak and Weiss [26, Section 10.7] or Avdonin and
Ivanov [2, Section IV. 2, pp. 182]) that if 352 is of class C? or £2 is a rectangular domain
then, for every u € L2([0, 00), L2(I")) and zo € H™1(£2), there exists a unique solution z €
C([0, 00), H~1(£2)) of (1.1)=(1.4). It is also known that the system defined by (1.1)—(1.4) is null
controllable in any time v > 0, in the sense that for every zo € H~!(£2) there exists an input
u € L*([0, ], L>(I")) such that the corresponding solution of (1.1)—(1.4) verifies

z(-,7) =0. (1.5)

Our aim consists in studying the associated time optimal control problems in an L°° setting. To
state the problem, we set, given M > 0,

Uag ={u € L®(I' x [0,00)) | [u(x, )| <M ae.in I" x [0, 00)}. (1.6)
Given zo € H™! (£2), we define the set of reachable states from zq as
R(zo, Upq) = {z(r) ! T > 0 and z is the solution of (1.1)—(1.4) with u € Z/{ad}.

For zg € H~1(£2) and z; € R(z0, Uaa), the time optimal control problem for (1.1)—(1.4) con-
sists in determining an input u* € U,y such that the corresponding solution z* of (1.1)—(1.4)
satisfies

¥ (7 (20, 21)) =21, (1.7)

where 7*(z0, z1) is the minimal time needed to steer the initial data zo towards target z; with
controls in Uy,

(0,20 = inf {z]z(, 1) =2} (1.8)

General conditions ensuring the existence of at least one solution for the above time optimal
control problem (i.e., of at least one input such that the inf in (1.8) is attained) will be recalled
in Section 2. The main result in this work asserts that, if £2 is a rectangular domain, then this
solution is bang—bang and it is unique. More precisely, we have:

Theorem 1.1. Let m > 2. Suppose that 2 is a rectangular domain in R™ and that I' is a non-
empty open set of 052. Then, for every zg € HY(£2) and z1 € R(z0, Uag), there exists a unique
solution u™ of the time optimal control problem (1.8). This solution u™ has the bang—bang prop-

erty:

lu*(x,t)| =M ae inT x[0,7%(z0,21)] (1.9)
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Time optimal control problems for linear parabolic partial differential equations and the
bang—bang property of the corresponding controls have been intensively studied during the last
decades, beginning with Fattorini’s paper [6]. The progress made in this field has been succes-
sively reported in the books of Lions [15] and of Fattorini [7]. The bang—bang property of time
optimal controls has been quite rapidly established for invertible input operators (which means,
roughly speaking, that the control is active in the entire spatial domain where the parabolic equa-
tion is considered).

Several important extensions of the classical results of Fattorini have been obtained during
the last decades. We first recall those corresponding to the heat equation, in the case of an input
operator which is active only in a proper subset of the domain where the heat equation holds.
Firstly, in Wang [28], the set of admissible inputs is defined (unlike in (1.6)) by bounding the
L°°([0, t], L2(S2)) norm of u. A strategy which has been introduced by Lebeau and Robbiano
in [13] is adapted in [28] to establish a bang—bang property of the time optimal controls. This
property is different from the one in Theorem 1.1, in the sense that, instead of (1.9), it is shown
that ||u*(-, 1) || 12(2) = 1 for almost every ¢ € [0, 7*]. The strategy in [28] does not seem directly
applicable to the boundary control case. The results in [28] have been recently extended by Phung
and Wang [22] to a system governed by a perturbed heat equation with internal controls. In the
case in which the target is an open ball in the state space instead of a point, the corresponding
time optimal control problem, with control distributed inside the domain and pointwise control
constraints, has been studied in Kunisch and Wang [12]. The main tools of their approach are
Pontryagin’s maximum principle and a special kind of property concerning the measure of the
set where a nontrivial solution of the linear heat equation vanishes.

In the case of boundary control, with the control constraint |u(x, t)| < M, the first result estab-
lishing the bang—bang property has been obtained by Schmidt [23], under a slackness condition
on the target state. More precisely, the assumption in [23] is that there exists M’ < M such that
the target is actually reachable (in some time) subject to |u| < M’. In the case of the heat equation
in one space dimension, this condition has been removed by Mizel and Seidman in [20], by using
in an essential manner previous results of Borwein and Erdélyi [3].

The main novelty of Theorem 1.1 consists in showing that, in the case of rectangular domains
in several space dimensions, the bang—bang property holds for the time optimal boundary control
for the heat equation. The only requirement for the target points is to be reachable in some time.
Our methodology is partially inspired by the fact, remarked in Tenenbaum and Tucsnak [25],
that a well-known inequality of Turan can be successfully used in control theory. More precisely,
two of the most important ingredients of the proof of Theorem 1.1 are Nazarov’s generalization
of the Turdn’s inequality and the above mentioned results on Miintz spaces of Borwein and
Erdélyi.

The outline of the paper is as follows. In Section 2 we present some background on null
controllability and time optimal controls for infinite dimensional systems. Most of the included
material is well known, although not necessarily in the L°° setting presented here. Proposition 2.6
gives a general sufficient condition for the existence, uniqueness and bang—bang property of time
optimal controls. In Section 3 the Lebeau—Robbiano strategy (see, for instance, [13,14]) to study
the null controllability of the heat equation is adapted to prove the L°° null controllability over a
positive measure set property. The main novelty we bring in into this section is that we replace the
Lebeau—Robbiano assumption on the observability of finite combinations of eigenvectors with
an assumption on the observability of the dynamical system’s truncation to a finite number of
modes (see inequality (3.35) in Theorem 3.2). The latter property involves the time variable and
it is, in general, weaker than the observability of finite combinations of eigenvectors. The last
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two sections of the paper are devoted to prove that, in our case, this observability property holds.
In Section 4, following an idea from Nazarov [21], we give an estimate for finite combinations
of eigenfunctions of the Dirichlet Laplacian in a rectangular domain. Finally, in Section 5, by
combining a result from [3,4] for real exponential functions defined on a measurable set with the
one obtained in the previous section, we provide the proof of our main result in Theorem 1.1.

2. Some background on null controllability and time optimal controls for infinite
dimensional systems

We first introduce some notation. If P € L(X, Y) then the range of P is the subspace of Y
defined by

Ran P ={Px: x € X}.

Throughout this section, X and U are complex Hilbert spaces, identified with their duals.
The inner product and the norm in X are denoted by (-,-) and || - ||, respectively. We denote by
T = (T;)s>0 a strongly continuous semigroup on X generated by an operator A: D(A) — X
with resolvent set o(A). The notation X; stands for D(A) equipped with the norm ||z||; :=
I(BI — A)z||, where B € o(A) is fixed, while X_ is the completion of X with respect to the
norm ||z||—1 := ||[(BI — A)~'z||. We use the notation A and T also for the extensions of the
original generator to X and of the original semigroup to X_1. It is known that X_; is the dual
of D(A*) with respect to the pivot space X. The semigroup T can be extended to X _, and then
its generator is an extension of A, defined on X. We use the same notation for all these extensions
as for the original operators.

Let B € L(U, X_1) be a control operator, let zo € X and let u € L2([0, 00), U). We consider
the infinite dimensional system described by the equation

z(t) = Az(t) + Bu(t) (t >0), z(0) = zp. (2.10)
With the above notation, the solution z of (2.10) is defined by
z2(t) =Tizo+Pu  (t 20), (2.11)

where @; € L(L?([0,¢],U), X_1) is given by

t
@tusz,_gBu(o)da. (2.12)
0

Recall the following classical definition (see, for instance, [26, Section 4.2]):

Definition 2.1. With the above notation, the operator B € L(U, X_1) is called an admissible
control operator for T if the operator @, defined by (2.12) satisfies Ran @, C X for some t > 0.

Remark 2.2. System (1.1)—(1.4) can be written in the form (2.10). Indeed, let X = H~!(2),
U=L*TI),D(A)=Hj(2)and A = A.



S. Micu et al. / Journal of Functional Analysis 263 (2012) 25—49 29

The control operator B € L(L*(I"), X_1) is defined by B = AD, where D:L*(32) —
L?(£2) is the “Dirichlet map”. This map is defined by Dv = z, where z € L?(£2) is the unique
solution of the nonhomogeneous elliptic equation

{Az:() in $2, 2.13)

2=V on ds2.

With the above notation, (1.1)—(1.4) is equivalent to (2.10) and B is an admissible control oper-
ator for the semigroup T generated by A.
Moreover, the operator B* € L(X, L%(882)) is given by

A=Ay

B*p =
¢ av

(¢ € L*(£2)). (2.14)

r

We refer the interested reader to [26, Sections 10.6—10.7] for a detailed description of the above
functional analytic setting.

The null controllability of the pair (A, B) in some time t > 0 is usually defined by the prop-
erty Ran @, D RanT;. In this work we will mainly use a different concept of null controllability,
which makes sense in the case U = L?(I"), where I" is a measurable set endowed with a mea-
sure [L.

Definition 2.3. Given 7 > 0, e C I" X [0, t] a set of positive measure and an admissible control
operator B € L(U, X_) for T, consider the operator

D€ LIL®(T x [0, 7]), X_1),

defined by
T
D ot = / Tr—oBxe(0)u(o)do (ue L¥(I" x [0, 1])), (2.15)
0

where x, is the characteristic function of e. The pair (A, B) is said L* null controllable in time t
over e if Ran®;, D RanT;. For e = I" x [0, t], the above property is simply called L* null
controllability in time t. Given zo € X_1, a function u € L°°(I" x [0, ]) such that @, ,u = T, zg
is called L null control for z.

If the pair (A, B) is L® null controllable in time t over e then, for every zg € X, the set
Krezo:={ueL®(I x[0,7]) | Preu + Trzo =0}
is non-empty. The quantity

Kie:= sup inf |lufpo, (2.16)

lzoll=14€Cr .5

is then called the control cost in time Tt over e.
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Let C € L(X1, U) be an admissible observation operator for T. The admissibility assumption
means that for some t > 0, the operator ¥; defined by

(Vrz0)(#) =CTizo (20 € X1),

has an extension to an operator ¥; € L(X, L%([0, 7], U)). Equivalently, there is a positive num-
ber k such that fOT |CT;zoll? dr < k% ||zol|? for all zg € D(A). We refer to [26,29,30] for more
material on this concept. Here we only mention that it follows from the admissibility assumption
that ¥; € £(X, L*([0, t], U)) holds for all T > 0. The operators ¥, are called output maps cor-
responding to the pair (A, C). Denote by IIJTd the output maps corresponding to the pair (A*, B*).
If e C I' x [0, t] is a set of positive measure, we consider the map

wd, e £(X, L (I x[0,7])), wd,=x v’
We have the following duality result:

Proposition 2.4. Suppose that B € L(U, X_1). Then B is an admissible control operator for T
if and only if B* is an admissible observation operator for the adjoint semigroup T*. If B is
admissible, then

(2 (2.17)

where e’ ={(x, T —1)| (x,t) €e}, (lI/T‘le/)* € L(L*°([0, ], U), X) is the dual operator of llfrde/

and S1; is the reflection operator on L2([0, 7], U), defined by A, u(t) = u(t — t). (Notice that
A is self-adjoint and also unitary.)

Proof. The first assertion in the statement of the proposition is well known (see, for instance, [26,
Section 4.4]). To check the second one we first note that for every v € L°°(I" x [0, t]) and ¢ € X
we have

T T

T
//v‘l/;{e/(pdx dr = f(Xe/(', Z')U(',l'), B*T;k(p>U dr = /(TZBXE/(" t)v(" t)’ go)X_[,X] dr.
0o r

0 0

By making the change of variable t = T — o in the above integral and using the fact that B is
admissible for T, we obtain

T
f / ol g dxdr = (D v, 0)x_, x, = (D Hev,0) (ve L¥(I x [0,71), g€ X,).
0o r

The above formula implies the conclusion by simply using the density of X; in X. O

The following result shows the equivalence between the concepts of controllability and ob-
servability. Although this is a rather known property, since our framework escapes from the usual
Hilbertian setting, we have chosen to include it here (we refer to [28] for the proof of a quite close
statement).



S. Micu et al. / Journal of Functional Analysis 263 (2012) 25—49 31

Proposition 2.5. Let e C I' x [0, t] be a set of positive measure and K+ , > 0. The following two
properties are equivalent:

1. The inequality
Kee| ¥ 00l 11 rxpo.ep = I Ti0l (2.18)

holds for any ¢ € X, where ¢’ ={(x,7 —1) | (x,1t) € e}.
2. The pair (A, B) is L™ null controllable in time T over e at cost not larger than K ,.

Proof. “1 = 2” Consider the subspace X of L!(I" x [0, t]) defined by
x={wl olpex}
Given zg € X, consider the linear functional F on X" defined by
F(@!,0)=—{z0.Tig) (p€X).

The fact that this functional is well defined follows from (2.18). Moreover, using again (2.18),
it follows that

|Fvl < KeellzollllvliLirxpo,epy (v € X).

By the Hahn—Banach Theorem, F can be extended to a bounded linear functional FonlL! (I" x
[0, T]) such that

Fol < Keellzollvlpirxpo,ep (v € LI %[0, 71)).

By the Riesz representation theorem it follows that there exists u € L°°(I" x [0, t]) such that
lullLoo(rx(0,71) < Kz,ellzoll and

T
ffu(t—G,x)dlr‘{e,go+<zO,Tjg0)=0 (g € X).
0 r

By using (2.17) in the above formula, it follows that

(Preut, 9) + (Trzo,0) =0 (peX),
which is equivalent to
& ou+Trzo=0.
Since the above construction holds for every zg € X, we get the desired result.

“2«< 17 Let g € X and 79 = TF¢ € X. Our assumption implies that there exists u € L°°(I" x
[0, T]) such that |[u|| Lo rx[0,7]) < Kz.ellzoll and @¢ cu + Trz9 = 0. It follows that
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IT 0 |> = —(@r.cu1. 0} //;w

< llullzoorxpo.op | q/‘[,e/gD”Ll(FX[O,T]) < Kee | T7o] | lI/rd,e"p”Ll(rx[o,z])’

which ends the proof. O

We are now in a position to state the time optimal problem. Define the set of admissible
controls

Uga=f{u € L®(I' x [0,00)) | |u(x,1)| <M ae.in I' x [0, 00)}.

Given zp € X, we define the set of targets which are reachable from z

R(20.Uaa) = | J{z1 =Tizo + Pt € X | u € Usa}.

t>0

We consider the time optimal control problem which consists in determining, for every zg € X
and z; € R(zo, Uaq), a control u™ € U,y such that

T (29,2020 + (pf*(z(),a)u* =121, (2.19)

where 7%(z0, z1) is the minimal time needed to steer the initial data zo towards target z; with
controls in U,y

(20, 21) = inf {t > 0| Tyzo + P;u = z1}. (2.20)

uelyd

As shown in [7,15], the above problem admits at least one solution for every zg € X and
71 € R(z0, Uyq) (see also the proof of Proposition 2.6 below).

The function (zg, z1) — (20, 21) is called the minimal time function. A natural question con-
sists in investigating if the time optimal control u* is bang—bang, in the sense that [u*(x, )| = M
almost everywhere. A sufficient condition for this property is given in the following known
proposition, which is an abstract version of a result for the heat equation from [22]. For the
sake of convenience, we provide the detailed proof below.

Proposition 2.6. With the notation in Proposition 2.5, assume that the pair (A, B) is L°° null
controllable in time t over e for every t > 0 and for every set of positive measure e C I' X
[0, T]. Then, for every zo € X and z1 € R(z0,Uaq), the time optimal problem (2.19) has a unique
solution u* which is bang—bang.

Proof. Let us first prove the existence of a solution u* of the time optimal problem (2.19).
Since z1 € R(z0, Uaa), there exists a minimizing sequence (T, Uy),>1 such that lim, o 7, =
7*(20, 21) and (u,)n>1 C Ugq has the property that T, zo + @, u, = z1 foreach n > 1.

Since (up)n>1 C Ugq, it follows that (u,),>1 tends weakly-* to some u* € U,y in L=(I" x
[0, 7*(z0, z1)]). We define 2| = Tr#(z.z,)20 + Prx(z.z))u* and we note that u* is a time op-
timal control if 7| = z;. The latter equality follows if we prove that (77, ¢) = (z1, ¢) for
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each ¢ € X which, in view of the facts that lim,_, oo T7,20 = Tr#(zy,2,)20, liMy—s 00 (P, uty —
Drx(z9.2)Un> @) = 0and Ty, zo + P, u, = z1 for each n > 1, is reduced to prove that

(cpr*(zo,zl)”’ Q) = nggo(qu*(zo,zl)un, ) (peX). (2.21)
By noting that
*(20,21)
“Df*(ZOle)u”’ @) = / (HT*(ZO,Zl)un (), "pgk(zo,m)(p)u d
0

and taking into account that 'I/t‘i(zo’ NS L'([0, t*(z0, z1)], U), we deduce from the weak-x
convergence of the sequence (u,),>1 that (2.21) holds and the existence of a solution u* for the
time optimal problem is proved.

Now, let us show that u* € L°°(I" x [0, T*(z0, z1)]) is bang-bang. We denote by z* the
corresponding state trajectory. Assume that there exist ¢ > 0 and a set of positive measure
E cCTI x[0,t*(z0,z1)] such that

lu*(x,0)] <M —¢ ((x,1) €E). (2.22)

Let 89 > 0 be small enough such that

70 = t*(20,21) — 80 > 0, 2.23)
the set eg = {(x, t)ye I’ x [bo, 10] | (x,t) € E} has positive measure. ’
Since lim;_, ¢ z*(t) = zp, there exists § € (0, §p) such that
|20 — * )| € 50— (2.24)

Moreover, the L°° null controllability of (A, B) in time 7y over ey implies that there exists
ve L®(I x [0, t*(z0,z1)]) with

supp v C e,
T*(20,21)
T+, (TSO—(S (ZO - Z*(8))) + f T+ (z9,21)—s Bv(s) ds

o

*(20,21)
= Terz,20-s (ZO B Z*(‘S)) T / Tr*(z,21)—s Bu(s)ds =0,
é

where K ¢, is the cost constant defined in (2.16). From (2.24), together with the first and the
third conditions in (2.25), it follows that

(2.25)

V]l L% (eg) < 2K, || 20 — 27 (8)

V1l oo (r %[0, 7% (z0,21)]) < €- (2.26)
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Now, let u € L°°(I" x [0, 79]) be defined by
) =u*(t +8) +v@+38) (rel0,1l).
By combining (2.22), (2.26) and the fact that supp v C ey, it follows that
%1l oo (rx10,70]) < M. (2.27)

Finally, the semigroup property, the above definition of & and (2.25), imply that

T+ (2.21)-820 + Pr*(zg.21) -5
= Trx(z9,21)—8 (Zo — z*(8)) + Trx(zy.21)—62" (8)
+ (DT*(Zo,Zl)—fSU(' +6) + qbt*(zo,m)—Su*(' + )

1)
= Tr*(z(),z])—(S (ZO -z (8)) + Tr*(zo,m)ZO + Tr*(zo,zl)—8 / Ts_sBu(s)ds
0

T (z9.21) t*(20.21)
+ / Tf*(ZO,Zl)—sBU(S) ds + / Tf*(ZO,Zl)—SBM(S) ds
8 5

)
= Tr*(zo,m)—(S (ZO —z* (5)) + / Tr*(zo,zl)—sBU(S) ds + Tr*(zo,m)ZO + ¢T*(Z(),Z])M* =Z11-
1)

Hence, u € U,y is a control which drives z( to z; in time t*(zo, z1) — 8. This contradicts the
definition of t*(zg, z1) and the bang—bang property is proved.

To show the uniqueness, let ¥ and v be two time optimal controls in (/4. Note that in
this case w = %(u + v) is also a time optimal control. From the proof above it follows that
lu(x,t)| = |v(x, 1) = |lw(x,t)| =M ae.in I" x [0, (20, z1)]. If u(x,t) # v(x,t) in a set of
positive measure £ C I" x [0, t*(zo, z1)] then

O=u(x,t)+vix,t)=2w(x,t), (x,t)eE,
which contradicts the fact that |w(x,#)| =M a.e.in I" x [0, 1*(z9,21)]. O
3. A modified Lebeau—Robbiano strategy

In this section we propose a version of a method introduced by Lebeau and Robbiano [13]
to study the null controllability of the heat equation. Roughly speaking, the Lebeau—Robbiano
strategy combines the observability of finite combinations of eigenvectors (which is a property
not involving the time variable) with the exponential decay of the heat semigroup to obtain the
null controllability. The fact that this method can be adapted to null controllability with inputs
in L°°([0, 7], LZ(F)) over a positive measure set e C [0, 7] has been remarked in Wang [28].
The main novelties we bring in into this section consist in the facts that this strategy is adapted
to null controllability with inputs in L°°([0, ] x I") over a positive measure set e C [0, 7] x I"
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and that we replace the Lebeau—Robbiano assumption on the observability of finite combinations
of eigenvectors with an assumption of controllability of the truncation of the dynamical system
to a finite number of modes. This latter property involves the time variable and it is, in general,
weaker than the observability of finite combinations of eigenvectors.

We continue to use in this section the notation and assumptions in Section 2 on the spaces X,
U and on the operators A and B. Moreover, we add some new notation and assumptions.

The operator A:D(A) — X is supposed to be a self-adjoint (possibly unbounded) operator
on X such that

(A, ¥) <0 (¥ € D(A)).

Such an operator will be briefly called a negative operator. We also assume that A is diagonaliz-
able with an orthonormal basis of eigenvectors {¢x }x>1 and corresponding family of eigenvalues
{—Ax}k>1, where the sequence {A;} is positive, non-decreasing and satisfies Ay — o0 as k tends
to infinity. According to classical results, this holds, in particular, if A has compact resolvents.
With the above assumptions on A, we have

Ay == Mt ol (¥ €D(A)), (3.28)

k>1

so that the semigroup T generated by A is a contraction semigroup on X satisfying

Tiz=) e ™z, o) (120, z€X). (3.29)
k>1
Moreover, the sets
Xp = {ZGX: Z(1+A§)ﬁ|<z,¢k>lz<oo} (B> 0), (3.30)
k>1

endowed with the inner product

vap=2 (1+2) .ol o) (@ yeXp). (3.31)
k>1

are Hilbert spaces. The scale {Xg}s>0 of Hilbert spaces can be extended to a scale {Xg}ger
by defining, for every B < 0, Xz as the completion of X with respect to the norm associated to
the inner product (3.31). Alternatively, X_g may be defined, for B > 0, as the dual of Xg with
respect to the pivot space X. For every g > 0, formulas (3.28) and (3.29), with (-,-) standing
this time for the duality between X_g and Xg, provide canonical extensions for the operator A
and the semigroup T to a negative operator and a contraction semigroup on X _g, respectively.
These extensions will be still denoted by A and T. Note that, for every g € R, the family
{(1+ A,%)ﬂ/ 2§0k}k>1 is an orthonormal basis in Xg. Finally, in the sequel we need the follow-
ing lemma which represents the dual version of Proposition 5.1.3 from [26]. However, to make
precise the admissibility constant, we provide a short proof below.
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Lemma 3.1. Assume that U is a Hilbert space and B € L(U, X_%). Then B is an admissible

control operator for T with admissibility constant % I1Bllcw,x o)
~2

Proof. Let u € L2([O, t],U) and let z € C([0, 7], X_1) be the mild solution of the equation
z(t) = Az(t) + Bu(t), z(0) =0. (3.32)

If (F)n>1 C W“([O, 7], X1) 1s a sequence convergent to Bu in L2([0, 7], X_%), then let
7z, € C([0, 7], X1) N Cl([(), 7], X) be the solution of

2n(t) = Az (t) + Fu (1), zn(0) =0. (3.33)

It follows that z,, verifies

1d
5 @] = =[]} +(Fa).200)

1
= =[] +{Fae200)y ) <G IROI,

11
22

By integrating the last inequality from O to t, we obtain that

limsup||2» (1) | < f [Bu)|, |B||L(UX Pl
n—o0

We deduce that (z,(7)),>1 converges weakly to some Z in X. Since (z,(7)),>1 converges to
z(7) in X_1, it follows that z(t) =7 € X and verifies

1
Iz < —=IBllzw.x Hlulzzgo.n.v)- (3.34)
2

V2

The proof of the lemma is complete. O

For y, ¢ > 0 we denote by

Vey = span{<pk | )‘}; < §}’

and we denote by P, the orthogonal projection from X onto V.

We recall that through this paper U = L?(I") where I' is a measurable set with respect to a
measure 4. In the sequel, for every k € N* we denote by py the Lebesgue measure in R¥ and
by 1t the product of measures & and 1. We now state the main result in this section.

Theorem 3.2. Let T > 0 and let e C I' x [0, t] be a set of positive measure. Assume B €
LWU,X 1 ). Moreover, assume that there exist positive constants y € (0,1), a, a € (0, 1), dp,
dy and k such that for every ¢ >0, s,t >0, witha <s <t <t,and £ ={(x,0)€e|s <o <t}
of positive measure, we have
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L e K
”Tj(p” < doedl[l‘i‘(ﬁ(g)) ]§+/7(5) ”‘Ijgg/gol‘Ll(rx[(lr]) (go e Vg,)/)’ (335)

where &' = {(x,7 — o) | (x,0) € E}. Then the pair (A, B) is L* null controllable in time t©
over e.

In order to prove Theorem 3.2 we need the following measure theoretic result whose proof
may be found, for instance, in Lions [15, p. 275].

Lemma 3.3. Let F be a set of positive measure. Then there exist positive constants p and c such
that for almost every t € F there exists an increasing sequence (1), >0 such that lim, o t, =1
and

In+1 —In

lul([tn, 110 F) 2 p(th+1 — tn), ——<c¢c (n=0). (3.36)
In42 — Inti

The following simple lemma will help us to separate the time and space variables in our
estimates.

Lemma 3.4. Let e C I' x [0, t] be a set of positive measure. For each t € [0, t], we define the
t-sectionofease; ={xel |(x,t)eel. IfF={te€[0,t]| ule) > %f)}, then

(e
pi(F) = 3 (3.37)
Proof. Let F ={tr [0, ]| u(e) > %} and suppose that 1 (F) < 41/71((?). It follows that
A ~ ~ ~
A =fﬂ<er>df =fu<er>dr + f e dr < 4Z((612)M(1“) - r%:) = “;e),

0 F [0,z]\F

which is a contradiction. O
We are now in a position to prove Theorem 3.2.

Proof of Theorem 3.2. Since e C I' x [0, 7] is a set of positiye measure, we deduce from
Lemma 3.4 that there exists F' C [0, t] of measure greater than 4’; ((ell) such that, for any o € F,

the section e, has measure greater than %e). Let t' € F be one of the points for which one

T
can find a sequence (#x)x>0 as in Lemma 3.3. Without loss of generality we may suppose that
to := a > 0. In the remaining part of the proof, for each k > 0, we denote ry1 = fx4+1 — tx. Define

the sequence (cx)k>0 by

1

Sk = (k> 0), (3.38)

p
P22
where p = p(y) will be conveniently chosen latter on.

For every k > 0 we define the functions z; € C([t2k, taka2], X) and uy € L°°(I" x [tog, t2x+2])
recursively by the formulas
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z—1(to) = Ty, 20, (3.39)
ur(x,t) for (x,t) e I' x [tu, tag1],
up(x,t) = k> 0), 3.40
k(X 1) {() for (x,t) € I' X [taks1, taks2] ( ) (G40
H

Zk(%’)=Tg—t2k1k—1(tzk)+/Ts—aneuk(0)d0 (k>0, & €ltar, tars2]),  (3.41)

Dk

where Uy € L°°(I" X [ta, t2k+1]) is chosen such that, for each k > 0,

Pg yzi(tk41) =0, suppitx C e NI X [ta, tg+1], (3.42)
~ A1+ (=) g«
%\ oo (P o, 1111 < o€ PIO+1 P (| zg—y (t2) |- (3.43)

The existence of u; with the above properties follows from (3.35) with E =e N I x [tk tak+1]
by applying Proposition 2.5 and taking into account that

k41 _
~ e
HE) = / /dxda> / /dxdo>“4( ) propnt.
T
Dk €o FNltk,tok+1] €o

Denoting p = %p and using (3.41) and (3.43) it follows that, for each k > 0,

1 o K
|z (gD || < (1 +dollBllx/r2k+1€d1[1+(5’2"+1) T )zx-120]- (3.44)

In the above formula and in the remaining part of the proof, |B| denotes the norm in
LU, X 1 ). Note that formula (3.41) for zx (t2x+2) and (3.42) imply that

(zk(t2rg2)  0n) =0 (k=0, A} < ) (3.45)

and yield that

|z (r2ns2) || < et a2 |2k o)) || (k= 0). (3.40)

From the above relation and (3.44) it follows that there exists a positive constant ¥ > « such
that, for each k > 0, we have

1/y 1 o
— di[14+(=
S’ rak2tdil +(p,2k+1) Isk+

|zx(tns2) | < e okt | zg—1 (t20) |- (3.47)

In order to show that the right-hand side of (3.43) forms a bounded sequence, we denote

di[14 (=) ]+ =~ —
ar = doe™ T T TR | 0| k> 0).

From the above definition of a; and (3.47) we deduce that

1/y 1 o K
Ap41 =6 " rak2tdisk1 (= —) "+ =
e ok A s’ Thues (k> 0). (3.48)

ak
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Using Lemma 3.3, formula (3.38) and the fact that y € (0, 1) it follows that there exists k1 > 0
and a constant C > 0 such that

| 1 « K
_gk/yr2k+2+d1§k+l(~ ) +

Prok+3 Pr2k+3
P_1 o ~
1 1 p
(mm) () () o
k42 k42 PIrak+2 Prak42
2_1
1 y
< —C( ) (k > k1), (3.49)
k42

for any p which verifies 5 — 1 > max{l, p + «}. Note that the last inequality is equivalent to

p > max{2y, V%F;‘)} which has at least a solution for each y € (0, 1).
The above estimate, (3.48) and (3.43) show that the function

o0

w(x, 1) = k(X ) Xiyinial (6. 1) € I x [0, 7]) (3.50)
k=0

belongs to L>°(I" x [0, t]) and suppu C £. Moreover, the function

2= 2O Xiyinsa) (£ €10, 7)) (3.51)
k=0

belongs to C ([0, 7], X) and verifies
z(1) = Az(t) + Bu(1), z(0) =z0
and z(t) = Trz9 + @ gu = 0. The proof of Theorem 3.2 is now complete. O

Remark 3.5. The proof of Theorem 3.2 gives an estimate of the control cost. Unlike in the case
of controls acting on a time interval, it is not clear that this cost depends only on the measure
of the control support e. Indeed, at least within our method, the control norm on the first time
interval [f, #1] could depend on deeper structural properties of e.

In order to estimate the control’s cost we analyze each control uy, k > 0. From (3.43) we have
the following estimate for the control u( acting on the interval [fy, #1]

4T 4tk
UG 0T 520 12011 == Collzoll- (3.52)

d
luoll Lo (rx[,61) < doe

Estimates for the norms of the controls (u;)r>1 can be obtained inductively. More precisely,
if the sequence (Cy)k>0 18 defined by

1

4 o 4K Y
Cr+1 :doed1[1+(/’l7(e)fzk+1) ]§k+pﬁ<e)r2k+1 Sk—1"2k

Cr (k=0),
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then from (3.43), (3.44) and (3.47) we deduce that

kNl Loo(rxioe,mein ) < Cillzoll (k= 1), (3.53)

In order to give a global estimate, we make the norm of uo dominant. This is achieved by
considering, instead of the sequence (#)r>0, the sequence (?k)k>0 with 7, = T4k, - With this
new choice, for p > max{2y, V(IITJF;‘)}, we have that Cy41 < C¢ for any k > 0. Hence, in this
case, the following estimate holds

R e e
[l oo x10,71) < doe PR PR 201 (3.54)
Note that the cost of # depends of (1(e) and ry, the length of the first interval [70, 111

4. A Turan type inequality

In this section we give an m-dimensional version of an inequality originally proved by
Turdn [27] for intervals and extended by Nazarov [21] for sets of positive measure in R.
Let m > 1 be given and, for each 1 <k < m, let [} = ]—[le[(), [;] be a k-dimensional rect-
angle of volume vy = [y ---Ix. For m > 2 and any a € (N*)" we write « = (¢/, o) with

o = (a1, ...,0m—1) € (N1 &, e N and we denote
om M s
By (x) = By (X1 ... Xp) = —]_[sin<m), (4.55)
Um ik ¥
om—1 171 oixX ;T
P (X)) = P (X1, .., Xp_1) =, in[ =2 ). 4.56
o (') o (X1 Xm—1) o E[sm( 7 ) (4.56)

Given m € N, the notation

9

I Il £ = sup| f(x)

xeE

is used throughout this paper for continuous complex valued functions f defined on a measurable
set E C R™.

Now, let E C I, be a set of positive Lebesgue measure. The aim of this section is to estimate
from below the L' (E)-norm of the finite linear combinations of functions @, . We begin with the
following simple variant of Lemma 3.4 on sets of positive measure in product spaces.

Lemma 4.1. Let E C 1, be a set of positive measure. For each k <m and (&1,&,...,&) € I,
we define the (§1, &3, ..., &)-section of E as the set

m

i=k+1

If, for each k < m, Fy denotes the set
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k
mm (E)
Fi = (51,52,..-,&)6111[0, | ok (B ) > 7 1
then
(E)
we(F) > —m=l (4.57)
g1+l

Proof. It is similar to the proof of Lemma 3.4 and we omitit. O
The following theorem, proved in [21, Theorem I], will play an essential role in our study.
Theorem 4.2. Let N € N be a nonnegative integer and p(x) = Z| KI<N are’* (a € C, vy € R)

be an exponential polynomial. Let I C R be an interval and E a measurable subset of I of
positive measure. Then

Cur(H)\*
||p||1<(m1 ) IplE. (4.58)

where C > 0 is an absolute constant.
The following result is a consequence of Theorem 4.2.

Corollary 4.3. With the notations from Theorem 4.2 we have that the following inequality holds
for any sequence (ay)jk<n CC

1 2N+1
2 : 1 2CI’L1(1) / [VEx
( 2 '“"') s cmn( 1 (E) ) 2 o

lk|<N E [kISN

dx, (4.59)

where C > 0 is the constant from (4.58).

Proof. By denoting p(x) = Z|k|<Nakei"kx and by using the orthogonality of (ei"kx)|k|<N
in L%(I), we have that

lkI<N

i) Yl = [|p@f ar < lplf. (4.60)
1

In order to bound || p||; with an integral over E we use (4.58) and an idea from [3, Theo-
rem 5.6]. If we denote £ ={x € E | |p(x)| > ﬁHPHU(E)}’ we remark that (&) < %

Thus w1 (E \ €) > L8 and, by applying (4.58) in E \ &, we deduce that

||p||1<(M)2N||pn f<—2 (ZC“I(”YNHpul
S\ ui(E\E) PSS 0EN mi(E) L&)

and the proof is complete. O
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The following result generalizes Corollary 4.3 to multi-dimensional domains. For other simi-
lar results and extensions the interested reader is referred to [5,9].

Corollary 4.4. Let m, N > 1 and D C [1, N]" "N". Let E C I, = [[;—[0, ;] be a set of

positive measure. If C > 0 is the constant from (4.58), then the following inequality holds for any
sequence (by)yep C C

(o) )
) (o) Cur) [
weD 2mCMy,y, wm (E) 5

where the sequence (pp)m>1 is defined by py =1 and p,, = 2m+1+(n’; D pm=1 form > 2.

4.61)

Z by Dy | dx

aeD

Proof. We prove (4.61) by induction over m. For m = 1, (4.61) follows from Corollary 4.3.
Indeed, it is sufficient to take in (4.59) ag =0, a; = % and a_; = —ay, for each k£ > 1 to ob-
tain (4.61) in the case m = 1.

Now, let us suppose that (4.61) holds in any dimension less or equal than m — 1 and prove it
for dimension m > 2. Let p(x) =), cp baPu(x), where D C [1, N]" NN™. With the notations
from Lemma 4.1 note that

f|p(x)|dx— / /XE|px xm ‘dxmdx f /|px xm ‘dxmdx

In—1 0 m]E/

We have that p(x) = Z,iv:l(za,epk b iy Po (x)),/ % sin(kﬁcm), where Dy = {a’ €
[1, N1"~'| (&, k) € D} for each 1 <k < N. Our recurrence assumption implies that

@N+D)[ N 2 %
2C1 B
Ef\p(xﬂxm)ldxw 2lmc(m(Ej)> [Z } ,

k=1
for each x’ € I,,_;. Integrating the above formula over F,,_; and taking into account that
w1(Ey) > “’"(E) for every x’ € F,,,_1, we deduce that

8C U 16y ) VT al
‘p(x)}dx>\/21mc m Z Z b(a/,k)QDa/(x
E

Z b(a’,k) ¢a’ (x

OIIEDk

dx’

'~
~
[\]
I
D—

k=1'a'eDy

Fin—1

8Cuy, \“NtD 1 N
>,/2lmc(—’"> —Z / Z Do 1y P (x') | dx’.

o (E) Wiz &,

Using again the recurrence assumption and the fact that w,,—1(Fy,—1) > MZLI(E)’ we deduce

that
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1 1
om 2m 7/8C —@N+D /524 ppu-r 0 —(m—1)2N+1) 3
firores (2S5 () e
% N 2 mm (E) wm (E) oD
2m+1+m—1)p,, 1

. <2mC2mUm)%<2 m CUm)_m(2N+1)<Z |b |2)%
T m=1 o )
N2 mm (E) D

ae

so that the proof is complete. O

To end this section we give a simple consequence of the above estimates to an interior con-
trollability problem for a (possibly fractional) diffusion equation. Let m be a positive integer, let
£2 C R™ be an open and bounded set and let I" be a non-empty open subset of £2. For 0 € (%, 0),
we consider the diffusion equation

0
a—j(x, 1) =—(=A)z0x,t) +ulx,t)xr(x) for (x,1) € 2 x (0, 00), (4.62)
with the boundary and initial conditions

z(x,t) =0 on a2 x (0, 00), (4.63)
z2(x,0) =z0(x) forx e 2. (4.64)

Eq. (4.62) involves a fractional power of the Dirichlet Laplacian, (—A)?, and it is used as
mathematical model for physical processes exhibiting anomalously slow or fast diffusion (see,
for instance, [11,17]). We refer to [18,19,25] for some of the controllability properties of this
equation. The input u acts only on the subset I" of £2. We have the following result for the time
optimal control problem associated to (4.62)—(4.64).

Proposition 4.5. Suppose that 2 is a rectangular domain in R™ and that I" is a non-empty open
subset of §2. Then, for every zo € L2(2) and 71 € R(z0, Uag), there exits a unique solution u*
of the time optimal control problem (2.19)—(2.20), associated to (4.62)—(4.64). This solution u*
has the bang—bang property:

|u*(x, t)! =M ae inl x [0, (20, zl)]. (4.65)

Proof. System (4.62)—(4.64) can be written in the form (2.10). Indeed, let X = L?(2), U =
L*(I') and A = —(—A)?. Let the control operator B € L(L*(I"), X) be defined by

Bu=uxr. (4.66)

With the above notation, (4.62)—(4.64) is equivalent to (2.10) and B € L(U, X) is an admissible
control operator for the semigroup T generated by A. In this case the measure  on I" is the
Lebesgue measure (4, .

Forany y € (0,1) and ¢ >0,let V., ={p e X |¢p = Z/\gggaacba}, where (@g)qevym
are the eigenvectors of the operator —A which are given by (4.55). The eigenvalue A, of —A
corresponding to the eigenvector @, is given by Ay = (a% A a%)e.
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ForanyO<a<s<t<tlet&={(x,0) €e|s <o <t} be a set of positive measure and
let & ={(x,t —0) | (x,0) € £}. By using Lemma 3.4 we have that there exists a set F C

{0 €[s,t]| (x,0) € £} such that p; (F) > Emp1(E) and the o-section E, has the property that

< Aam (I7)
wm(Eg) > Mﬂi(s)) forevery o € F.

According to Proposition 2.6 and Theorem 3.2, the conclusion of our proposition follows if
we show that the pair (A, B) verifies (3.35). In this particular case, (3.35) is a direct consequence
of Corollary 4.4. Indeed, we have that

T
erd,s"/’uu(rx[o,r]) :f/XS/}B*T:¢|dXdU

>f/}3*1r;;<p|dxda:f/ >

F E, A <s

Ay @y (x)e % | dx do.

1
By using Corollary 4.4 with N = ¢ 27 , we deduce that there exists a constant C = C (I, 6, m)
such that

1

1
d e c Qs 4D 2 Do )
_m=1 o
i o ) ™ (e o

M <s

1
1

el (4C( — )\ ST AD 2
>Cg ((—s)) m(F)< > |aa|2e—2“f) :

E
Mm+1(E) M <c

Now, by taking into account that there exists « > 0 such that

E _ kpm )
w1 (F) > Hm+1(E) >e Fmt1®

and by choosing y = % € (0, 1), it follows that (3.35) holds, which ends the proof. O

Remark 4.6. The generalization of the results in Theorem 1.1 and Proposition 4.5 to a domain £2
of arbitrary shape is an interesting open question. A result which may allow to tackle this issue
has been recently obtained in Apraiz and Escauriaza [1]. In this work, the authors prove the null
controllability of the heat equation by means of controls supported in a subset of positive measure
of the domain 2 or of its boundary. The main new tool introduced in [1] is an inequality of the
same nature as (4.61), in which the eigenfunctions @, of the Dirichlet Laplace operator in §2 are
replaced by the solutions etViay @, (x) of the elliptic equation

Acz(x,y)+0;2(x, ) =0, (x,y) €2 xR.

Finally, let us remark that a time optimal controllability problem for (4.62) has been addressed
in [16], by considering control constraints in integral form and not pointwise in time and space
as in (1.6).
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5. Proof of the main result

The aim of this section is to prove our main result, Theorem 1.1. In order to achieve our
objective we need to show that (3.35) holds. One of the key ingredients in the proof of (3.35) is
the following Remez-type inequality, which has been proved in Theorem 2.1 from Borwein and
Erdélyi [4] (see, also, [3]). Recall from the previous section that, for every k > 1, u; stands for
the Lebesgue measure in RX.

Theorem 5.1. Let vy :=k", ke {1,2,...}, n > 1. Let p € (0,1), e € (0,1 — p) and ¢ < 1/2.
Then there exists a constant ¢, > 0, depending only on n, such that

1P, 01 < exp(cpe’ ) IpllE,

for every p € span{x"!, x"2, ...} and for every set E C [p, 1] of Lebesgue measure at least
e>0.

The above result has the following consequence:

Corollary 5.2. For every Tt > 0 there exist two constants C, k > 0 such that for every F C [0, 7]
of positive Lebesgue measure the following inequality holds

Celc/,ul(F) / Z ake_kzl

v k=1

1
dr > [Z |ak|2e—’<2’] i ((ax) € £2(0)). (5.67)

k>1

Proof. If (ai)i>1 € £2(C), let us denote f(f) = Zk>1 ake_kzt. Let p =¢7 " and let
E={x=e_t|teF}C[,0,1].

Then

pi(E) = /e_’ dt > e " (F).
F

We can thus apply Theorem 5.1 (with n = 2) to obtain that there exists an absolute constant
¢ > 0 such that

Il fllt0,z1 < exp(ce” /ui () £l - (5.68)

Let S={t € F [ |f ()] = 2551 fll 1y} Tt is easily seen that 111(S) < BB Thus g (F \
S) = 1 5o that, by applying (5.68) in F \ S, we deduce that

1f llfo,e1 < exp(2ce™ /1 (D)) fll s <

P exp(2ce” /i () flipiry-  (5.69)
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On the other hand, by using a classical result (see, for instance, [8,10,24, Corollary 3.6]), we
deduce that there exists a constant C > 0, depending only of 7, such that

T

1 2
171> - [ |

o k=1

2
dr>CY lagPe ™. (5.70)
k>1

From (5.69) and (5.70) it follows that (5.67) holds with positive constants C and « depending
only of t and the proof ends. O

Now we have all the ingredients needed to prove our main result.

Proof of Theorem 1.1. Recall from Section 2 that (1.1)—(1.4) may be written in the form (2.10),
with (A, B) defined in Remark 2.2. In this case the spaces X 1 and X _ ! defined at the beginning

of Section 3 are given by X | = L%(£2), X_y= (H?(2) N Hy (£2))' (the dual space of H*(£2) N
HOI (£2) with respect to the pivot space L?(£2)). Moreover, B € L(L*(I"), X _ ! ) is an admissible
control operator for the semigroup T generated by A. Therefore, according to Proposition 2.6,

it suffices to show the L°° null controllability of the pair (A, B). This will be done by using
Theorem 3.2. We recall that B* € L(L?(2), L>(I")) is given by

a1
B*¢ = _M ((p c Lz(g))_ (5.71)
v r

Without loss of generality we may suppose that I” is an open subset of {x = (x',1,) € 982}.
In this case, u is the (m — 1)-dimensional Lebesgue measure.

Note that (D4 )yt defined by (4.55) is the complete family of orthonormal eigenvectors of
the operator —A and A, = oz% 4.+ oz,%i are the corresponding eigenvalues. Now, for any ¢ > 0
andy € (0,1),let Vo, ={p = ngggaaqba}- Forany0<a<s<t<rt,letE={(x,0)€e]
s < o <t} be a set of positive measure and let &' = {(x, 7 — o) | (x,0) € £}

By using Lemma 3.4 we have that there exists a set F C {o € [s,t] | (x,0) € £} such
that

E
pi(F) > _Hm(@) : (5.72)
4/'Lm—1(F)
and, if o € F, then the o-section E, has the property that
Mm &)
_1(E . 5.73
Mm—1( U)>4(t—S) ( )

By using (5.71), it follows that for every ¢ € V. ,, we have

B*T%¢|dx'do >//|B*T;¢\dx/da
F Es

T
”lpgg’(p”Ll(Fx[O,r]):/fxg/
0r
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—1\%m
:/f Z aa( 1l) )\OtmTL' @a/(x/)e—kao

F E, M<g

:// Y by (0) Py (x)

F Eg4 O{’EDm

dx’ do

dx’ do,

1
where D,, = {a’ € (W)~ | |o/|> < ¢¥ — 1} and

VS%—Ioﬂl2 (=)@, 7
ba(0)= > aaTQ’"e‘ka" (' € D). (5.74)

oy =1

1
From Corollary 4.4, by taking N = ¢ % and using (5.73), we deduce that there exists a con-
stant C = C(m) such that

1

2 c —(m—1)2¢ 2 +1) 5\ 2
” S/QOHLI(I—'X[O T])//{Cg 4y (m) ( Z |ba/| ) }dU
F

o’'eD,y,
1
—(m—1)25 2 +1) 3
_m=2 4C(t—s)> (m=D2¢ /( \?
>Cc W <7 by |?) do.
m (E) ,Z *
F (XEDm

‘We deduce that

1

7 (4 _s>)—<m—l><2§”+l>

-
° )

| 5’('0”L1(F><[0t]) |by[do.  (5.75)

O[/EDm F

In order to find a lower bound for the integral over the measurable set F C [s, ], we use

Corollary 5.2. We have that

e’ Pe ED™omr 426

f |by |do > e f Z Ay L e

F Floam=l

1
1 VeV —lo|? 2 9 9o %
1 exp<_ K )e—|a’|zr 3 laal 0" 20 "

C w1(F) 1232

oy =1

T
7 —la'|?

do

By taking into account (5.72), we deduce that

(5.76)

vg%—loﬂl2 2 3
f|b |do > —eXP( Heftm— I(F)> Z e PhaT
wm () -
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Finally, from (5.75) and (5.76) it follows that

” "prL{E’gD ” LI(I'x[0,7])

1 /1 |
s¥ —lo/|? 2 )

—(m=1)2¢ 2 +1)
_m2 (4C (1 — )\ " P L
>Cg ¥ (T) e m® ¢ Z Z Ga )y .
" a/EDm ap=1 )\‘&
1
I (4in()) 2 _ o1 (D) ay |2 51
>d—e 1 @& )¢ 1 (E) a | g2t |, 5
0 <s' ha

Choosing y = %, we conclude that (A, B) satisfies condition (3.35) in Theorem 3.2, which
concludes the proof of Theorem 1.1. O

Remark 5.3. By using the same arguments as in Remark 3.5 we deduce that, for any p > 1, the
following estimate of the cost of the control from Theorem 1.1 holds

d1[1+1n(—i—)]:'—z+—'3”‘—
1

Ee) (e)r
lull Loo(rxfo,7]) < doe " "M 2ol (5.78)

where rq is the length of the first time interval [#(, ¢1] in Theorem 3.2.
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