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This paper proves the local exact boundary controllability property of a nonlinear sys-
tem of two coupled Korteweg—de Vries equations which models the interactions of weakly
nonlinear gravity waves (see [10]). Following the method in [24], which combines the
analysis of the linearized system and the Banach’s fixed point theorem, the controlla-
bility problem is reduced to prove a nonstandard unique continuation property of the
eigenfunctions of the corresponding differential operator.
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1. Introduction

In this work, we analyze the boundary controllability property of a nonlinear system
of two coupled Korteweg—de Vries equations. More precisely, given 7" > 0, and
functions u?, v°, u! and v!, we study the existence of four control functions h1, ha,
g1 and g9, such that the solution of the system
Ut + WUy + Uggy + A3Vz00 + A1V + a2(uwv), =0, in (0,7) x (0, L)
bive + 10y + VUz + b203Usee + Vzza + b2asuug
+ boay (uv), =0, in (0,7) x (0,L)

u(0,z) = u®(z), v(0,2) =1%x), on (0, L),

(1)
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(2)

satisfies
’U,(T, ) = ulv U(Ta ) = Ul' (3)

The spaces to which the initial and final data as well as the controls where these
belong to will be given latter.

In (1), a;, b; and r are real constants such that b; > 0 for i = 1,2 and a3by < 1.

System (1) was derived by Gear and Grimshaw in [10] as a model to describe
strong interactions of two long internal gravity waves in a stratified fluid, where the
two waves are assumed to correspond to different modes of the linearized equations
of motion. It has the structure of a pair of KdV equations with both linear and
nonlinear coupling terms. This somewhat complicated system has been object of
intensive research in recent years (see, for instance [1,2,15,17-19]).

The controllability problem we address here has been intensively investigated in
the context of the wave or heat equations but there are fewer results for the KAV
type equation under the boundary condition as in (1). Rosier in [24] proved that
the underlying scalar linear equation,

Ut + Uggy + Uz = 0, in (0,7) x (0,L)
u(t,0) =u(t,L) =0, wu.(t,L)=nh(t), on (0,T) (4)
u(0,z) = u’(z), on (0, L)

is exactly controllable by means of a single boundary control h € L2(0,T), except
when L lies in a countable set of critical lengths, of the form

2
= {77;_’ k? + kl + 12,k and [ are positive natural numbers} . (5)

This was done by combining the Lions” HUM method and a nonstandard unique
continuation principle for the eigenfunctions of the differential operator. The critical
lengths in (5) are such that there are eigenfunctions of the linear scalar problem
for which the observability inequality fails. By a linearization argument a local
controllability result for the semilinear scalar equation,

Ut + Ugge + Uy + Uy = 0, in (0,7) x (0,L)
u(t,0) =u(t,L) =0, wugx(t,L)=~h(t), on(0,T) (6)
u(0,7) = u’(z), on (0, L),

was also proved.

Later on, Zhang in [28] showed that using three controls, acting on all the bound-
ary conditions, controllability holds for all values of L. More recently, in [7] Crépeau
and Coron proved that the presence of the nonlinear term wu, in the Korteweg—de
Vries equation (6) gives the controllability around the origin in the case L = 2k,
k € N*. Using the same approach their result was subsequently improved by Cerpa
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in [6] and Cerpa and Crépeau [8]. Finally, Guerrero and Glass [11] established a
result of null controllability for KAV via the left Dirichlet boundary condition and
of exact controllability via both Dirichlet boundary conditions. As a consequence,
they obtain some local exact controllability results for (6).

Concerning the controllability properties for system (1), we prove that the cor-
responding linear system

Ut + Uppr + AV = 0, in (0,7) x (0,L)
v + 1y + abUggy + Vpre =0, in (0,7) x (0, L) (7)
uw(0,2) =u®,  v(0,z) =7, on (0,L),

under boundary conditions (2) is exactly controllable in L?(0, L), with control func-
tions h1,g1 € H{(0,T) and ha,go € L?(0,T). The arguments of the proof follow
closely the ones developed in [24] for the analysis of the scalar KdV. Therefore,
the exact controllability property is reduced to a unique continuation result for the
eigenfunctions of the adjoint differential operator corresponding to (7).

The result for the linear system allows to prove the local controllability property
of the nonlinear system (1) by means of a fixed point argument. Our main result
reads as follows:

Theorem 1.1. Let L > 0 and T > 0. Then there exists a constant 6 > 0 such that
for any initial and final data u®,v°, ut,v! € L?(0, L) verifying

||(u0,v0)||(L2(07L))2 <46, and H(u17vl)H(L2(O,L))2 <4,

there exist four control functions hy, g1 € H3(0,T) and ha, g2 € L?(0,T), such that
the solution

(u,0) € C([0,T]; (L*(0, L))*) N L*(0,T; (H'(0, L))*) N H'(0,T; (H (0, L))?)
of (1)~(2) wverifies (3).

In [20], a linear problem similar to (7), but with periodic boundary conditions
and r = 0, was analyzed. The main characteristic of that system was the symmetry
in the unknowns u and v which allowed to uncouple the system and to reduce the
problem to the controllability of two independent KdV equations. Remark that the
uncoupling is not possible in (7) unless » = 0. Moreover, if we consider periodic
boundary conditions for (7), we cannot obtain a control result for the nonlinear
system, since this problem does not have a regularizing effect.

Let us also remark that, as for the scalar KdV equation, the controllability of (1)
is very sensitive to changes of the boundary conditions and controls. For instance,
the use of a smaller number of controls is likely to impose some restrictions on the
length L of the interval, as it is the case for the scalar KdV equation. However, due
to the complexity of the system, it would be almost impossible to characterized the
set of the uncontrolled lengths.

The rest of the article is organized in the following way: In Sec. 2, we give some
fundamental results on the existence, uniqueness and regularity of solutions of the
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corresponding linear systems. The controllability results are given in Sec. 3 for the
linearized system and the fully nonlinear one in Sec. 4. Some comments are given
at the end of the paper.

2. Preliminaries
2.1. The linear homogeneous system

In this section, we study the existence of solutions of the linear system corresponding
to (1):

Ut + Ugpzr + AVpqe = 0, in (0,7) x (0,L)
vy + TUg + batgpry + Vege = 0, in (0,7) x (0,L)
u(t,0) = u(t, L) = u,(t,L) =0, on (0,7), (8)
v(t,0) = v(t, L) = v, (¢, L) =0, on (0,7,
uw(0,2) = u’(z), v(0,z)=1v"=x), on (0,L).
In (8) a, b, r and ¢ are positive constants with
1—a’b>0.
Let X = (L*(0,L))? endowed with the inner product
b (L L
(o). (o)) = 2 [ e+ [ vvde )

and consider the operator
A:D(A)c X —- X
where
D(4) = {(u,v) € (H*(0,L))* : u(0) = v(0) = u(L) = v(L) = uy(L) = vy (L) = 0}
and

Uggr — QUzza

r 1 ab ’

— VU — —VUggax — —Ugzx
C C

A(u,v) = Y (u,v) € D(A). (10)

With the notation introduced above, system (8) can be now written as an abstract
Cauchy problem in X:

11
(,0)(0) = (u”, 0", )

On the other hand, it is easy to see that the adjoint of the operator A is the
operator A* defined by

{(u, v)e = A(u,v)

Prax + C“pmmm

ab

A=,
_¢$ + _wrrr + _<prmm
C C C

(12)
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where
A" DAY C X - X
and
D(A") = {(p, ) € (H?(0,L))* : (0) = %(0) = ¢(L)
= ¢(L) = ¢2(0) = 12(0) = 0}.
We are interested in the following property of these two operators:

Proposition 2.1. The operator A and its adjoint A* are dissipative in X.

Proof. Let u,v € D(A). By multiplying the first equation of (8) by u and by
integrating by parts in (0, L) we obtain that

L 1 L
/ (—Upgz — AVzgp)U = ——ui(O) +/ AUpp Uy (13)
0 2 0

On the other hand, by multiplying the second equation of (8) by v and by
integrating by parts in (0, L), we obtain that

I L
1 b 1 b
/ (—ivg; — —Ugppx — a—Uzzz) v = ——’Ui(O) + ¢ / UpzVg - (14)
0 c c 2¢ 0

c C

Thus, from (13) and (14), we get

b b [* 1 b [t
(A(u,v), (u,0))(z2(0,0))2 = ——u2(0) + a_/ Vg Uy — 2—61)35(0) + %/ Uy Uy
0 0

b o, 1 ab [
QCU 2¢ * c /0 (Uzve)a

— __C(bu;i(o) + v2(0) + 2abu(0)v,(0))

Il

|

|
8
A
=

|

|
<

[ V)
~—
o
=
+

|

x

1
= — 5 ([Vbua (0) + Va2bu, (0))* + (1 — ab)u7(0))
< 0. (15)
Hence, A is a dissipative operator in (L?(0, L))?. Analogously, we can deduce that

(o, ), A*(0,9)) (L2 (0,1))2

1
= — oo (Vbpe(D) + Va2byu (L) + (1 = a®)y3(D)) <O (16)
and therefore A* is also dissipative in (L?(0, L))?. m|

Since A and A* are both dissipatives, A is a closed operator and the respective
domains D(A) and D(A*) are dense and compactly embedded in X we conclude
that A generates a C° semigroup of contractions on (L?(0,L))? (see [22]) which
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will be denoted by (S(t))t>0. Classical existence results then give us the global
well-posedness for (8):

Theorem 2.1. Let (u®,v°) € L?(0, L). There exists a unique weak solution (u,v) =
S()(u®,v°) of (8) such that

(u,v) € C([0,T]; (L*(0, L))*) VH' (0, T3 (H72(0, L))?). (17)

Moreover, if (ug,vo) € D(A), then (8) has a unique (classical) solution (u,v) such
that

(u,v) € C([0,T]; D(A)) N C(0,T; (L*(0, L))?). (18)

Additional regularity results for the weak solutions on (8) are proven in the next
theorem.

Theorem 2.2. Let (u°,0%) € (L%(0,L))? and (u,v) = S(-)(u®,v°) the weak solu-
tion of (8). Then, (u, ) € L?(0,T; (H(0,L))?) and there exists a positive constant
co such that

[ (w, )| 20,7211 (0,2))2) < coll(u®, %)l (£2(0,L))2- (19)

Moreover, there exist two positive constants c1 and co such that

[[(ua(-,0), va(, 0))”%L2(0,T))2 < (UO» ’UO)”%LQ(O,L))? (20)

and

1
H(UO,UO)H%L%O,L)V < T”(uvU)||2L2(O,T;(L2(O,L))2)
+ | (s (-, 0), w2 (-, 0)) I p20,7) )2 (21)

Proof. A density argument allows us to consider only the case (u°,v%) € D(A).
Let us first remark that, if ¢ € C°°((0,T") x (0, L)), then the following identities

hold
T L
0 = / / qu(ut + Ugzx + ava:a:a:)

/ / ul(qu)e + / qu? / / oo + av) (), (22)

O = / / QU(C’Ut + TUz + Vrxax + abu$zz)
0 JO

_ —/OT/OLCU(CIU)t +/0L cquly — /OT/OL(”))(‘J”)I
- /OT/OL(vm + abugy) (qu)e.- (23)

and
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Now, if we consider ¢ = x we have that

0= / / TUu ut + Uppr + Cwmm)
:5/ / / Jjuz U+CLU xx / / Uy U"‘CLU (24)
0

/ / zv(cvr + 10y + Vgzr + abUgey)
0

g/OLm?(mng—g/OT/OLv%x)—/OL/OT<xvx>(abu+v>m
+ /OT/OL Vg (abu + v) 4. (25)

By multiplying (24) by b and by adding to (25) we obtain

O:%/L (bu?(t, ) + cv?(t, )|t + //v+ // (bu2 +v2)

+ 3ab/ / UgVy — / z(bu? + 2abugv, +v2)|5. (26)

Since uy (L) = v, (L) = 0, the following holds

g/oT/o (bu? + 2abuv, +v2) = %/0 /0 v — %/OL z(bu?(t,z) + ch(t,x))hj;
g /OT/OL v? 4 % /OL w(b(u®)?(x) + c(v°)?(x))
% /OT/OL v? 4 é /OL(b(uo)Q(a:) +ce(v°)?(x)).

(27)

and

o
Il

IN

IN

Choosing € > 0 such that Va?b < e < 1, we obtain that
a’b
buZ + 2abugv, + v > b(1 — e*)u + v2 (1 - —2) (28)
€

and, consequently,
a’b
// b(1 — e?)u? 4 v2 ( —)_3// v+ = / (b(u®)? 4 c(v°)?).
(29)
Thus, there exits a positive constant ¢y > 0 such that

(s vo) 1220y 0,22 < ColllvllT2(0,myx (0,202 + 11 0)IE20,0y)2)-  (30)
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Since the semigroup is continuous, we conclude that there exists a constant
co > 0 satisfying

(2, v2) 172 0,7y 0,0)2 < Coll (W5 0°) 1320, 12 (31)

and (19) is proven.
By taking ¢ = 1, we obtain from (22) and (23 ) that

1 rE, 1
0= u (T, x) — 0 x) (Ugy + AUz ) U, (32)
2./, 2
1 L 1 L T (L
0= —/ v (T, x) — —/ cv?(0, x) —/ / (Vgy + AbUg ) V. (33)
2Jo 2Jo 0 Jo

By multiplying (32) by b and by adding to (33), we have that

b L b L T L
0= —/ u?(T, z) — —/ u?(0,2) — / / (DUgg + AbVzy ) Uy
2 Jo 2 Jo 0 Jo
1k, 1k, T L
+ —/ cw (T,x) — = cv (0, ) — (Vg + abUgy )V
2 Jo 2 Jo 0 Jo
L b T 1 /L 1 /L
= 9/ u?(T, z) — —/ u?(0, ) + —/ (T, ) — —/ cv? (0, x)
2 Jo 2 Jo 2 Jo 2 Jo

and

+ATB @m+w%@m%@m+;v@m} (34)
that is
ZAmeﬂg_SALﬁamg+AL#mﬂﬁ—ALﬁ@w)
- /OT [lc’ 2(t, O)—|—2—bvm(t 0)ux(t,0) + 111 2(t, 0)] (35)
Hence,

2 b L 2 L 2
6 O s = 7 [ w2000+ [ o0.0)

1o ab 1
:/ k@@m 20, (1, 0)ue (1,0) + v@m] (36)
0
If € is a constant such that 1 > & > v/a2b, then

2abv, (t,0)uy(t,0) = 2 (é\/%vaj(t,O)) (eVbu, (t,0))

> —e2bu?(t,0) — ;v (t,0). (37)
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Consequently, we can guarantee the existence of a constant ¢; > 0 such that
0 ,0y(2 bt o, L
6 O o = 7 | 0.0+ [ o0.0)

>/0T B 2, 0)+2—bvw(t 0)us (£, 0) + 1v 2, 0)]

= [ [Brono-2+ e (1- )]

> | (us (- 0), v (-, ) Iz2(0,7)2 (38)

and (20) is proved.
In order to obtain (21) we use a similar argument with ¢ = (7" — t) to obtain

:—// (bu? + cv?) / (b(u®)? + c(v°)?)

1
T / (T — (b2 (2, 0) + v2(1,0) + 2abva (1, 0)us (1,0)),  (39)
0
which implies that

1
1”0 [Fr2(0,00)2 < TH(UHU)H%Q((O,T)X(O,L))Q + el (ua(+,0), vz (- O [ F22 0,2

(40)
for a suitable constant co > 0. Now the proof is complete. O
1 2 a2b .
Remark 2.1. If y =4/ (E — 1) + 42>, the change of variable
2a 2a B
0 -1 L)) 6)
Do\ )€
c c
transforms the linear system (8) into
- 1 ra (1 -
ut—|—< —|—1—|—u)urm—— (——1—|—u)u
¢ \c
1
+%(Z_1_“)@IZO’ in (0,7) x (0, L)
- 1 . ra (1 .
U + <—+1—,u>vmm+— <_—1+M>Um
C c C (41)
1
—E<——1—u)a$:0, in (0,7) x (0, L)
c \c
u(t,0) = u(t, L) = ue(t, L) = 0, on (0,7,
0(t,0) = 0(t, L) = 0,(t, L) =0, on (0,7),
w(0,z) = u%(x), ©(0,z)=2"(x), on (0,L).
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This change of variables was used in [20] where we have analyzed the case r = 0
and where the resulting system (41) consists of two uncoupled KdV equations. If
r # 0, system (41) is still coupled. However, it is simpler than (8), in the sense
that the coupling is realized only through the lower terms u, and v,. This is an

alternative equivalent approach for the study of our system.

2.2. The nonhomogeneous system

Now, we study the nonhomogeneous system corresponding to (8):
Ut + Uggz + WVgze = 0, in (0,7) x (0,L)
vy + 10z + ablizry + Vpge = 0, in (0,7) x (0,L)
u(t,0) =0, w(t,L)=hy, wuy(t,L)=he, on (0,7),
v(t,0) =0, v(t,L)=g1, vg(t,L)=ge, on (0,T),
u(0,z) =u’, v(0,z) =1, on (0,L)

where hy, g1 € HE(0,T) and ha,gs € L(0,T).

The following result ensures the existence of classical solutions of (42).

Theorem 2.3. Let (u°,v°) € D(A) and
hi,gi € C3[0,T) = {z € C?[0,T]: 2(0) = 2(T) = 0}, i=1,2.
Then, system (42) has a unique (classical) solution
(u,v) € C([0,TT]; (H?(0, L))*) N C([0, TT; (L*(0, L))?)
and there exists a positive constant C such that

||(u7v)||20([0,T];(L2(0,L))2) + ||(u7v)||2L2(O,T;(H1(O,L))2)
2

< O |Iu®, 0 IEz20,2y2 + D MillFra o,z + gl E 0.))
=1

Proof. Asin [24], let ¢;,m; € C°°(]0, L]) be functions such that
¢1(0) = ¢4 (L) =m(0) =nj(L) =0 and ¢1(L) =m(L) =1
$2(0) = ¢2(L) =12(0) = n2(L) =0 and (L) =

The solution (u,v) of (42) can be written as

(u,v) = S(B)(u°,0°) + (¢, ),

where (S(t))¢>0 is the semigroup associated to the homogeneous problem (8),

2

2
Bla,t) = di(@)gi(t),  Dat) =D m(x)hi(t)

=1

(42)
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and (¢, 1) is the solution of the problem

©t + Prrx + a"/}www — F7 in (O,T) X (O,L)
cth + by + abPaze + Vpze = G, in (0,T) x (0, L)
o(t,0) = p(t,L) = @z (t,L) =0, on (0,T), (48)

(0,T
¥(t,0) =¢(t, L) = ¢.(t, L) =0, on (0,T),
©(0,2) = (0,x) =0, on (0, L
where
F(2,t) = @t + Prue + e
G(z,t) = by + m])\m + Jxm + abPyya-
Since F,G € C*([0,T}]; (L?(0, L))?), it follows that (48) has a unique solution
(0, 9) € C([0,T]; D(A)) N CH([0, T, (L*(0, L))?).

Thus, for every (u°,v°) € D(A) and h;, g; € CZ[0,T], we have a solution of (42)
with the property (43). The uniqueness follows from the corresponding property of

(49)

the homogeneous linear system.
For estimate (44) we note that

Il (ws 0) 110,77 220,20)2)

IN

2018 ) (u®, W) & 0.15:22(0,2)2) + 21100 DIE 0. 77: 2200, 20)2)

IN

ClIw®, ) 1T r200, 002 + ICE O 720,17 220,00)2) -

Since
2

I(F, G172 011522 00,00)2) < C > Uhill s 0.y + gl 0.0y (50)

i=1
we deduce that
[l (u, v) |%([0,T];(L2(0,L))2)

2

<C ”(uOvUO)H%LQ(O,L))z+Z(||hi”%ll(0,T)+”giH%Il(O,T)) : (51)
i=1

On the other hand, from (19) we deduce that
[ (u, U)Hiz(O,T;(Hl(O,L))Q)
< 2018 (u®, ) 720,751 0,012 + 2005 V) 20,73 (71 (0,00)2)
< Ol )1 Eo,0y)2 + 10 ) Z2g0,7:0m1 0, 1)2) -
As in the proof of Theorem 2.2, we obtain that the solution (¢, ¥) of (48) verifies
L
0

/oT/oL z(bFp + Gi) = % / z(bp? (t, ) + C¢2(t’x))’oT

r T pL 3 T pL
+—/ / 1/)2+—// (b2 + 2abp, ), + V7).
2 0 0 2 0 0
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It follows that there exists a positive constant such that
(2, V)l 220,751 (0,L))2) < C[H(W(T%w(T))H%Lz(o,L))z
+ 1@ ) Z20.1:22(0,002) + 1F O Z200 722 (0,1))2)]
< CII(F, )1 20.7:22(0,1))2)

2
< CZ(”hiH?{l(o,T) + HgiH?ﬂ(O,T))'

i=1
Hence,
||(UaU)||2L2(0,T;(H1(0,L))2)
2
< C |, ) a0,y + D hillinory + 19illFn o) | - (52)
i=1
From (51) and (52), it follows that (44) holds and the proof ends. O

Now, we shall prove two results of existence and regularity of weak solutions
of (42).
Theorem 2.4. There exists a unique linear and continuous map
s (L*(0, L))* x (Hy(0,T))* x (L*(0,T))?
— O([0,T): (L*(0,L))*) N L*(0, T (H' (0, L))?)
such that, for any (u°,v°) € D(A) and hi, g1, ha, g2 € CZ[0,T],
\Ij((u v ) (h17917h2792)) = (’LL7U)
where (u,v) is the unique classical solution of (42).
Remark 2.2. If (u®,2°) € (L?(0, L))?, (u,v) will be the weak solution of (42).
Proof. We decompose the solution of (42) as (u,v) = (u1,v1) + (u2,v2), where
(u1,v1) is the solution of (42) with hy = g1 = 0 and (us, v2) is the solution of (42)
with null data (u°,v%) and hy = g5 = 0.
We first consider the case hy = g1 = 0. The proof will done using the
multipliers method. Let ¢ € C*([0, L] x [0,T]), (u°v°) € D(A) and ha,g2 €

C2[0,T]. From Theorem 2.3, it follows that there exists a unique solution (u,v) €
C([0,T); (H3(0,1))*) n C*([0, T); (L2(0,1))2) of (42). If s € [0 T] we have

1 S L 2 2 1
0=—= qi(bu” + cv )—|—— q(bu? + cv?)[5 — Qv
2 )y /s 2
r s s pL s
+ —/ q*ll — / / (qu) . (bu + abv)y —|—/ (qu)(bu + abv) zo |
2 /o 0Jo 0

-/ (@)aabu + ) | et o) (53)
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Consequently, if ¢ = 1 the following holds

1
0:5/ (bu? + cv?)|§ — // Uy (bu + abv), // Vg (abu + v),
0

1 L
= 5/0 (bu® + cv )|0—§/ (bu2 4 v2 + 2abugv,)|¥, (54)

i.e.

L s
%/0 (bu2(s,x) +cv2(s7x)) + %/ (bu (t,0) + v (t 0) + 2abu,(t,0)v,(t,0))

0

1

__/Lb 02 () + ¢(v0)2 +1/sbh2t+2t+2bht t 55
=3 0((11)(96) c(v™) (@) + 5 0( 2(t) + 93(t) + 2abhs(t)g2(t)). (55)

If we consider € > 0 satisfying va?b < € < 1, as in (28), we obtain a constant
M > 0 such that

1 (uls, ), v(s, DIEr2c0,ny)2 + (a5 0), va (5 0))IEL2(s.00)2
< MW, v)IFL2 0,y + 1 (h2, 92) 122 s,0)2) (56)

which give us that

1w 0)lle oz, < MU, 070,002 + 1(h2, g2)lF20,1y2)  (57)

and

(12 (0, ), v (0, NI720.y < MW", 0°)[720,2)2 + (A2, 92)lI720,7)2)-  (58)

Now, letting g(x,t) = x and performing as in the previous computation we get

O:%/L (bu® 4 cv?) T — = //

// (bu? + v?2 +2abu$v$)——/ L(bh3 + g3 + 2abhags),  (59)

or

L T L
/ x(bu? (T, ) + cv* (T, z)) + 3/ / (bu2 + v2 + 2abuyv,)
0 0 Jo

L T L T
= / z(b(u®)? + c(v°)?) + 7‘/ / v? + / L(bh3 + g5 + 2abhags). (60)
0 0 Jo 0

On the other hand, from the last relation, we obtain

/OT/OszHz)sc/0L<<u°>2+<v°>2>+r/0T/0Lv2+/OT<h§+g§>

(61)
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Finally, by taking (57) into account we conclude that there exists a constant C' > 0
such that

||(U7U)||2L2(0,T;H1(0,L))2 < C(”(UO7UO)H%2(O,L)2 + H(h2792)”%2(0,T)2)' (62)

From the density of D(A) in (L?(0,L))? and from the density of CZ[0,7T] in
, , we obtain that the linear map
L%(0,7))? btain that the li

Uy : D(A) x (CF[0,T1)* — C([0,T]; (L*(0, L))?) N L*(0, T; (H*(0, L))?)
U1 ((u,0%), (ha, g2)) = (u1,v1)
can be uniquely extended by continuity to a linear and continuous map
Uy : (L2(0,L))% x (L*(0,T))* — C([0,TT; (L*(0, L))*) N L*(0, T (H' (0, L))?).

In order to estimate the second component, i.e. the solution of (42) when
ha = g2 = 0 and u® = v° = 0, we use (44). For (u",v%) € D(A) and hy, g1 € C3[0,T)
it follows that there exists a unique solution (ug,v2) € C([0,T]; (H3(0,1))%) N
C*([0,T]; (L?(0,1))?) of (42). Moreover, (44) implies that

Wy : D(A) x (C3[0,T])* — C([0, T]; (L*(0, L))*) N L*(0, T5 (H(0, L))?)
Uo((u®,0°), (h1, 1)) = (ugz,v2)

can be uniquely extended by continuity to a linear and continuous map
Wy ¢ (L2(0, L)% N (Hg (0, 7)) — C([0, T]; (L*(0, L)) N L*(0, T (H'(0, L))?).
Then, defining ¥ = ¥y + Wy, the proof is complete. O

Remark 2.3. For the nonhomogeneous Korteweg—de Vries equation

Up + Ugze + Uz = 0, in (0,7) x (0,L)
u(t,0) =0, wu(t,L)=h(t), wu,(t,L)=g(t), on (0,T) (63)
u(0,z) = u%(z), on (0,L)

the well-posedness in L2(0, L) is obtained by taking h € H3(0,T) and g € L2(0,T)
(see, for instance, [3,4,9,12]). Moreover, additional regularity for the solution may
be obtained in the case h = g = 0. The same properties should be true for our
system but we shall not need them in the controllability study.

2.3. The adjoint system
This section is devoted to study the properties of the adjoint system of (8):

Pt — Prze — Wraz = 0, in (0,7) x (0,L)

ey — 1y — baprzr — Yazz =0, in (0,7) x (0, L)

©(t,0) = ¢(t, L) = ¢z(t,0) = 0, on (0,T), (64)
$(t,0) = (t, L) = 2(t,0) = 0, on (0,7),

90( ) ) ¥ (x) w(owx) :wo(x)7 on (07L)
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which is equivalent to

{(% ¥)e = A*(p, )
(¢, 0)(0) = (¢°,47),

where A* is given by (12).

Remark that the change of variable x = L — z reduces system (64) to (8).
Therefore, the properties of the solutions of (64) are similar to the ones deduced
in Theorems 2.1 and 2.2 for the linear homogeneous system (8). More precisely,
we have

Theorem 2.5. Let ¢°,¢° € L2(0, L). There exists a unique solution (p,1) of (64)
such that

(¢, ¥) € C([0,T]; (L*(0, L))*) N L*(0, T (H' (0, L))?) (65)
and the following estimate holds
(e, )l L2 0.1z 0,72y < oll (%5 ) (220, (66)
Moreover, there exist ¢1,co > 0 such that following inequalities hold

10 (5 L), %o (s I 20,02 < eall@”, ¥ FL2 0,12 (67)

and

1
1%, )Pz (0,2 < TH(%¢)H?L2((0,T)x(o,L)))2

+call(wa (s L), o (5 DL (0,192 (68)

Moreover, we have the following estimate of the second derivative of the solution
on the boundary.

Theorem 2.6. Let ¢, 9% € L?(0,L). The corresponding solution (p,) of (64)
verifies

1w (s L), Yaw (s L) E-1 0,272 < CHE" 20,12 (69)

Proof. Let (¢ 4% € D(A*). Then (p,7v) € C([0,7);D(A*)) and
za(+, L), Yuu(-, L) € C[0,T). Let now hy, g1 € C3[0,T] and (u,v) be the (classical)
solution of

Ut + Ugzg + AQVggy = 0, in (0,7) x (0,L)

vy + 10z + abligrey + Voge = 0, in (0,7) x (0,L)

u(t,0) =0, wu(t,L)=nhy, wu.(¢t,L)=0, on (0,7), (70)
v(t,0) =0, wo(t,L)=g1, v.(t,L)=0, on(0,T),

u(0,2) =0, wv(0,z)=0, on (0,L).
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Multiplying the first equation of (70) by ¢, the second one by ¥ and integrating
by parts we obtain that

L T T T pL
/ U<P|(7; + / U‘Pm:hg + a/ U‘sz|€ = / / (01U + Prpat + APz2zv)
0 0 0 0 0

L T T
C/ MM?; + ab/ u¢mm|€ +/ U¢rr|€ (71)
0 0 0

T L
= / / (thv + rwa:v + abwwwwu + wwwwv)
0 Jo

Multiplying the first equation of (70) by b and adding it to the second one, we
obtain that

L T
/0 (bu(T)p(T) + eo(TYH(T)) = / (P (t, L) (but, L) + abo(t, L))
+ Yua(t, L) (abu(t, L) + v(t, L))]. (72)

On the other hand, by (44), we have that

L
/0 (bu(T)(T) + co(TYH(T))

< Ol I r2(0, )2 (NPl 0.0y + llgnll e o.1))
where C' does depend on h; and g;. then, it follows that the map
Y:(HY0,7))* — R,
~ T R T
T(hlagl) :/ ‘Prr(tvL)hl +/ ¢mz(tvL)§1
0 0
verifies
1T (1, §1)| < ClL YO Ie2 0,2 (1P lFr 0.0y + 1901101 0.7))

from which (69) follows and the proof is completed. O

Let us also remark that the following backward system

Pt + Paaa + a"/}www =0, in (0, T) X (0, L)
C¢t + 7’¢$ + ba@mzz + wrrr - O; in (O, T) X (O, L)
p(t,0) = ¢(t, L) = ¢.(t,0) =0, on (0,7), (73)

P(t,0) =(t, L) = 1, (t,0) =0, on (0,7),
p(T,x) = ' (), »(T,z)=¢'(z), on(0,L)
is well-posed for any (p',91) € (L?(0,L))? and the simple change of variable t =

T —t transforms (73) in (64). Therefore, all the results from Theorems 2.5 and 2.6
hold, with minor changes, for system (73) too.
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3. Exact Boundary Controllability Results: The Linear System

This section is devoted to the analysis of the exact controllability property for the
linear system corresponding to (1) with boundary controls (2). More precisely, given
T > 0 and (u®,2%), (ut,v!) € (L?(0,L))?, we study the existence of four control
functions hy, g1 € H}(0,T) and ha, g2 € L?(0,T), such that the solution (u,v) of
the system

Ut + Ugzax + AQUpgpax = 07 in (O, T) X (O, L)

v + 105 + baUgyy + Vgry = 0, in (0,7) x (0,L) (74)

u(0,z) = u’(z), v(0,z) =%z), on (0,L)

with boundary conditions

{u(t, 0)=0, wu(t,L)=hy(t), u.(t,L)=ha(t), on (0,T), 75)
v(t,0) =0, v(t,L)=g(t), vs(t,L)=ga(t), on(0,7),
satisfies

u(T,)=u', o(T,-)=o' in L*(0,L). (76)

Definition 3.1. Let T" > 0. System (74) is ezactly controllable in time T if for
any initial an final data (u°,v%), (ut,v!) € (L?(0, L))? there exist control functions
hi,g1 € HY(0,T) and ha,go € L*(0,T) such that the solution (u,v) of (74)—(75)
satisfies (76).

Remark 3.1. Without any lost of generality, we may study only the exact con-
trollability property for the case u® = v% = 0. Indeed, let (u°,v°), (ul,v!) be
arbitrarily in (L?(0,L))? and let hy,g91 € H}(0,T), h2,g92 € L?(0,T) be controls
which lead the solution (u,v) of (74) from the zero initial data to the final state
(u',v!) = S(T)(u®,v°) (we recall that (S(t))i>0 is the semigroup generated by the
differential operator A corresponding to (74)). It follows immediately that these
controls also lead to the solution (u,v) + S(-)(u’,v°) of (74) from (u°,v%) to the
final state (u!,v?).

0

From now on, we shall consider only the case u® = v° = 0. Firstly, we give an

equivalent condition for the exact controllability property.

Lemma 3.1. Let (u',v') € (L?(0,7))2. Then, there erist controls hi,g; €
HY0,T) and ha,ga € L?(0,T), such that the solution (u,v) of (74)—(75), satis-
fies (76) if and only if

L
| e @@ + vt et @)
T
_ /0 bha(t) (e (t, L) + athy (¢, L))dt

T
+ / 02(t) (abipa (£, L) + by (t, L)) dt
0
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- <bh1(t)7 Paa(t, L) + athza(l, L)>H§ xH—1
- <gl(t)7ab(p$$(t7L) +wrr(t7L)>HéXH_l (77)
for any (o', 91) € (L?(0, L))?, (p,1) being the solution of the backward system (73).

Proof. Relation (77) is obtained multiplying (74) by the solution (p,) of (73)
and integrating by parts. O

For the study of the controllability property, a fundamental role will be played
by the following observability result

Theorem 3.1. For any L > 0 and T > 0 there exists a positive constant C =
C(L,T) > 0 such that the inequality

C|‘(w1721)||%L2(0,L))2
< llwe (- L) + aze(, L)|I72 + labwa (-, L) + 2 (t, L)l|7
+ lwee (5 L) + azga (-, D)3 + labwea (- L) + 2oa (L D)3 (78)
holds for any w', 2 € L?(0, L), where (w, ) is the solution of (73) with initial data

(wt, 21).

Proof. The change of variable t = T'—t transforms (73) into (64). Hence, inequality
(78) is equivalent to

Cll(w®, 2212 (0.1)2
< NJwa (-, L) + aze (- L) |72 + [labws (-, L) + 24 (t, L)||72
+ lwza (-, L) + aZM('vL)H%I—l + [labwee (-, L) + 222 (:, L)”%{—h (79)

for any w®, 2% € L2(0,L), where (w,z) is the solution of (64) with initial data
(w?, 29).

Let us suppose that (79) does not hold. In this case, it follows that there exists
a sequence (w?,29),>1 C (L*(0,L))? such that

1wy, z)llz20.Ly2 =1, Yn>1 (80)
and
i ([ (wn)e (3 £) + a(zn)e (s Dl + labwn)a( L) + (z)a( L)IZ2) = 0,
Jim () (wn)e (- £) + alzn)as (5 )l (&)

+ llab(wn)za (-5 L) + (2n) 22 (-, L)”%{—l) =0,
0 O).

where (wy,, z,) is the solution of (64) with initial data (w;), z,
Since (1 — a?b) > 0, from (81) we deduce that

Jim ((wn)e(, L)) =0 and  lim ((z0)e(, L)) =0 in L*(0,T) -
82
lim ((wn)ee( L)) =0 and  lim ((2)ex(- L)) =0 in H~(0,T).

n—oo n—00
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From Theorem 2.5, we obtain that (wy,zn)n>1 is bounded in (L?(0,T;
H'(0,L)))? and from (64), we have that ((wy,)t, (2n)t)n>1 is bounded in (L?(0,T;
H=2(0,L)))2.

Since H'(0,L) c L?(0,L) C H~%(0,L) and the first embedding is compact,
it follows that (wn,2n)n>1 is relatively compact in L?(0,7;(L*(0,L))?). There-
fore, there exists a subsequence, still denoted by the same index, which converges
to (w, z) in L2(0,T; (L?(0,L))?).

Now, from (68) and the above convergences, we deduce that (w,29),>1 is

a Cauchy sequence in (L?(0,L))2. Hence, it converges to (w,z%) € (L2(0, L))
Moreover, (w, z) € C([0,T]; (L?(0, L))?) is a weak solution of (64) and

w(0,-) =w® and 2(0,-) = 2°. (83)
Indeed, if (@,2) € C([0,T]; (L?(0,L))?) is the solution of (64) with data
(w?,2%) € (L?(0,L))?, then
(W, 2) — (w, Z)HL2(0,T;(L2(0,L))2)
< (@, 2) = (Wn, 20) [l 22(0,7322(0,2))2) + |(Wn, 2n) — (W, 2) || L200,7:(22(0,1))%)
< C||(WO»ZO) - (w2722)”(L2(0,L))2 + [ (wn, 2n) — (wvZ)HLQ(O,T;(LQ(O,L))Q)'

The last expression tends to zero when n goes to infinity and (83) follows. On
the other hand, since [|(w3, 20)||(z2(0,0))2 = 1, for all n. > 1, it follows that

I(w®, 2°) |20,y = 1. (84)
From (67), and (69), we deduce that
(wn)z(-,0) = w (-, L) and  (zn)2(-, L) = 22(- L)
in L2(0,T), asn — oo,
(wn)za(, L) = wea (-, L) and  (2n)ae( L) = 2aa(-, L)
in H71(0,T), asn— oo

and from (82) we conclude that wy (-, L) = 25 (-, L) = wgz (-, L) = 224(-, L) = 0.
Hence, (w, 2z) is a solution of

Wi — Wapr — Zgge = 0, in (0,L) x (0,7
€zt — T2y — baWgge — 2pze = 0,  in (0, L) x (0,7)
w(0,t) = w(L,t) = w,(0,¢t) =0, on (0,7), (85)

2(0,t) = z2(L,t) = 2,(0,t) =0, on (0,7,
w(z,0) =w®,  z(x,0)=2Y, on (0,L)

and satisfies

Wy (+, L) = 24(-y L) = Wya(+, L) = 2g2(+, L) = 0. (86)
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Remark that (84) implies that the solutions of (85)—(86) cannot be identically
zero. Therefore, the proof of the theorem will be complete if we prove the following
unique continuation result:

Lemma 3.2. Let w°,2° € L(0,L). Then if

(w, z) is a' solution of (85) } w0 (87)
(w, z) satisfies (86)

Proof. The additional regularity of the solutions given by Theorem 2.5 allows to
reduce (87) to a unique continuation principle for the eigenfunctions of the system.
This argument was used before in [16,24].

Let Nr be the space of initial data (w®,z°) € (L?(0,L))? such that the
corresponding solution of (85) satisfies w,(-,L) = z.(-,L) = 0 in L2(0,T)
and wg.(-,L) = 2z2(,L) = 0 in H~1(0,T). The space Nt has the following
properties:

(1) dim Np < oo;

(2) Nr € D(A"):

(3) If Ny # {0}, then A* : Ny — Np has at least one (complex) eigenvalue (N7 is
the complexification of N7).

Let us prove these properties of the space Nrp.

(1) As above, we deduce that any bounded set in N7 is relatively compact. Then,
it follows that the unit ball is relatively compact in Ny and therefore Ny has
finite dimension.

(2) First of all let us remark that 77 < T implies Ny C Np,. On the other hand,
since dim(Np) < oo, there exists 77 > 0 and € > 0 such that

JVT1 = Ny, Vte [Tl,Tl +€].

We shall prove that Ny, € D(A*). Let y € Ny, and let {S*(¢)}1>0 be the
semigroup generated by the operator A*. We have that
y € D(A*) & lim %

t—0

exists in (L?(0, L))?.

We obtain immediately that, for ¢ sufficiently small,

S*(t)y —y

h S NTl-

On the other hand, from the extrapolation theory (see [5, p. 27]), we deduce
that there exists a Banach space Y such that (L?(0,L))? C Y and

S*()(y) € €10, T],Y).
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Hence,

i 20y —y

t—0 h
exists in Y. But, Ny, C (L?(0,L))? C Y and, since dim(N7,) < 0o, the norms
induced from (L?(0,L))? and Y on Ny, are equivalent. Consequently, it follows
that

i 2@y —y
t—0

exists in (L2(0, L))? and therefore y € D(A*).
(3) Since A* is a linear operator defined in a finite dimensional space the property
follows immediately.

Remark that the unique continuation principle (87) does not hold if and only if
Nr # {0} or, equivalently,

there exists A € C and (w, 2) € Ny such that (w, z) # 0 and A*(w, z) = Aw, 2).
(88)

Note that (88) means that there exists a nontrivial solution (w, z) of the system

AW — Wege — AZpze = 0, in (0,L)
CAZ — T2y — baWapy — Zpze = 0, in (0,L) (89)
w(0) =w(L) = w;(0) = wy (L) = wye (L) =0,
2(0) = 2(L) = 2,(0) = 2, (L) = z42(L) = 0. |
To conclude the proof of the Lemma 3.2, the following result is needed.
Lemma 3.3. If (A, (w, 2)) is a solution of (89), then
w=2z=0. (90)

Proof. Let us remark that A = 0 is not a solution of (88). Indeed, A = 0 implies
that

Wagr + A2zzs = 0, in (0,L)

72y + baWrzr + Zzze = 0, in (0,L)

w(0) = w(L) = wy(0) = wg(0) =0,

2(0) = 2(L) = 22(0) = 24(0) = 0.

(91)

By noting z, = (, we obtain that ¢ satisfies

{(a% ~1)(ap —7C =0, in (0,L)
¢(0) = ¢.(0) = 0.
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The unique solution of the last equation is ( = 0 (and consequently w = z = 0),
hence A = 0 is not a solution of (88).
Now, we introduce the Fourier transforms of w and z,

L L
@(f)z/o w(x)e™ da, 3(5):/0 2(z)e* d.

Thus @ and Z are entire functions.
By multiplying the first and second equations in (89) e'*¢ and integrating by
parts, we obtain

{(A —i€)D(¢) — iz (€) = af + affy 92)
(Ac —i&3 +ir&)z(€) — i&3abw (&) = aba, + 3,
where o) = —w,;(0) and ] = —2,,(0) are complex values. Remark that o} and
B determine uniquely @ and z and, consequently, w and z.
Also we have that
w=z=0&a) =5 =0.
By eliminating @ from (92), we obtain the identity
(A — i3 (e — i&® +iré) + a®be®]2
= [(iab€®)(ay + afy) + (X — i€%)(aba) + B7)]. (93)
Let us denote
Pr(€) = (a%b — 1)E0 + r€* —iA(1 + )&% + irAE + NPe,
{QA(§7 L) = [(iab&®)(cf + afy) + (A — i&%)(abay + 57)],
from (93) we obtain that,
PA©)Z(E) = Qa6 1), (94)

Since Z is an entire function, it follows that all the roots of Py are also roots of
Q@». Furthermore, the following properties of Py are evident:

(1) The polynomial Py has degree 6 (since (1 — a?b) > 0).
(2) There is no root of Py with multiplicity 6 (since there is no term containing £°).

On the other hand, the polynomial @) has the properties:

(1) The polynomial @ has degree 3.
(2) There is no root of @, with multiplicity 3 (since there is no term containing £2).

Since the degree of @, is smaller than the degree of Py, we conclude that 2 is
an entire function if Q@ = 0 or equivalently of = 3} = 0.

Therefore we have that w = z = 0, which completes the proofs of the lemmas
and of Theorem 3.1. O
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The following theorem solves the control problem (74)—(75):

Theorem 3.2. Let T > 0 and L > 0. Then system (74)—(75) is exactly controllable
wn time T'.

Proof. Let us define the following functional

J(wlvzl) = %(Hb(wm(-,L) + azm(-7L))||%I_1 + Habwww('7L) + ZM('vL)H%{—l)

+ %(Ilb(wm(~, L) + azy(-, L))|Z2 + llabwa (-, L) + 2o (-, L)[|72)

L
—/0 [bu' (z)w! () + cv' (z) 2" (2)]de, (95)

where (w?, 21) € (L*(0,L))? and (w, 2) is the solution of the backward system (73)
with initial data (w!, 2%).
Let (@', 21) € (L?(0,L))? be a minimizer of J. By differentiating .J, we obtain

that (77) is satisfied with hq, g1 € HZ(0,T) being the unique solutions of

T
(bt L) + aZuu(t, L), 1) = /0 (h)e (e (t)dt, Vb € H(0,T)

T
(abWyy (t, L) + Zpy (t, L), ) = /0 (g1)e(t)e(t)dt, Y € H(0,T)

and ha(t) = b, (t, L)+ az,(t, L), g2(t) = abw,(t, L) +Z,(t, L). Above, (-, -) denotes
the duality product between H~1(0,7) and HE(0,T).

Remark that hi,g1 € H(0,T) and ha,go € L?*(0,T). Hence, in order to get
the controllability result it is sufficient to prove that J has at least one minimum
point. But J is a continuous and convex function in (L*(0, L))?. Which guarantees
that the map J has a minimum if it is coercive. This is a direct consequence of the
observability inequality given by Theorem 3.1 and the proof ends. |

4. Boundary Controllability Result: The Nonlinear System

Now we can study the controllability of the nonlinear system (1). Note that the
solutions of (1) can be written as

(u,0) = S(#)(u®,0°) + (¢, 9) + (1, ), (96)
where S(t) is the semigroup associated to the linear part of the system and

(%), (n,C) verify

Ot + Przx + a?ﬂ/}www = f17 in (07 T) X (07 )
blwt + Tww + b2a3@www + 1pa:a:a: = f27 in (07T) X (07
@(to) = 07 gO(t,L) = 07 @I(tL) = 07 on ) )7 (97)

0,T
U(t,0) =0, ¥(t,L)=0, t(t,L)=0, on (0,T),
©(0,2) =0, (0,2) =0, on (0,L
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and
Nt + Neze + 3Czzz = 0, in (0,7) x (0,L)
b1t + (e + b2a3Nzzz + Coza =0, in (0,T) x (0,
n(t,0) =0, n(t,L)=hy, n(t,L)=hs, on (0,T), (98)
((t,0)=0, ((t,L)=g1, C(t,L)=g2, on(0,7T),
n(0,2) =0, ((0,z) =0, on (0,L),
respectively, with f1 = —(uuy, + a1vv, + ag(uv),) and fo = —(vu, + baasuu, +
baay (uv),).

In order to simplify the notation, we consider the following spaces:
X = L2(0,T, (H'(0, ))?) N C([0, T; (L*(0, L))?),
Y = L'(0,T,(L?(0, L))?), (99)
Z = L*(0,T,(H'(0,L))?).

The following results will be needed to study the solutions of (97).
Proposition 4.1. If u,v € L?(0,T; H*(0, L)), then ., vv,, uv,, ugv € L'(0,T;
L?(0,L)), the map

(u,v) € L*(0,T, (H*(0,L))?) — (uttz, v0y, uv,, uzv) € L*(0,T, (L?(0,L))*)
is continuous and there exists a constant ¢ > 0 such that

[ (wua, vz, w0z, uaV)|| L1 0,75(L2(0,1))4)
< elllullizorm 0.2y + 10172070 0.))- (100)

Moreover, for any (f1, f2) € L1(0,T,(L*(0,L))?) there ezists a unique solution

(¢, ) € L0, T, (H'(0, L))*) N C([0, T; (L*(0, L))?)
of (97) and the map

(f1,f2) € L'(0, T, (L*(0, L))

— () € L*0,T, (H'(0,L))*) N C([0, T]; (L*(0, L))?)

18 continuous.

Proof. The proof is analogous to the proof of [24, Proposition 4.1] and therefore
we omit it. 0

Let us now define the maps
O1 1 L1 (0,5 (L2(0, L))?) — C((0, T); (L3(0, L))?) 0 L2(0, T; (H'(0, L))?),
O1(f1, f2) = (v, ¥),
where (¢, 1) is the unique solution of (97) with nonhomogeneous term (f1, f2) and
©2 1 (Hg(0,7))* x (L*(0,7))* — C([0,T1; (L*(0, L))*) N L*(0, T (H*(0, L))?),
O2((h1, 1), (h2, 92)) = (1, ¢),

where (7, () is the unique solution (98) with nonhomogeneous terms (h, g).
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From Proposition 4.1 and Theorem 2.4, it follows that ©; and ©5 are continuous,
linear and well-defined maps. Therefore, the existence and uniqueness of solutions
of the nonlinear system (1) can be proved easily if the initial data and the boundary
conditions are small enough.

Theorem 4.1. There exists § > 0 such that for any
[, v) | L20.Ly)> <6 and ||(ha, 91) ez 0,125 1 (P2, 92)ll (z2(0.19)2 < 6,
system (1) has a unique solution

(u,v) € C([0,T7; (L*(0, L))*) N L*(0, T (H*(0, L))*) N H (0,75 (H*(0, L))?).

Proof. Let us define the map
G : L*(0,T5(H'(0,L))*) — L*(0, T3 (H'(0,L))*) n C([0,T]; (L*(0, L))?)

(101)
G(u,v) = S(-)(u?,0%) + O1(f1, f2) + O2((h1,91), (h2, 92)),
where
f1 = —(uug + a1vv, + az(uwv),),
fo = —(vvg + baasuuy + baaq (uv),). (102)

By using the continuity of the maps ©; and ©s and estimate (100), it is
easy to see that G has a unique fixed point (u,v) € L*(0,T;(H*(0,L))%) N
C(]0,T7; (L3(0, L))?). This fixed point is the unique solution of system (1). O

Now we can prove the main result of this work.

Proof of Theorem 1.1. To prove this result we apply a fixed point argument for
a suitable map. First, let us define

[+ (L2(0,L))* — (Hg(0,T))* x (L*(0,7))?,
F(’U,l”Ul) = (19177-1719277-2)

where 91,71 € HE(0,T) and 92,72 € L?(0,T) are the controls given by Theorem 3.2
which lead the solution of (74)—(75) from the initial data (0,0) to the final state
(ul,vl).

More precisely, if (@',z1) € (L*(0,L))? is the minimizer of the functional .J
defined in Theorem 3.2 and (w, 2) is the solution of the backward system (73) with
initial data (@',z'), then 91,7 € HE(0,T) and 92,75 € L?(0,T) are given by

T
(bWyr (t, L) + aZpy (¢, L), 0) = /0 (01)e(t)e(t)dt, Vo € HF(0,T),

T
(abWyy (t, L) + Zoa (t, L), 0) = /0 (1) (e (t)dt, Vb € HE(0,T),

05 (t) = b (t, L) + aZu(t, L),
o(t) = abivy(t, L) + Za(t, L).
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Since J(w!,zt) < J(0,0) = 0, from observability inequality (78) we deduce that
I' is continuous.
We define now the operator

F:L*0,T;(H(0,L))*) — L*(0,T; (H'(0, L))*) nC([0, T; (L*(0, L))?)
F(u,v) = S(-)(u®,0%) + O o T((u',v") = S(T)(u’,v?)
+ 01 (—f1,—f2)(T,) + ©1(f1, f2),

where (f1, f2) are given by (102).
Remark that, if (u,v) is a fixed point of F, then (u,v) is a solution of (1) and
satisfies

(U(Tv J?), U(Tv x)) = (U'la Ul)v

that is, system (1) is controllable by (u!,v!).
We prove that there exists § > 0, small enough, such that if

||(u0,v0)||(L2(07L))2 <6 and H(u17vl)H(L2(O,L))2 <4,

the map F' has a fixed point. To do this, it is sufficient to show that there exists
R > 0, with the following properties:

e F(B(0,R)) C B(0,R) C L*(0,T;(H(0,L))?).
e There exits a constant ¢ € (0,1) such that

17 (u,v) = F(@,9)llx < ell(u,v) = (@0)]x, V(uv),(@ 7)€ B0,R)

where B(0, R) is the closed ball of radius R in L?(0,7T; (H'(0,L))?). Since ©1, O,
and I' are continuous, there exist positive constants K1, Ko, K such that

1©1(f1, fo)llx < Kill(f1, fo)llys
1©2((h1,g1), (ha, g2))l[x < Kol[((h1, 91), (R, 92)) |l (m2 0,7))2 x (22 (0,7))2  (103)

IT(ub o)z 0.1))2x 220,12 < Kl (uhs o)l z20,)2-

Let R > 0 (R will be chosen latter on) and let (u,v) € B(0,R) C
L?(0,T; (H(0, L))?). We have that

1F(u,0)[x < [[(u®0%)[(22(0,2))2 + K2K]|(u', 0) = S(T) (u’,0°)
+O1(—f1, = f2)(T, )lz2(0,0))2 + Kill(f1, f2)lly
<6+ 2K K6 + K1 K Ko C'||(u, 0) |5 + C' K (u, 0) |5
<8+ 2K,K6 4 (KK, + 1)C'K R?. (104)
Therefore, F(B(0, R)) C B(0, R) for any R > 0 such that

(1+2K2K)§ + (KKo +1)K,C'R* < R. (105)
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On the other hand, since

F(u,v) = F(@,0) = 01((f1, f2) = (1, J2)) + ©2 0 T(O1((f1. f2) — (f1, f2))),
we obtain
[ (u,v) — F(@,9)|lx < K:C"||(u,0) = (@,0) % + K1K2KC'||(u, v) - (@, 9)[%
<2KC'R(1 + KK>)||(u,v) — (4,0)] x- (106)
Hence, F' is a contraction if R verifies
2RK,\C'(1 + KK,) < 1. (107)

Now, if R satisfies (107), by choosing

R
0= 2(1+2K,K)’ (108)

we have that (105) also holds. Thus, for every (u”,v°), (u!,v!) such that

H(UO,UO)H(L?(O,L))2 <9, ||(ulvvl)||(L2(0,L))2 <9,

the map F has a fixed point and the proof ends.

5. Final Comments and Remarks

e In [18,19], the authors consider a coupled system of Kuramoto—Sivashinsky (KS)
equations in a bounded interval depending on a suitable parameter v > 0. Intro-
ducing appropriate boundary conditions, they show that the energy of the solu-
tions of the corresponding damped model decays exponentially as ¢ — o0,
uniformly with respect to the parameter v > 0. As v tends to zero, they obtain
a coupled system of Korteweg—de Vries (KdV) equations for which the energy
tends to zero exponentially as well. The decay holds except when the length of the
space interval L lies in a set of critical lengths. It would be interesting to pursue
the analysis of [18,19] in the context of the exact boundary controllability.

e Recently, Cerpa and Crépeau proved in [8] that, for some critical values of the
length L, the corresponding nonlinear KdV equation is exact controllable. This
suggests that the controllability of system (1) may hold with a smaller number
of controls but this problem is open.

e We mention that if we consider the boundary conditions

u(t,0) = hy,u(t,L) = u,(t,L) =0 and o(¢,0) = hg,v(t,L) =v.(t,L) =0,

with controls hy and ho, it is possible to prove that the adjoint system satisfies a
unique continuation property for any length L > 0. This implies an approximate
controllability result for the associated linear system. However, we could not
prove the exact boundary controllability for this case.
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