ESTIMATES OF THE CONSTANTS IN GENERALIZED
INGHAM'S INEQUALITY AND APPLICATIONS TO THE
CONTROL OF THE WAVE EQUATION

Stéphane Jaffard * Sorin Micuf

January 24, 2006

Abstract

We are considering Ingham’s inequality (see [8]) for a family of exponential functions
{e“‘"t}nzl, in the case in which the distance |A,+1 — A, | between two consecutive exponents
becomes smaller and smaller for [n| < N but there still exists an asymptotic gap sufficiently
large. We give explicit estimates for the two constants appearing in the inequality and
we analyze how does the small gap between the first exponents affect the constants. These
results are applied to a control problem for the wave equation in a case in which the geometric
condition for controllability, deduced in [4], are not satisfied.

1 Introduction

It is well known that, if 6, = Q"T” and f = f(t) = X ez ane?7t . the following relationship

between the coefficients a,, and the function f holds for any sequence (ay), € 0?

2
e ;
(1) T/O S et dt =3 [an |2,

nez neZ
Formula (1) is the well-known Parseval’s identity and plays a fundamental role in orthogonal
expansions. In fact {€"n'}, 7 forms an orthogonal basis in L2(0,T).
Parseval’s identity has been generalized in many ways for different exponential families. For
instance, if {e"*"t},>1 forms a Riesz basis in L2(0,T), there exist two positive constants C; and
(5 such that

2
(2) C1> lan[’< /T > apet| dt <Cy>  Jan |

n>1 0 In>1 n>1

for all (an), € I2.
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We recall that a Riesz basis is a basis obtained from an orthonormal basis by means of a
bounded invertible operator (see [17]). The Riesz basis constitute the most tractable class of
bases known.

A Riesz basis is a complete sequence but (2) is also true for incomplete sequences of expo-
nentials. For instance, if the exponential family {e**’},~; has the property that

2
(3) Mns1 — An| > % Vn > 1,

then (2) is still true. This result was proved by Ingham in [8] and was intensively used in the
last time (see [7], [12] and [14]).

Condition (3) ensures that the sequence {e**"*},>; has infinite deficiency in L?(0,T). If
we add any finite number of different exponentials, say N, (2) still holds. In fact, a sufficient
condition for (2) is
2m
T

These results are included in Kahane’s paper [11]. Later on Ball and Slemrod in [3] studied a
similar problem and Haraux gave in [7] a proof by recurrence on the number N of the exponents
which do not satisfy (3). So, one can show that there are two constants C;(N,T") and Co(NV,T)
such that

(4) limsup [Ap41 — Ap| >
n

2

T
(5) Ci(N,T)Y | an |2§/ D ane?t| dt < Co(N,T)Y | an |?.

n>1 U n>1

Many generalizations of Ingham’s inequality have been proved in the last years for different
distributions of the eigenvalues \,. For instance, the "gap” condition has been weakened in
[16], [5] and [10]. A generalization of these results was proved in [2] where, instead of (4), it is
assumed that there exists an integer M > 1 such that

(6) At — Ap > My for all n.
It is proved that, for T > 27”, there exist two constants Cy (M, T) and Cy(M,T) such that
2

M) TS L an 2< /T S tnen(t)| dt < (M, T)S | an 2

n>1 0 |n>1 n>1

where e, (t) = e only if )\, is a separated exponent. In the other cases e, is obtained as

divided difference of the exponential functions. We also remark that (6) allows to have repeated
exponents.

Most of these results were used to solve interesting control applications.

In the second section of the paper we use the ideas of the proof of Haraux from [7] to obtain
explicit estimates for the constants C; = C1(N,T) and Co = Cy(N,T). Although the method
we use is well known now (for instance it is also used in [2]), we include it in order to make our
paper self-contained. Moreover, we obtain a recurrence formula for the constant C; = C1(N,T)
which allows us to say easily how does this constant change with N. Generally, the constants Cy
and Cy degenerate when N tends to infinity, the first one much more rapidly than the second.
We shall estimate the behavior of C; and Cy as N goes to infinity in some particular cases.

Exponential families with the property (4) appear in many problems from PDE. Let us

consider, for instance, the eigenvalues of the wave equation in the unit square, i)\ﬁ, with )\fL =
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sgn(n)v/n? + k2. For each k > 0, the sequence (AF),cz+ does not satisfy (3) but satisfies (4),
if T' > 2. Therefore, for each k > 0, inequality (5) is verified with constants depending on k. To
know how do the constant C; and Cs change with k turns to be an important question when we
want to characterize classes of initial data, by using some properties of the coefficients of their
Fourier decomposition. By using the recurrence formula, we prove that, in this particular case,
C1(k,T) decays exponentially fast with k& whereas Co(k,T’) increases polynomially with k.

In [1] a method based on the moments theory was used to study the behavior of the constants
Cj and C; from (5) for the case in which the exponents \,, are the eigenvalues of a wave equation
in a domain with some symmetry which allows separation of variables. Explicit estimates where
also obtained for the dependence of the two constants on T'. The results we obtain are somehow
more general and can be applied to a larger class of exponential families.

An interesting question, which completes the study of the inequality (5), is the following: does
the constant C1(N,T) in (5) (which is generally very small) really multiply all the coefficients
an? The main result of the paper is given in the third section where we show that there are a
constant ¢1, not depending on N, and a range [;(N) such that

2
T
(8) AT Y JanPra Y Jan i< / S ane™| dt.

n<Iy(N) n>I (N) 0 |n>1

This result (see Theorem 4, Section 3) indicates that the high eigenmodes are not sensibly
affected by the distribution of the low ones. A similar property is also true for the second
inequality of (5).

To prove (8) we use a perturbation technique introduced in [9] which allows to estimate the
elements of the inverse of a matrix whose entries decay exponentially away from the diagonal.

In the fourth section we shall apply the previous results to the problem of controllability of
the wave equation in the square Q = (0,1) x (0,1) by acting only on the face of the boundary
Iy = {0} x (0,1). More precisely, given T' > 2 we are interested in characterizing the space of
initial data (u®,u!) with the property that there exists a control v € L?(I'g x (0,T)) such that
the solution u of

up — Au =0 in (0,00) x Q
) u=0 on (0,00) x (92\ T'p)
u=uv on (0,00) x Ty

u(0) = u’, u(0) =u! in

satisfies u(T") = w(T) = 0.

In this case the geometric condition for controllability, deduced in [4], are not satisfied.
Hence, no Sobolev space of initial data is controllable to zero.

The eigenvalues of this problem are \¥ = sgn(n)v/n? + k27 which where analyzed above and
for which an inequality like (8) can be proven. Moreover, the corresponding eigenfunctions are
of the type ¥ (z) sin(kmy) where ¢F () is a vectorial function of two components.

By using separation of variables, inequality (8) and Hilbert Uniqueness Method (see [13]) we
show that the space of of controllable initial data contains the space

X={(ulu)e Q) xHYQ): (°ut)= Zakﬂgpﬁ sin(kmy), such that
k,n
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k2 1 ) 1 ,
Z W Z W|ak,n| + ZA W|ak7n\ < 00
k 1<|n|<T1 (k) in|>Ts (k)

where C;(k,T) is exponentially decreasing and I (k) is exponentially increasing with k.

Note that the constant (Cy(k,T))”" multiplies only the Fourier coefficients with small 7.
The constant which multiplies the coefficients with n large enough (n > I(k)) does not depend
of k. This is a direct consequence of inequality (8). Hence, we found a space of controllable
functions larger that the one given in [1] in which a constant which increases with k& multiplies
all the coefficients (a, i )n-

We finally remark that similar results can be obtained for problems in several dimensions

and with a symmetry that allows separation of variables.

Acknowledgements. The second author thanks J. J. Velazquez and E. Zuazua for helpful
suggestions and interesting discussions.

2 A first estimate

In this section we start from a family of exponentials {e“‘”t}n with the property that there exist
two constants C7 and C5 such that

2

(10) 4 Z | an |>< /T Zane”‘”t dt < Cy Z | an |?

n>1 0 1n>1 n>1
and we want to see how do the constants C; and Cy change when N new eigenmodes et
introduced.
First of all let us recall two classical results due to A.E. Ingham (see [8]).

are

THEOREM 1 (Ingham [8], Theorem 1) Let f = f(t) = Y., <, ane*t where (A, )y is an increasing
sequence of real numbers. We assume that there exists o > 0 such that

(11) Ant1l — An > 70, Vn > 1.
Let J = [0,T] with T~y — 27 = o > 0. Then, there exists a positive constant Cy = C}(a) =
WT such that, for all (a,), € 2,
(12) Y Lo < [ 150
n>1

THEOREM 2 (Ingham [8], Theorem 2) Let f = f(t) = >_,~, anent where (\,)n is an increasing
sequence of real numbers. We assume that there exists o > 0 such that

(13) )\n+1 — )\n Z Y0, Vn 2 1.
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Let J = [0,T] with Tyo = 7 > 0. Then, there exists a positive constant C§ = CY(~y,T) =
0T such that, for all (ap)n € 2,

min {r,r}
(14) [1rwPa=cyy jo, P
J n>1
Remark 1 Observe that the constant CY depends on T — ,2775 and T while CY depends on o and
T. For the first inequality T has to be greater than %—g whereas for the second one there is no

restriction on T'.

We prove now the following refined version of a result by A. Haraux (see [7]) on non-harmonic
Fourier series.

THEOREM 3 Let f = f(t) = >, < ane®t where (\,)n is an increasing sequence of real num-
bers. We assume that there exist N > 1, v > 0 and vy > 0 such that

(15) Al — An = Yoo >0 ifn > N,

(16) Anai1l — A > >0 for anyn > 1.

Let J = [0,T] C R be a finite interval with T > % Then, there exist two positive constants
C1,Co > 0 such that, for all (a,), € /2,

(17) clzwan|2s/J\f<t>|2dtscgz|an|2.

n>1 n>1
_ 10T L .
More precisely Co = Ca(y) = i {n T and C1 = C1(N) is given by the following
recurrent formula: 7
, 205(r;) 4 217! ,
1 = — 4l 4 = 1 <43 <N.
1 o= |(*F2 1) g ta] o 1sisw

4r? 27\ 2
where rj = min{Am41—Am :m > N—j+1}, p;j = min {l,i <T—7r> with 0 < j < N.
T Yoo

Remark 2 When vo, = 7, the sequence of Theorem 8 satisfies Ap+1 — An = Yoo > 0,V > 1
and we are in the case of Theorems 1 and 2.

Theorem 3 allows to deduce that (29) holds when the length of the interval J is smaller.
Indeed, it suffices | J |> 27 /Yoo, Voo being the “asymptotic gap” of the sequence {\,}, which is
in general larger than .

Note that the ezistence of constants Cy and Cy is a consequence of Kahane’s theorem (see
[11]). However, our purpose is to have an explicit control on the size of C in terms of v, Yoo
and N.

In order to do this a constructive argument of Haraux (see [7]) will be used.
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Remark 3 Observe that rny = v and rg = Yoo. In most interesting cases, coming from PDE,
the sequence (rn)o<n<n is decreasing and Ca(ry) is increasing.

Proof of Theorem 3: To prove (17) we follow the ideas of Haraux [7], paying special attention
to the evaluation of the constants appearing there.

The second inequality of (17) results immediately by using Theorem 2 with 79 = v. We

10T

remark that Cy = Ca(ry) = m
and the length T of the interval J.

We pass now to prove the first inequality of (17).

We begin with the function fo(t) =", n ane™? and we add one by one the exponentials
ettt forn=N,N —1,...,1.

Firstly, since (16) holds, it follows by Theorems 1 and 2 that

(19) S Ja, \2s/]|fo<t> 2at<cdY Janl?

n>N n>N

depends only on ry, the gap of the family (\,)y

Let now fi(t) = fo+ane!?t =3\ ane*t +ane? V. Without loss of generality we may
suppose that Ay = 0 (since we can consider the function f;(t)e~*~* instead of fi(t)).
Let € > 0 be such that 7" =T — ¢ > % We have

€ IARE __ )
[ hterm - anan= Y o (St 2] M wee T

n>N

>
Applying now Theorem 1 to the function h(t) = / (fi(t +n) — f1(t)) dn we obtain that:
0

2

ei)\na -1 T € 2

(20) A | el < [ | (Bt - fie)dnf an
Z)\n 0 0
n>N
ei)\ns -1
We evaluate now the coefficients - e. We have:
i o2 2 2
et — 1 —idpe| =|cos(Ane) — 1|7 + [sin(Ane) — Ane|” =

4 (Pue)? , if | Mple<m

= 4sin* <)\n€> + (sin(Ane) — Ape)? > (%) PAale <
2 (Ane)?, if [Anle > .

Finally, taking into account that |\,| > r1, we obtain that,

2

ei)\ns -1 )
— > p1e”.

- —€
A

We return now to (20) and we get that:

Tl
(21) p1e°CY E an!2</
0

n>N

2

/0 (it ) — A1) d



Constants in Ingham’s inequality and applications 7
On the other hand

T/
/0

2 T’ 5
s/o /0 ot ) — fu(®)Pdn <

/ (it ) — () d

T’ € -
2 2 9
<o [ [ (inswP150F)an <22 [P
e pT’ T e
w20 [ [ ip iy =22 [ Ifl(t)\2+25/0/n o) drdy <

T £ T T
s262/0 Ifl(t)\2+26/0/0 Ifl(T)Iszdn§462/0 @R,

From (21) it follows that

4 T
22) e ML

n>N

Observe that:
2

1 T
:T/O

2 T
< % </0 AP +C8 ) !an!2> <

n>N

fl (t) . Z anei)\nt

n>N

<2 /T|f(t>\2+/T > ane™!
=~ m 1 n
T\ Jo 0

n>N

2 8CY T 9
<|= t)|”.
< (7 meg) J, 100
From (22) we get that

4 (209 27 [
Sl < [ (P +1) 4 2] [1noP,

n>N

lan|? =

We obtain the desired result and a recurrent formula to compute the constant Cy(1):

[ 4 (209 217"

Let us remark that the following inequality holds for fi:

T
| 1nwr < Y lak

n>N

10T

where Czl = CQ(T'l) = m

10T
min {7, Try}
Next step consists of introducing the term an_ie

Observe that, if (), is decreasing, C1 < Cy = Cy(ry) =

IAN_1t
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Let now fo(t) = f1 +ay_1efANv-1t = Y oS N_1 anent + apn_qet AN-1t,

We repeat the whole argument and obtain that

> < [ () 2] [

n>N-—1

10T
here C = C =——.
WHEEe T2 2(r1) min {m, T r}
Step by step we finish introducing all the terms of f. Remark that, in each step, a different

constant 'y is used.
|

Remark 4 In order to see how does C1 change with N some new estimates are necessary. We

have
N
@@t T e ) s s
(23) N .
8 G ) ooyt
= <T> 1§17:£N DPn (Cl) )

107 4r2 27\
Recall that C§ = Cy(ry) = {OT} and p, = min {17 "'n T — 7T> } ]
min{m, T ry, ré Yoo

10 4
Let us remark that, if Cy = — and p, = L (T - ) then
T i Yoo

n

N
(24) @y < [ =2 T ) e ey
>~ T (T B 21)2 LheN (,rn)3 1 2 2

Remark 5 Let us evaluate the constant C1(N) in the case A\, = Vn? + k*m with k > 0 case

which will be especially important in the last section.
If 0 < § < 7 is an arbitrary number then we can choose Voo = ™ — 6. Indeed we have

(2n+ ) nw
> — ) =
2%k +2n+1 n+/~c—7T oo

when n > N = k‘wgd . Observe thatkﬂT_é—lgNgk%é.
In order to obtain more explicit results let us consider T' > 2 small enough such that Cy =

10T 4 2
andpn—r(T—ﬂ> , n=0,1,...,N.
4

Dot — M| = (2n+ 1w
" Y+ )2 RV 1 k2

¢ (Tn) - Try Yoo
We have that r, = Apt1 — Ap > L. It follows that
n+k

N n—1
cot=(z) | T %)=

1<n<N
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N n
—(3) | I SH|enesen -

1<n<N Pn

N 1
) | Ly
1<n<N 4(ry)3 (T - 2—”)

Yoo

N
N
Since Z < i > =2V 4 rough estimate gives

k=0
, n+k 1 (N 2N
< = — < —
H(Tn) - H ™n 7rN<k: - oV
1<n<N 1<n<N
We obtain
N
_ 1607 N _
) | | et
T (T _ %)

Hence we have proved that, in this case, C1(N) decreases exponentially with N. A detailed
discussion of the behaviour of C1(N) can be found in [6]

The same argument can be used to prove the following result:

PROPOSITION 1 Let (Ay)n>1 be a real sequence such that there exist two positive constants Cy
and Cy with the property that

2
T
(25) Y Jan < [ S ane™| it <83 Janl
n>1 0 |n>1 n>1

for any sequence (a,)n>1 € £2.
Consider also N real values (fim)1<m<n such that iy, # Ay, for alln>1 and 1 <m < N.
Then, for each € > 0 there exist two positive constants C1 and Cy such that

Ci | Yostlanl?+ D foml* | <

1<m<N
2
T+e ) )
(26) AR STTLND SR
0 n>1 1<m<N

<Oy Z’an’2+ Z ’bm|2

n>1 1<m<N

for any sequence (ap)p>1 € 22 and (bm)1<m<N C CN.
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Moreover, we can choose

10(T +¢)
man{n, (T +¢) min{r;, j =0,1,...,N}}

N
(Cl)_1:< 8 ) M — 10(T + ¢) (o)1

Cy =

T+e (e man {m, (T +¢e)rj—1}p;
| et .
where 1; = dist{(A)n>1 U (bm)1<m<j—1, pj} and p; = min < 1, - with 0 < j < N.

3 A second estimate

In this section we consider again a family of exponentials {e**!},~1 such that (\,),>1 is an
increasing sequence of real numbers with the property that there exist N > 1, v > 0 and v > 0
such that

(27) Andl — A 2 Yoo > 0if n > N,

(28) A1 — Ap >y >0 for any n > 1.

Let also f =Y, -, a,e*** and suppose that f(—t) = f(t).

In this section C; = C{(N,T) and Cy = Co(N,2T) are the constants given by Theorem 3.
We shall suppose that Ca2(N,27T) — oo and C1(N,T) — 0 as N — oo. These conditions are
fulfilled when ~ tends to zero as N goes to infinity and it is the most interesting case.

Our aim is to prove the following Theorem:

p
™ _ (Ca(N2T) . [ Ca(N2T)\ p—T
THEOREM 4 Let 25 < T, p € N, p > 1 and C5(N,T) = (CQ(NT) In (51(N,T)))p I

the exponential family {e*t},>1 satisfies (27) and (28), then there are two constants c¢; and
J, depending only on Yoo and T but not depending on N, such that, for any range I;(N) >
0C3(N,T), the following inequality is verified

(29) Cy(N,T) Z | an |? +c1 Z | an ]2§/ Zane

n<Ii(N) n>I1(N) n>1
for all (an), € £2.

Remark 6 In Theorem 3 we have shown that (29) is true with ¢; = C1(N,T). Theorem 4
shows that even if the gap between the first exponents becomes small the sufficiently high modes
are not affected. From this point of view (29) improves the similar inequalities obtained in [1]
and [14] where the same constant, depending on N, multiplies all the coefficients ay,.

The proof of Theorem 4 will be given in the last paragraph of this section after some necessary
developments. Let us explain now briefly the main ideas of the proof. First remark that

T 1 T
[ lrora=; [ irora=; 3 wa / On=Ant gy,
0 =T

nm>1
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If we denote by A the infinite matrix with elements A(n,m) = %fTT e!GAn=Am)t 4t and by
D the infinite diagonal matrix with positive diagonal elements D(n,m) = \/c10,m if n > I1(N)
and D(n,m) = \/C1(N)0pm if n < I;1(IN), then (29) can be written as

(30) (Dv, Dv) < (Av,v),Yv € (2.

We denote by (-,-) the usual inner product in £2.
Since D is an one by one operator in ¢2 (it is an infinite diagonal matrix with constant
coefficients), (30) is equivalent to

(v,v) < (D'AD v, v), Vv € £2.

The last relation takes place if and only if the smallest eigenvalues of the self-adjoint matrix
D' AD™! is bigger than 1 or, equivalently, the norm of the matrix DA~!D is less than 1.

Hence the problem consists of proving that there is a diagonal matrix D, with positive
diagonal elements, such that D(n,n) does not depend on N for n > I;(N) and ||[DA™'D|| < 1.
In order to do this we need more information about the behavior of the elements A~!(n,m)
for n,m > I;(IN). More precisely, we need to show that the elements A~!(n, m) are uniformly
bounded in N for n,m > I[;(N). In order to do this we use a result proved by S. Jaffard in [9]
which gives estimates for A~1(n,m) by using the fact that the elements of the matrix A decay
exponentially fast far away from the diagonal. This property implies that inversion is a local
transformation of the matrix: a change in the coefficients is not felt far away from the changed
area. Hence estimates for A~ (n,m) can be obtained by perturbing the matrix A with another
matrix B of known inverse.

Firstly we introduce a kernel function ® and we evaluate f_TT®(t) |£(t)]* dt instead of

fTT |£(t)]* dt in order to make the contribution of the terms e/*»~*m)t smaller when |n — m|
becomes large. In the next paragraph we introduce the kernel ® and we study its properties.

3.1 A special function

In this section we give a non-negative function, with compact support and with fast decay
Fourier transform. This function will be used as kernel to evaluate the constant ¢; in (29).
Let R > 0 and p € N*. We define the function ® : R — R by

R2 2p—1 .
(31) (1) = exp [R (7#—32) ] if |t|<R
0 if |t| > R.

The function ® belongs to C*°(R), is non-negative and his support is [— R, R]. Moreover, ®
can be extended to a function which is analytic in the ball D = {z € C : |z| < R} and continuous
in D. The following property of the function ® will be used intensively in the next paragraphs.

PROPOSITION 2 If &J(az) = / O (t) exp(—iat)dt is the Fourier transform of ® then there exist

R
two positive constants M and w such that
(32) ‘EI;(J?)‘ < M exp (—wz?) for all x >0,

—1_1
where g =1 5
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Proof: Let us first remark that it is sufficient to prove (32) for x large enough (say x > z¢ > 1,
where xy will be fixed later on). Indeed, for < xg, we have

|®(2)| = /R@(t) exp(—ixt) dt‘ < /R@(t) dt < My exp(—wVaP~1),

where M; = exp(w{/(z0)P~1) [z (t) dt.
Hence, we can suppose that x > x¢p > 1 where zg will be chosen later on. We evaluate ® by
changing the contour of integration.

~R  —Re(x) O Re(r) R
M 73
& —R2 41(75 ﬂ
72
Fig. 1
1
Let e(z) = 4|1 — We < 1 and define, in the complex plane, the curves (see Fig. 1):
0 ! C (s) Re(x) —Rsi, se |0 !
e = — — -
g 9 4% y M € ) D) 4%
1.
Yo : [—€(z),e(x)] — C, ~2(s) = Rs — Rm i, s€[—€e(x),e(r)]
! 0 C (s) = Re(z)+ Rsi, s¢€ ! 0
D m—= — = - .
73 2 4%7 ) 73 6 M 2 4%7

Remark that, for any = > 1,

(Re(x))? + (24}:/5)2 = R? <1 — ;/5 + 4%5) = R? <1 — 43%> < R%

Hence, the curves 71, 72 and 73 are contained in D. Moreover, we have

<I>:/R<I>(t)exp(—zxt) dt:/ D(t) exp(—ixt)dt =

"R
= /RG(I) (t) exp(—ixt)dt + /

O(z) exp(—ixz)dz + / O(z2) exp(—ixz)dz+
—R 1

Y2

R
+/ O(z)exp(—ixz)dz + / D (t) exp(—ixt) dt.
V3 Re(z)

We shall evaluate each of these five integrals. We have

—Re(z)
< / B(#) dt.

-R

—Re(z)
L] = / B(#) exp(—i zt) dt

—R
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Since, for t < 0, ® is an increasing function, we obtain

2p—1

|I1| < (1 —e(x))Rexp < Rexp [R (—x 2p )} < Rexp (—Rx%l) .

We also have

R
|I5| = / O(t) exp(—ixt)dt

Re(z)

R p=1
g/ @(t)dthexp(—Rx P )
Re(x)

4
We evaluate now Iy and I4. For x > z1 = 2% we obtain

|I2| = =

/7 1 O(2) exp(—i x2) dz

|
= |—Ri /2 v ®(—Rsi — Re(x)) exp(—Rsx + Rxe(z)i)ds| <
0

2w .
<R |®(—Rsi — Re(z))|exp(—sRz) ds =
0

R2 2p—1
tRe ((Rsi ¥ Re(2))2 — R2>

J

2 /z .
+R : |®(—Rsi — Re(x))|exp(—sRx) ds.

oz

exp(—sRz) ds+

Let us first remark that, since ® is continuous in D, there exists a constant C' > 0 such that

(33) 1B(z)| <C, VzeD.

Hence,
1

R/lﬂe/E |®(—Rsi — Re(x))| exp(—sRx)ds < RC exp (—Rx%l)

Uz
On the other hand, remark that

RZ 2p—1 2p—1 1 2p—1
Re = —z 2 Re .
((Rsz' + Re(x))? — R2> <1 + ¥/xs? —2 2{/56(33)82’)

Let us denote by z = z(z,s) = %/xs® — 2 %¥/xe(x)si. It follows that, for s € [
limg o0 |2(, s)| = 0 uniformly in s. We obtain that

1 2p—1 1 2p—1
lim R = lim R —
Pt (1 + X/xs? —2 2{'/56(:@8@') P <1 + z) °

uniformly in s. Hence, there exists x5 > 1 such that, for all x > 2 and s € [0, %},

.|

1 R
Re - > —.
14 %/xs? — 2 %/ve(x)si 2
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It follows that, for x > x9,
1

ﬁ 2p—1
R/o exp | RRe ((Rsz' T Re@)) = R2> ] exp(—sRzx)ds <

1
R/ v exp (—§x2gpl> ds < Rexp <—§x2gpl) < Rexp (—I;xppl> .
0

Hence, for x > max{z1,x2} we obtain that

R p—1
|Io| < max{R, RC'} exp <—2xp 1) .

In a similar way

p—1

|14] = < max{R, RC} exp (—?:UP) .

L 3 O(2) exp(—iaz)dz

We pass now to evaluate

e(x) 1 1
|I3] = /72 O(2) exp(—ixz)dz| = R/E(m) ¢ <R5 - R2 o z> exp (—R$2 W iRsa:) ds| <
< [ Coxp (—Re—-_) as <2rC i
_ —— P .
S . exp 5 Wz s < exp 5%
We obtain that there exists a constant My = 5max{R,2RC} such that, for z > zg =
max{z, z2},
~ R p—t
|P(x)] = / O (t) exp(—ixt) dt‘ =L+ I+ I3+ 14+ Is| < Mexp <—2x P > .
R
Finally, it results that, for all > 0,
D(z)| = '/ ®(t) exp(—i xt) dt‘ < M exp(—w/x),
R
where M = max{M;, M>} and w = £.
]

Remark 7 The result of Proposition 2 is, in some sense, optimal. Indeed, one can prove that
any analytic function of exponential type, ¢, such that p(z) = O (exp(—wlz|)) as |x| — oo is
identically zero (see Titchmarsh [15], p. 185). But our function ® is the Fourier transform
of an L*(—R, R) function and, by Paley-Wiener Theorem, is analytic and of exponential type.

~ -1
Moreover, we have prove that, for any p € N*, &(z) = O (exp(—w\:r\pT)> as |x| — oo.

Let us now go back to the family of exponentials {e**'}, > satisfying (27) and (28). Let
also p € N* and ¢ = 1%1.
We define the following metrics in N* x N*

(34) d:N*x N — R, d(n,m)=|An — Al

The following property of the metrics d will be used in the next sections.
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LEMMA 1 The metrics d defined in N* x IN* satisfies

(35) Ve > 0 deo(e, N) such that sup Z exp(—ed(n,m)) < co(e, N)
neN*
meN*

where co(e, N) = N + co(e) with co(e) depending only on & and Yoo
Proof: We have

> exp(—ed(n,m)) = Y exp (—e|Am — An|?) =
m>1 m>1
= > exp(—elhm =Ml + D exp(—elAm = An|) S N+ > exp(—efAm — Anl).
1<m<N m>N m>N
But, for m > N, we have
(m—N)Vw ifn<N
— >
[Am )\n|_{ (m—n)ye ifn>N.

It follows that

D exp(—elAm = Anl?) <2 exp (—e(myeo)) -

m>N m>1
Finally, we obtain that ) -, exp(—ed(n,m)) < N + (8 where

B=23 exp(—e(rm)?) =2 ) (exp(—(700)")"™" <

m2>1 m>1

<c(r)y (E;q>r < cg) S mlqr < oo

m>1 m>1

for any r > g, ¢(r) being a positive constant.

3.2 Two matrices

Let R > 0 and T" > 0 such that 2%;<T<2R<2T.
Let C1(N) = C1(N,T) and Co(N) = Cs(v,2T) be the constants given by Theorem 3 and let
® be the function defined by (31) withp e N;p>1landg=1— 1%'

Observe that

/R ®(t)|f ()] dt = /R (1) |y ape" 2 dt=Y" aa /R B(t)ePrn—Amlti gy,
_R n ntm R

-R n>1 nm>1

It turns out that the proof of the inequality (29) is related to the study of the behavior of
the quantities fsz D(t)ePn=Amlti gy,
We define the infinite matrix A = (A(n, m))pmen+ by
1

(36) Alnm) = o5 /R B(#) exp(i tn — Am)) da

where @ is the function defined in Proposition 2 with p € N, p > 1.
The matrix A can be considered as an operator from ¢2 to ¢2. In fact A is a bounded operator
from ¢2 to £2. In order to see this let us first introduce, as in [9], a new space.
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Definition 5 A matrizc E = (E(n,m)), men+ belongs to €, if the coefficients of E satisfy
(37) vy <7, [E(m,m)| < c(y) exp(— d(n,m)),Vn,m € N*.

The following result is a direct consequence of the definition of the matrix A and the prop-
erties of the function ®.

LEMMA 2 The matriz A belongs to &, where w is the constant given by Proposition 2.

Proof: Indeed we have

1
C2(N)

From Proposition 2 it follows that

A(n,m) =

/ () exp(—i 20 — Am)) da.
R

|A(n,m)| < exp (—w|An — Am|?) =

M
Ca2(N)

where w and M are the constants given by Proposition 2.
Hence A belongs to &,.

|
Remark 8 Let us remark that, from the proof of Lemma 2, there is a constant M (the one

given by Proposition 2), not depending on N, such that

M
Cy(N)

(38) |A(n,m)| < exp(—wd(n,m)), ¥(n,m) € N* x N*.

Note that M and w do not depend at all on the exponential family.

Remark 9 We recall that, from Schur’s Lemma (see [9]), if a matriz E satisfies

SupZ|Enm)]<eand SupZ|Enm)]<e

n2l > m21 57

then E is bounded on ¢* and ||E|| < e.
In our case, from (38), it follows that

sup Z |A(n,m)| = sup Z |A(n,m)| < M sup Z exp(—wd(n,m)).

m>1431 C2(N) n2l 51

Hence, from Schur’s Lemma and Lemma 1, we obtain that

MC()(Q), N)

All < A = A( <
[1A]] SupZI (n,m)| = SupZI (n,m)| < o (V)

mz1 n>1 nzl m>1

It follows that the matriz A is a bounded operator from ¢* to £* and ||A|| < %&J)\[)

Other properties of the matrix A are given in the following Lemma.
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LEMMA 3 The matriz A has the following properties:

i) A is a self-adjoint and positive defined matriz.

it) There is a constant ¢, not depending on the exponential family (hence, not depending on
N ), such that the norm of A satisfies

CCl(N)
<||A]] < 1.
Coy < il <
i11) If vy is the first eigenvalue of A then vy > C ((N)) Moreover, the matriz A is invertible
and Co(N)
A*l
147 < 2

Proof: 1) It follows immediately from the fact that A(n,m) = A(n,m) that A is self-adjoint.
To show that A is positive defined take v = (v,)n>1 € £? and observe that

— i Ant
(Av,v) = ool / Zvn dt > 0.

n>1

Let us show that (Av,v) = 0 implies v = 0.

Indeed, from (Av,v) = 0 it follows that >_°° | vy, et *nt = 0.

Since limy, oo [Ant1 — An| = Yoo > F the family of exponentials (e?nt),, is incomplete in
L*(—R, R) (in fact it has infinite deficiency). Therefore (¢?*»*),, is minimal and no exponential
function can be expressed as a linear combination of the others. Hence v, = 0 for all n > 1. It
results that A is positive defined.

i) If we denote by f(t) = >0, v, e?nt, by using Theorem 3, we have

AJ| = p(4) = sup {Av,v) = = s /R<I>(t)|f(t)2dt<
TR T G ot g -

1 R Cy(N)
< sup / F@)Pdr < 2 sup 3 o =
Co(N) jjpjj=1 /=R 2(N) Jjo)j= 1;

On the other hand, if 2R > T, there is a constant ¢ such that

r

A c ")t
4112 gy e, [ 1@

2

From Theorem 3 it follows that

T
2 cC’1 N)
4] > sup/ )P dt>— sup 3 [ua? =

02( ) ffolj=1J -1 ) Jloll= 1,; " N)

iii) If 1 is the first eigenvalue of A, by using Theorem 3, we obtain

2

1 .
v1 = inf (Av,v) = inf /<I>t vp et dE >
! ooy = I8 o S 20 2

=1
[e =



Constants in Ingham’s inequality and applications 18

CCl(N)
=GN

T
> inf ¢ /
~loll=1 Ca(N) J_

On the other hand, since A is positive defined, v = 0 does not belongs to the (punctual)
spectrum of A. Hence A is invertible. Moreover,

N
v
4
3
3y
~
>
3
~
IS
~

C2(N)
CCl(N)

_ _ 1
1A = p(a) = — <
1

Let us now define the matrix B by

1

(39) B(n,m) = q Ca(N)
A(n,m) ifn> N and m > N.

Opm H1<n<Norl<m<N

The main properties of the matrix B are given in the following Lemma.

LEMMA 4 The matriz B has the following properties:
i) B is a self-adjoint and positive defined matriz.
i1) There exists a positive constant b, depending only on R and v (hence, independent of
N ), such that
b

<||B|]| £ 1.
e < 1Bl <

iti)If py is the first eigenvalue of B then py > Czl()N)' Moreover, B is invertible and

C2(N).

Bl <
1B~ < b

Proof: 1) Since A is self-adjoint and positive defined B has the same properties.
ii) Let v € /2. We have

N
1
Buv,v) = vml? + VnUmA(n, m) =
(300 = iy 2o ol + 3 oo
1 & 2 1 f i (A=A )t
= V| + Un'Um/ O(t)e! T Amltdt =
am 2 g 2 v,

R
O(t)| f1(t)Pdt
R

1 &,
- 02(N)n;|vm| * cg(N)/

where fi(t) =>,,< n Ume L.
By using the fact that R > % and Theorem 2 we obtain that there is a constant ¢’ > 1,
independent of NV, such that

R
/R<I>(t)f1(t)|2dt <3 foml®

- m>N
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It follows that

N

(Bv,v) o |? +

m=1 m>1

Hence, for N large enough, ||B|| = supj,(=1(Bv,v) < 1.
On the other hand, by using the fact that R > T and Theorem 1 we obtain that there is a

constant b’ such that A
| e0in®ra =¥ 3 v

m>N
It follows that

1 L, o, Y b )
(Bv,v) > (V) > Jvml +C’2(N) > foml? = Co(N )Z|Um|

m>N

where b = min {1,5'}.
Hence,

loll=1 Ca(N) 2=
Moreover,
1
— — (B Y\ =[B!
” p(B™) =B~
Finally, we obtain ||[B~!|| < %N)'

3.3 Some estimates for A~!

We have the following decomposition of the two matrices

1
. < Ay | Ag >’ B— o ! ‘ 0
A9 | A 0 | Ao
where the first blocks have dimension N x N.
The matrix A — B has the following decomposition

A_B— A — 702%]\,)1 ‘ Aio '
Aoy 0

We compare now the two matrices A and B.
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LEMMA 5 Let Q = {1,2,..., N} C N* and let w and M be the constants from Proposition 2.
Then

(40) |A(n,m) — B(n,m)| < T+ 1

C2(N)

exp(—w (d(n, Q) + d(m,Q))), Vn,m e N*.

Proof: Let (n,m) € N* x IN*. We consider the following cases:
(i) n € Qorm € Q. In this case A(n,m) — B(n,m) = A(n,m) — ménm and, from Lemma
2, we obtain that

M+1
Ca2(N)

! exp(—wd(n,m)) < exp(—w (d(n, Q) + d(m,Q))).

_l’_
|A(n,m) — B(n,m)| < o (V)

(ii) n ¢ Q and m ¢ Q. Now

M+1

|A(n,m) — B(n,m)| =0 < (V)

exp(—w (d(n, Q) + d(m,Q))).

Remark 10 The previous result tells us that the difference between matrix A and B decays
exponentially away from Q. This property allows us to apply a result of S. Jaffard (see [9]) to
compare the elements of the inverses of the matrices A and B. In fact we shall prove that the
difference between A~' and B~' decays also exponentially away from SQ.

PROPOSITION 3 Let w' < w. Then, for alln, m >1,

(41) |A~ (n,m) — B~Y(n,m)| < . i P exp (—w'(1 — a)(d(n, Q) + d(m,))),

for all N sufficiently large, where p =1 — cél(%), L > 1 is a number which does not depend on

the exponential family (hence, not depending on N) and a = o(N) = & >

Proof: We give the proof in several steps.

First step: we define two new matrices which will help us to express the inverses of A and
B.

From Lemmas 3 and 4 we know that A and B are two self-adjoint and positive defined
matrices such that ||A|| <1 and ||B|| < 1.

It follows that there exist two self-adjoint and positive defined matrices V' and W such that
A=1-V and B=1—W. Moreover, max{||V]|, [|[W||} =p < 1.

Indeed, since V is self-adjoint and ||A|| < 1, we have

|V]|=7(V)= sup (v,Rv) = sup (1 —(v,Av)) =1— Hiﬂfl(v,Av) =1-1
llvl]=1 llvll=1 vil=

where 7(V') is the spectral radius of V' and v, is the first eigenvalue of A. From Lemma 3 we
obtain that

(42) vy <1- )

Co(N) < 1.

By using a similar argument it follows that [|[W]| <1 — CCC; 1((NA;) <L
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cC1(N)
Therefore, p <1 — GN) < 1.

We have A1 =3, _VFand B~1 =Y, _ Wk
We evaluate now V¥ and W¥. First of all, remark that

(43) max{|VE(n, m)], [W*(m, m)[} < lIpII"
Step two: we evaluate the difference between V*(n, m) and W¥(n,m).
LEMMA 6 There exists a constant L > 1 such that
(44) |VF(n,m) — W¥(n,m)| < L* exp(—«' (d(n, Q) +d(m,Q))), V¥n,m e N*, VkeN.

Proof: Let us first remark that, if n € Q and m € Q, (44) follows from (43). So, we can
suppose that n ¢ Q or m ¢ Q. Moreover, since V and W are self-adjoint it is sufficient to prove
(44) only for the case n € N* and m > N.

We give a proof by recurrence on k.
Let first k = 1. We have from (40)

|V (n,m) — W(n,m)| = |A(n,m) — B(n,m)| <

M+1 M+1
< exp(—w (d(n, Q) +d(m,Q))) < exp(—w’ (d(n, Q) + d(m, Q
= oM p(—w (d(n, ) + d(m, Q))) V) p(—w (d(n, ) + d(m, Q2)))
and (44) follows with L = max {%, 1}.
Let us now suppose that, for some k € N,
(45)  VE(n,m) — WE(n,m)| < L(k) exp(—o/ (d(n, Q) +d(m,Q))), Vn,m € N*.

We have

VEH (n,m) = W (n,m)| =

= (VEn,u) = WEn,w)V (u,m) + Y WFn,u)(V(u,m) — W(u,m))|.

u

But, for u > N, V(u,m) — W(u,m) = B(u,m) — A(u,m) = 0. Moreover, for 1 <u < N,

Wk(n,u) = W(Sm. It follows that
k - n,m) — Wi(n,m)| = _ n,m
EU:W (n,w)(V(u,m) = W(u,m))| < G [V (n,m) — W(n,m)| GV |A(n, m)| <
< (C’g(j\f\f))k exp(—w (d(n, Q) + d(m,Q))) < L(K)(Cg(ﬂf\f))k exp(—w (d(n, Q) + d(m,Q))).

On the other hand

u

< L(K)|V (m,m)| exp(—w’ (d(n, Q) +d(m,Q))) + Z L(k) exp(—w' (d(n, Q) +d(u, )|V (u, m)|.
u#Em
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But, for u # m, |V (u,m)| = |A(u,m)| <

> CQA(/[N) exp(—w d(u,m)). It follows that

(VL (n,m) — W (n,m)| < L(k)|V (m,m)| exp(—w' (d(n, Q) + d(m, Q)+

+L(k)

) exp(—w’ (d(n, Q) + d(m, Q)) Zexp d(u, Q) — d(m,Q))) exp(—w” d(u, m))

where W' < W’ < w.
Since d(u, m) + d(u, Q) > d(m, Q) it follows that

Zexp d(u, Q) — d(m,Q))) exp(—w” d(u,m)) <

< D exp(w d(u,m)) exp(—w!" d(u, m)) =

= exp(—(w" = o) d(u,m)) = co(w" — &', N).

Remark also that |V (m,m)| = |1 — A(m,m)| =1— A(m,m) < 1.
We obtain that
VL (n,m) — W (n,m)| <

(M +1)co(w” —u',N) M
L) ( (V) TG

+ 1) exp(—w' (d(n,Q) + d(m,Q))).

Hence
\Vk(n,m) - Wk(n,m)| <LF exp(—w (d(n, Q) + d(m,Q))),

M+1) co(w"—w',N M
where L = supy, {( )002((]\1) Lt (Ca(N))* + 1}

Remark that, since Cy(N) — 0o, L can be chosen independent of N and, more generally, of
the exponential family.

Step Three: we pass now to prove the estimate (41).

We have
A~ (n,m) — (n,m)| < Z (VF(n,m) — W¥*(n,m))| <
k=
Ko 00
<D oVFmm) = WEmm)|[+ | DY (VFn,m) = WE(n,m))| <
k=0 k=Ko+1
Ko
SZLkexp( "(d(n, ) +d(m,Q))) + 2 Z o~
k=0 k=Ko+1

by (40) and (44). It follows that

Ko
A~ (n,m) — B~ (n,m)| <2 (LKO exp(—w' (d(n, Q) + d(m,Q))) + p > )
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We choose Ky = Ky(N,n,m) such that

Ko / pKO
L7 exp(—w' (d(n, Q) + d(m,Q))) = -
Hence
In () + &' (d(n,Q) +d(m,Q
o o (£5) + /el )+ d(m, )

n(l)

|A=Y(n,m) — B~Y(n,m)| < AL%° exp(—w' (d(n, Q) + d(m,Q))) =

= (1_4[))a exp (—w'(1 — a)(d(n, Q) + d(m,Q))) <

For this Ky we obtain that

= e (/1 @) ) + dm, )

Remark 11 The quantities 1%,) and w'(1 — «) depend on N. Proposition 3 tells us that far

away from € the elements of A~' are uniformly bounded in N, but, as N goes to infinity, we
have to go further and further from €.

First of all we consider the following decomposition of the matrices A=t B~

at = (AL Ay g (Bl B )
A21 A22 B21 ‘ BQQ

where the first blocks have dimension I1(N) x I1(N) and I;(N) will be chosen conveniently.
Since, from the previous proposition we know that the elements of A~! — B~! are uniformly
bounded in N far away from 2, we can deduce the following result.

_p
PROPOSITION 4 There exists 6 > 0 such that, if [;(N) > ¢ (%?l(g\;?g)) In (%21((%27?)))) "' and N

s sufficiently large, then
(47) max {[[Ayy — By'll, [[41; = Biy'll, 1431 = By'l|} <1
Proof: From Schur’s Lemma

145 = BRI < sup > (AT = BTN (n,m).
n>Il(N)m>Il(N)

From Proposition 3 it follows that

|43 =Byl < sup >

exp (—w'(1 — a)(d(n, Q) + d(m, Q))) <
n>]1(N) m>[1(N)

< 4 sup exp (—w'(1 — a)d(n,Q)) Z exp (—w' (1 — @) d(m,Q)) <

1-p n>I1(N) m>11(N)
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<

exp (' (1 —a)d(1(N),Q)) > exp(-w' (1-a)d(m,Q)).

1_,0 m>[1(N)

Since |Am41 — Am| > Yoo if m > N it results that

HA;; — B;;H < . f P exp (72w/(1 —a)d(I1(N), Q)) Z (exp (fw/(l — ) (Yoo m)q)) <

S 1 i exp (_2w/(1 - a)d(Il(N)7 Q)) Z (exp(_Qw/('}’oo)q))(l_a) md S
m>1
< 1 f P exp (—2w/ (1 — Ol) d([l(N), Q)) C(T) Z (u_la)rnq>

= ;Cg)_ A (—2w' (1 — @) d(I;(N),Q)) mzx %

where r is a number such that rq > 1.
We shall prove that the quantity

)

1
(1=p1-0)

tends to zero as IV tends to infinity.
Let us first remark that 1% < % Moreover, since p <1 — CCQ, we have
P cC1q 2

cC
In p o ln<1_0721)
InL—Inp=~ lnL—ln<1—@).
Cy

—exp (—2w'(1 — a)d(11(N), €))

l—a=-—

Since CCQ tends to zero as N tends to infinity, there is a constant ¢; > 0, not depending on

N,suchthaQt
C1
l—a>6(—=—].
‘= 1<C2)

1
It follows that, there exists a constant ¢ such that, if I;(N) > § (%31((1}’\;72%) In (%l(g\}?TT)))) ‘.

(1- p)(ll — oy &P (22 (1 = a)d(1(N), ) <
o <607i>r+1 exp <—2w/(51 (2) (L (N), N)) 0 as N — oo,

Hence, for N large enough,
1425 — B[l < 1.

We pass now to prove that ||A7y — Bry'|| < 1. Let v € £2. We have

2
(A = B lP = Y > (A - Bp)(nmvs| <

IS?’LSIl(N) m>[1(N)
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<HN)swrcucnoy Y (Al = BR)(m)vm|”
m>1 (N)

By using Proposition 3 we obtain

1
—_ SUP1<n<n(N) Z exp (—w
P m>I1(N)

(4% = B wll? < (W)

< II(N)L Z exp (—w'(l — a)d(m, Q)) =

< 1=,
m>I1(N)
:Il(N)l_pexp(—w/(l—a)d([l(N),N)) Z exp (—w'(1 — a)d(m, I;(N))) <
m>I1(N)
< I(N) L exp (—w'(1 — a)d(I;(N),N)) Z exp (—w'(1 — a) Yreem) <

m>I1(N)

< BN S exp (/1 — a)d(1(N), ) >

where r > 1.
But, for I;(N) chosen as before,

I1(N)(1 — p)(ll "oy exp (—w'(1 — a)d(I1(N),N)) — 0 as N — oc.

It follows that, for IV large enough,
141 = By || < 1.

For the other estimate the same technique can be applied and the proof is complete

We have now all the instruments we need to prove Theorem 4.

3.4 Proof of Theorem 4:

Since % <T < 2R < 2T we have

L g Y g s LT 200 _
[ irwpar = [Ciswpa - 2/R\f<t>| a=g [ awisPa -

N
= Z anam/ t) exp(i(An — Am)t) dt amA(n,m) 02; )(a Aa).
nm>1 n,m>1
We define now the diagonal matrix D by
i 1%‘“) if n=m > I;(N)
D(n,m) =4 1 /cC{(N) iftn=m < I,(N)
0 if n #m,

25

"(1—a)(d(n, Q) +d(m,Q))) <
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where b and ¢ are given in Lemmas 3 and 4.
We want to show that

Cy(N)

(48) (a, Aa) > (Da, Da), Ya € (%

But the last relation takes place if and only if the smallest eigenvalue of the matrix D~'AD™!
is bigger than % or, equivalently, the norm of the matrix DA~ D is less than %

In order to evaluate the norm of the matrix DA~'D let us consider the following decompo-
sition of the two matrices A~ and D

Al — ( AL | A > D— < Dy | 0 >
Ay | Ay ’ 0 | Do
where the first blocks have dimension I;(N) x I;(N).
We have

DA-D — ( Dy A Dy ‘ D11 A7) Doy ) .

Dy A5 Dyy ‘ DagAs; Do

‘We obtain that
IDA™'D]| <

< V2(||D11 A7y D11|| + ||D11 ALy Daal| + || Doz A5y Dua|| + || D22 Ay Dasl]) <
< V2(|[Du|PIATH] 4 Dl || Dozl (1AL ]+ 1A D + [[D22|* [| A5 1))
But ||A'|| < ||JA7Y||. Hence, from Lemma 3,

1
< — .
”All H — CCl(N)CQ(N)

Moreover, from Proposition 4 and Lemma 4,

b+1
b

Again from Proposition 4 and the definition of matrix B it follows that
b+1
b

b+1

1
1A% [l S T+ [IBR I S1+[[BTHI <1+ ;C2(N) < Ca(N).

1452 11 = 1A = B!l + BRIl < 1+ 1Bl < Ca(N)

14511 = (145" = By Il < 1+ 1By < 1+ 1By || < C2(N).

Finally we obtain that
IDA™D|| <

Ca(N)
2

b

47+ the proof finishes.

and, by taking ¢; =
|

Remark 12 Theorem 4 says that the high eigenmodes e’ for n > I1(N), are not affected
when N new eigenmodes are introduced.

Remark 13 As it follows from the proof, the constants ¢1 and 0 in (29) only depend on T and
Yoo (the asymptotic gap of the exponential family) but not on other properties of the exponential
family {€Z>\nt}n21-
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4 A controllability result for the wave equation

Let © be the unit square Q@ = (0,1) x (0,1), I'o = {0} x (0,1) and I'; = 9Q \ Ty.

We want to solve the following control problem: Given T > 2 find the initial data (u°,u!) €
L?(Q) x H~Y(Q) with the property that there exists a function v € L2((0,T) x I'g) such that
the solution u of the equation

uy — Au =0 in (0,00) x Q
u=20 on (0,00) x I'y
(49) u=v on (0,00) x I'y

uw(0) = u®, u(0) =u! in Q
satisfies u(T") = u(T) = 0.

Remark 14 Let us remark that the control v acts only on a face of the boundary. As we shall
point out in Remark 15, given T > 0, we can not control a Sobolev space of initial data in time
T. Our aim is to give a space of controllable initial data larger that the one found in [1]. To do
this, inequality (29) from Theorem 4 will be used.

To solve this problem we shall use separation of variables. Indeed, let us decompose the
control v, the solution u and the initial data in the following way

v = ka sin(kmy),

(50) u= uk(t, x) sin(kmy),

k=1
0o

(W0, u) = ) (up(x), up () sin(kmy).
\ k=1

With this decomposition, system (49) can be split into the following sequence of one-
dimensional controlled systems for kK =1,2,.. .

Uk tt — Uk xx + k2772uk: =0 for ( ) € ( ’OO) X (07 1)
(51) u(t,0) = vy for t € (0, 00)

ug(t,1) =0 forte( ,00)

up(0) = up, up ¢ (0) = uy n (0,1)

We study the controllability of system (51) by using classical methods that combine HUM
and Ingham type inequalities. Combining these one-dimensional results with the Fourier de-
composition (50), the controllability result for system (49) will be proved.

Let us consider first the following homogeneous equation

2t — 2z + 2722 =0 in (0,00) x (0,1)
(52) 2(t,0) = 2(t,1) =0 for t € (0, 00)
2(0) =20 %(0)=2! inQ

The eigenvalues of this equation are, for each k > 0,

{ vn? + k2m ifn>0

A =
—vn?+k2r ifn<O.

n
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The corresponding eigenfunctions are

o () = 2 < sin(nmx) > '

()2 + 22 \ @A) sin(nmz)

Remark 15 We can show that, given any T > 2, there are analytic initial data of the two-
dimensional problem (49) which are not exactly controllable in time T. Like in [6], it is easy to
show that the initial datum (u®,ul) € L?(2) x H~1(Q),

(W u) =Y agnpl sin(kmy),
k.n

is exactly controllable in time T iff there exists v € L? ((0,T) x Tg) such that

[e.o]

v(t,z) =) v(t) sin(kmy)

k=1

and the following moments problem is satisfied

T N \Eg
(53) / op(B)e—Mitdp = n thn, k> 1, ¥n 0.
0 nmy/(AE)2 + n2p2 7

Let us now consider an initial datum of the form

(W@ u') = 3 a1ob (@) sin(kmy)
E>1

where e~ Mk < \am] < g2k forallk>1 and 0 < do < dy. The constant dy will be chosen later
on. Note that (u®,u') is analytic.

On the other hand (u®, u') is controllable to zero in time T iff there exists v € L? ((0,T) x I'g)
such that

v(t,z) = Z v (t) sin(kmy)
k=1

and

T .
. [k2+ 1
(54) / Uk(t)e—z)\ﬁtdt = % 2 i 2ak7151,n, Vk>1, Vn 75 0.
0

From (54) it follows that, for each k, the function
im k%242
0rL(t) = ———\/ ———v(t
(t) ag1 k:2+1vk( )

T
/ Qk(t)efi)\ﬁt = 5n,17 Vn # 0
0

satisfies

and therefore it is an element of a biorthogonal sequence for the exponential family (e‘“‘ﬁt> 0
n

But, as it is proved in [6], the norms of the biorthogonal sequences for this exponential family
increase exponentially with k. Hence, there exists dg > 0 such that
m

|ak,1

1okl 220.) = 10811207y = ¥, VE > 1.
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Since v € L? ((0,T) x T'g) we obtain that (u®,u') is controllable in time T only if
(55) lag1] < 4e %k |[v]| 2, Yk > 1.

Hence, for T > 2 fived and dy < do, we obtain an analytic initial datum (u®,u') which does

not satisfy (55) and therefore it is not controllable in time T'. As we have mentioned before, this
phenomenon is due to the fact that the control v acts only on a face of the boundary.
Finally, let us remark that in [1] it is proved that any analytic initial datum can be controlled

in a time sufficiently large (which depends on the amount of analyticity of the initial datum,).
Remark that, for each k > 0, the sequence (A\f),>1 satisfies limsup,, [Any1 — Ap| > 2 if

T > 2. Therefore we can apply the previous results to this particular case.

Let T>2and 0 < § < m. We have

(56) | )‘n+1 )\Z =m0
for any n with | n |> N(k,d) where
(57) N(k,8) = max [” 5 61:] .
By taking 7., = m — d and § small enough we obtain that
T 7007
(58) [ X = A2 e, Yn > N(k,9),

|)‘n+1 )\7k1 |27:ki+17 Vn > 1.

Hence the hypothesis of Theorem 4 are satisfied for the exponential family {ei’\ﬁt}nzl. We
shall apply Theorem 4 to prove the following estimates known as the observation inequality.

THEOREM 6 Let ¢, C1(N) and I;(N) be the constants given by Theorems 8 and 4. Suppose
that (2°,2') € H}(0,1) x L*(0,1) have the following decomposition

(z°(z), 21 (2)) = ) bagh(@)

nez*

If z is the solution of (52), the following inequality is true
é\’1 (ka T) -~ r
(59) Lo Y blPra ¥ mP< [ 0P
1<|n|<T1 (k) In|>T1 (k)
where & does not depend on N, Cy(k,T) = C1(2N(k,8),T) and I, (k) = I (2N (k, §)).
Proof: We only have to remark that

(z(t, ), z(t, ) Z bn, e”‘"tgpl;’;

nez*
Therefore
0) _ Z annﬁ ej)\iclt'
neze V (A)? 4 nm?

We next apply Theorem 4 and the proof finishes.
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Now, by using Theorem 6 and HUM we deduce that for any (u,u}) € L?(0,1) x H71(0,1),

(wR(x),up(2)) = ) aknpn(@),

nez*
there exists a control vg(t) for (51) such that
T 2
k 1 1 1
/ |Uk(t)’2 dt < C m Z W’ak,nP + /ch Z th,nb
0 RS <y 7" nl>Tik) "

where C' is a positive constant independent of k£ and n.
By adding all the controls v, k > 1, we finally obtain that

THEOREM 7 For any initial data from the space

X

(WO, ut) e LX) x HY(Q): (0 ul) = Zak,n%’i(ﬂf) sin(kmy), such that
k,n

k? 1 5 1 1 5
. N L 19 -~ TN . 19 <
E : Cl(k' T) E . |>\];L‘2’ak,n| + o) §A |)\ﬁ|2|ak,n| +0oo
k 7 1<In|<hi(k) o[> 11 (k)

problem (49) is exactly controllable with controls v € L*((0,T) x T'g).
Remark 16 In this particular case
p

R0 = 1N () ~ (2T (2T )~

foranype N, p > 1.
By taking into account the estimates we have obtained for the constants Cy and Co in the
second section (see Remark 5) we obtain that

~

Ii(k) ~e*,  asN — occ.

Remark 17 Let us remark that if inequality (17) is used instead of (29) we obtain that the
space of initial data

X =K (W) e L2Q) x HYQ) : (0 ut) = Zak’ngpfb(x) sin(kmy), such that
k,n

DY LA N PE)
= k kn
=\ Ci(k, T) 5 NP

is L%—controllable to zero in time T.
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On the other hand, in [1] it was proved that the space of initial data

Xy ={ (0, ut) e 2O x H Q) : (0 ul) = Zak,n sin(nmx) sin(kmy), such that
k.mn

ST ST Jaral? + 0 0+ Inf + KDV agal? | < +oo
k 0<|n|<k |n|>k

is L?>—controllable in time T. Here N € N*, ¢, > 0 and € € (0,1).
Remark that, since the constant a Z: ) increases exponentially with k, the space X1 contains
1\R,
only analytic functions in y—variable whereas the space Xy contains only HNT2 functions in
y—wvariable.

The space X given by Theorem 7 contains initial data which belongs to L?> x H~1 but not to

HE x L2. Indeed, let us consider (ax)g>1 ¢ ¢ such that D k1 ‘a,f2|2 < 00 and let

(u®,u') = Zakgoﬁ(k) (x) sin(kmy)
k>1

where n(k) > I,(k) for all k > 1. It follows that (u®,u') € X (are controllable in time T) but
(uul) ¢ HE x L2,
Hence, X1 & X and Xy & X.

References

[1] B. ALLIBERT, Analytic controllability of the wave equation over cylinder, ESAIM: COCV,
4 (1999), 177-207.

[2] C. BaroccHl, V. KOMORNIK AND P. LORETI, Ingham-Beurling type theorems with weak-
ened gap condition, preprint.

[3] J. BALL AND M. SLEMROD, Nonharmonic Fourier series and the stabilization of distributed
semi-linear control systems, Comm. Pure Appl. Math., XXXII (1979), 555-587.

[4] C. BARDOS, G. LEBEAU AND J. RAUCH, Sharp sufficient conditions for the observation,
control and stabilization of waves from the boundary, STAM J. Control Optim., 30 (1992),
1024-1065.

[5] C. CASTRO AND E. ZUAzUA, Une remaque sur les séries de Fourier non-harmoniques et
son application a la contrélabilité des cordes avec densité singuliére, C. R. Acad. Sci. Paris
Sér. 1 322 (1996), 365-370.

[6] H. O. FATTORINI, Estimates for sequences biorthogonal to certain exponentials and bound-
ary control of the wave equation, Lecture Notes in Control and Inform. Sci., 111-124.

[7] A. HARAUX, Séries lacunaires et contrile semi-interne des vibrations d’une plaque rectan-
gulaire, J. Math. Pures et Appl., 68 (1989), 457-465.

8] A. E. INGHAM, Some trigonometrical inequalities with applications to the theory of series,
Math. Z., 41 (1936), 367-369.



Constants in Ingham’s inequality and applications 32

[9] S. JAFFARD, Propriétés des matrices “bien localisées” prés de leur diagonale et quelques
applications, Ann. Inst. Henri Poincaré, Vol. 7, N. 5 (1990), 461-476.

[10] S. JAFFARD, M. TUCSNAK AND E. ZUAZUA, On a theorem of Ingham, J. Fourier Anal.
Appl., 3 (1997), 577-582.

[11] J. P. KAHANE, Pseudo-Périodicité et Séries de Fourier Lacunaires, Ann. Scient. Ec. Norm.
Sup., 37 (1962), 93-95.

[12] V. KOMORNIK AND P. LORETI, Ingham Type Theorems for Vector-Valued Functions and
Observability of Coupled Linear Systems, SIAM J. Control Optim., 37 (1998), 49-74.

[13] J. L. Lions, Contrélabilité exacte, perturbations et stabilisation de systemes distribués,
Tome 1: Contréolabilité exacte, Masson, RMA, Paris, 1988.

[14] S. Micu AND E. ZuAzuA, Boundary controllability of a linear hybrid system arising in the
control of noise, STAM J. Control Optim., 35 (1997), 1614-1637.

[15] E. C. TIrTCHMARSH, The Theory of Functions, Oxford University Press, 1939.

[16] D. ULLRICH, Divided differences and systems of nonharmonic Fourier series, Proc. Amer.
Math. Soc. 80 (1980), 47-57.

[17] R. YouNG, An Introduction to Nonharmonic Fourier Series, Academic Press, 1980.



