SIAM J. CONTROL OPTIM. (© XXXX Society for Industrial and Applied Mathematics
Vol. 0, No. 0, pp. 000-000

AN APPROXIMATION METHOD FOR EXACT CONTROLS OF
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Abstract. We propose a new method for the approximation of exact controls of a second
order infinite dimensional system with bounded input operator. The algorithm combines Russell’s
“stabilizability implies controllability” principle with the Galerkin method. The main new feature
of this work consists of giving precise error estimates. In order to test the efficiency of the method,
we consider two illustrative examples (with the finite element approximations of the wave and the
beam equations) and describe the corresponding simulations.
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1. Introduction. The numerical study of the exact controls of infinite dimen-
sional systems began in the 1990s with a series of papers by Glowinski and Lions
(see [11, 12]) where algorithms for determining the minimal L2-norm exact controls
(sometimes called HUM controls) are provided. Several abnormalities presented in
these papers motivated a large number of articles in which a great variety of numeri-
cal methods are presented and analyzed (see, for instance, [33, 8] and the references
therein). However, except for the recent work [9], where the approximation of the
HUM controls for the one dimensional wave equation is considered, to our knowledge,
there are no results on the rate of convergence of the approximative controls.

The aim of this work is to provide an efficient numerical method for computing
exact controls for a class of infinite dimensional systems modeling elastic vibrations.
Our main theoretical result gives the rate of convergence of our approximations to an
exact control. Moreover, to illustrate the efficiency of this approach, we apply it to
several systems governed by PDEs and describe the associated numerical simulations.
Our methodology combines Russell’s “stabilizability implies controllability” principle
with error estimates for finite element-type approximations of the considered infinite
dimensional systems. We focus on the case of bounded input operators which ex-
cludes boundary control for systems governed by PDEs. However, the method can be
partially extended to the unbounded input operator case; see Remark 2.7.

In order to give the precise statement of our results we need some notation. Let
H be a Hilbert space, and assume that Ag : D(Ag) — H is a self-adjoint, strictly
positive operator with compact resolvent. Then, according to classical results, the
operator Ay is diagonalizable with an orthonormal basis (¢ )r>1 of eigenvectors, and
the corresponding family of positive eigenvalues (Ag)r>1 satisfies limy_ o0 Ap = 00.
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Moreover, we have

D(Ag)=(¢z€H Zx\i |<z,<pk>|2 < 0

k>1
and

Aoz =) Milzorder (2 € D(A)).

k>1

For a > 0 the operator Af is defined by

(1.1) D(AG) =S ze H | Y M|z, 00)° < 00
k>1

and

AGz ="Mz o)k (2 € D(AY)).
E>1

For every o > 0 we denote by H, the space D(A§) endowed with the inner product

(0, ¥)a = (A5, AGY) (@, ¥ € Ha).

The induced norm is denoted by || - ||o. From the above facts it follows that for every
a > 0 the operator Ag is a unitary operator from H,1 onto H,, and Ag is strictly
positive on H,,.

Let U be another Hilbert space, and let By € L(U,H) be an input operator.
Consider the system

(12) q(t) + Aoq(t) + Bou(t) =0 (t 2 0),

(1.3) q(0) = qo, G(0) = ¢.

The above system is said to be ezactly controllable in time T > 0 if for every
q € Hy, q1 € H there exists a control u € L3([0,7],U) such that ¢(7) = ¢(r) = 0. In
order to provide a numerical method to approximate such a control u, we need more
assumptions and notation.

Assume that there exists a family (Vj,)p>0 of finite dimensional subspaces of H 1
and that there exist § > 0, h* > 0, Cy > 0 such that, for every h € (0, h*),

(14) Imne = ¢lls < Coh’llellh (¢ € Hy),

(1.5) Imhe —@ll < Co’llells (¢ € Hy),

where m, is the orthogonal projector from Hy onto Vj,. Assumptions (1.4)~(1.5) are,
in particular, satisfied when finite elements are used for the approximation of Sobolev
spaces. The inner product in V}, is the restriction of the inner product on H and is
denoted by (-,-). We define the linear operator Agy, € L(V},) by

(1.6) (Aonn, Yn) = <A§<Ph,z4§1/)h> (o, Yn € V).

The operator Agy, is clearly symmetric and strictly positive.
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Denote Uy, = B§Vy, C U and define the operators By, € L(U, H) by
(1.7) Bopu = T, Bou (uel),

where 7, is the orthogonal projection of H onto V}. Note that Ran By, C V. As is
well known, since it is an orthogonal projector, the operator 7y, € L(H) is self-adjoint.
Moreover, from (1.5) we deduce that

(L8) lo - Faell < llp — mngl < Cohlllelly (o € Hy):

The adjoint B, € L(H,U) of By, is

(1.9) Bopy = BoTnyp (v € H).
Since Uy, = B§Vy, from (1.9), it follows that Ran Bf;, = Uy, and that
(1.10) (Bonsen, Bonn)u = (Byen, Byn)u — (ons n € V).

The above assumptions imply that, for every h* > 0, the family (|| Bon|| 2 (v, #))he (0,h*)
is bounded.

In what follows, we describe an algorithm for computing an approximation uy €
C(]0,7]; Up) of an exact control v € C([0,7];U), which drives the solution of (1.2)-
(1.3) from the initial state [&7] € Hs x Hj to rest in time 7. We propose the following
scheme:

1. Take [g?] S H% X H%

2. For any h > 0 choose N(h) € N as in Theorem 1.1.

3. Forn=1,2,..., N(h) solve the following coupled systems:
e A forward system

(1.11) w,’f(t) + AOth(t) + BOhBSth(t) =0 (t > 0),
i | Thao ifn=1,
(1.12) wﬂ@‘{w%%miﬂ<n<Nm%

ey [ TR ifn=1,
(1.13) wy (0) = { wg’;l(o) if 1 <n < N(h).

e A backward system

(114) '(Ug;h(t) + Aghwg;h(t) — BOhBShw;})h(t) =0 (t é 7'),

(1.15) wyp(7) = wi(7), g (T) = Wi (7).

4. Compute [,°"] as follows:

o [on] =[]+ 3 () - 3 o]+ ko)

5. Compute the control uy,

(1.17) up, = Bipwn + By n,
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where wy, and wy 5, are the solution of

(1.18) Wy (t) + Aopwn (t) + Bon Bipin(t) =0 (t > 0),
(1.19) wy(0) = won,  Wa(0) = win,

(1.20) i p (1) + Aonwpn(t) — BonBipinn(t) =0 (£ <7),
(1.21) wop (1) = wh(7), i p(T) = tn (7).

We can now formulate the main result of this paper.

THEOREM 1.1. With the above notation and assumptions, assume furthermore
that the system (1.2), (1.3) is exactly controllable in some time T > 0 and that BoB§ €
E(Hl,H%). Then there exists a constant m,; > 0 such that the family (up)n>o of
C([0,7);Uy), defined in (1.17) with N(h) = [0 m, In(h™1)], converges when h — 0 to
an ezact control in time T of (1.2), (1.3), denoted by u, for every Qo = [&] € Hs xH;.
Moreover, there exist constants h* > 0 and C' := C. such that we have

(1.22) lu = unlleo,r0) < CR? 1H2(h71)|\Q0||H%xH1 (0 <h <h").

It is known that, if By € L(U, H), then any initial data in H% x H can be
steered to zero by using controls v € C([0,7];U) (see also Remark 2.4). However,
as in most approximation problems for PDEs, in order to obtain error estimates it
is necessary to consider solutions which are more regular than those in the usual
energy space. Therefore, we introduce the additional smoothness properties of the
initial data, Qo = [4i] € H3 x Hy, and of the control operator, BoBj € L(H1, Hy),
assumed in Theorem 1.1. Indeed, under these hypotheses, our control will verify
u € CY([0,7];U) and Bou € C([0, 7]; H%). These extra regularity properties of our
continuous control not only allow us to give the error estimates (1.22) but also are
essential in choosing the truncation parameter N(h) (see also Remark 4.4).

An algorithm based on Russell’s principle has been used to compute an exact
boundary control for a class of second order evolution equations in [21] (see also [10]).
With our notation and after discretizing with respect to the space variable, the method
in [21] consists of choosing N(h) = 1. This choice is convenient for implementation
purposes but it does not yield the convergence of uy, to u. In our work the appropriate
choice of N(h) plays a central role in obtaining error estimates.

We prove Theorem 1.1 in section 4. In section 2 we recall some background on
exact controllability and stabilizability. Section 3 provides some error estimates. In
section 5 we apply our results to the wave equation in two space dimensions and to
the Euler-Bernoulli beam equation, providing numerical simulations.

2. Some background on exact controllability and uniform stabilization.
In this section we recall, with no claim of originality, some background concerning the
exact controllability and uniform stabilizability of the system (1.2), (1.3). We give,
in particular, a short proof, adapted to our case, of Russell’s “stabilizability implies
controllability” principle. This principle has been originally stated in Russell [25, 26]
(see also Chen [4]).

Consider the second order differential equation

(2.1) W(t) + Agw(t) + BoBiw(t) =0 (t > 0),

(2.2) w(0) = wy, w(0)=ws.



AN APPROXIMATE METHOD FOR EXACT CONTROLS )

It is well known that the above equation defines a well posed dynamical system
in the state space X = Hy x H. More precisely, the solution [4] of (2.1), (2.2) is

given by
(2.3) mg} =T, {Zﬂ <m’] €X, t> 0) ,

where T is the contraction semigroup on X generated by A—BB*, and A : D(A) — X,
B e L(U,X) are defined by

0 I 0
D(A) = Hy x Hy, A:[—Ao o]’ B:[ ]

We also consider the backwards system

(2.4) (1) + Agwy(t) — BoBian(t) =0 (£ < 7),

(2.5) wp(T) = w(T), wp(T) = W(T).

It is not difficult to check that the solution [ ;"] of (2.4), (2.5) is given by

e o] -s- i) eeom

where S is the contraction semigroup in X generated by —A — BB*.
We define L, € L(X) by

@7 sl =[] (] ex).

With the above notation, the operator L, clearly satisfies L, = S, T,.

PROPOSITION 2.1. With the above notation, assume that the system (1.2), (1.3)
is exactly controllable in some time 7 > 0. Then the semigroups T and S are exponen-
tially stable, and we have ||T+|z(x) <1 and ||S;|z(x) < 1. Moreover, the operator
I — L, is invertible, and we have

(2.8) (I-L)'=> LI

n=0

Proof. The fact that T and S are exponentially stable is well known (see, for
instance, Haraux [14] and Liu [19]). The more precise facts that ||T,|zx) < 1 and
[Srllz(x) < 1 are easy to establish (see, for instance, Lemma 2.2 in Ito, Ramdani,
and Tucsnak [15]). Finally, (2.8) follows from ||L.|/zx) < 1. a

The particular case of Russell’s principle [26], which we need in this work, is given
by the following result.

PROPOSITION 2.2. Assume that (1.2), (1.3) is exactly controllable in time T > 0.
Then a control u € C([0,7];U) for (1.2), (1.3) steering the initial state [3] € X to
rest in time T is given by

(2.9) u = Bt + B,
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where w and wy are the solutions of (2.1)-(2.2) and (2.4)—(2.5), respectively, with

Wo -1 |90

o0 o] .

Remark 2.3. The original assumption of Russell’s principle was essentially the ex-
ponential stability of the semigroups T and S, whence came the name “stabilizability
implies controllability.” Since, according to Proposition 2.1, these stability properties
are consequences of the exact controllability of (1.2), (1.3), we made this assumption
explicitly in Proposition 2.2. The essential aspect retained from the original Russell’s
principle is the specific form (2.9) of u, obtained using the “closed loop semigroups”

T and S.
Proof of Proposition 2.2. Denote

q(t) = w(t) —wp(t) (€ [0,7]).

Then ¢ clearly satisfies (1.2) with u given by (2.9). Moreover, from (2.10) it follows
that ¢ satisfies the initial conditions (1.3). Finally, from (2.5) it follows that

(1) = q(r)=0. O

Remark 2.4. Using the semigroup notation, an alternative way of writing (2.9) is
(2.11) u(t) = B*T; {wo] +B*S,_,T, [“’0] (t €10,7]),
w1 w1

where wy, wy satisfy (2.10).

Note that the control u given by (2.11) belongs to C([0,7];U). The same prop-
erty is shared, in the particular case of bounded input operators, by the minimal
L?(0,7; U)-norm control (the so-called HUM control).

In what follows we need the fact that the restrictions of T and S to Hy; x Hi
and Hs x Hy, endowed with appropriate norms, are exponentially stable semigroup;
Sufficient conditions for this are given in the result below.

ProprosITION 2.5. Under the hypothesis of Proposition 2.1 assume, in addition,
that BoBg € L(Hq, H%). Then the restrictions of T and S to Hy x H and Hs x Hy
are contraction semigroups on these spaces with generators that are the restrictions
of A— BB* and —A — BB* to H% x Hi and Hy x H%, respectively. Moreover, there

exists a norm ||| - ||| on E(H% x Hy), equivalent to the standard norm, such that

(2.12) IWT-IT <1, [lIS-Il < 1.

Proof. From a well-known result (see, for instance, [31, Proposition 2.10.4]) it
follows that the restriction of T to D(A—BB*) = Hy x H 1 is a contraction semigroup

on D(A — BB*) (endowed with the graph norm) whose generator is the restriction of
A — BB* to D((A — BB*)?). Moreover, it can be easily checked that the graph norm
of A— BB* is equivalent to the standard norm of H; x H 1 Therefore, if we denote by

X the space H; x H 1 endowed with the graph norm of A — BB*, and we combine
Proposition 2.1 with [31, Proposition 2.10.4], we obtain that

(2.13) 1Ty <1 ISHle) < 1.

Since BoBj € L(Hy, Hy), it is easy to check that D((A — BB*)?) = Hs x Hy and
that the graph norm of (A — BB*)? is equivalent to the standard norm in H% x Hy.
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It follows that, indeed, the restriction of T to H; x H 1 is a contraction semigroup
on this space with a generator that is the restriction of A — BB* to H% x Hi. The

second assertion on T can be easily obtained by looking at A — BB* as an operator
in X; and repeating the above argument. The corresponding assertions for S can be
proved in a completely similar manner.

Finally, let X2 be Hy x Hy endowed with the graph norm of (A — BB*)?, and
define

1= 11 e ex)-

It is easily checked that this norm is equivalent to the standard norm in £(H 3 X Hy).
Moreover, estimates (2.12) follow from (2.13) by using again Proposition 2.10.4 in
[31]. d

Remark 2.6. An important property of the control u constructed in (2.9) is that,
under appropriate assumptions on By, its regularity increases when the initial data
are more regular. For instance, if BoBj € L(Hi, Hy) and [§}] € Hy x Hy, then,
by Proposition 2.5, [i}] = (I — L,)" ' [§] € Hz x Hy so that u € C'([0,7];U) and
Bou € C([0,7]; H 1 ). This kind of regularity property is important for approximation
purposes, and it has been recently investigated for HUM controls. In [9] it is shown
that, for the wave equation with boundary control, the HUM controls should be
modified to obtain the regularity property. In the case of the wave equation with
internal control, it is shown in [5], [17], under assumptions on By which are similar to
ours, that the HUM controls are smoother if we increase the regularity of the initial
data.

Remark 2.7. Russell’s principle can be extended to the case of unbounded input
operators By € L(U, H—%)7 where H7% is the dual of H% with respect to the pivot

space H, so that it can be applied to boundary control problems. In this case the
system (2.1)—(2.2) is still well posed and it keeps most of the properties holding for
bounded By (see, for instance, [29], [30], and the references therein). For a quite
general form of Russell’s principle for unbounded input operators we refer to [24].
However, extending our numerical method to boundary control problems would first
require showing that the smoothness of the controls given by Russell’s principle in-
creases if we increase the regularity of the initial data. This is, for general boundary
control problems, an open question (see Remark 2.6 above).

3. An approximation result. The aim of this section is to provide error es-
timates for the approximations of (2.1) by finite dimensional systems. Using the
notation in section 1 for the families of spaces (V3)n>0, (Un)n>0 and the families of
operators (7 )r>0, (Aon)h>0, (Bon)r>0, we consider the family of finite dimensional
systems

(3.1) W, (t) + thwh(t) + BOhBShwh(t) =0,

(3.2) wp(0) = mpwe, wp(0) = Thws .

In the case in which By = 0 and Ag is the Dirichlet Laplacian, it has been shown
by Baker [1] that, given wy € Hs, wy € Hy, the solutions of (3.1) converge to
the solution of (2.1) when A — 0. Moreover, [1] contains precise estimates of the
convergence rate. The result below shows that the same error estimates hold when
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Ap is an arbitrary positive operator and By # 0. Throughout this section we assume
that BoBgj € L(Hl,H%).

PropPOSITION 3.1. Let wg € H%,wl € Hi, and let w,wy be the corresponding
solutions of (2.1), (2.2) and (3.1), (3.2). Moreover, assume that BoB§ € E(Hl,H%).

Then there exist three constants Ko, K1, h* > 0 such that, for every h € (0,h*), we
have
(3.3)

() — i (8)|| 4 Jw(t) — wi(t)||2 < (Ko + K1 t)h? (HU’OH% + ||w1||1) (t=0).

1
2
Proof. We first note that, according to Proposition 2.5, we have

w € C([0,00); Hy ) N C' ([0, 00); H1) N C*([0,00); Hy),

B4 Ol + @+ el <& (loil + lwolly) ¢ 0).
Equation (2.1) can be written
(i,0) + (Agw, Agv) + (B, Byo)y =0 (ve Hy),
whereas, using (1.6) and (1.10), we see that (3.1) is equivalent to
(tins o) + (AZwn, AZvn) + (Byiin, Bivn)u =0 (von € V).

Taking v = vy, in the first of the above relations and subtracting side by side, it follows
that

1 1
<’lf) — lbh,Uh> + <A02 (U} - wh), Ag ’Uh> + <BSU) - B(’ju')h, BS'Uh>U =0 (Uh S Vh),

which yields (recall that 7, is the orthogonal projector from H 1 onto V1) that

(Thw — wp), Ag vp)

Ol

(3.5) <7Th’LII — Wy, Uh> + <A

<7Th’LII—1I),Uh> — <BS’Lb—BS’Lbh,BSUh>U ('Uh S Vh).
We set
1 o2 Ly 2
Ent) = Sllmntd — wnl]” + 11 Ag (mhw — wp)|I"
Using (3.5) it follows that
En(t) = (mpid — W, Tptb — ) — (Bg (b — ), Be (mptd — ip)) v
= (0 — W, T — g — || By (b — 1in)||F + (Bo B (mpab — ), (mpab — 1in))-
We have thus shown that
En(t) < M (||mntd — B + [|wntd — w|]) [|wnt — wbnl],
where M =1+ ||BoB§||. It follows that

d_ 1 - L 1
(6) 35 (1) < MV2 (|mnio — | + [|mned — w0 ]) €5 (1),

Sl

28
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which yields
1 1 M t
&) <& )+ [ (lm = o] + |mao — al) &t (¢>0)
V2 Jo

The above estimate, combined with (3.4), with the fact that £,(0) = 0, and with (1.5),
implies that there exist two constants K, h* > 0 such that, for every h € (0,h*), we
have

(3.6) & (1) <tRN (Jlwolly + lwili) — (¢>0).

On the other hand, using (3.4), combined with (1.4) and (1.5), we have that there
exists a constant h* > 0 such that, for every h € (0,h*),
[(t) — wn ()] < [[0(t) — mp(@)]| + |matd(t) — wn(t)]
1
<K (1 (Jlwolly + ) + 3 0]
lw(t) —wa ()1 < [Jw(t) = mnw(t)||y + [|mnw(t) — wa(t)]ly

< K [0 (llwolly + llwill) + & ()]

1
2

for some constant K > 0. The last two inequalities, combined with (3.6), yield the

conclusion (3.3). O
For h > 0 we denote X} =V} x V3, and we consider the operators
0 I 0
3.7 Ap = , Bp= .
(3.7) h [_th 0} h [BOh]

The discrete analogues of the semigroups T, S and of the operator L;, denoted by
T, S;, and Ly, 1, respectively, are defined, for every h > 0, by

(3.8) Tpy=eAn=BuBi) S, =!CABB) 1, =S, Thy (t=0).

For every h > 0 we define II, € L(H x Hi, Xp) by

(3.9) 1T, = {781 ;)J .

The following two results are consequences of Proposition 3.1.
COROLLARY 3.2. There exist two constants C1, h* > 0 such that, for every
h € (0,h*) and t > 0, we have (recall that Ly = S;T; for everyt >0)

(3.10) ||, T, Zo — Ty (10, Zo| | x < Clth9||Z0||ngH1 (Zo € Hy x Hy),
(3.11)  ||ILS:Zo — S 4111 Zo | x < Clth9||Z0||ngH1 (Zo € Hy x Hy),
(3.12)  ||[OpLiZo — L 1 Zo|| x < Clth9||Z0||H% xm,  (Zo € Hy x H).

Proof. The estimate (3.10) is nothing else but (3.6) rewritten in semigroup terms.
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<[w°} € Hy x Hl) :
w1 2

We next notice that

(3.13) PS, BO] =T,P BO}

1

where

Indeed, denoting

formula (3.13) follows from

575 [on] = P58 [on] = P Lagute ~ Bupgetn) = A~ BEPS ]

To prove (3.11), it suffices to use (3.13), its discrete analogues, and (3.10) to
obtain that

IT1,S: Zo — Sh 1nZo || x = [|P(M1S: Zo — Sh 110 Z0) || x = |11 PS: Zo — PSp 111 Zo|| x
= HHhTtPZO —Th,tPthonX = |‘HhTtPZO—’]Th7tHhP ZOHX < OlthGHPZOHH% X Hy -

Finally, estimate (3.12) can be easily obtained from (3.10) and (3.11). O
COROLLARY 3.3. There exist three constants Cy, Cy, h* > 0 such that, for every
t>0,he(0,h*), and k € N, we have

LY Zo — Ly, 1y Zo||x < (Co + kClt)hQHZOHngHI (Zo € Hy x Hy).

Proof. We have
(3.14)  ||L¥Zo — Ly M Zolx < ||LfZo — UnLi Zo||x + M Lf Zo — Lj J1nZol|x -

From Proposition 2.5 it follows that, for every ¢t > 0, H 3 X H; is an invariant space
for L;. Using this fact combined with (1.4) and (1.5), we obtain that there exists a
constant Cy > 0 such that the first term on the right-hand side of the above inequality
satisfies

(3.15) |L¥Zy — T, LY Zo||x < Coh9||ZOHH%  Hy -
For the second term on the right-hand side of (3.14) we have
I, L Zo — Ly, 11 Zo|| x
< |, LEZo — Ly JIh L Zo| x + || L IIW L Zo — LY 11, Zo || x

= [T Le(L§ ™" Zo) — Lin X L™ Zo|| x + | Lne (M Ly~ Zo — Ly, Tn Zo) | x -
Applying (3.12), we obtain

T L5 Zo — L T Zollx < Cuth” || Zoll g s, + M0, LE~" Zo — Ly, Tln Zo|| -
By an obvious induction argument it follows that

(3.16) 1, Ly Zo — Ly 1 Zo|x < Cltkh9||Zo||ngHl (Zo € Hs x Hy).

Finally, combining (3.14)-(3.16), we obtain the conclusion of the corollary. O



AN APPROXIMATE METHOD FOR EXACT CONTROLS 11

4. Proof of the main result. In this section we continue to use the notation
from (3.7)—(3.9) for A, By, Th, Sy, Lp, and II;,. We first give the following result.

LEMMA 4.1. Suppose that the system (1.2), (1.3) is exactly controllable in time
7 >0 and that BoBj € L(Hy, Hy). Let Qo = (] e Hs x Hy, and let u be the control

given by (2.11), where Wy = [3,°] is as given by (2.10). Let vy, : [0, 7] — Uy, be defined
by

(4.1) ’Uh(t) = BZT}I¢H}IW0 + BZShﬁ_tTh’THhWQ (t S [0, 7'])

Then there exist three constants Ca, Cs, h* > 0 such that, for every h € (0,h*), we
have

Co +tCs
(4.2) [[(w—vr)(®)lv < thHQOHH%le (t €10,7]),
where ||| - ||| is the norm introduced in Proposition 2.5.

Proof. We first note that from Proposition 2.5 and the fact that Qg € H% x Hy
it follows that Wy given by (2.10) still belongs to H% x Hy. Using (2.11), (4.1), (1.9),
and (3.7) we see that for every ¢ € [0, 7] we have

(4.3)
|(u—vp)O)o = 1B T:Wo+B*S;—+ T-Wo — By Th L, Wo — BiSp 7~ T -1, Wo |
< ||B T Wy = By TWa ||, + |8 (TeWo — T JJ1.W0) ||,

+ ||B*S7'7tTTWO - BZSTftTTWOHU + ||BZ(SrftTTWO - SthtTh,THhWO)HU .

Let h* > 0 be chosen as in Proposition 3.1. To bound the first term in the right-hand
side of (4.3) we note that since B* = [0 Bj] and B = [0 B{7s| we have that

1B T:Wo — By TeWo ||, = 1Bg (w(t) — Tnw(®)lly < I1Bgll el (t) — Trw@)]),
where we have denoted T, Wy = [Zgg ]. Using next (1.8) and Proposition 2.5 we obtain
that there exists a constant Cy > 0 such that

(4.4) 1B*TWo — By T.Wo ||, < Coh? [[io(t)]ly < Coh"HWOHngHl.

ly
Similarly we show that the third term on the right-hand side of (4.3) satisfies

(4.5) 1B*S; T Wo — B;S-— T, W, Coh9||W0HH3 W Hy -

lo <

To bound the second term on the right-hand side of (4.3), we use the uniform bound-
edness of the family of operators (B, )ne(o,n+) in L(H,U) and Proposition 3.1 to
get

(4.6) 185 (TWo — T J1, W) (Ko + K1 t)hGHWOHHz xHy -

Il <
The fourth term on the right-hand side of (4.3) can be estimated similarly to get

(4.7) 185 (Sr—:T-Wo — Shr— Th - 11, Wo) (Ko + K1 t)hGHWO”Hg X Hy -

Ml <
Using (4.4)-(4.7), relation (4.3) yields

[(w =) (®)]lv < (Cy + tcg)h9||Wo|\H3 X Hy
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for some constants C%, C% > 0, and h € (0,h*). In the above estimate, using the fact
following from Proposition 2.5 and (2.10) that

C

48 W, <— -
( ) || OHH%><H1 1_|||LT|||

||QOHH%XH17

we obtain the conclusion of this lemma. O
We are now in a position to prove the main result of this work.

Proof of Theorem 1.1. Using the semigroup notation introduced in section 2 we
can write up, given by (1.17) as

(4.9) up(t) = BTy m’ﬂ +B;Shr—iTh.~ mﬂ (t €[0,7]),
where
N(h
(4.10) Won | i)LZ m, (1.
W1h — q

Let u be the control given by (2.11), where Wy = [°] is given by (2.10). We
evaluate ||u — un||c(jo,7;v) and show that (1.22) is verified. Since

(4.11) llu —unllcqo,,0) < llu—valleqo,,0) + llve — unlleqo,7,0)

it suffices to evaluate the two terms from the right, where vy, is as given by (4.1).
To estimate the second term in the right-hand side of (4.11) we first note that

(vn — up)(?)
= B; Ty J,Wo + BiSp -+ Th -0 Wo — By T 410, [Z?:] — B:Sp,r Ty .11, [Z?:] .

It follows that there exists a positive constant C such that, for any ¢ € [0, 7],

BTy AL, Wo — BTy, 11, [th}
W1ih

lon — un) Dl < }

U

. . w
+ HBhSh,T—tTh,THhWO — B:Shr—¢Th 1, [w?ﬂ

U

ol

Wik

0o N (h)
=C Z L7Qo — Z Ly A1,Qo
n=0

‘X n=0

X
N(h)

<C Y LR ollQolx +C Y (LY = Ly 1) Qo] x-
n=0

n=N(h)+1
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The above estimate and Corollary 3.3 imply that there exists C > 0 such that

LAY w
o — 1 A0y < C——— Q|| x + Ch? Co +nCi7)|Q
v — unllc (o0 T 1Ll 1Qollx nZ:O( 0 1) Qollrg
LA
—C—E _Q|lx
L—|IL+]l2ex)
N(h
e +1) (Cor ) 11Quly
1L, Y -
<O—E9  1Q0llx + CN2(h)A + 1) Qoll a1, x 11,
L—|IL+]l2ex) 2
C(1+7)

N(h) 2 6
S T E e UL + 2008 ) 1Qollry

By choosing N(h) = | In(h)] we deduce that

60
In(IL-lz(x))

C(l+7)
0= 1T Teoo) WL 2 )

th _uh”C([O,T];U) < lnz(h_l)hGHQOHH%xHy

1

———=—1— we obtain the
(L o) m

Combining this last estimate with (4.2) and taking m, =

conclusion (1.22). O

Remark 4.2. The functions up given by (1.17) and vp, from (4.1) do not coin-
cide with the exact control (;, obtained by applying Russell’s principle to the finite
dimensional system

(4.12) dn(t) + Aongn(t) + BonCn = 0,

(4.13) qr(0) = Thao,  Gn(0) = Thar.
Indeed, this control ¢, is given by the formula
(4.14) () = BZTh7chO + BZSh,TftTh,TZhO7 Zno = (I — Lhﬂ')_lnh (@],

so that wy, is obtained by “filtering” (in an appropriate sense) (5. Note that, since
T}, and Sj, are not, in general, uniformly exponentially stable (with respect to h), the
control ¢, does not, in general, converge to u (see, for instance, [33]).

If we modify the discretization of (2.1)—(2.2) in order to ensure that the semi-
groups T}, are uniformly (with respect to h) exponentially stable (see, for instance,
[7, 23, 28]), the structure of (3.1) would be altered. For example, if we introduce
a numerical viscosity, we have to add a term of the form h%Ag,v, in (4.12), which
would represent a spurious distributed control in the discretized problem. In this case,
by performing the corresponding modifications in the definition of Lj . we can prove
the convergenceof the family ((I — L;L,T)’ll'[th)h>0 to (I — L;)71Qo, i.e., without
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truncating the Neumann series. Indeed, we have

(I = Lp-)"'hQo — (I — L) 'Qo|| = ZL ALLQo — L7Qo

N-1 00
< IR ATQo — LEQo|| + Y |17 114 Qo — L1Qo|
n=0

n=N

o0

Z L7 aQo = LEQoll + Y (1L ™ + 1L ") Qo]

n=N

Now, we can easily see that, given any € > 0, there exists N = N(e) such that

S (Lar |+ L") 1Qol < max d Al Ml ™ Lo
2, (I, LI T L] 2

On the other hand, since for each n > 0 we have that LZJH;LQO — L?Qo when h
goes to zero, there exists h sufficiently small such that

N-1 c
> 1Bk 11aQo — L2 Qo] < 5.
n=0

This gives precisely the convergence we mentioned above. However, from a practical
viewpoint, inverting exactly I — Ly, - might be a difficult issue (note that the condition
number of this matrix can be quite large, depending on 7).

Even though wu;, given by (1.17) does not drive the solution of (4.1) exactly to
zero in time 7, it is an approximate control for (4.1). In fact, estimate (1.22) allows
us to tell how far we are from the target, as in related problems which have been
investigated in [6, 16, 20, 32]. We have the following property.

COROLLARY 4.3. For each h < h*, let up, be the discrete control given by Theorem
1.1 corresponding to the initial data Qo = [¥] € Hs x Hy, and let (gn, qn) be the
solution of the equation

(4.15) Gn(t) + Aonqn(t) + Bopun = 0,

(4.16) qn(0) = Thqo, 4n(0) = mrq -

There exists a positive constant M > 0 independent of h such that we have
(4.17) 1(gn(7), 4n (7))l x < MA®I*(h _1)HQO||H%><H1 (0<h<h").

Proof. Let (g,q) be the controlled solution of (1.2)—(1.3) with the exact control
given by (2.9). Since, from Remark 2.6, Bou € C([0,7]; H1) and

HBOUHC(OT]HI) M||Qoll g x
we deduce that

g € C([0,00); Hy) N C'([0,00); H1) N C*([0, 00); Hy),

1
2

(4.18) la®)ly + 1d®ll + @)l < M (ol + llaoll) — (¢>0).

2
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Here and in what follows, M denotes a positive constant, which may change from
one line to another but remains independent of h. By arguing as in the first part of
the proof of Proposition 3.1, we deduce that

En(t) = (mhii(t) — d(t), mhd(t) — n(t)) — (Bou(t) — Bonun(t), mhd(t) — dn(t))
< M (|rrd(t) — ()| + | Bou(t) — Bonun(t)]) 55 (t)
<M (hGHQOHH%XHl + |lu(t) — “h(f)HU) 5}1% (1)

< Mhe (1 + 1n2(h71)) ”QOHH%XnghE (t) < Mhe 1nz(hil)|‘620”H%><H1‘€h§ (t)v
where
1 . . 5 1 1 9
En(t) = 5llmng(t) — an ()" + 5114¢ (mna(t) — an ()"
We deduce that

(t) < Mth? 1n2(h_1)|\Q0HH%xH1-

eI

(4.19) &
Now, by taking into account that u is an exact control for (1.2)—(1.3), we deduce that

(@), dn ()1 x = [Taa(r), 4(7)) — (@n (7)., dn ()1 x < VIE; (1).

Relation (4.17) follows immediately from the last inequality and (4.19). O

Remark 4.4. Tt would be interesting to have a counterpart to our scheme in the
case of initial data in H 1 X H. We cannot hope to obtain error estimates in this case,
but obtaining convergence seems an attainable objective. Indeed, as shown in Remark
4.2 the discretization procedure can be slightly modified to ensure this property.

However, it is not clear how to extend our scheme to the case Qo € H 1 X H
without modification. Indeed, the choice of N(h) in our method is essentially based
on the error estimates from Proposition 3.1, which are not valid for initial data in
H% x H.

Remark 4.5. When applying our method to simulations we do not have the
exact solutions wy, and wy, . More precisely, we need to discretize equations (1.11)-
(1.21) with respect to the time variable. Using error estimates for full space-time
discretizations corresponding to those in Proposition 3.1 it would be possible, after a
careful numerical analysis, to obtain convergence rates for the controls based on full
discretizations. Such an analysis is outside the scope of this work, and we refer to [13]
for a similar analysis for a duality related reconstruction of initial states problem.

5. Examples and numerical results. In this section we apply our numerical
method to approximate exact controls for the two dimensional wave equation and
for the Euler—Bernoulli beam equation. For both examples we consider distributed
controls.
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5.1. The wave equation. In this subsection we consider the approximation of
an internal distributed exact control for the wave equation with homogeneous Dirichlet
boundary condition.

Let Q C R? be an open connected set with boundary of class C2, or let € be a
rectangular domain. Let O C Q, O # Q be an open set. We consider the control
problem

(5.1) Gz, t) — Aq(z,t) + xo(x)u(z,t) =0, (z,t) € Qx[0,7],
(5.2) q(z,t) =0, (z,t) € 90 x[0,7],
(53) Q(xv O) = L]O(ZIJ), Q(xv 0) = L]l(x), YIS Q,

where yo € D(Q) is such that yo(z) =1 for x € O and xo(z) = 0 for x € Q.

In order to apply the method described in (1.11)—(1.21) to this case we need
appropriate choices of spaces and operators. We take H = L*(Q), U = H, and
AO : D(AQ) — H with

D(Ao) = H* () NH5(Q), Aop=-Ap (€ D(A)),

where we use the notation H™(2), with m € N, for the standard Sobolev spaces.
It is well known that Ag is a self-adjoint, strictly positive operator with compact
resolvents. The corresponding spaces H 3, Hy, and H 1 introduced in section 1 are in
this case given by

Hs ={pe H3 (O NHHQ) | Ap=0 on 9Q},

e

Hy =H*(Q)NHQ),  Hi=HQ).

Nl=

The control operator By € L(H) is defined by
Bou = xou (ue H).

The operator By is clearly self-adjoint and BB} € L(Hy, H %). Moreover, we assume
that 7 and O are such that the system (5.1)—(5.3) is exactly controllable in time 7,
i.e., that for every [2°] € H}(2) x L?*(Q) there exists a control u € L2([0, 7], U) such
that ¢(7) = ¢(7) = 0. Sufficient conditions in which this assumption holds are give in
various works; see Lions [18]; Bardos, Lebeau, and Rauch [2]; and Liu [19].

To construct an approximating family of spaces (Vi,)n>0 we consider a quasi-
uniform triangulation Ty of Q of diameter h, as defined, for instance, in [3, p. 106].
For each h > 0 we define V}, by

Vi, = {cp € C(Q) ‘ oir € P(T) for every T € Tp, @joa = 0} ,

where P;(T) is the set of affine functions on T'. It is well known (see, for instance,
[22, pp. 96-97]) that the orthogonal projector 7, from Hy = HE() onto Vj, satisfies
(1.4) and (1.5) for 6 = 1.

We define Uy, = {xovr |vn € Vi} C U and let By, € L(H) be given by Bopp =
Th(xop) for every ¢ € H. Note that Bj,¢n = xopn and (BonBg,en, ¥n) =
(X% ¢n, n) for every pp, ¥y € Vi, where (-,-) denotes the inner product in L?(£2).
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With the above choice of spaces and operators, denoting by N (h) = [m In h]
the first part of the general method described in (1.11)—(1.21) reduces to the com-
putation of the families of functions (w})i<n<n(n)+1, (wﬁh)lgngN(h) satisfying, for

every vy € Vp,

(54) <w;zl(t)7 vh) + <Vw;zl(t)7 Vvh> + <X%’)wz(t)a vh> =0 (t € [07 T])7

n T 1f n = ].,
(5.5) wh(0) = { wfi%)l(o) if1<n<N(h)+1,
‘n T 1f n = ].,
(5.6) wh(0) = { w}f)%ll(o) if1<n<N(h)+1,
and
(5.7) (@ (1), on) + (Vi (1), Vor) = (xog,(t),on) =0 (¢ € [0,7]),
(5.8) whp(T) = wp(7), g (T) = Wi (7).

The second part of the method described in (1.11)—(1.21) reduces to the computation
of wop, and wyp defined by

Woh Thqo w w1, (0)
(5.9) {wm] - {MQJ + nz::l |:wl7;{h(0):| '
Finally, the approximation uy of the exact control u is given by
(5.10) Up = XOWh + XOWb,h;

where wp, and wy p, are the solution of

(5.11) <’J)h(t), 'Uh> + <th(t), VUh> + <x%wh(t),vh) =0 (Uh eEVp, te [0, T]),
(5.12) wp,(0) = wop, Wy (0) = wip,
(5.13) (tp.n(t), vn) + (Vwsn(t), Vo) — (xotinn(t),vn) =0 (vn € Vi, t €[0,7]),

(5.14) W, (T) = wi(T), Wy, (T) = Wh(T).

Since we checked above all the necessary assumptions, we can apply Theorem 1.1 to
obtain that (up) converges in C([0,7]; L?(2)) to an exact control u such that

(5.15) [lu—unllcqorizz@) < ChI*(h ) (lgollas@) + lalliz@) (0 <h <h¥)

for some constants h*, C' > 0.

The efficiency of the algorithm has been tested in the case Q = [0,1]? and O =
[(z1,22) x (0,1)]U[(0,1) X (y1,y2)], where x1, z2,y1,y2 € (0,1) are such that z1 < zo
and y; < y2. The initial data that we want to steer to zero are the “bubble” functions
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Norm of ¢(t) and ¢(t)

()]l @
187 — — ~i®llrae)

Norm estimates

0 0.5 1 1.5 2 25 3
Time : ¢

Fic. 1. The norms of the solution of the controlled wave equation with the control up, given by
(1.17). The solid line is the norm H} of q(t), and the dashed line is the norm L? of 4(t).

qo(z,y) = q1(z,y) = 2393 (1 — )3 (1 —y)3, and the control time is 7 = 2/2. Note that
[1] € Hy x Hy. We use 60 points of discretization in each space direction. For the
time discretization we used a classical centered-difference implicit scheme, and the
CFL number is oo = 1/20.

Figure 1 shows the norm decay of the solution of the discretized wave equation
corresponding to (5.1)—(5.3), with the control uy, given by (1.17).

Figure 2 displays the norm of the solution of the controlled discretized wave
equation, corresponding to (5.1)—(5.3), at the time 7 for different values of N used in
calculus of [, ].

5.2. The Euler—Bernoulli beam equation. This subsection is dedicated to
the problem of the approximation of an internal distributed exact control for the
FEuler-Bernoulli beam equation.

Let © = (0,1), and let O C Q be an open and nonempty interval included in €.
We consider the problem

4
(5.16) G(z,t) + %(x,t) + xo(z)u(z,t) =0, (x,t) € x[0,7],
(5.17) q(0,t) = %(O,t) =q(1,t) = %(1,& =0, tel0,71],
(518) L](QJ, O) = QO(x)v Q(xv 0) = Lh(x)v x €,

modeling a beam hinged at both ends with a control u applied in an internal region.
We denote by xo € D(Q) a positive function which satisfies xo(x) = 1 for every
x € O. It is well known (see, for instance, [31, Example 6.8.3]) that the system
(5.16)—(5.18) is exactly controllable in any time 7 > 0.

In order to apply the method described in this paper we need to choose appro-
priate spaces and operators. Let H = L?(Q), U = H, and consider the operator
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0.14q

0.121

0.1F

q(T)
q(1)

E

0.081

0.06 -

Energy norm of

0.04 1

0.021
o o o o o [¢)

O 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9 10

Number of iterations (N)

Fi1G. 2. The energy of the controlled wave equation solution at time T versus the number of
terms N in the approximation of the control uy, .

Ao : D(Ap) — H, defined by

Do) = {0 € @) | 000 = T20) = 1) = T2 =0}
d*
Aop = s (¢ € D(Ag)).

It is well known that Ag is a self-adjoint, strictly positive operator with compact
resolvents. The corresponding spaces H 3, Hy, and H 1 introduced in section 1 are
now given by

iy = {0 e 1) | w0 =00 = To0 = TEW = T50 = T =0},

_dp
T da2

2
(0) = o) = T50) =0}, 1, =HHDNHE)

i ={pen'@ | w0
As in the case of the wave equation, the control operator By € L(H) is defined by
Bou = xou for every u € H. Clearly By is self-adjoint and By € L(H7, H%).

To construct an approximating family of spaces (V},)ns0 we consider a uniform
discretization Zj, of the interval (0,1) formed by A points and h = 1/(N — 1). For
each h > 0 we define V}, by

Vi ={p € C'([0,1])) | @1 € P5(T) for every I € I, ¢(0) = ¢(1) =0},

where P5(I) is the set of polynomial functions of degree 3 on I. Note that V}, is the
cubic Hermite finite element space. Denoting by 7 the orthogonal projector from H 1
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to V3, and applying Theorem 3.3 from Strang and Fix [27, p. 144] we obtain estimates
(1.4) and (1.5) with 6 = 2.

The method described by (1.11)—(1.21) reduces to the computation of the families
of functions (W )1<n<n(n)+1, (Wi p)1<n<(n) satisfying, for every vy, € Vj,,

519) (a0 + (GO0 ) + (iRm0 @D,

n . Thqo if'fl: 1,

(5.20) wy (0) = { wp H(0) i 1< n < N(h)+1,
gy _ ] TR ifn=1,

(5.21) wy(0) = { WP (0) i1 << N(h)+1,

and

. a2wly)lh dzvh 2 .n
(522) <wah<t>,vh>+< o <t>,W>—<wab,h<t>,vh>=o (t € 0.7)),

(5.23) wp (1) = wi (1), wy(r) = wy(7).

The second part of the method described in (1.11)—(1.21) reduces to the computation
of wop and wyy, defined by

521) FEEE 3 EE

' Wip Thq1 — Wy, (0)]
Finally, the approximation u; of the exact control u is given by
(5.25) Up = XoWh + XOWb,h,

where wy, and wy 5, are the solution of

6200 (n(0o) + (G0, T2 )+ Obin@ ) =0 (€ [0.7),

(5.27) wp(0) = won, Wy, (0) = wip,

2’[1} 2’[}
6528 (nalt)on) + { 580, T8 )~ (bina ) =0 (t€ 0.7]),

(5.29) w,p (T) = wi(T), Wy, (T) = Wh(T).

From Theorem 1.1 we obtain that (uy) converges in C([0,7]; L*(Q2)) to an exact
control u such that

(5.30) [lu—unlloqo, ;2@ < CR2I* () ([lgollmeoy +larllaae) (0 < b <h¥)

for some constants h*, C' > 0.
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Norm of ¢(t) and ¢(t)
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(a) (b)

Fic. 3. (a) The norm of the solution of the controlled beam equation, with w = uyp, and initial
state qo(z) = z5(1 — x)%, q1(x) = —qo(x). (b) The energy of the solution of the controlled beam at
time T versus the number of terms N in the approximation of up,.

Control up(z,t)

0.5

Time t
0 o0

F1G. 4. The approzimation uj, with initial state qo(x) = z°(1 —x)%, q1(z) = —qo(x) and control
time 7 = 1.

We tested the algorithm in the case O = (%, %)7 and the initial data that we want
to steer to zero are qo(z) = 2°(1 — 1), q1(x) = —qo(x) and the control time is 7 = 1.
Note that [¢)] € Hs x Hi. We used N’ = 100 discretization points in space, and in
time we used an implicit centered-difference scheme with the CFL number equal to
0.1.

Figure 3(a) shows the norm decay of the solution of the discretized beam equation
corresponding to (5.16)—(5.18), with the control w; given by (1.17). Figure 3(b)
displays the dependence of the norm of the solution of (5.16)-(5.18), at time 7, on
the number N of terms used in the calculus of [3,%"].

Figure 4 gives the form of the approximate control u; corresponding to the initial

data [2] given above.
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