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‘ - continuous function, and « is a real-valued mapping defined on (0, co). The main result in
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this Note establishes that for all A in a prescribed open interval, this problem has infinitely
Presented by Philippe G. Ciarlet many solutions that converge to zero in the Orlicz-Sobolev space W1Lg (£2).
© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

On étudie le probléme de Neumann —div(x(|Vu|)Vu) + a(ju))u = Af(x,u) dans $£2,
du/dv =0 sur 852, ot £2 est un domaine borné régulier de RN, A est un paramétre positif,
f est une fonction continue et « est une application définie sur (0, 0o). Le résultat principal
de cette Note montre que pour tout A dans un certain intervalle ouvert, ce probléme
admet une infinité de solutions qui convergent vers zéro dans I'espace d'Orlicz-Sobolev
W1lLe (£2).

© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Soit £ un ouvert borné régulier de RN, N > 3. On suppose que f: £ x R — R est une fonction continue, A est un
paramétre positif et « : (0, 00) — R est une fonction telle que I'application ¢ : R — R définie par ¢ (t) = a(|t|)t si t #0 et
¢(0) =0, est un homéomorphisme impaire et croissant de R.

Le but de cette Note est d’étudier le probléme de Neumann

—div(ee(|Vul)Vu) + a(Jul)u =1 f(x,u) dans £2,

u (1)
— =0 sur os2.
oV
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On définit, pour tout t € R, & (t) = fé ¢(s)ds. On suppose que les conditions suivantes soient satisfaites :

tp) _ o te(0)

1< lltnﬁ]g)lf@—(t) <pli= lg o0 < o0; (®o)
to(t 1 D(t
N < po = inf LY _ liminf 28@©) (@1)

t>0 @(t) t—oo  log(t)
Soit F(x,t) := fot f(x,5)ds. On définit

[ maxy <z F(x,t)dx

F(x, &)dx
A :=liminf 5 , B :=Ilimsup M
£E—0*t %—P £E—0t EPO

Soit ¢ la meilleure constante correspondant au prolongement compact de I'espace d'Orlicz-Sobolev W1lLe(£2) dans
o).
Le résultat principal de cette Note est contenu dans la propriété suivante de multiplicité :

Théoréme 0.1. Soit @ une fonction de Young qui satisfait les hypothéses (®g)-(P1) et soit ¢ > 0 tel que

D (t)
1m
t—0+ tPo

<Q. ((DQ)
De plus, on suppose que

liming Jo maxj;<e F(x,t)dx 1 ims fQ F(x, &) dx

h
E>0+ gp° = 2c)P°0|£2| $—>0+ £Po (ho)

Alors, pour chaque A dans lintervalle

[5Gl
B oAl

le probléme (1) admet une suite de solutions qui converge vers zéro dans I'espace W1Lg (£2).

La preuve du Théoréme 0.1 repose de maniére cruciale sur un résultat de Bonanno et Molica Bisci (voir [2, Theorem 2.1]),
qui étend le principe variationnel de Ricceri [8].

Let £2 be a bounded domain in RN (N > 3) with smooth boundary and let v denote the outer unit normal to 952.
Assume f: 2 x R — R is a continuous function, A is a positive parameter, and « : (0, c0) — R is such that the mapping
¢ : R — R defined by

a(lt))t, fort 0,
t =
o) {0, fort =0,

is an odd, strictly increasing homeomorphism from R onto R.
In this Note we study the Neumann boundary value problem

—div(ee(|Vul)Vu) + o (Jul)u =21 f(x,u) in£,

u (2)
— =0 onoas2.
AV

Set @(t) = fot¢(s) ds, @*(t) = fot ¢~ 1(s)ds, for all t € R. We observe that @ is a Young function, that is, ®(0) =0, & is
convex, and lim;_, o, @ (t) = +0o0. We assume that @ satisfies the following hypotheses:

1 < liminf —— ¢() 0.—su to(®

X . ) D
o o0 S T a0 <% (o)

O _iminf 82O

D (t) t—o00 log(t) (¢1)

N < pg := inf
t>0

The Orlicz space Lg (§2) defined by @ (see [1]) is the space of measurable functions u : 2 — R such that
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lullL, == sup{/u(x)v(x)dx; /@*(\v(x)|)dx< 1} < 00.
2 2

Then (Le(£2), || - lL,) is @ Banach space whose norm is equivalent with the Luxemburg norm

lulle :=inf{k> 0; /@(%) dx < 1}.
Q

We denote by W1L (§2) the corresponding Orlicz-Sobolev space, defined by

Wqu;(Q) = {u €Ly (£2); §7u €Llep(2),i=1, N}
1
Hypothesis (®g) is equivalent with the fact that ¢ and &* both satisfy the A,-condition (at infinity), see [1, p. 232].
In particular, both (@, £2) and (®*, £2) are A-regular, see [1, p. 232]. Consequently, the spaces Ly (£2) and WLy (£2) are
separable, reflexive Banach spaces, see Adams [1, p. 241 and p. 247]. Let ¢ > 0 denote the best constant corresponding to
the compact embedding of WL (£2) into CO(£2).
Set F(x,t):= fé f(x,s)ds. We define

max F(x,t)dx F(x, £)dx
A :=liminf fQ \t|<50 ( ) y B :=1lim sup M
£—>07t %‘p £0+ é—po

The main result in this Note is the following multiplicity property:

Theorem 0.1. Assume @ is a Young function satisfying the conditions ($o)-(P1) and let o be a positive constant such that
()

t_1>1(1)1+ tPo (@Q)
Further, assume that
max F(x,t)dx 1 . F(x,&)dx
liminf 12 s xndx - lim sup Jo P& 8)dx (ho)
§—0" &P (RoP 02| &—ot gPpo

Then, for every A belonging to

:|Q|9| 1 [
B " @cr°Al’

problem (2) admits a sequence of pairwise distinct weak solutions which strongly converges to zero in WLy (£2).

1. Proof of Theorem 0.1
Set X := W 'Lg (£2). We use in the proof the following auxiliary results (see [3,7]):

Lemma 1.1. The norms

lullie = [1Vul] 4 + lulls,

lull2,6 =max{|||Vul|,. lulle},

||u||:inf{u>0; /[(p<lu(x)|>+¢(|Vu(x)|>]dx
2 H 1

are equivalent on X. More precisely, for every u € X,

N

|

lull < 2llull2,0 < 2(ulli,e <4llull.

Lemma 1.2. Let u € X. Then

/[¢(|u(X)|) + & (|Vu|)]dx = ullP, iful > 1;

2

/[a>(|u(x)|) +@(|Vu@)|)]de > Jul?’, if ful < 1.

2
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Lemma 1.3. Let u € X and assume that fg[q)(|u(x)|) + @ (|Vu®)|)]dx <r, forsome 0 <r < 1. Then |lu|| < 1.

Define the functionals J, I : X — R by

j(u)=/(q>(|Vu(x)\)+4>(|u(x)y))c1x and I(u):/F(x,u(x))dx,

2 2

where F(x, &) := fg f(x,t)dt for every (x,&) € 2 x R. Set g»(u) := J(u) — Al(u), for all u € X. Similar arguments as those
used in [6, Lemma 3.4] and [4, Lemma 2.1] imply that J, I € C'(X,R) and for all u, v € X,

(]’(u),v):[oz(}Vu(x)])Vu(x)-Vv(x)dx+/a(]u(x)\)u(x)v(x)dx,

2 2

(I'w,v)= / f(x u@)v(x)dx.
2

Moreover, since @ is convex, it follows that J is a convex functional, hence J is sequentially weakly lower semi-continuous.
Finally, we observe that J is coercive. Indeed, a straightforward computation shows that for any u € X with ||u| > 1 we have
J(u) > |lu||Po. On the other hand, since X is compactly embedded into C°(£2), then the operator I’ : X — X* is compact.
Consequently, the functional I: X — R is sequentially weakly (upper) continuous, see Zeidler [9, Corollary 41.9].

Let {c,} be a sequence of real numbers such that lim,_,~ ¢, =0 and

max F(x,t)dx
i 42 MXi<e, Fx Odx

n—oo

0
cn

Set rp, = (%)po for all n € N. Thus, by Lemmas 1.2 and 1.3,

{veX: Jv)y<m}c {v eX: vl < C—"}
2c

Due to the compact embedding of X into C(§2) combined with Lemma 1.1, we have
V| < IVlleo <cllvilie <2V <cn, Vxe 2.

Hence
Cn
{v eX: vl < Z_C} c{veX: |vI<al.

We also observe that for all n € N,

o) = inf SUD j(vy<r, Jo FX, v(x))dx — [ F(x, u(x))dx _ SUPjw)<ny Jo F(x, v(x))dx
T Jw<r, rn — J(u) h n
_ [ maxr<c, F(x,t)dx 0 [ Max<e, F(x, t)dx
B I .

= (20)P

0
cn
Next, we observe that our assumption (hg) implies A < 4oc0. Therefore
8 <liminfe() < (ZC)pOA < +o00.
n—oo

Now, take

:|Q|.Q| 1 [
c |—, .
B " (20)P°A

We prove in what follows that 0, which is the unique global minimum of J, is not a local minimum of g,. For this
purpose, let {¢;} be a sequence of positive numbers such that lim,_,~ ¢, =0 and

lim Jo F(x, &n)dx _

n—00 Po
n

B. (3)

Set wy(X) := &, for all x € £2. Then w;,, € X, for all n € N. Hence
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J(Wn)=/(<D({an(x)|)+¢(|Wn(X)|))dX=f<P(§n)dx=¢(§n)|9|.

2 2

Moreover, by (®,) and taking into account that limy . Wy, =0, we deduce that there exist § > 0 and vg € N such that
wy €10, 8] and @ (wy,) < ow?®, for every n > vy.
We first assume that B < +oo. Fix € €194

&%+ 11 By (3), there exists ve such that for all n > v, [, F(x, &) dx > eBro.
Thus, for all n > max{vg, ve¢},

g.(Wp) = J(wp) — Al(wp) < owf°® 2] — e Bwh® = wh®(0]£2| — 1€B) <.

Next, we assume that B = +oo. Fix M > QTl. By (3), there exists vy such that for all n > vy, [, F(x, &) dx > Mgp°.

Moreover, for all n > max{vg, vm},

g.(Wp) = J(wn) — Al(wp) < owh® 2] — AMwh® = wi®(0]22] — AM) < 0.

It follows that in both cases, g, (wy) < 0 for every n sufficiently large. Since g, (0) = J(0) — AI(0) =0, then 0 is not a
local minimum of g,. Thus, owing that J has 0 as unique global minimum, Theorem 2.1 in [2] ensures the existence of a
sequence {v,} of pairwise distinct critical points of the functional g,, such that lim,_, », J(v;) =0. By Lemma 1.2 we have

||vn||1’0 < J(vy) for every n sufficiently large. Then lim,_, o ||Vn|| =0 and this completes the proof. O

We illustrate this abstract existence result with the following example. Fix p > N 4+ 1 and consider the mapping

|t]P 2

t
ty=———t fort#0, and 0) =
@ () log(1 £ It) # ¢(0)
By [5, p. 243] we deduce that
log(®(t
po=p—1<p° —p—llm nfM
t—>oco  log(t)
Thus, conditions (o) and (1) are verified. Hypothesis (®,) also holds, since
t
1 s|s|P—2 1

lim ds = .
t»o+ tP~1 | log(1+|s|) p—1
0

Let g: R — [0,00) be a continuous function and set G(§) := f(f g(t)dt. Moreover, let h: 2 — R be a continuous and
positive function.
Applying Theorem 0.1 we obtain the following result:

Corollary 1.4. Assume that

G
liminf@:O and llmsupﬁ +00. (hg)

>0t & g0+ EP71
Then, for all A > 0, the Neumann problem
|Vu|P~2 ) lulP—2
v[ —————Vu
log(1 4 [Vul)

ou
oV

mu Z)»h(x)g(u) in 9, (4)

=0 onas2
admits a sequence of pairwise distinct weak solutions which strongly converges to zero in W1Lg (£2).

We refer to Bonanno, Molica Bisci, and Radulescu [3] for detailed proofs, examples, and related results.
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