Applied Mathematics Letters 35 (2014) 7-11

Contents lists available at ScienceDirect Applied

Mathematics
Letters

Applied Mathematics Letters

journal homepage: www.elsevier.com/locate/aml

Positive solutions for Neumann problems with indefinite and @CwssMark
unbounded potential

Nikolaos S. Papageorgiou?, Vicentiu D. Ridulescu >*

¢ National Technical University, Department of Mathematics, Zografou Campus, Athens 15780, Greece
b Department of Mathematics, Faculty of Science, King Abdulaziz University, Jeddah, Saudi Arabia

ARTICLE INFO ABSTRACT

Article history: We consider semilinear Neumann equations with an indefinite and unbounded potential.
Received 24 February 2014 We establish the existence and uniqueness of positive solutions. We show that our setting
Accepted 3 April 2014

incorporates as special cases several parametric equations of interest (such as the equidif-

Available online 13 April 2014 fusive logistic equation)

© 2014 Elsevier Ltd. All rights reserved.
Keywords:

Positive solutions

Maximum principle

Picone’s identity

Indefinite and unbounded potential
Logistic equation

1. Introduction
In this paper we deal with the following semilinear Neumann problem
au
— Au(z) + B(@u(z) = f(z,u(z)) in £2, o =0o0nds2. (1)
n

Here 2 € R" is a bounded domain with a C?-boundary, 8 is a potential function which is in general unbounded and
sign changing. The reaction f (z, x) is a Carathéodory function (that is, for all x € R the mapping z — f(z, x) is measurable
and fora.a.z € 2, x —> f(z, x) is continuous), which exhibits general growth conditions near +o0o and near 07. As we
will see these conditions incorporate in our framework as special cases various parametric problems such as equidiffusive
logistic equations. We are interested in the existence and uniqueness of positive solutions.

Recently semilinear Neumann problems with unbounded and indefinite potential were studied by Papageorgiou and
Radulescu [1]. They deal with equations in which the reaction f (z, x) exhibits an asymmetric behavior at +o00 and at —oo
(jumping nonlinearity) and they prove multiplicity theorems providing sign information for all the solutions. We mention
also the recent works of Mugnai and Papageorgiou [2], who examine equations driven by the p-Laplacian plus an indefinite
potential and of Papageorgiou and Smyrlis [3], who consider a special class of coercive semilinear equations.

2. Positive solutions

In the analysis of problem (1) we will use the Sobolev space H'(£2) and the ordered Banach space C'(£2). The positive
cone of the latter space is given by

Cr={ueCl(R):u) >0forallz € 2}.
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This cone has a nonempty interior
intC, ={ueCy:u(z)>0forallz e 2J.
The hypotheses on the potential function 8(-) are the following.
H(B): B € L°(£2) withs > § and T € L*(2)
By {):n},m we denote the distinct eigenvalues of the differential operator u — —Au 4+ 8(z)u, u € H'(£2). We know that
):1 is simple and

N u
A1=inf|:€( z cueHY(2), u7é0:| (2)

llull3
where £ (u) = ||Du||§ + f_q B(z)u?dz for allu € H'(£2). The infimum in (2) is realized on the one-dimensional eigenspace

corresponding to A;. From (2) it is clear that the elements of this eigenspace do not change sign. By ii; we denote the
positive [?>-normalized (that is, ||ii;], = 1) eigenfunction corresponding to il. The regularity results of Wang [4] imply
that ii; € C;\{0} and in fact using H(8) and the maximum principle of Vazquez [5], we have ii; € int C,. The next lemma
is a consequence of these properties (see Papageorgiou and Radulescu [1]).

Lemma 1. If ¥ € L*°(2) and ¥ (z) < ):1 ae.in 2,0 # ):1, then there exists ¢y > 0 such that

&(u) —/ ¥ ()uldz > collul* forallu e H'(R2).
2

The hypotheses on the reaction f (z, x) are as follows.
H(f) :f : 2 x R — Ris a Carathéodory function such that f(z, 0) = 0 fora.a.z € £2 and

too  ifN=12
(il) lim sup,_, ;o0 feX < 9 (z) uniformly for a.a.z € 2, with & € L®°(2), 9(z) < A; aein 2,9 # Ay;

X
(iii) liminf,_o+ “22 > 5(2) uniformly for a.a.z € 2, with n € L(£2), n(2) > A; ae.in 2,7 # A;.

2N
(i) If @z, x)| <a@)(1+x"Yforaa.z e 2,allx >0witha € L®°(2),,2 <1 < 2* = {NZ if3<N

Remark 1. Since we are interested in positive solutions and the above hypotheses concern the positive semi-axis R, =
[0, +00), without any loss of generality we assume that f(z,x) = 0 for a.a. z € £, all x < 0. Note that according to
hypothesis H(f) (i), f (z, -) has subcritical growth. Finally hypotheses H(f) (ii), (iii) imply that the quotient @ crosses at

least the principal eigenvalue 4; as we move from 0" to +oc.
From the spectral analysis of Papageorgiou and Radulescu [1] we know that there exists y5 > max{—il, 1} such that

EW) + yollulls = c1f|lull® forallu € H'(£2), some c; > 0. (3)

ifx<0

We introduce the Carathéodory functionf(z, X) = [})(2 0+ yox if0<x and its primitive I:'(z, X) = foxf(z, s)ds.

Proposition 2. If hypotheses H() and H(f) hold, then problem (1) has at least one positive solution uy € int C,.
Proof. Let  : H'(£2) — R be the C'-functional defined by

1 A
o) = 5.§(u) + %Hu”% — / F(z,u)dz forallu e H(R).
2
Hypotheses H(f) (i), (ii) imply that given € > 0, we can find ¢, = c(¢) > 0 such that
1
F(z,x) < 5(19(2) +e)x")? 4+, foraa.ze 2, allxeR (4)

(recall that for all x € R, x* = max{=x, 0}). Then
- 1 + 2 €Enanzy Loy Yo o
w(U)>5 EWw™) — | v@W")dz —Ellu l +5$(u )+3llu 5 —cl2|n  (see (4)),
Q

where u*(-) = u(-)* and | - |y denotes the Lebesgue measure on R". Using Lemma 1 and (3), we obtain

Cop — € C1 _
o) > Tlllﬁll2 + Ellu I — 2l 21

Choosing € € (0, ¢g), we see that ¢ is coercive. Also, using the Sobolev embedding theorem, we check that ¢ is sequen-
tially weakly lower semicontinuous. So, we can find uy € H'(£2) such that

P(up) = inf[@(w) : u € H'(2)], (5)
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Hypothesis H(f) (iii) implies that given ¢ > 0, we can find § = §(¢) > 0 such that
1
F(z,x) > E(U(Z) —e)x* foraa.z e 2, allx € [0, 8]. (6)

Lett € (0, 1) be small such that tii;(z) € (0, §] for all z € £2 (recall that {i; € int C,.). Then
o 2. ) t? . 2 t?e N
o(tuy) = 5§(u1) — | F(z,tuy)dz < 3 (M —n(2)ujdz + 5 (see (6)and recall that ||uq]], = 1).
2 2
Note that & = [,,(n(z) — A1)@3dz > 0 (see hypothesis H(f) (iii)). Hence
t2
o(tun) < 5[—# + €.
So, choosing € € (0, 1), we see that ¢(til;) < 0. Therefore
@(ug) < 0= @(0) (see (5)); henceug # 0.

From (5) we have ¢'(up) = 0 and so

/(Duo,Dh)RNdz+/ ﬂ(z)uohdz+y0/ uohdz:/f(z, up)hdz forallh € H (). (7)
2 2 2 2

In (7) we choose h = —uy € H'(£2). Then
£(uy) + vollug 3 =0; henceug >0, ug # 0 (see (3)).

Then from (7) and Green’s identity we obtain

—Aug(z) + B(@)ug(z) = f(z,ug(z)) ae.in $2, % =0 onads.

From Wang [4] we obtain ug € C;\{0}. Note that hypotheses H(f) (i), (iii) imply that given p > 0, we canfind &, > 0
such thatf(z,x) +&,x > 0foraa.z € £2,allx € [0, p]. If p = |luglloc and &, > 0 as above, then

—Aug(z) + (B(2) + &,)up(z) >0 ae.in 2,
= Aup(2) < (187 oo +&p)Uo(2) ae.in L2,
= ug € intC;, (see Vazquez [5]). O

If we strengthen the conditions on f (z, -) we can assure uniqueness of the positive solution. The new stronger hypotheses
on the reaction f (z, x) are as follows.

H({) :f: 2 xR — Risa Carathéodory function such that f (z, 0) = 0 fora.a.z € £2, and hypotheses H(f)’ (i)-(iii) are
the same as the corresponding hypotheses H(f) (i)-(iii)

f@.x)

(iv) foraa.z € £,x — —= is decreasing and for all z € 29 C 2 with [£2|y > 0,x — ’@ is strictly decreasing on

(0, +00).
Proposition 3. If hypotheses H(B8) and H(f)' hold, then problem (1) admits a unique positive solution ug € int Cy.
Proof. From Proposition 2, we already have one solution ug € int C,. Let y be another positive solution of (1). As before we
can show thaty € intCy. o
We consider the integral functional 7 : [?>(£2) — R = R U {400} defined by
1 1
3 [Du'/?|% + 3 / B(2)udz ifu >0, u/? e H'(2)
2

+00 otherwise.

T(u) =

From Lemma 1 of Diaz and Saa [6], we know that 7(-) is convex and lower semicontinuous. Since up, y € int C;, we see
that given any h € C'(£2) for |A| < 1 small we have

ué + Ah, ¥+ Ah € domt = {u € H'(2) : t(u) < 400} (effective domain of 7).
Therefore 7 is Gateaux differentiable at u% and at y? in direction h. Moreover, using the chain rule, we have

T’ W) (h) = 1/ _A”°hdz+1/ B(z)hdz
2 o U 2 Q

.y 1 —Ay 1 ;
' (y?)(h) = 5/ Thdz + 5/ B(z)hdz forallh € H ($2)
fe) 2
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(recall that C1(£2) is dense in H!(£2)). The convexity of  implies the monotonicity of t’. Therefore
1 zZ,u z,
ngf (u—f( y)>(uﬁ—y2)dz<0,
2 Jq Up y
= ug =y (seehypothesis H(f)' (iv)and recall thatup,y € intCy). O

3. Special cases
First consider the following logistic equation with equidiffusive reaction

— Au(z) + B(@u(z) = ru(z) — h(z,u(z)) ins2, % =0 onof2. (8)

The hypotheses on the perturbation h(z, x) are as follows.
H(h); : h: 2 x R — Ris a Carathéodory function such that h(z, 0) = 0 for a.a.z € £2 and

(i) |h(z,%)| < a(z)(1+x "1 foraa.z € 2,allx > 0,witha € [*(2)and 2 < r < 2%;
(ii) 22X — +oo uniformly for a.a.z € £2;

(iii) limy_, g+ = O uniformly for a.a.z € £2;

(iv) foraa.z € 2,x — "&X jsincreasing and forall z € £2o C £2 with ||y > 0,x —

X

limx—>+oo
h(z,x)
X

h(z,x)

X

is strictly increasing.

Remark 2. A typical perturbation h(z, x) satisfying hypotheses H(h); is h(z, x) = h(x) = x'~! with2 < r < 2* which
corresponds to the classical equidiffusive logistic equation.

Proposition 4. If hypotheses H(8) and H(f) hold and A > 1, then problem (8) admits a unique positive solution uy € int C,..

Now consider the following nonhomogeneous eigenvalue problem:

— Au@@) + B@u(z) = @) in, % =0 onds. 9)

Proposition 5. If hypotheses H(f) hold, q € (2, 2*) and X > 0, then problem (9) has a unique positive solution ug € int Cy.

Finally consider the following parametric Neumann problem:

— Au(z) + B(@)u(z) = Au(z) + h(z, u(z)) in$2, % =0 onodf. (10)

The hypotheses on the perturbation h(z, x) are as follows.
H(h), : h: 2 x R — Ris a Carathéodory function such that for a.a. z € £2, h(z, 0) = 0, h(z, x) > Oforallx > 0 and

(i) h(z,x) < a(@)(1 +x""foraa.z € £2,allx > Owitha € L*®°(2),;

(i) limy—s 400 “&2 = 0 uniformly for a.a.z € £2;

(i) limy_o+ “2% = +00 uniformly for a.a.z € £2;

(iv) foraa.z € £2,x — @ is decreasing and for all z € 29 C 2 with |£2y|y > 0,x — @ is strictly decreasing on
(0, +00).

Proposition 6. If hypotheses H(8) and H (h), hold and A < ):1, then problem (10) admits a unique positive solution ug € int C,.
In fact we can show that this upper bound ):1 is sharp.

Proposition 7. If hypotheses H(S) and H (h), hold and X\ > il, then problem (10) has no positive solution.

Proof. Let A > ):1 and suppose that problem (10) has a positive solution u;. As in the proof of Proposition 2, we can show
thatu, € intC,. Let

A~ N 2 p—2 ﬁ%
R(il, u3)(2) = |Dily (2)|” — [Du(2)P~* ( Dus.(2), D | — .
u, RN
From Picone’s identity (see, for example, Gasinski and Papageorgiou [7, p. 785]), we have

~n2
~ ~ u . .
0 g/ R(fy, u;)dz = ||Dil;||3 — | (—Au;)—tdz (by Green’s identity)
Q Q u;

n2

— 1Dy - / (h — B(2))ildz — / h, u) Pdz
Q Q Uy

<(A1—2)<0

a contradiction. O
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Remark 3. Analogous results can be obtained for nonlinear equations driven by the p-Laplacian.
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